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Abstract

We consider dynamic versions of the mutual information of lifetime distributions, with
a focus on past lifetimes, residual lifetimes, and mixed lifetimes evaluated at different
instants. This allows us to study multicomponent systems, by measuring the dependence
in conditional lifetimes of two components having possibly different ages. We provide
some bounds, and investigate the mutual information of residual lifetimes within the time-
transformed exponential model (under both the assumptions of unbounded and truncated
lifetimes). Moreover, with reference to the order statistics of a random sample, we
evaluate explicitly the mutual information between the minimum and the maximum,
conditional on inspection at different times, and show that it is distribution-free in a
special case. Finally, we develop a copula-based approach aiming to express the dynamic
mutual information for past and residual bivariate lifetimes in an alternative way.
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1. Introduction and background

Information measures are largely used in applied contexts in order to describe useful notions
related to stochastic models. The problem of measuring the information content in a dynamic
setting arises in various fields, such as survival analysis, reliability, and mathematical finance,
for example. Significant results in this area have been provided in Ebrahimi et al. [14], where the
focus was directed on the joint, marginal, and conditional entropies, and the mutual information
for residual life distributions in multivariate settings. In this paper we provide some further
insight on the dynamic mutual information, with reference to past lifetimes, residual lifetimes,
and mixed lifetimes evaluated at different ages.

In probability theory the mutual information of two random variables is a measure of their
mutual dependence, and can be evaluated by means of the joint and marginal distributions.
See Ebrahimi et al. [18] for a contribution dealing with the mutual information of certain
classes of bivariate distributions, and Arellano-Valle et al. [2] for a recent investigation on the
mutual information of multivariate skew-elliptical distributions. Other kinds of multivariate
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information measures have been investigated by Ebrahimi et al. [15]. We also mention that
a nonparametric and binless estimator for the mutual information of a d-dimensional random
vector has been proposed recently by Giraudo et al. [19].

In view of suitable applications in the context of reliability theory, in this paper we consider
both the dynamic extensions of the mutual information and the related entropies. Specifically,
we aim to study the applications of mutual information to the cases of past, residual, and
mixed distributions. In Section 2 we briefly recall the relevant mathematical concepts related
to mutual information and entropy, and then introduce the bivariate distributions describing
two lifetimes conditional on possibly different inspection times. In Section 3 we introduce the
dynamic mutual information of past lifetimes. We obtain a bound for such a measure, which
is suitable to describe stochastic models whose uncertainty is related to the past. Section 4 is
concerning the mutual information of residual lifetimes. We provide a bound and a connection
between past and residual mutual information. We also investigate such a measure within the
time-transformed exponential model (both in the classical case of unbounded lifetimes and
in the new setting involving truncated lifetimes). In Section 5 we study the dynamic mutual
information for mixed lifetimes and apply it to ordered data. With reference to the order statistics
Xi-n, i = 1,2,...,n, we evaluate explicitly the mutual information between the minimum
and the maximum (X1. ,, X,. ) conditional on (Xi., <s, X,,., > 1) fors < t and show that
it is distribution-free in a special case. This also allows us to describe the information content
in n-component systems inspected at two different times. Finally, in Section 6 we discuss a
copula-based approach, which allows us to express the dynamic mutual information for past
and residual bivariate lifetimes in terms of copula and survival copula, respectively.

Throughout the paper we denote by [Z | B] a random variable or a random vector whose
distribution is identical to the conditional distribution of Z given B. Moreover, primes denote
derivatives.

2. Preliminaries

Let (X, Y) be arandom vector, where X and Y are nonnegative absolutely continuous random
variables. We denote by f(x, y) the joint probability density function (PDF) of (X, Y), and
by fx(x) and fy(y) the marginal densities of X and Y, respectively. It is well known that the
mutual information of X and Y is defined as

fx,y)
Sx ) fr ()

where ‘log’ means natural logarithm. The term My y is a measure of dependence between X
and Y. Indeed, (1) defines a premetric, since Mx y > 0, with Mx y = Oif andonly if X and Y
are independent. Roughly speaking, it measures how far X and Y are from being independent,
in the sense that high values of My y correspond to a strong dependence between X and Y.
Moreover, My y is in general finite and is invariant under linear transformations. We recall
that the mutual information can be expressed in terms of entropies as follows (see, for example,
Ebrahimi et al. [16]):

+o0 400
Mxy = f dx f(x,y)log dy, @))
0 0

Myxy = Hx + Hy — Hyy, (2)

where Hy is the differential entropy of X, defined by Hy = — f0+°° fx(x)log fx(x)dx, Hy
is similarly defined, and

+o0 +00
Hx,y=—/0 as [ ryteg r ) dy 3)
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is the differential entropy of (X, Y). We recall that Hx measures the ‘uniformity’ of the
distribution of X, i.e. how the distribution spreads over its domain, and is irrespective of
the locations of concentration. High values of Hy correspond to a low concentration of the
probability mass of X.

The reliability analysis of a system composed of two items involves the general setting
by which they are inspected at possibly different times s and 7. Assuming that the random
variables X and Y describe the failure times of the two items, the following conditional random
vectors thus deserve interest, for s, r > 0,

[(X,Y)| X <s,Y <t] ifboth items failed before inspection, @)
[(X,Y)| X >s,Y >¢] if noitem failed before inspection, (®)]
[(X,Y)]| X <s,Y >¢t] ifonly the first item failed before inspection, (6)
[(X,Y)]| X >s,Y <t] ifonly the second item failed before inspection. @)

The probability of the conditional events considered above will be denoted as
FG,t)=P(X <s,Y <1), F,0)=P(X >s5,Y >1),
F>T (s, ) =P(X <s,Y > 1), FP (s,) =P(X > s5,Y <1),

sothat F(s, 1)+ F(s,t)+ F % (s, 1)+ Ft (s, 1) = 1. In order to introduce certain dynamic
entropies, we now consider the following functions.

(i) The density of [(X,Y) | X <s,Y <t]foralls,t > 0 such that F(s,t) > 0,

s f(-xa y)
’ ; 7t = ’ O S S ’ 0 S S I. 8
Sxy(x,y;s,1) FGs. 1) X =<s y 3
(i1) The density of [(X —s,Y —¢) | X > s, Y > t] forall s,z > 0O such that F(s,t) >0,
s t
fxy(x, yis 1) = M x>0,y>0. 9)
F(s, 1)
(iii) The density of [(X,Y — 1) | X <s,Y > t]foralls,t > 0 such that F~%(s,¢) > 0,
S ] S, y+1)
fx,y(x,y,s,t)=F_’+—(s’t), 0<x<s,y>0.
(iv) The density of [(X —s,Y) | X > s, Y <t]foralls, t > 0 such that Ft=(s,1) >0,
4 i [+, y)
fx,y(X,y,S,f)—W, x>0,0<y=t
Hence, in analogy with (3) we can now introduce the following entropies, for s, t > 0:
N t
Aoy == [ a5 [ Furtryisintog foyGeovisndy, (10)
0 0
+00 +00
Hy y(s, 1) = —/ dx fxy(x, ys s, 0)log fx,y(x, y; s, 1) dy, 1D
0 0

s —+00
Hyf (s.1) = —/0 dx/O fyy Gyis olog fyy (x,yis 1) dy,

+0o0 t
Hyy (s,1) = _/ dxf Sy Geyis.nlog iy (x, yis, 1) dy.
0 0
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Remark 1. The entropy (3) can be expressed in terms of the entropies given above; indeed,
foralls,t > 0,

Hxy = H[F(s,0), F(s,), F"V(s,0), F*"7 (s, )]+ F (s, t)Hx y (s, 1)
+ F(s, DHx y(s. 1) + F 7V (s, ) Hy Y (s, ) + FP7 (s, DHYy (s.0),  (12)

where H[p1,...,pu]l = — Z;’:l pilog p; denotes the entropy of a discrete probability
distribution.

We recall that (12) is the two-dimensional analogue of [8, Proposition 2.1]. It holds due to the
partitioning property of the Shannon entropy (see, for example, [14, Equation (24)] for another
application of such a property). It expresses that the uncertainty about the failure times of two
items can be decomposed in five terms. The first term conveys the uncertainty of whether the
items failed before or after their inspection times, the other terms give the uncertainties about the
failure times in the domains specified in (4)—(7), given that the items failed in the corresponding
regions. Note that (12) is in agreement with some remarks provided in [14, Section 4.4].

We are now able to study the dynamic mutual information for the cases introduced in this
section.

3. Mutual information for past lifetimes

In various contexts the uncertainty is not necessarily related to the future but may refer to the
past. For instance, if a system is observed at an inspection time ¢ and is found failed, then the
uncertainty relies on the past, i.e. on which instant in (0, 7) it failed. Several papers have been
devoted to the investigation of information measures concerning past lifetimes. We recall, for
instance, the univariate past entropy defined in [8]. Some properties and generalizations have
also been investigated in [21], [23], [25], and [26].

In this section we introduce the mutual information for the bivariate past lifetimes defined
in (4). To this aim we consider the marginal past lifetimes

[X | X<s,Y<tl, [Y|X<sY<t], s51>0, (13)
having PDFs
fx(x;s, 1) L 2 pn ! flf( )d 0<x< (14)
X: S = —_ X, = X, s SX =S,
XS, F(s.1) 0x Feon Jo 700
fr(yis, 1) ! aF( ) ! /Sf( )d 0<y<t, (15
;Sv = ~ Sa = -x9 -xv = =~ L,
re Fe.nay VT Fenly T Y

for s, t > O such that F (s, t) > 0. In analogy with (1), we are now able to define the following
new information measure, named bivariate dynamic past mutual information:

fxor(x,y;s. 1)
fx(xss,0) fr(yss, 1)
for s, t > 0 such that F (s, t) > 0, where the involved densities are given in (8), (14), and (15).

This is a nonnegative function which measures the dependence between the past lifetimes of X
and Y conditional on {X <s,Y <t}.

s t
Wy (s, 1) :=/O dxfO e Ce. v s, 1) log (16)
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Remark 2. Similarly to (2), for s, # > 0 the following identity holds:
My y (s, 1) = Hx(s, 1) + Hy (s, 1) — Hx y (s, 1),
where ,
Hx (s, 1) = —f fX(x; s,t)log fX(x; s,t)dx
0
and ,
Hy(s,1) = —/ fr(yi s, 0)log fy (s, 1) dy
0
are the entropies of the marginal past lifetimes introduced in (13), and where H x,y(s, t)is
defined in (10).
Let us now obtain some bounds.

Proposition 1. Fors,t > 0 such that F(s,t) > 0, let

[, y)
Jo fGe,»dy [y flx, y)dx’

ax,y;s, t) =

If

a(x,y;s, t) < (=) a(s,t;s,t) forall0<x <sand0 <y <ft,

then the following upper [lower] bound holds:

My y(s. 1) < (=)loga(s, t; 5, 1) + log F (s, 1). (18)
Proof. From (16), making use of (8), (14), and (15), we have
~ 1 K t
Mxy(s,t) = / dx/ f(x,y)loga(x,y;s,t)dy + log F(s, t). (19)
F(s, 1) Jo 0

Hence, from (17) we immediately obtain (18).
Example 1. Let (X, Y) be a random vector with joint PDF and distribution function

xy(x +y)

S, y)=x+y, F(x,y) = 5

0<x<1,0<y<l.

Since, forO0 < s <land0 <t < 1,

4(x +y)
st(t 4+ 2x)(s +2y)°

alx,y;s,t)= 0<x=<1,0=<yc=<l,

from (19) we have

st(s +1)

Mx,y(s,t) = log >

1 4
— st t)log —
+st(s+t){s (s+0) Ogst
1
+ 6[_2S3 logs — 23 logt +2(s + 1?3 log(s + 1) — Sst(s +1)]
t
+ 286 +0 + 2logt — (1 + 2s)* log(t + 25)]

+ 2[2:@ +1) 4 s%logs — (s + 2t)* log(s + 2z)]}. (20)
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FIGURE 1: Plot of the past mutual information given in (20).

For any fixed ¢ € (0, 1), it follows that M x.v (s, t) is increasing for s € (0, ¢] and, thus, attains

the maximum for s = ¢, with

2+4+40log2 —271og3
12

The plot of M x.v (s, t) is given in Figure 1. See [14, Example 1] for other results on the
information content of the bivariate distribution considered in this example.

Mx y(t, 1) =

—0.0053, re(,1).

Let us now recall that the reversed hazard rate of a random lifetime X is given by tx (x) =
—(d/dx)log Fx(x) = fx(x)/Fx(x) for all x such that 0 < Fx(x) < 1, where Fx(x) =
P(X < x).

Remark 3. The argument of the logarithm in (16) can be viewed as a local dynamic measure
of dependence between X and Y. Indeed, due to (8), (14), and (15), we have

frrGyis,n g (x| Y =y)
fxss, 0 fr(vis, ) T (x [ Y < 1’

where 133 (x | B) is the conditional reversed hazard rate of X, =[X | X <s]given B.

4. Mutual information for residual lifetimes

The uncertainty about the remaining lifetime in reliability systems is often measured by
means of the differential entropy of residual lifetimes; see [5], [12], and [13]. Recent contribu-
tions on the entropy of residual lifetimes are given in [1]. Other dynamic information measures
involving conditional lifetimes have been proposed and studied in [3], [9], and [27]. For a
random vector (X, Y) with nonnegative absolutely continuous components, Di Crescenzo et al.
[10] studied the mutual information of the residual lifetimes [X —¢ | X > f]and[Y —7 | ¥ > ¢]
at the same age.

In this section, with reference to (5), we investigate the mutual information of the residual
lifetimes at different ages, i.e.

[X—5|X>s5,Y >1], [Y—-t|X>s,Y>1t], s,t=>0. 20

https://doi.org/10.1239/aap/1449859804 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1449859804

On dynamic mutual information for bivariate lifetimes 1163

For all s, ¢ > 0 such that F (s, ) > 0, the random variables (21) possess densities

1 3 _ 1 +o0
: - _ _’F = d 0 (22
fx(x;s, 1) s, t)[ ” (u, t)]u_xﬂ ey fx+s,y)dy, x>0 (22)
and
fr(y;s, 1) [ af( )} ! f+oof( +1)d >0
18, 1) = = ——F(s,v = — X, X, > 0.
e F(s.0)l ov vyt F(s.0) s Y Y

(23)
According to (1) we thus introduce the bivariate dynamic residual mutual information, for
s,t > 0 suchthat F(s,t) > 0,

Sxy(x,y;s,1)
fx s, ) fr(yss, 1)

the involved densities being defined in (9), (22), and (23). Since X and Y describe the
random lifetimes of two systems, Mx y (s, t) measures the dependence between their remaining
lifetimes at different ages s and . See the analogy between (24) and the mutual information of
[(X,Y)| X > s,Y > t] given in [14, Equation (1)]. We remark that other types of dynamic
information measures for bivariate distributions have been studied by Sunoj and Linu [30].

Moreover, in agreement with (2), the mutual information My y (s, t) satisfies the following
identity (see [14, Equation (13)]):

+00 +00
Mx y(s,1) :=/ dx/ fxr(x,y;s,t)log dy, (24)
0 0

Mx y(s,t) = Hx(s,t) + Hy(s,t) — Hx y (s, 1), s,t >0, (25)

where Hx y (s, t) is defined in (11) and

+00
Hx(s,t) = —/ fx(x;s,t)log fx(x;s,t)dx,
0 (26)

—+00
Hy(s, 1) = —/0 Sr(y;s,0)log fy(y; s, 1) dy

denote the entropies of the residual lifetimes (21) for 5,7 > 0. Various other results have
been pinpointed in [14], such as the following property: if X and Y are exchangeable then
MX’Y(S, t) = Mx’y(t, s) foralls,t > 0.

We recall that the hazard rate of a random lifetime X is given by Ay (x) = —(d/dx) log[1 —
Fx(x)] = fx(x)/[1 — Fx(x)] for all x such that 0 < Fx(x) < 1.

Remark 4. Similarly as in Remark 3, the argument of the logarithm in (24) can be viewed as
a local dynamic measure of dependence between X and Y. Indeed, from (9), (22), and (23),
we have
fxy(x,y;s,t)  hx(x|Y=y+1)
Ix (s, ) fr(yss, 1) hx,(x | Y >1)
where hx (x | B) is the conditional hazard rate of X, := [X —s | X > s] given B. Moreover,

the right-hand side of (27) is a suitable extension of association measures that are often employed
in reliability theory (see, for example [20] and the references therein).

27)
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The following result is analogous to Proposition 1.

Proposition 2. For s, t > 0 such that f(s, t) > 0, let

fx,y)

alx,y;s,t) = f,+o° o dv f;roo Fr xX>s,y>t. (28)
If
a(x,y;s,t) < (>)a(s,t;s,t) forallx>s,y>t, (29)
then the following upper [lower] bound holds:
Mxy(s,1) < (=)loga(s, t;s,1) + log F (s, ). (30)

Proof. Due to (9), (22), and (23), from (24) we obtain the following alternative expression
for Mx y(s,t), s, t > 0:

My y(s,t) =

+00 +00 o
= f dx f(x,y)loga(x, y;s,t)dy + log F(s, t). a3
F(s,t) Js t

The proof then immediately follows by use of (29) in the right-hand side of (31).
Example 2. Let (X, Y) be a random vector with joint PDF

0 1
f(x,y)=W@Xp{—5(1+9x)(l+9y)}, x,y >0,

with 6 > 0, and where I'(a, z) = fz o0 a1t dt is the incomplete gamma function. Since

_ IO, /01 +6x)(1 +0y))

F@&y) (0, 1/6) ’

x,y >0,

from (9), we have, for s, t > 0,

Oexp{—(1/0)[1 +0(x +s)I[1+6(y + 1)1}
(0, (1/6)(1 4 0s)(1 + 1)) ’

Hence, recalling (28), after some calculations we obtain, for x, y > 0,

Txy @, yis, 1) = x,y>0.

ax, y; s, t) = %r(o, é)(l +6x)(1 +6y) exp{é[l +0(s+1) +60%(1x + sy — xy)]}.

This expression allows us to evaluate My y (s, t) numerically, by use of (31). Other properties
of dynamic measures concerning this case are given in [14, Section 4.4].

In the following proposition we show a relation between the bivariate dynamic residual and
past mutual information of symmetric random vectors.

Proposition 3. If the random vector (U, V) has bivariate density fy v (x,y) such that, for a
fixed (xo, yo) € R%L,

fuvx, y) = fQx0—x,2y0 —y) forall (x,y) € R%, (32)

then MU’V(S, 1) =MxyQ2xo—s,2y0 —t) forall s,t > 0.
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Proof. The proof follows from the deﬁ_nitions of ]\;IU,v and My y, since the distribution
function of (U, V) satisfies Fy v (x,y) = F(2xo — x,2yo — y) forall (x, y) € Ri.

Example 3. Let (X, Y) be a random vector uniformly distributed over the domain  :=
{(x,»):x >0,y > 0,ax + By < 1} with @, 8 > 0. Hence, the joint PDF and the joint
survival function are given by

fy)=2p,  Fxy=0-ax—By?’ (e,

so that, from (22), we have the density

fx(x;s,t) = za[l(l__a(iit)‘;)t)_z 'Bt], 0<x< é — gt -5, (s,1)eD.
Due to (26), for (s, t) € D the entropies of the residual lifetimes are
Hy(s.1) = % + log # Hy (s, 1) = % + log ]_";—;_ﬁt (33)
From (9), we obtain, for (s, 1) € D,
208

fX,Y(X,y;SJ)=m, x+s,y+0€eD.
Hence, making use of (11) we obtain the entropy of [(X —s,Y — 1) | X > s5,Y > t]:

Hx y(s,t) = 2log(l —as — Bt) —log(2ap), (s, 1) € D. (34)

In conclusion, recalling (25), (33), and (34) we establish that the dynamic residual mutual
information of (X, Y) is constant:

Mxy(s,t) =1 —1log2 = 0.3069, (s, 1) € D. (3%
Note that in this case for (s, 1) € D, we have
( 1) ! >a(s,t;s,1) :
a(x,y;s, t) = >a(s, t;s,t) = ——————;
Y 2(1 —ax — By(1 —as — By) 2(1 — s — Br)?

however, now the bound given in (30) is not useful since the right-hand side of (30) is negative.
Let (U, V) have density

1

- 1
fuv(x,y) =2af for(x,y) €D := {x <—,y=< 5o + By = 1},
07
and distribution function Fy v (x,y) = (ax + By — 1)? for (x,y) € D. Then, (U, V) is
symmetric to (X, Y), in the sense that (32) hold§ for (x¢, yo) = (1/2¢, 1/28). Hence, makirlg
use of Proposition 3 and recalling (35), we have My v (s, t) = 1—log2 = 0.3069 for (s, t) € D.

It is worthwhile to remark that the residual mutual information is constant also in other
cases. See [14, Section 3.1] for various comments on the memoryless property and related
information notions. We recall that if the survival function of a nonnegative continuous vector
variable (X, Y) satisfies f(x +t,y+1) = F(x, y)f(t, t)forallx, y,t > 0, then (X, Y) is said
to possess the bivariate lack of memory (BLM) property; see, for example, [29]. It thus follows
that if (X, Y) has the BLM property, then Mx y (¢, t) does not depend on ¢. For instance, the
bivariate Block—Basu density and the bivariate Freund density have the BLM property. See
also [28] for the weak multivariate lack of memory property within a stochastic model that will
be discussed hereafter.
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4.1. Dynamic mutual information for the time-transformed exponential model

We recall that a pair of random lifetimes (X, Y) is said to follow the time-transformed
exponential (TTE) model if its joint survival function may be expressed in the following way:

F(s,t) = W[R((s) + Ra(r)] foralls,t >0, (36)

where W : [0, +00) — [0, 1]is a continuous, convex, and strictly decreasing survival function,
such that W(0) = 1 and lim,_, ;oo W(r) = 0, and where R;: [0, +00) — [0, +00) is a
continuous and strictly increasing function, such that R;(0) = 0 and lim;_, o, R; () = 400
for i = 1,2. Clearly, functions Wand R;, i = 1,2, provide the time transform and the
accumulated hazards, respectively. Note that the marginal survival functions are given by
Fx(s) = W[Ri(s)], s > 0, and Fy(t) = W[R2(1)], t > 0. Moreover, if R; and R, are
identical functions, then X and Y are exchangeable. The TTE model allows us to study the
essential ageing properties of lifetimes (X, Y) by separating ageing property and dependence
and, thus, it deserves wide interest in reliability theory and survival analysis. Various properties
and applications of such a semiparametric model have been investigated recently in, for example,
[4], [22], [24], [28], and [31].

Hereafter, we investigate the bivariate dynamic residual mutual information within the TTE
model.

Proposition 4. If the survival function of (X, Y) satisfies the TTE model as specified in (36),
then, forall s,t > 0,

1

My y(s, 1) = —
XD = ) + K]
400 +00 w W
X / du W'l + vl log & T VIWIRI®) + Ra] 4+ 57
Ri(s) Ry(1) Wlu+ Ra()IW [Ri(s) + v]
Proof. Lets,t > 0. From (36), it follows that
f(s, 1) = W[Ri(s) + Ra()]R] (s) Ry (0).
Hence, from (9), (22), and (23), we have
WIR (x +5) + Ray(DIR, (x +5)
P8, 1) = — — > 0, 38
Jx(eis. 0 WIRI(5) + Ra(0)] * 9
W[Ri(s) + Ro(y + DRy (y +1)
P8, 1) = — — > 0, 39
Jrivs. WIRI () + Ra(0)] &9
and
Fer(Gyis )= W [Ri(x +5) + Rao(y + DIR (x + 5)R,(y + t)’ xy>0. (40)

WIRi(s) + Ra(1)]

Finally, (37) follows by substituting the above densities in the right-hand side of (24), and by
settingu = Ri(x +s)and v = Ry (y + 1).
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The following result can be obtained by means of straightforward calculations.
Corollary 1. Let (X, Y) satisfy the assumptions of Proposition 4. If
W) =10+x)", x>0, Ri(s)=as, s>0, Ry@t)=pt, t>0,
withr, o, B > 0, then

1 r—+1
MX,Y(S,t)Z—r+1 + log pat s,t>0.

From Corollary 1 we show that if (X, Y) has bivariate Lomax (Pareto type II) joint survival
function then My y(s, ) is constant (see also [14, Section 5.2]). Note that in this case
a(x, y; s, t) is not monotone; so that the bound (29) is not useful.

4.2. Dynamic mutual information for the truncated TTE model

We now consider a TTE model for truncated random lifetimes (X, Y). Specifically, we
assume such that the nonnegative random variables X and Y are upper bounded through a
suitable function. Unlike the previous section, we now assume that W(r) is a continuous,
convex, and strictly decreasing one-dimensional survival function for all r € [0, w], where @
is a fixed positive real number, such that W(0) = 1 and W (w) = 0. Moreover, R;(-) and R (-)
are continuous and strictly increasing functions such that R1(0) = R>(0) = 0, and the set

Dy :={(s,1) eR?>: 5 >0,7 >0, Ri(s) + Ro(t) < w}

is not empty. Hence, there exists a continuous and strictly decreasing function ¢t = £, (s),
defined for 0 < s < Rl_l(w), and such that R (s) + Ry (£, (s)) = w for all s € [0, Rl_l(a))],
with £,(0) = R 1(a)) and £, (R 1(a))) = 0. These assumptions thus lead to the following
truncated TTE model for the joint survival function of (X, Y):

F(s, 1) = W[Ri(s) + Ra(t)] forall (s,1) € D,. 41)

Similarly to Proposition 4, we thus have the following result for the dynamic residual mutual
information within the above model.

Proposition 5. If the joint survival function of (X, Y) satisfies the TTE model as specified in
(41), with W () = O, then, for all s, t € D,,

1
M 1) = =
X = R + R0
w—Ry (1) w—u — —
x / 2 du/ Wl + v]log 4 HUWIRIS) + Ry®)]
Ry (s) Ry (1) W lu+ Ry()IW [R1(s) + v]

Proof. Under the given assumptions the densities in (9), (22), and (23) can still be expressed
respectively as in (38) for 0 < x < Rl_l(a) — Ry(t)) —s,asin (39) for0 < y < Rz_l(w —
R1(s)) —t, and as in (40) for all nonnegative x, y such that Ry (x +s) + R2(y + 1) < w. Note
that the assumption w (w) = 0 is essential to ascertain that the integral of fx y(x,y;s,t) is
unity. The proof thus proceeds similarly as that of Proposition 4.
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The following result can be obtained via direct calculations.

Corollary 2. Let (X, Y) satisfy the assumptions of Proposition 5. If

2
W(x):(f—1> . 0<x<ow.
w
then My y (s, 1) = 1 — log2 = 0.3069, (s, 1) € Do,

5. Dynamic mutual information for ordered data

The approach developed in the previous sections can also be adopted to study the mutual
information in the presence of conditioning expressed as in (6) and (7). Here we restrict
ourselves to consider models based on ordered data, with an application to order statistics. For
n > 2, consider a system with n components, having independent and identically distributed
random lifetimes. Assume that the failures of the components are observed upon a test. Suppose
that the ith failure occurs before time s and n — j 4+ 1 (j > i) components are still alive at
time 7, with0 < s < ¢. For 1 <i < j < n, we can define the following random variables:

’Ti,j:n(svt)=[(xiin’xjin)|Xi:n§S7XjZn>t]s 0<s<t, (42)

where X, ., denotes the rth order statistic. We recall that Ebrahimi et al. [17] defined and
studied mutual information between consecutive ordinary order statistics.

Let us now define dynamic mutual information measures for order statistics. As a case study,
we consider (42) fori = 1 and j = n, i.e. we assume that the first failure occurs before time s,
and the last failure occurs after time ¢. Then the joint PDF of T . , (s, t) and the marginal PDFs
of [ X1.n | X1:0 <8, Xp:n>tland [Xy.p | X1:0 <, Xp.n > t] are needed. Let f(x) and
F(x) denote respectively the common PDF and the distribution function of the components’
lifetimes. Since (see, for example, [6])

finin@,y) =n(n—DIFQ) — FOI" 2 fx) (), 0<x<y<-+oo,

for0 < s < t, we have
s +o00
PX1.n <8, Xp.n>1) :/ dx/ finnlx,y)dy
0 t

= [ nrettn = Fer =156 = PP s
=1—[FOI" +[F(@t) — F(s)]" = [1 — F(s)]". 43)

Let
fl*-n(x§S,t) — (0/0x)P(X1.p <x <t < Xy:n)
’ P(X1.n <8, Xp.n>1)

denote the PDF of [X1., | X1:» <, Xu.n > t]. Hence, using (43), we obtain
n{[1— F)I" ' = [F(t) - FOI" "} f(x)

1—[FOI" +[F(t) — F(s)]" —[1 — F(s)]*’
Similarly, denoting the PDF of [X,,. ,, | X1.n <8, X».n > t]by £, ,(v; s, 1), we have

n{IFDI ! = [F(y) — F&OI" 1 f ()
1—[FOI" +[F(t) — F(s)I" — [1 — F(s)]"’

fl*:n(x;sst) =

O<x<s<t. 44

fra, s, ) = O<s<t<y. (45
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Also, let fﬁn: (X, ¥; 5, 1) be the PDF of Ty ;. (s, £). Then, it is given by

nin—DIF@y) — FOI" 2 fx) ()
1—[FOI" +[F(t) — F()I" —[1 — F(s)]*’

Jin:n(x yis, 1) = O<x<s<t<y.

(46)
By virtue of (44), (45), and (46), the dynamic mutual information of 77 ,. »(s, t) can thus be
defined as
M;k,n: n(s’ t)
s +oo Tin n(e yis,0)
=/ dx i n(x, yss, ) log — Ln:n * dy, 0<s <t.
0 t ’ fl;n('X;svt)fn:n(y;svt)

47)

Obviously, (47) depends on s, t, n, F(s), and F(¢). Also, Mf,z; ,(s,1) =0forall0 <s < 1.
However, in agreement with [17, Theorem 3.3(a)], in the following we show that M i“ n:n (S, 1)
is distribution-free under suitable assumptions.

According to the previous comments, s and ¢ can be seen as inspection times for the
n-component system. The knowledge of [X;., < s,X,., > t] thus means that, upon
inspection, at least one failed component has been detected at time s, and at least one component
is functioning at time #. We can fix s and ¢ as quantiles of F, say as the pth and gth quantiles,
respectively, i.e.

s=E,=Fp), t=g=F'g, 0<p<qg=<l, (48)

where F~! is the generalized inverse of F. Denote by H,(p, q) the joint probability (43)
when s and ¢ are chosen as in (48), i.e.

H,(p,q)=1—q"+(q—p)" — 1 —-p), 0<p<g<l. (49)

Moreover, in order to show that M f,n: (s, 1) is distribution-free, for p, g € (0, 1), we set

)4
Ka(p,q) == /O [(1—w)"" (g —w" Tog((1 —uw)" ' — (g —w)" Hdu.  (50)

Proposition 6. Let n > 2. If s and t are chosen as in (48), with 0 < p < q < 1, then the
dynamic mutual information of T1 . (s, t) is given by

Mik,n: n(gp’ -‘;:q)

—1 —)@n—1

= log[nTHn(p,q):| - %
—L{K( V4 Kn(l—q 1 —py+ =2
Hy(p gy | "0 T B m e R Py

x [(1 = p)"log(l — p) +q" log(q) — (¢ — p)" log(g — p)]}, (51)

where H,, and K,, are given in (49) and (50), respectively.
Proof. Equation (51) follows from (47), and by using densities (44), (45), and (46).
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FIGURE 3: Plot of the mutual information given in (51) forn = 3,5, 10, 15,andg =1 — p.

If n = 2 the analysis of T7 2. 2(s, t) is trivial. Indeed, from Proposition 6 it is not hard
to see that MT,Z: 2p, &) =0forall0 < p < g < 1. Also, a closed-form expression
for M i"n 2&p, &;) can be obtained from (51) when n = 3; however, we omit it for being
lengthy and tedious. We limit ourselves to show in Figure 2 the plot of MY ;. ;(§p,&,) for
0 < p < g < 1. Furthermore, in Figure 3 we show the plot of Mf’n: 2 &p, &1-p) for some
selected values of n and 0 < p < %, in the special case ¢ = 1 — p. From Figure 3, we confirm

that the mutual information M ;" n: n&p»> E1—p) 18 increasing in p, as expected.
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6. A copula-based approach

The copula function is an useful tool in studying the dependency in multivariate distributions;
see, for example, [11]. Sklar’s theorem asserts that, given a copula C: [0, 1]2 — [0, 1], the
joint cumulative distribution function of (X, Y) can be written in terms of the marginals as

F(x,y) = C(Fx(x), Fy(y)), x,y €R, (52)
the copula being unique if the marginals are continuous. The corresponding copula density is
given by

92 92
o, v) = o Clu, v) = mF(F,:l(m, Flw),  w,ve(1),

where Fy !and Fy ! denote the generalized inverse of the marginals. Thus, the joint PDF of
(X, Y) can be expressed as

f@x.y) = fx(0) fr(DeFx (x), Fy(y)), x,y €R, (53)

so that the mutual information can be written in terms of the copula density as (see, for
example, [7])

1 1
Mxy :/ du/ c(u, v)logc(u, v)dv.
0 0

This confirms that the mutual information does not depend on the marginal distributions, and
also that the copula entails all essential information on the dependence between X and Y.

Let us now represent the dynamic past mutual information in terms of the copula function.
We first make use of (53) in (14) and perform the substitution v = Fy(y) in the integral.
Moreover, similarly to (48), we set

s=&=F;'(p), t=&=F(), p.qe1, (54)

so that the density of the marginal past lifetime [X | X < Fy 1(p), Y < F, 1(q)] can be
expressed as

fx(x)
q)

the right-hand side of (55) being a weighted density of X. Similarly, from (15), it follows that
the density of [Y | X < Fy'(p), Y < F, ' (¢)]is given by

fY(y)
q)

Finally, for the bivariate past lifetimes
(X, V)| X < F{'(p),Y < Fy' @), p.geOD), (57)

the joint PDF (8) becomes

Fe(xiEp &) = f c(Fx(),vydv,  0<x<Fyl(p). 55)

fr(vi€p. &) = f c(u, Fy(y)) du, 0<y=<F (. (56)

) (Fx(x), Fy(»))
Fry (e yiEp &) = fx(ﬂfy(ﬂ% (58)

for0 <x < Fy'(p)and 0 <y < Fy '(g).
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Proposition 7. Forall p, q € (0, 1), the mutual information of the bivariate past lifetimes (57)
is given by

My y(&p, &) =log[C(p, @]

n 1 /P q fq . vl c(u,v) dv.  (59)
u c(u, .
C(p.q) Jo 0 g Jo e, wydw [§ c(z, v)dz

Proof. Due to (55), (56), and (58), it follows that the mutual information of (57) is

My y(Ep, &)

fFXl(p)
B 0

/ B@ e(Fy (), Fy(9) fx () fr ()
x dx
0 C(p,q)
C(FX()C), FY()’))C(Pv q)
S e(Fx(x), v)dv [ c(u, Fy(y)) du

x log

dy, p.q € (0,1).

Finally, setting u = Fx(x) and v = Fy(y), we obtain (59).
Example 4. Let (X, Y) have copula

uv

Cu,v) = u,v e ,1),

u+v—uv’
i.e. aspecial case of a Clayton copula. From Proposition 7, it follows that the mutual information
of (57) is

My y(Ep, &) = —5 +log2 = 0.1931, p.q € (0,1).

Let us now consider the joint survival function F(x,y) and the corresponding marginal
survival functions Fx(x) = P(X > x) and Fy(y) = P(Y > y). Similarly as in (52), these
functions are related by

F(x,y) =C(Fx(x),Fy(y), x,yeR, (60)

where C(u, vV)=1—u—v—C(u,v), u,v € (0,1), is the survival copula function. The
survival copula density, given by

2 2

C’(u, v) =

- — 1
F(F F 1
oudv ouov (Fx (), Fy (v)), u,ve 0,1,

c(u,v) =

allows us to express the joint density of (X, Y) as

@ y) = fx(0) fr(EFx ), Fy(y), x,y€R. (61)

We recall that the copula density and the survival copula density are related by the following
identity: c(u,v) = c¢(1 —u, 1 —v), u,v € (0, 1).

In order to consider the residual mutual information we make use of (60) and (61) in (22),
and perform the substitution v = Fy (y) in the integral. Moreover, by setting s and ¢ as in (54),
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the density of the marginal residual lifetime [X — Fgl (p) | X > F;l (p),Y > F;l (g)] can
be expressed as

fx(x 4+ Fx'(p))
C—p,1-q)

Similarly, from (23), it follows that the density of [Y — F; '(¢) | X > Fx'(p), Y > F; '(¢)]
is given by

1
fx(x; Ep, Eg) = /E(FX(erF;l(p)),l—v)dv forx >0. (62)
q

+ F;! L — _
fy(y;sp,sq>=Mf &1 —u, Fy(y + Fy ' (g))du fory >0.  (63)
Cd—-p,1—-¢q)Jp

Furthermore, the density of the joint residual lifetimes
(X —F'(p), Y —F, ' @) | X > F'(p), Y > Fy ' (@), poge(0,1), (64
is
Fxy(x, Y Ep &) = fx(x 4+ Fx'(p) fr v + Fy (@)
y EFx(x+ Fg'(p), Fy(y + Fy (@)
Cl-p,1-gq)

In conclusion, we obtain the dynamic mutual information for residual lifetimes in terms of the
survival copula.

forx >0, y>0. (65)

Proposition 8. The mutual information of the bivariate residual lifetimes (64) for all p,q €
(0, 1) is given by

My y(Ep. &) =log[C(1 — p, 1 —¢q)] (66)
L
Cl—=p,1-¢q)
1-p 1—q ~ 5(Z, w)
X / dz/ ¢(z, w) log ——— T dw. (67)
0 0 Jo ez v)dv [y é(u, wydu

Proof. Making use of (62), (63), and (65), for p, g € (0, 1), we can write

+o00
My.y (Ep. &) =/0 dx

y /+°° E(Fyx(x + Fgl (»M). Fy(y+ Fy (@)
0 Cl—-p,1-¢q)
x fx(x + Fy ' (o) fr 0 + Fy (@)
Cl—p. 1 —&Fx(x+ Fg'(p). Fy(y + Fy (@)
Ji éFx e+ F'(p), 1 —v)dv [ &1 —u, Fy (v + Fy ' (@))du '

x log

Hence, setting z = Fxlx+ F;l (p)) and w = fy(y + F;] (g)) we obtain (67).
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