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ON CHUNG’S STRONG LAW OF LARGE NUMBERS
IN GENERAL BANACH SPACES

BoNG DAE CHOI AND S00 HAK SUNG

Let {Xn,n 2 1} be a sequence of independent Banach valued random variables and
{an, n 2 1} a sequence of real numbers such that 0 < an T co. It is shown that, under

the assumption Z:o:l E¢({|Xnl|)/¢(an) < co with some restrictions on ¢, Sp/an — 0
a.s. if and only if S,./an — O in probability if and only if S,/an — 0 in L'. From this
result several known strong laws of large numbers in Banach spaces are easily derived.

1. INTRODUCTION

Let (B,|| I} be a real separable Banach space. The laws of large numbers for
Banach-valued random variables have been studied by many authors ([1], {3], [4], [5],
(8]). Hoffmann-Jorgensen and Pisier [3] and I{orzeniowski [4] have investigated the
geometric structure on the Banach space for which an analogue of the strong laws of
large numbers (SLLN) holds true. de Acosta [1] and Kuelbs and Zinn [5] have shown
that many classical SLLN hold for random variables taking values in a general Banach
space under the assumption that the weak law of large numbers (WLLN) holds.

In this paper, we apply several inequalities (maximal inequality [2] and de Acosta
inequality [1]) to obtain Chung’s SLLN in a general Banach space under the assumption
that WLLN holds. From this result several known SLLN in Banach spaces are easily
obtained.

2. MAIN RESULT

To prove the main theorem we will need the following several lemmas. The following
lemma is a generalisation of a classical result (Stout [7], P. 127-128), but its proof is

standard and is omitted.

LEMMA 1. Let { X,,n > 1} be a sequence of random variables stochastically
dominated by X with E|X|" < o0 for 0 <1 < oo; that is, P(|X | 2t) < P(IX]|>1),

for t 2 0. Then
(i) Z:o——l nﬁ/rEIX |ﬁI(|X | < 1/") <oo for0<r<f
(i) Xom na/rElx [*I(| X |>n]/") <o for0<a<r.

Recently Etemadi [2] proved the following maximal inequality which holds for B-

valued random variables.
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LEMMA 2. Let X;y,...,X, be independent random variables. Let S; = Z;=1 X
fori=1,...,n,and £t > 0. Then

i < i .
P(lrél&xnISJ > t) 4112&)(" P(|S:| > t/4)

The following lemma plays an essential role in our main Theorem.

LEMMA 3. (de Acosta [1]). Let Xi,...,X, be independent B -valued random
variables with E || X;||”" < oo for i=1,...,n and 1 <r < 2. Then

El|Sall = ENISall" < &Y ENXA",

where C, is a positive constant depending only on r; if r = 2 then it is possible to
take Cz =4.

Let ¢ be a positive, even and continuous function on R such that as |z| increases,

(1) éf:—)T and %l

THEOREM 4. Let { X,,, n 2 1} be a sequence of independent B -valued random

variables and {a,,n > 1} constants such that 0 < a, | co. Assume

S ESIXD) _,

(2) o(an)

n=1
Then the following are equivalent:
(i) EllSnll/an —0;
(1) Sn/an— 0 as.;
(i) S,/an, — 0 in probability.
PROOF: (i) == (ii). Let X, = X, I(J|Xn]l € an), X, = XoI(J| Xa|| > an), S, =
SoimiX{ and §), = Y, X!. Since ¢ is increasing, we have

ZP(HX I >a:) < ZP(tﬁ(HX 1) > é(ai) < Z Eﬁ(llf)i“) <

i=1

Thus it follows by the Borel-Cantelli lemma that 5!//a, — 0 a.s. The proof will be
completed by showing that

(3) Sy/an — 0 as.
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From the first hypothesis in (1), we have

le < ¢dzl)
¢( i)

for |z| > a;.

It follows that

BN §° BUIXED
; \Z L2 <

Thus E||Si|| /an < Yiey E||X!|| /an — 0 by the Kronecker lemma. From this result
and (i), we obtain

(4) E||S,|l /an -+ 0

To prove (3), for k > 0 we define my = inf{n, a, > 2*¥}. First we show that

1

5 k0 as.
(5) o

By (4), it is enough to show that (H.S'ink

\ - E “S:nk “) /am, — 0 a.s. From Lemma 3,

(|5 EHS 1N
ko
mk¢mk+1
1 5 1 e _gls
v X Gyl
mpEmy
<< ¥ ZEMM
€ k=0, ("‘k)
mEFEmpyy
=Syt X vew)),
i=1 { k:my 2,
myFEmy g}

where Eiov"‘k#"‘k-{-l means that the summation is taken over all k such that my #

. 2 .
mp4+1- Now we estimate E{k:m;,?i,mk;émk+1}l/(a’mk) . Let k¢ = min{k : m; >
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i, Mg £ Mey1 p- Then myy = 2, Mygy1 > my, and Oy, < 2%0+1 Hence we have

(=]

1
Z 1/(amk)2 < Z 2
{ k:my 214, k=kg (amk)
mEFEmy g }
o0

1 1 1 16 1
<2 (25) 1 (1/2)% (2%0)? 3 (2ko+1)?

16 1 16 1
< —

_ < -

3 2" 3 a?
(4ms0)

Thus we have

E”S

> €

g p(|lom
k=0

myFEmy g

e} ma
A1 EIY)

~
€2 3 a?

i=1 i

4 16 < E¢(||X:[) ||
< e? 3 Z é(a;)

Cmy,

i=1

It follows that (”S;nk -F ”S:n,,

)/am,l — 0 a.s. By observing that

! ’
sl _ [|w =
max < max _
mESn<mpy, Gn Qmy, mpEn<my 4 Gmy,

we will obtain S$),/a, — 0 a.s. if we show that

1

S — S,
(6) max — —0as.
mpSnlmg Ay,

First we observe that MaXm, <n<my gy L - S:nk — 0 and hence we have that
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MaXm, <n<myyy E ”S:, — S:nk“ /am, < ¢/8 for k > k;, because we have by (4)

i e e E Sk
max < + ——nl
mpSn<my 4q A, Am, mpSn<my iy Gmy
1
ESm, anE |[Sh|
< —  max 7l
Amy, 2F mp<n<my 4, {139
Eils! a
< T mk?_l max E”S I
Am,, 2 mpEn<mgy 227
E S' E SI
< Tk +2 max i"—“ —0
Gy mESn<myy, On
as k — oco. By Lemma 2 and Lemma 3, we obtain
[[sn = 5wl _
Z P Jnax
k=ky, M SN<Mp 4y Am
mEFEmE
- \5' H
< LR
<4 > oy X P
k=k,,
mEFEmg g
< HS#-%H e |
<4 Z max Pl =
mpEn<mg Am,,
k=k;,
mpFEmy
- 1
<4— _— max sl s - 5!
B 52 kgk:h (GMk)Z ’"k<"<mk+1 n my n mp
mEFEmy gy
4282 [} mk+l_l
<= 2 > ElXx
k=0, (amk) i=1
mpFEmME
4282 =2 2
= ZEMX I* > 1/(em)
{kimy g —-124,
my#Emy 4 }
- 4282 16 i E|x?
g2 3 4 a?
=1
4282 16 < E4([|X:|) <
—_— — <
e? 3 é(a:)

=1
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Hence the desired result (6) follows by the Borel-Cantelli Lemma. The implication
(ii) == (ii1) is obvious. Now we show that (iii)==(i). Assume S,/a,, — 0 in probabil-
ity. From the proof of (i) == (ii), we have E||S,.||/a, — 0 and S,,/a, — 0 a.s. Hence
we obtain S /a, -+ 0 in probability. Thus it is enough to show that E||S}|| /a, — 0.
By Lemma 3,

n

ISal - EISa _ 4 z
p(Ll=2I%l) < £ 5 pixe -0,

dn n =1

since
2 E||x!? > Ed(||X;
Z Ll <Z (LX) <

N L C))

Hence (J|Spll — E|S,.11)/an — O in probability. Recalling that, S} /a, — 0 in proba-
bility we have E||S.|| /an — O. (]

i=1

COROLLARY 5. ([1], [5]). Let {X,,n 2> 1} be a sequence of independent B-
valued random variables such that ) .-  E||X,||* /n® < oo for some 1 < a < 2.
Then

Sn/m — 0 in probability if and only if S,,/n — 0 a.s. if and only if Sp/n — 0 in L*.

PROOF: It is clear that ¢(z) = z* satisfies the condition (1). ]

COROLLARY 6. (Marcinkiewicz SLLN). ([4]). Let { X, n = 1} be a sequence of
i.i.d. B-valued random variables with E||X,|" < oo for 1 < r < 2. Then the following
are equivalent:

(i) Sp/nYT =0 as;

(i) Sn/n/" — 0 in probability;
(iti) Sp/n'T =0 in L?;
(iv) Snp/n*"™ —0in L".

PROOF: Let X! = X.I(|X.]|<n'"), X! = X.I(|X.|>n""), and
S, =Y, X! and S}, = Y, X!. First we show that (i)<=>(ii) <> (iii). Since
E||X1]|” < 0o, we have S!/n!/" - 0 as. and S?/n'/" — 0 in L. Hence it is enough
to show that S, /n!/" — 0 a.s. if and only if S,/n}/" — 0 in probability if and only
if §%/n'/" — 0 in L'. Since Y20 E||X.|* /n*/"™ < oo by Lemma 1, these equiv-
alences are seen by applying Theorem 4 to (X) with ¢(z) = z%?. Now we show
that (iii) <= (iv). Since the implication (iv)==(iii) is obvious, it remains to show
that(iii) = (iv). Assume S,/n'/" — 0 in L'.

E|Sall” < 27 E|[|Sall - E||Sall " + 27 (B ||Sall)".
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Thus it is enough to show that
1 -
(M ~E[lISall = E|Sall " — O

From Lemima 3,

E||Sall = EISallI" = E||ISn + Sl = EIlSp + Sull "
< E(Sull = ENSul + ISR = ENSall + 2 1S1)
S2ZUPE||Sal - ENSu + 2272 ELISu - ENSAI + 22 (B (ISqI)”

r/2 " -
<2 (Bls4 - BISyI )" + 2B 1Sl - BISIIT + 27 (B S)
n r/2 n n r
<22 (LEIr) e i+ (L)
i=1 i=1 i=1

By a standard calculation, we have
Y_EIXI m*m o0,
=1
Y E|X!|"/n—0 and

i=1

S E|X7| /2t .
i=1

Thus the proof is completed. ]

REMARK: For i.i.d. real valued random variables, Pyke and Root (8] have shown

that
E|X1|" < 00 <= S,/n'/" - 0as. < S,/n'" 5 0in L".

Recall that the Banach space (B, || ||) is of type p if there exists C > 0 such that

D X
k=1

for all independent B -valued random variables X,,...,X,, with mean zero and finite
pth moments; ([3], [8]).

E

P n
<CY E|XklP
k=1

COROLLARY 7. ([10]). If the Banach space B is of type p for 1 < p £ 2 and
{Xn,n > 1} are independent B -valued random variables with EX,, = 0 for n =
1,2,... and E||X,||” < T for some constant I', then

Sn/nT = Oa.s. forl<r <p.
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(1]

,_...,_.q
w N
—_—

(4]
(5}

(8]

(7]
(8]

(0}

[10]
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PRrOOF: To apply Theorem 4, we will show that

S E ||X,,||p/(n1/")p < 00 and S, /n"/" = 0in L',
n=1

first one is obvious. The second one is true by the following fact:
Sn 1 py\1/p
Ell—7e || < 7= (ElSalF)

cl/p n ; 1/p

S (Z E ”/\i”p)
i=1

cl/pT/p1/p

- -
nl/r
|
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