
ON D I F F E R E N T I A B L E FUNCTIONS 
HAVING AN EVERYWHERE DENSE SET 

O F INTERVALS O F CONSTANCY 

A . M . B r u c k n e r and John L. Leona rd 

( r e c e i v e d A p r i l 10, 1964) 

The Can to r function C [2; p. 213] , which a p p e a r s in 
a n a l y s i s a s a s imp le e x a m p l e of a cont inuous i n c r e a s i n g function 
which i s not abso lu te ly con t inuous , has the following p r o p e r t i e s : 

(i) C i s defined on [ 0 , 1 ] , with C(0) = 0, C ( l ) = l ; 

(ii) C i s cont inuous and n o n - d e c r e a s i n g on [ 0 , 1 ] ; 

(iii) C i s cons t an t on each i n t e r v a l cont iguous to the 
pe r f ec t Can to r se t P ; 

(iv) C fa i ls to be cons tan t on any open i n t e r v a l conta in ing 
po in t s of P ; 

(v) The set of po in t s a t which C i s non-d i f fe r en t i ab le 
i s n o n - d e n u m e r a b l e . 

F u r t h e r m o r e , it i s i m p o s s i b l e to " s m o o t h e n " C ; m o r e 
p r e c i s e l y it i s i m p o s s i b l e to modify the function C to a 
d i f fe ren t iab le function sat isfying condi t ions (i) t h r o u g h (iv). 
Th i s r e s u l t wi l l follow f r o m the t h e o r e m below. 

On the o the r hand, t h e r e do ex i s t e v e r y w h e r e d i f fe ren t i ab le 
n o n - c o n s t a n t funct ions having i n t e r v a l s of cons t ancy whose union 
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i s d e n s e in [0, 1]. F o r a c o n s t r u c t i o n of such a function see 
Z a h o r s k i [5]. A n a t u r a l ques t ion to a s k i s : F o r what n o w h e r e 
d e n s e pe r fec t s e t s p £ [0, 1] a r e t h e r e d i f f e ren t i ab l e funct ions 
which a r e cons t an t on e a c h i n t e r v a l con t iguous to P , but not 
cons t an t on any open i n t e r v a l con ta in ing po in t s of P ? 

Z a h o r s k i [4; p. 43] so lves the b r o a d e r p r o b l e m of c h a r a c t e r 
iz ing the set E of z e r o e s of a bounded d e r i v a t i v e . He g i v e s a s 
a n e c e s s a r y and sufficient condi t ion tha t ^ E be an F sa t i s fy -

cr 
ing a c o m p l i c a t e d dens i ty condi t ion which he c a l l s M , We do 

not define M . but s i m p l y m e n t i o n tha t the condi t ion M i s 
^ . 4 

imp l i ed by the s t r o n g e r but s i m p l e r condi t ion M , tha t e a c h 
5 

point of the F set A i s a point of dens i ty of A. Z a h o r s k i 

n o t e s tha t h is r e s u l t c h a r a c t e r i z e s the set of z e r o e s of the 
bounded d e r i v a t i v e of a function hav ing i n t e r v a l s of c o n s t a n c y 
whose union i s d e n s e . H o w e v e r , a p r e c i s e knowledge of the 
set of z e r o e s i s s u p e r f l u o u s to the q u e s t i o n we a s k , and , t h e r e 
f o r e , a condi t ion s i m p l e r than M can p r o v i d e our a n s w e r , 

T H E O R E M , Le t P be a n o w h e r e d e n s e p e r f e c t s u b s e t 
of [0, 4] and let G = ^ P . A n e c e s s a r y and suff icient condi t ion 
tha t t h e r e ex i s t a d i f f e ren t i ab le funct ion f which i s c o n s t a n t on 
e a c h componen t i n t e r v a l of G, but not cons t an t on any open 
i n t e r v a l con ta in ing po in t s of P , i s tha t the i n t e r s e c t i o n of P 
wi th any open i n t e r v a l i s e i t h e r emp ty or h a s pos i t ive m e a s u r e . 

Proof; N e c e s s i t y , Le t P be any p e r f e c t se t having non
e m p t y z e r o m e a s u r e i n t e r s e c t i o n with s o m e open i n t e r v a l I. 
If f i s d i f f e ren t i ab le on I r\[0, 1] then f s a t i s f i e s L u s i n ' s 
condi t ion (N), tha t i s , if Z is a null subse t in the d o m a i n of f, 
then the set f[Z] i s a l s o a nul l se t , (See S a k s , [3 , p. 271]. ) 
Thus f [ P H I ] i s a nu l l se t . Now, if f i s cons t an t on e a c h 
i n t e r v a l con t iguous to P , then f f l ^ P ] i s at m o s t coun tab l e . 
It fol lows tha t f[l] i s a nul l set . S ince £ i s c o n t i n u o u s , 
f m u s t be c o n s t a n t on I. But I con t a in s po in t s of P , so 
f does not m e e t the r e q u i r e m e n t s of the t h e o r e m , T h i s p r o v e s 
the n e c e s s i t y of the condi t ion . 

Suff iciency, Let P be a p e r f e c t set whose i n t e r s e c t i o n 
wi th e v e r y open i n t e r v a l i s e i t h e r emp ty or h a s pos i t i ve m e a s u r e , 
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Let D* be the set of po in ts of dens i ty of P and let D = D* O P. 
Since a l m o s t a l l po in t s of P a r e poin ts of dens i ty of P we have 
m D = m P , w h e r e m deno te s Lebesque m e a s u r e . Let E be 
an F con ta ined in D such that m E = mD. Then e v e r y point 

cr 
of E i s a point of dens i ty of E. It follows f rom the r e s u l t of 
Z a h o r s k i c i ted above that t h e r e i s a d i f fe ren t iab le function f 
whose d e r i v a t i v e v a n i s h e s exac t ly on ^ E . If I i s any i n t e r v a l 
con t iguous to P then f1 = 0 on I , so f is cons tan t on I. 
On the o the r hand, s ince E i s dense in P , any open i n t e r v a l 
I which con t a in s po in ts of P a l s o con ta ins poin ts of E , and 
t hus f does not iden t i ca l ly van i sh on I. Thus the sufficiency 
i s p r o v e n . 

We conclude with two r e m a r k s : 

1. P a r t of the proof of the sufficiency of the condi t ion is 
s i m i l a r to a proof of a r e l a t e d t h e o r e m due to Boboc and M a r c u s 
[1]. They p roved that a n e c e s s a r y and sufficient condi t ion that 
a se t E(3 [0, 1] be d e t e r m i n i n g for the c l a s s of bounded d e r i v a 
t i v e s is that the c o m p l e m e n t of E have i n t e r i o r m e a s u r e z e r o . 
(A set E is d e t e r m i n i n g for a c l a s s of funct ions C if w h e n e v e r 
f = g on E and f, g e C, then f = g. ) 

2. It i s w o r t h not ing that if a d i f fe ren t iab le function f i s 
cons t an t on each i n t e r v a l cont iguous to the nowhere dense pe r fec t 
set P , then V m u s t v a n i s h at uncountably many points of P 
a s wel l a s at e v e r y point of ^ P . Th i s follows f rom the fact 
t ha t the set at which f! does not v a n i s h i s an F . 

REFERENCES 

1. N. Boboc and S. M a r c u s , Sur la d e t e r m i n a t i o n d' une 
fonct ion pa r l es v a l e u r s p r i s e s sur un c e r t a i n e n s e m b l e , 
Ann. L ' E c o l e N o r m . Sup. (3), 76, (1959), 151-159 . 

2. I. P . N a t a n s o n , Theo ry of funct ions of a r e a l v a r i a b l e , 
Vol . 1, Unga r , New York , 1961. 

3. S. S a k s , T h e o r y of the i n t e g r a l , Monografje M a t e m a t y c z n e , 
Vol . 7, W a r s z a w a - Lwow, 19 37, 

75 

https://doi.org/10.4153/CMB-1965-009-1 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1965-009-1


Z. Z a h o r s k i , Sur la p r e m i è r e d é r i v é e , T r a n s , A m e r , 

Math. Soc. 0e» (1950), 1-54. 

n 

, Uber die K o n s t r u k t i o n e i n e r d i f f e r e n z i e r -
b a r e n , mono tonen , nicht Kons t an ten Funk t ion , m i t u b e r a l l 
d i c h t e r Menge von K o n s t a n z i n t e r v a l l e n , C o m p t e s Rendus 
des S é a n c e s de la Soc ié té d e s S c i e n c e s et des L e t t r e s de 
V a r s o v i e , c l a s s e III, vol 30 (1937), 202 -206 . 

U n i v e r s i t y of Ca l i fo rn i a , 
Santa B a r b a r a 

76 

https://doi.org/10.4153/CMB-1965-009-1 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1965-009-1

