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1. I n t r o d u c t i o n . Let Ai and A2 be commutat ive Banach algebras and 
A i © A 2 their algebraic tensor product over the complex numbers C. There 
is always a t least one norm, namely the greatest cross-norm 7 (2), on Ai © A2 

t h a t renders it a normed algebra. We shall write A1 © a A2 for the «-completion 
of A1 © A 2 when a is an algebra norm on A± © A2. Gelbaum (2; 3) , 
T o m i y a m a (9), and Gil de Lamadr id (4) have shown tha t for certain algebra 
norms a on i i 0 i 2 ) every complex homomorphism on Ai © A2 is a-con-
t inuous. In § 3 of this paper, we present a condition on an algebra norm a 
which is equivalent to the «-continuity of every complex homomorphism on 
Ai © A2. Also, in § 3, we give an example of an algebra norm on a part icular 
tensor product t h a t is no t one of the types discussed by the above-mentioned 
au thors bu t does satisfy our condition. In § 4 we characterize those pairs 
(Aiy A 2) for which the radical of A1 0 A 2 is the intersection of the kernels 
of the complex homomorphisms on Ax © A2. W e also characterize those pairs 
(Au A2) for which every maximal regular ideal in A± O A2 has co-dimension 1. 
Section 5 is devoted to a s tudy of identities in Ai ®aA2 versus identities in 
A\ and A2. 

2. Pre l iminar ie s . If A is a commuta t ive complex algebra, then H {A) 
denotes the collection of all complex homomorphisms from A onto the complex 
numbers , R(A) denotes the radical of A and we set K(A) = fl^ffU) &-1(0)« 
As usual, if A is a commuta t ive Banach algebra, then the set H (A) endowed 
with the Gelfand topology is denoted by $ A (7). 

If A u i = 1,2, are complex algebras, then it is known t h a t the elements in 
H (A 1 © A 2) can be identified in a natural way with the set H(A\) X H (A 2). 
More precisely, if ht £ H(At) and h\ © h2 is defined on A1 © A 2 by sett ing 

/ m \ m 

Ai © h2\ Y^ Qj ® h A = 5 2 hia^hibj), 
\ j=i / j=\ 

then hi © h2 G H (Ai O A2). Conversely, if A G H (Ai O A2) and hi is 
defined on Ai by sett ing Ai (ai) = h(aia0 © b0)/h(a0 © b0), where 
h(do © b0) 5* 0, then hi 6 iJ(^4i). If &2 is defined similarly, then h = hi © h2; 
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see (9) for details. T h e na tura l identification of H(Ai © A2) with H(Ai) X 
H (A 2) is given by hi © h2 —» (hi, h2). 

L E M M A 1. K(AX © 4 2 ) = K(AX) Q A2 + AXQ K(A2) and 

Ai O A2/K(A1 OA2) 

is isomorphic with Ai/K(Ai) © A 2/K (A 2 ) , the isomorphism being ^at ® bt + 

K ( ^ i O A2) - • £ ( a « + ^ 1 ) ) ® (&< + ^ ( ^ 2 ) ) . 

Proof. I t is easy to verify t h a t K(Ai) O A2 -\- A\ O K(A2) \s contained in 
K(AiQA2). 

Suppose t ha t r = X^ = i at ® ^ C - ^ ( ^ î O ^ U ) . r can be expressed in the 
form X T = i a / ® b/ + r ' , where r ' £ ^4i O 2^(42) and no non-trivial linear 
combination of the elements &/, . . . , bj is in K(A2). Th i s follows from the 
fact t h a t there exists a subset {&/, . . . , bm'} of {61, . . . , & « } which, modulo 
i £ ( 4 2 ) , is a basis for the linear span of the bu i = 1, . . . , n. Since T' 6 i i 0 
# ( 4 2 ) Ç X( i4 i O -42), E 7 - 1 0 / ® 6 / € i ^ W i O -4a), and hence 

( m \ m / m 

Z «/ ® &/) = E h(a/)h2(b/) = h\ £ Ai(a/)6/ 
for all ^! G # C 4 i ) and &2 G H(A2). Th i s means t h a t E ? = i &i (<*/)&/ £ K(A2) 
for all &i £ ff(^4i). Hence, a / £ i ^ ( ^ i ) since Ai (a / ) = 0 for all hx G H (Ai) 
and 7 = 1, . . . , m. T h u s , Z ? = i a / ® 6 / € K{AX) O A2 and it follows t h a t 
K(AX © 4 2 ) = K(A1) © 4 2 + ^ ! O K(A2). 

T h e last assertion of the lemma is well known; see, for example, (5). 
COROLLARY 1. If Ai and A2 are complex algebras for which K(At) = (0), 

i = 1, 2, then Ai Q) A2is semisimple. 

T h e corollary, of course, follows from the lemma and the fact t h a t 
R(A! O A2) Ç1 K(Ai O A2), the la t ter ideal being equal to (0) in the 
si tuat ion of the corollary. 

T h e inclusion R(Ai O A2) C K(Ai O ^42) suggests the following quest ion: 
When is R(Ai Q A2) = K(Ai Q A2)? We shall completely answer this ques
tion in § 4 for the case where A1 and A 2 are commuta t ive Banach algebras. 

3. Spec tra l t e n s o r n o r m s . Th roughou t the remainder of this paper, 
Af will a lways denote a commuta t ive Banach algebra with norm ||- | |< and 
spectral radius vui = 1, 2 ; a will a lways denote an algebra norm on Ai © ^42. 
W e set va(r) = limn_>+00 (a(rn))1/n for r G i i 0 ^ 2 . T h e space $ A l 0 a i 2 can 
be identified with the set of «-continuous complex homomorphisms on A1 © A 2, 
and hence can be viewed in a na tura l way as a subset of $ i t X $A2> If 
$41®«A2 exhausts $Al X $A2> we say t h a t 3>AI®<*A2 is full. In this section, 
we show t h a t $AI®<*A2 *S full if and only if va(a © b) = ^i(a)^2(^) holds for 
all simple tensors a ® b ^ Ai Q A2. Smi th (8) has presented necessary and 
sufficient conditions for $AI®«*A2 to be full when a is an algebra cross-norm. 
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Our results show that these conditions are always satisfied. A norm which 
satisfies (1): va(a ® b) = vi(a)v2(b) for all a ® b Ç Ax O A2 will be called a 
spectral tensor norm. 

The norms that have been studied by Gelbaum (3), Tomiyama (9) and 
Gil de Lamadrid (4) are all spectral tensor norms. For each of these norms, there 
is a positive number k such that a satisfies (2): &||a||i||fr||2 ^ a(a ® b) for all 
simple tensors a ® b £ Ai O A2. Now, if (2) holds, then 

vi(a)vt(b) = lim &1M||aw||i1/w||^||2
1/n ^ va{a ® 6), a ® Ô U i 0 A*. 

Since va(a ® b) S vi{a)v2(b) is always true, it follows that (2) implies (1). 
Spectral tensor norms, however, need not satisfy (2). We offer below an 
example of a spectral tensor norm which does not satisfy a (a ® b) ^ &IMI1II&II2 
for any k > 0. 

Example. Let Ai = A2 = C^O, 1], the algebra of continuously differentiable 
complex-valued functions on [0, 1], with ||/| | = \\f\\œ + \\f'\\œ1 f 6 C^O, 1]. 
Then A± O A2 is isomorphic to the set of all functions on the unit square S 
of the form 

Èfi(x)gi(y), fugte ^ [ 0 , 1 ] . 
i=l 

Hence, Ai Q A2 can be viewed as a subalgebra of A — {/ Ç C(S): df/dx and 
df/dy exist and are continuous on S}. F o r / £ A, we set 

«(/) = II/IL + if +\M\ 
dx]],» \\dy\\œ' 

I t is easy to verify that A is a Banach algebra under the norm a. I t follows 
from a theorem of Butzer1 (1) that Ai O A2 is a-dense in A. Now, set 
fn(x) = xw, n — 1, 2, . . . . Since 

lim «SL2M = lim 1 + » + » , o, 
n^+00 | | / n | | n-4+oo (1 + n) 

there exists no k > 0 such that a(f ® g) ^ &||/|| ||g|| for a l l / ® g € 4 i O ,42. 

We commented above that ^AI®«A2
 c a n be viewed as a subset of 

H (A 1 0 4 2 ) . The following proposition describes the topological aspects of 
the embedding. 

PROPOSITION 1. $AI®«A2 is a closed subset of $Al X $A2>
 a w ^ ^^ Gelfand 

topology on 3>AI®<*A2 W //Z£ relativization of the product topology on $Al X $A2« 

The space $Ai®aA% is closed in $Ai X ^ 2 since 

lub{|Ai ® h2(r)\: h ® h2 6 cl($Al(g)aA2)} 

= lub{|Ai ® h2(r)\: h®h2e ^ I ® « A 2 } ^ «(r) , 
xWe would like to thank Professor G. G. Lorentz for suggesting this reference. 
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for all r G Ai Q A2. Since the Gelfand topology on <ï>Al®aA2 is identical with 
the weak topology induced by ( 4 i 0 4 2 ) A on $Ai®aA2, the last assertion 
follows from the fact t h a t the produc t topology on <£Al X $ A 2 is the weak 
topology induced by (A\ O A2)

A (see 9, p . 150) and the relative produc t 
topology is the weak topology induced by (Ai O A2)

A on $A l ( g ) a A 2 . 

T H E O R E M 1. Let A\ and A 2 be commutative Battach algebras. Then S^i®*^ 
is full if and only if a is a spectral tensor norm. 

Proof. Suppose t h a t <ÊAI®«A2 is full. Then 

va(a ® b) = lub{|fti ® h2{a ® b)\: ht G $Ai, i = 1,2} 

= lub{ |* i (a ) | : Ai G « M \ub{\h2(b)\: h% G *M} 

= vi{a)v2(b). 

T h u s , a is a spectral tensor norm on A\ O A2. 
Suppose t h a t a is a spectral tensor norm on A\ O A2. By the above propo

sition, we know t h a t $Ai®aA2 is a closed subset of <ï>Al X $A2- W e first show 
t h a t if dAi denotes the Silov boundary of At, i = 1, 2, then dAl X dA2 C 
$4!®ai2 . T o this end, suppose t h a t hi ® ft2 G dAl X d A 2 \ ^ i ® « A 2 . By a 
character izat ion of the Silov boundary , there exist open neighbourhoods Vi 
and V2 of fti and h2, respectively, such t h a t Vi X F 2 Pi $ A I ® « 4 2

 = 0» and 
elements a £ Ai and b £ A2 such t h a t |a(fei') | < ^i(^) f ° r ^ i ' € ^1 and 
\Hh2f)\ < v2(b) for A2' G V2. On the other hand, there exists hi0 ® /*2° 6 
$AI®«A 2 such t h a t va(a ® b) = |<J(fti°)| |&(ft2°)|. Since V ® /*2° € F i X F 2 , 
then hi0 d Vt for either i = 1 or 2. Hence, *>a(a ® 5) < vi(a)v2(b), which 
contradic ts the hypothesis t h a t a is a spectral tensor norm. T h u s , dAl X dM C 
$Al®«A2. If fei ® h2 G $ A I X $ A 2 and r U i O 4 2 , then |f(Ai ® A2)| g 
lub{|r(&i' ® A2 ' ) | : &i' ® fc2' G dAl X a A 2 } ; see (3, Theorem 2) . Since the 
r ight-hand side is equal to or less than va(j), we have t h a t every complex 
homomorphism on Ai Q A2 is «-continuous. 

COROLLARY 2. If Ai and A2 are semisimple and regular, then any algebra 
norm on A\ © A2 is a spectral tensor norm. 

Proof. T h e a rgument is a modification of one t h a t appears in (7, p . 175). 
Suppose t h a t a is an algebra norm on A1 O A 2 t h a t is no t a spectral tensor 
norm. Then there is an element hi ® h2 G $ A I X ^ > A 2 \ ^ A I ® « A 2 - W e can choose 
open neighbourhoods Ui and Vt of hi such t h a t Ui X U2 is disjoint from 
®Ai®aA2, Vf is compact and Vt C J7Z-, for i = 1,2. There are elements a{ G -41 

and ft» G -4 * such t h a t a<(&<) = 1 and ât is identically 0 off Vu bt is identically 
1 on Vu and &< is identically 0 off Ui. Now the simple tensors u = ai 0 a2 

and v = bi ® b2 have the proper ty t h a t ^^ — w G i £ ( 4 i O A2). However , 
K(Ai O A 2) = (0) since 4U and A2 are semisimple. Hence uv = u. Since z) is 
identically 0 on $ A l ( 8 ) a i 2 , v£R(Ai®aA2). Thus , v has a quasi-inverse 
w G 4 i ®« A 2, from which it follows t h a t 0 = v o w — (u o v) o w = 
u o (v ow) = u. This is impossible since u ^ 0. 

https://doi.org/10.4153/CJM-1969-072-3 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1969-072-3


BANACH ALGEBRAS 643 

The above proof yields the following stronger result. Suppose that A is a 
subalgebra of Co(12), 12 a locally compact Hausdorff space, and that each 
complex homomorphism of A onto C is given by point evaluation at some 
point of 12. Suppose, further, that for each closed set K C 12 and for each 
point w 6 12\i£ there exists an / £ A which vanishes on K and is identically 1 
in a neighbourhood of w. Then every algebra norm on A majorizes the supre-
mum norm over 12. This result is not new for the case where A is also a Banach 
algebra under some norm; see (7, p. 176). 

4. On the radical and maximal regular ideals of infinite co-
dimension in Ai O A2. In (2), Gelbaum assumed that Ai, A2, and a were 
such that Ai © A2 had no a-dense maximal regular ideals; that is, Ai © A2 

was a Q-algebra with respect to a. On the basis of this assumption, he showed 
that $Ai®aA2

 w a s full. (If a is taken to be the greatest cross-norm, then this 
assumption can be dropped, as examination of his proof shows.) I t is natural 
to ask: under what conditions is A i O A 2 a Q-algebra under a? Clearly, a must be 
a spectral tensor norm since h~1(0) is a-dense if h is «-discontinuous. Further
more, every maximal regular ideal must have co-dimension 1 ; that is, it must 
be the kernel of a complex homomorphism. In Theorem 3, we characterize 
those pairs (Ai, A2) for which every maximal regular ideal in Ai © A2 has 
co-dimension 1. In the investigation leading to Theorem 3, we obtained a 
characterization (Theorem 2) of those pairs (Ai, A2) for which R(Ai © A2) = 
K(A1QA2). 

LEMMA 2. Let A be a commutative Banach algebra and r £ A with \\r\\ ^ | . 
If r has infinite range or r Ç R(A) and r is not nilpotent, then XX=i M1*1 — 0, 
where {/̂ } is a bounded sequence of complex numbers, implies that ^ = 0 for 
n = 1,2, 

Proof. Suppose that f has infinite range. To show that r satisfies the property 
of the lemma, suppose that {ixn} is a bounded sequence of complex numbers 
and that Yln = \l-hJn = 0. Consider the power series f(z) = Z^iMnJ^. Since 
{fin} is a bounded sequence, this power series converges absolutely for \z\ < 1. 
By assumption, f(r{h)) = 0 for all h £ <ï>A so t h a t / has infinitely many zeros 
of moduli less than or equal to \. Thus, f(z) is identically zero and M» = 0, 
n = 1, 2, 

Next suppose that r G R(A) is not nilpotent. For this part, we can assume 
that A has an identity e since the adjunction of an identity does not change 
the radical. Let {/xw} be a bounded sequence of complex numbers such that 
]Crc = i /Vw = 0 and let n0 be the smallest integer such that /x^ ^ 0. Then 

oo / oo \ 

n=wo \ n=no+l ' 

Since S«=n0+i V*nTn~nQ £ R(A) and iino ^ 0, the right-hand factor is invertible 
in A, and hence rn° = 0, a contradiction. This completes the proof of the lemma. 
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It is shown in (6) that if A is semisimple and infinite-dimensional, then A 
has an element with infinite spectrum. Hence, if $A is infinite, then there 
exists a G A such that a has infinite range. 

LEMMA 3. Suppose that r ® s £ Ai Ç) A2, with \\r\\i ^ §, | |s| |2 ^ |> satisfies 
one of the following conditions: 

(i) r G R(Ai), not nilpotent, and s G ^ ( ^ 2 ) , not nilpotent, 
(ii) r G R(Ai), not nilpotent, and s has infinite range; or f has infinite range 

and s G R{A2), not nilpotent, 
(iii) r and s both have infinite range, 

then r ® s is the relative identity for a maximal regular ideal which has infinite 
co-dimension. 

Proof. We first show that if any of the above conditions obtain, then r ® s 
is quasi-singular in A\ O A2. Suppose that r ® s is quasi-regular in A\ O A2. 
Since y(r ® s) = |M|i||s||2 ^ h the quasi-inverse (r ® s)° of r ® s in 
A1 ®y A 2 is given by — £™=i if ® s)n = — l ]n = i rn ® sn- On the other hand, 
(r ® s)° =LT=i at ® &< G Ai O 4 2 . Let / belong to the dual 4 i * of Ai 
and define 

r/Éo*'® *»') =È/(OV, 
a continuous linear mapping of A\ ®7 A2 into ^ 2 ; see (9). Thus, 

( N \ N 

J^at® bA = J2f(aùbu 
i = l / z = 1 

so that for all / G Ai*, ^n=if(rn)sn lies in the finite-dimensional subspace 
of A 2 spanned by bi, . . . , bN. By Lemma 2, we have that the rn's are linearly 
independent. Hence, there exist / 1 , . . . ,/iv+i G Ai* such that /*(r') = ôijy 

1 ^ i, j ^ iV + 1. Now, there are complex numbers Xi, . . . , XAT+I, not all 
zero, such that 

Since 

N+l / 00 \ 00 / N+l \ 

0 = E x i l / i W = Z ( E Xi/i(̂ )K. 
i=l \ n=i / n=l \ i = l / 

N+l 

É M I LAI I for all» ^ 1, 
t = 

Lemma 2 implies that S f i i 1 ^tfi(rn) = 0, » à 1. In particular, if 1 ^ » ^ 
iV + 1, we have that Xw = Xn/w(Vw) = 0, a contradiction. Thus, r ® 5 must 
be quasi-singular in Ai © A2 and the ideal / = {(r ® S)T — T: T £ AX O A2\ 
is a proper ideal with relative identity r ® s. Hence, / is contained in a 
maximal regular ideal, say M. Now, M is not the kernel of any complex 
homomorphism hi ® h2 G $AI X $A2- For this would mean that 1 — hi ® 
h2(r ® s) = h(r)h2(s) :g \\r\\i\\s\\2 ^ }. 

If either (i) or (ii) holds in the above lemma, then it is obvious that 
r ® s G K(At O A2). 
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It is convenient to introduce a name for a commutative Banach algebra 
which has a radical which is a nil ideal and has only a finite number of distinct 
complex homomorphisms. We shall simply refer to such an algebra as a fini 
Banach algebra. 

THEOREM 2. R(Ai © A2) = K(Ai © A2) if and only if one of the following 
conditions hold: 

(i) R(Ai) and R(A2) are nil ideals; 
(ii) A i is a fini Banach algebra; 
(iii) A 2 is a fini Banach algebra. 

Proof. Suppose first that R(Ai) and R(A2) are nil ideals. Then K(Ai O A2) 
is a nil ideal, and hence K(AX © A2) C R(AX © A2). Since R(Ai © i42) Ç 
K(A\ O A2), we have equality. Suppose next that Ai is a fini Banach algebra. 
From Lemma 1, we know that K{AX © A2) = -R(-4i) O A2 + At © 2?C42). 
Since the sum of nilpotent elements is again nilpotent, R(Ai) © A2 consists 
entirely of nilpotent elements, and hence R(Ai) © A2 is contained in 
R{Ai © A2). In order to show that Ax © R(A2) is contained in i?(^4i © A2), 
let ^ x = {hi, . . . , hk} and {ei, . . . , ek) be the set of orthogonal idempotents 
in Ai such that êiihj) = ô*;-, 1 S i, j ^ k (7). Then we have that -4i = 
ei 4i © . . . © e*̂ 4i © (1 — ^i — . . . — ^)^4i, where the last ideal is contained 
in R(Ai). If a ( g ) 5 f i i O -RC42), then a © s = (^a © s) + . . . + 
fea © 5) + ((1 — ei — . . . — ek)a © 5). Observe that the last term is in 
R(Ai © A2). It suffices to show that 61a © 5 € -R(-4i O A2). By a standard 
characterization of the radical of an algebra, all we need to show is that 

7 = I ]C ai ® &i)(^iû ® s) + £(ei# ® s) = ^ ^iaia ® V + (&ia ® *) 
\ 3=1 / i - i 

is quasi-regular for all aj G A\, bj G A2, j = 1, . . . , n, and all complex num
bers £. Since e^4i = Cex ©jR(e^4i), we can write e\a^a = £;ei + r^, ty\a = 
£0̂ 1 + ^0. Now r = ei ® sf + r', where T' is nilpotent. Thus, r is the sum of a 
quasi-regular element and a nilpotent element. Hence, r is quasi-regular, by 
direct calculation of the quasi-inverse, and e±a ® 5 G R{A\ © ^42). Similarly, 
if A2 is a fini Banach algebra, then R(Ai Q A2) = K(Ai © A2). 

To establish the converse, it suffices to consider the case where R(Ai) is 
not a nil ideal and A2 is not a fini Banach algebra. Then either (i) or (ii) in 
Lemma 3 is satisfied. Hence, there exists a maximal regular ideal with relative 
identity u and u G K{AX © A2). Since u g i?(,4i © A2), R(Ai O 4 2 ) is 
a proper subset of i£(^4i © A2). This completes the proof of the theorem. 

In (5), Jacobson proved that if A1 is finite-dimensional over a field <t> and 
A2 is a radical algebra over 0, then ^4i © ^42 (over <£) is a radical algebra. For 
commutative Banach algebras, this also follows from the above theorem. 
Moreover, it follows that A1 © A2 is a radical algebra if and only if A.i or A2 

is a radical algebra and one of the three conditions of the theorem holds. 
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T H E O R E M 3. Every maximal regular ideal in A\ © A2 has co-dimension one 
if and only if A \ or A 2 is a fini Banach algebra. 

Proof. If either Ai or A2 is a fini Banach algebra, then R(Ai © A2) = 
K(Ai © A2) by Theorem 2. Le t M be a maximal regular ideal in Ai © A2. 
Since ¥ D X ( i i 0 i 2 ) , ilf + i£( ,4i © ^42) is a maximal regular ideal in 
Ax G A2/K(A1 © 4 2 ) . By L e m m a 1, Ax © 4 2 / X ( ^ i O ,42) ^ i i / i ? ( i i ) O 
A2/R{A2). Now, if ^41 is a fini Banach algebra, then Ai/R(Ai) ^ C*, where 
k is the dimension of ^4i/i^(^4i). Hence, 

A1/R(A1) oA2/R(A2)^it ®A2/R(A2). 

Since the la t ter algebra is a Banach algebra, every maximal regular ideal has 
co-dimension one. Hence, both M + K-{Ai © ^42) and M have co-dimension 
one. 

T o prove the converse, suppose t h a t Ai and ^42 are both not fini Banach 
algebras. This implies t h a t one of the three s ta tements in L e m m a 3 is satisfied, 
and hence there exists a maximal regular ideal M with relative ident i ty r ® sy 

where | | r | | i ^ \ and | | s | | 2 ^ h Therefore, \hi ® h2(r © s)\ ^ \ for all 
hx <g> h2 € <$>Al X $A2. U M = (hi © h2)~

l(0) for some hx © h2 <E $ A I X $ A 2 , 
then h\ ® h2(r ® s) = 1, which is impossible. Hence, I f has infinite co-
dimension. 

COROLLARY 3. i i 0 i 2 w a Q-algebra with respect to a if and only if a is a 
spectral tensor norm and A1 or A 2 is a fini Banach algebra. 

5. T h e i d e n t i t y i n Ax ® a ^42. If both Ax and ^42 have identities, then of 
course A± © A2 will also have an ident i ty ; hence, for any algebra norm a, 
A1 ®aA2 will also have an ident i ty . Gelbaum (3) has shown t h a t when Ax 

and A2 are semisimple, then Ai © r ^42 has an ident i ty if and only if both A\ 
and ^42 have identities. I t follows from the theorem below t h a t a similar 
result is valid for Ai © a ^42, where a is any spectral tensor norm, even wi thout 
the semisimplicity assumption. 

As usual, we view $Ai®aA2
 a s a closed subset of $Al X <Ê>A2

 a n d denote by 
TTf the na tura l mapping of $ i l 0 a A 2 into $Ai. 

T H E O R E M 4. Let a be an algebra norm on Ai © A 2. If A1 © a A 2 has an identity 
and if the mappings 71-* are onto, then A\ and A2 have identities. 

Proof. If A\ ®aA2 has an ident i ty u, then $ A l 0 a i 2 is compact . Since 71-1 
is cont inuous and onto, $Ai is compact for i = 1,2. Hence, there exist idem-
poten t s et £ At such t h a t êt is identically 1 on $Ai for i = 1, 2 (7, p . 168). 
T h e element U\ = ex ® e2 is an idempotent in Ai © A2 and û\ is identically 1 
on $AI®«A2- Thus , u\ has an inverse in A\ ®a A2l and since U\(u — U\) = 0, 
it follows t h a t u = u\. 
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To show that exa = a for all a Ç 4 i , we note that (exa — a) ® e2 = 
((eia — a) ® ^2)^1 ® ^2) = (exa — exa) ® e2 = 0 ® e2 = 0. Since e2 ^ 0, 
e±a — a = 0 for all a Ç 4 i . Thus, e\ is an identity in A\. Similarly, we conclude 
that e2 is an identity in A2. 

COROLLARY 4. If a is a spectral tensor norm, then A\ 0« ^42 has an identity 
if and only if Ax and A2 have identities. 

As easily constructed examples show, if the mappings wt are not onto, then 
A1 ®a A2 may have an identity without either Ai or A2 possessing identities. 
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