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MOTIVIC EULER CHARACTERISTICS AND
WITT-VALUED CHARACTERISTIC CLASSES

MARC LEVINE

Abstract. This paper examines FEuler characteristics and characteristic
classes in the motivic setting. We establish a motivic version of the Becker—
Gottlieb transfer, generalizing a construction of Hoyois. Making calculations of
the Euler characteristic of the scheme of maximal tori in a reductive group, we
prove a generalized splitting principle for the reduction from GL,, or SL,, to the
normalizer of a maximal torus (in characteristic zero). Ananyevskiy’s splitting
principle reduces questions about characteristic classes of vector bundles in SL-
oriented, n-invertible theories to the case of rank two bundles. We refine the
torus-normalizer splitting principle for SL2 to help compute the characteristic
classes in Witt cohomology of symmetric powers of a rank two bundle, and
then generalize this to develop a general calculus of characteristic classes with
values in Witt cohomology.

CONTENTS

1 Becker—Gottlieb transfers 254
2 The case of split reductive groups: a conjecture 263
3 Some background on Euler and Pontryagin classes 269
4 BGL, and BSL,, 271
5 Witt cohomology of BNp(SLs) 275
6 Rank two bundles on BN7(SLs) 285
7 Descent, normalized bases and the computation of v, 291
8 Characteristic classes of symmetric powers 302
9 Tensor products and tensor powers 306
References 309

Received April 30, 2018. Revised February 21, 2019. Accepted February 21, 2019.

2010 Mathematics subject classification. 14F42, 55N20, 55N35.

Marc Levine would like to thank the DFG for its support through the SFB Transregio
45 and the SPP 1786 “Homotopy theory and algebraic geometry”.

© 2019 Foundation Nagoya Mathematical Journal. This is an Open Access article, distributed under
the terms of the Creative Commons Attribution licence (http://creativecommons.org/licenses/by/4.0/),
which permits unrestricted re-use, distribution, and reproduction in any medium, provided the
original work is properly cited.

https://doi.org/10.1017/nm;j.2019.6 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2019.6
https://orcid.org/0000-0002-8776-6310
https://doi.org/10.1017/nmj.2019.6

252 M. LEVINE

Introduction

A number of cohomology theories refining K-theory and motivic cohomol-
ogy have been introduced and studied over the past 20 years. Well-known
examples include hermitian K-theory [21, 36], the theory of the Chow—Witt
groups [4, 7, 15, 17], Milnor-Witt motivic cohomology [6, 10, 12-14], Witt
theory and the cohomology of the Witt sheaves [3]. All these theories have
the property of being SL-oriented, that is, there are Thom classes for vector
bundles endowed with a trivialization of the determinant line bundle. Witt
theory and the cohomology of the Witt sheaves have the additional property
of being n-invertible, that is multiplication by the algebraic Hopf map 7 is
an isomorphism on the theory.

The SL-oriented, n-invertible theories &£ have been studied by
Ananyevskiy [3]. He computes the £-cohomology of BSL, and proves a
fundamental SLeo-splitting principle, replacing the classical G,,-splitting
principle which plays a central role in the calculus of characteristic classes in
GL-oriented theories such as K-theory, motivic cohomology or MGL-theory.

Works by Hoyois [18] and Kass—Wickelgren [22, 23], as well as our papers
[24, 25], have initiated a study of Euler characteristics and Euler classes
with values in the Grothendieck—Witt ring or in the Chow-Witt groups.
In this paper we continue this study, looking at Euler characteristics and
characteristic classes with values in Witt cohomology and other SL-oriented
n-invertible theories.

Using the six-functor formalism on the motivic stable homotopy category,
we define a motivic version of the Becker—Gottlieb transfer. This includes
the case of a Nisnevich locally trivial fiber bundle f: EF — B with fiber F',
such that the suspension spectrum of F' is a strongly dualizable object in
the appropriate motivic stable homotopy category. Just as for the classical
Becker—Gottlieb transfer, the motivic transfer defines a splitting to the
pullback map f* on £-cohomology for a motivic spectrum &, as long as
the categorical Euler characteristic of F' is invertible in the coefficient ring
of £. This is discussed in Section 1.

In Section 2, we consider a conjecture of Morel that for N the normalizer
of a maximal torus in a split reductive group G over a perfect field k, the
quotient scheme N\G has Euler characteristic one in the Grothendieck—
Witt ring of k. This generalizes the fact that, for N the normalizer of a
maximal torus in a reductive complex Lie group G, N\G has topological
Euler characteristic one. We verify a weak form of this conjecture for GL,
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and SL,, over a characteristic zero field, as well as the strong form for GLo
and SLo over an arbitrary perfect field.

We recall the results of Ananyevskiy that we will be using here in
Section 3. In Section 4, we reduce the computation of characteristic classes
in an 7n-invertible, SL-oriented theory (satisfying an additional technical
hypothesis, see Theorem 4.1 for the precise statement) from the general
case to that of bundles with trivialized determinant.

Ananyevskiy’s splitting principle for SL,-bundles reduces the computa-
tion of characteristic classes for such bundles in SL-oriented, n-invertible
theories £ to the case of SLy-bundles. In Sections 5 and 6 we look more
closely at SLg, refining Ananyevskiy’s splitting principle to reduce further
to bundles with group the normalizer Ngr,(7") of the standard torus 7" in
SLs. This makes computations much easier, as an irreducible representation
of Ngr,(T') has dimension either one or two, and the representation theory
of Ng1,(T) is formally (almost) the same as that of real O(2)-bundles.
In Section 6 we introduce the rank two bundles O(m) over BNgr,(T), as
analogs of the classical bundles O(m) on BG,,, and show that the analogy
gives a method for computing of the Euler class in Witt cohomology. We
apply these considerations in Section 7 to carry out our computation of
the Euler class and Pontryagin class of O(m) in Theorem 7.1. This is used
in Section 8 to compute the characteristic classes in Witt cohomology of
symmetric powers of a rank two bundle, see Theorem 8.1.

We compute the characteristic classes in Witt cohomology for tensor
products in Section 9, which together with Ananyevskiy’s splitting principle
and our computation of the characteristic classes of symmetric powers of a
rank two bundle gives a complete calculus for the characteristic classes in
Witt cohomology. We conclude with an example, computing the “quadratic
count” of lines on a smooth hypersurface of degree 2d — 1 in P4*!. This
recovers results of Kass—Wickelgren for cubic surfaces [23] and gives a purely
algebraic treatment of some results of Okonek-Teleman [33].

We would like to thank Eva Bayer, Jesse Kass and Kirsten Wickelgren
for their comments and suggestions. Eva Bayer drew our attention to
Serre’s theorem on computing Hasse-Witt invariants of trace forms, and
pointed out several other facts about quadratic forms, such as her paper
with Suarez [8], which were all very important for computing the Euler
characteristic of the bundles O(m), especially our Lemma 7.3. We also thank
the referee for making a number of very helpful comments and suggestions.
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81. Becker—Gottlieb transfers

We fix a Noetherian base scheme S and let Sch/S denote the category
of finite type separated S-schemes.
We have the motivic stable homotopy category

SH(—): Sch/S° — Tr

where Tr is the 2-category of symmetric monoidal triangulated categories.
Following [5, 11, 19|, the functor SH(—) admits the Grothendieck six
operations; we briefly review the aspects of this structure that we will be
needing here. We note that the theory in [5, 19] is for quasi-projective S-
schemes; the extension to separated S-schemes of finite type is accomplished
in [11, Theorem 2.4.50].

For each X, SH(X) is the homotopy category of a closed symmetric stable
model category [20], which makes SH(X) into a closed symmetric monoidal
category. We denote the symmetric monoidal product in SH(X) by Ax
and the adjoint internal Hom by Homx(—, —). The unit 1x is the motivic
sphere spectrum over X, Sx. We have for each morphism f: X —Y in
Sch/S the exact symmetric monoidal functor f*:SH(Y)— SH(X) with
right adjoint f, : SH(X) — SH(Y"), and exact functors f': SH(Y") — SH(X),
fi: SH(X) — SH(Y), with f, left adjoint to f.

We refer to a commutative monoid £ in the symmetric monoidal category
SH(X) as a motivic ring spectrum, that is, £ is endowed with a multiplica-
tion map p: € Ax &€ — € and a unit map e: 1y — & such that (€, y, e) is a
commutative monoid in (SH(X), Ax, 1x).

The adjoint pair fi 4 f' satisfies a projection formula and the adjunctions
extend to internal adjunctions: for f:X — Y, there are natural isomor-
phisms

[(ffynx z) =y Ay fix

fHomx (z, f'x) = Homy (fiz, y).
There is a natural transformation 77!’1 : fr = f«, which is an isomorphism if
f is proper (see e.g. [11, Section 2.2.6]). Furthermore, for f smooth, the
functor f* admits a left adjoint fa.

Ifi: X — Y is a closed immersion with open complement j : U — Y, there
are localization distinguished triangles

gijt = Tdsp(yy — isi*
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and
i[i! — IdSH(Y) — g

In addition, ji = jg, j'=4* and 4 =1i,, the counit i*i, — Id is an iso-
morphism and the pair (i*,j*) is conservative. This gives the following
weak Nisnevich descent property: let {g; : U; — Y} be a Nisnevich cover. A
morphism f:a — bin SH(Y) is an isomorphism if and only if g} f : g7a — g7
is an isomorphism in SH(U;) for all ¢ (see [11, Proposition 3.2.8, Corollary
3.3.5]).

If p: V — X is a vector bundle with O-section s: X — V', we have the
endomorphism ¥V : SH(X) — SH(X) defined as ¥V :=pys,. This is an
auto-equivalence, with quasi-inverse ¥~V :=s'p*. For f: X — Y smooth,
there are canonical isomorphisms

A fpon™ fexliofr

where T’ is the relative tangent bundle of f.

For my:Y — X in Sm/X, we let Y/X € SH(X) denote the object
my4(ly) and for my : Y — X in Sch/X, we let Yg.\/X € SH(X) denote
the object my1(1y). Sending Y € Sm/X to Y/ X defines a functor

—/X :Sm/X — SH(X)
and sending Y € Sch/X to Yp.m/X defines a functor
—pM/X : Sch? /X°P — SH(X),

where SchP"/X is the subcategory of proper morphisms in Sch/X. For a

morphism ¢:Y — Z in Sm/X, the map ¢g/X :Y/X — Z/X is induced by

the counit of the adjunction eg gt — Idgp(z) as the composition
my4(ly) = Ty (1x) & myimy (Lx) 2 mzgg'my (1x)

= mamy(1x) 2 mzpmy(1x) = w24 (12).

For a proper morphism ¢g: Z — Y in Sch/X the map g/Xpnm: Y/ XM —
Z/Xpm is the composition

* (n'g* -t ~Y
mi(ly) =% my19.9" (ly) ——— mgig* (1y) 2 wz(lz),

where ug : Idgyy) — g+g" is the unit of the adjunction.
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REMARK 1.1. Using the construction of SH(X) as the homotopy cate-
gory of the category of symmetric T-spectra with respect to the T-stable
A'-Nisnevich model structure [20], the object Y/ X is canonically isomorphic
to the usual T-suspension spectrum ¥7Y, and for g:Y — Z a morphism
in Sm/X, the map g/X : Y/X — Z/X is the map XF¥g : XFY, - XFZ,.
We mention this only to orient the reader; we will not be needing this fact
in our discussion.

For 7y : Y — X in Sm/X, there is a morphism
evy : YB_M/X Nx Y/X —1x

defined as follows: we consider Y X x Y as a Y-scheme via ps. We have the
canonical isomorphisms

= 2 1y yy)

Ty#(P2a(ly xxv)) = Ty s v #(2
= my (BT (1y)) Ax Ty (ly)
= myi(ly) Ax my4(ly) = Yem/X Ax Y/X.
The diagonal section s5 : Y — Y X x Y to py is a proper morphism in Sch/Y,
giving the map
ssipa(lyxyy) = 1y

in SH(Y"). Applying my 4 and using the above-mentioned isomorphism gives
the map
Wy#(sg) : YB_M/X Nx Y/X — Y/X

The map evy is then defined as the composition

wy /X

Yoar/X Ax Y/X 220y X/X =1x.
For my : Y — X a proper morphism in Sch/X, we have the map
WYB-M/X 1y —>YB_M/X.

If Y is smooth over X, we consider Y x x Y as a smooth Y-scheme via pq,
giving the map

85/Y : 1y :Y/Y—>Y Xx Y/Y :pl#(lyxxy).
Applying 7yt and using the canonical isomorphism

i (lyxyy)) 2Y/X Ax Yem/X
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constructed as above gives the map
7Ty1(85/Y) : YB_M/X — Y/X Ax YB_M/X.

For Y smooth and proper over X, define the map dy :1xy = Y/X Ax
YB.Mm/X as the composition

YB M/X wy1(ss/)Y

TyB-M/X

1y L Y/X Ax Yo/ X.

Recall that an object z € SH(X) has the dual 2V := Homx (z, 1x), giving
the evaluation map
ev:iz Axxz— 1y

adjoint to the identity on V. The map ev in turn induces maps can, : " Ax
a— Homx(z,a) and canl,:a Ax x — Homx(z",a); x is called strongly
dualizable if the morphism can, :x" Ax x — Homx(z, ) is an isomor-
phism. This is equivalent to the existence of an object y € SH(X) and
morphisms 0, : 1x >z Ax y, evs : y Ax * — 1x, such that

(Id; Ax evy) o (0, Ax Idy) = 1dy;

(1.1) (evy Ax Idy) o (Idy Ax &) =1dy,

(see [28, Theorem 2.6]). In this case, there is a canonical isomorphism y = xV
with ev, going over to ev, and §, going over to the map

1x >z Az’
given as the image of Id, under the sequence of isomorphisms

Homgy(x) (7, ) = Homgy(x)(lx, Homx(z, r))

Cang«

" Homgg(x)(1x, 2" Ax z)
TzV ,xx
Homgy(x)(1x, z Ax zV).
PROPOSITION 1.2.

(1) For f:Y — X smooth and proper, the triple (Yp.m/ X, Oy, evy) exhibits
Y/X as a strongly dualizable object of SH(X) with dual Yp /X .

(2) Let {j;:U;— X,i=1,...,n} be a finite Nisnevich open cover of X.
Suppose that for x € SH(X), j*x € SH(U;) is strongly dualizable for all
i. Then x is a strongly dualizable object of SH(X).
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(3) The class of strongly dualizable objects in SH(X) is closed under Nx
and

(1'1 Nx 1‘2)\/ %J.CE\{ AXx ZE\Q/

(4) If f: X =Y is a morphism in Sch/S and ye€ SH(Y) is strongly
dualizable, then f*y is strongly dualizable with dual f*(yV).

(5) The class of strongly dualizable objects in SH(X) satisfies the 2 out of
3 property with respect to distinguished triangles: if T — To — T3 —>
x1[1] is a distinguished triangle in SH(X) and two of the x; are strongly
dualizable, then so is the third. Moreover, the triangle

vV uV —wV[1
Ty~ x5y —> —wr, x3[1]

is distinguished.

Proof. (1) follows from [11, Theorem 2.4.50, Proposition 2.4.31]. For (2),
take a € SH(X) and consider the map can, : ¥ Ax * — Homx (z, x). Then
jican is the canonical map : jFzV Ay, jfx — Homy,(jz, jfx), after making
the evident identifications. Thus j}can is an isomorphism for all ¢ and can
is then an isomorphism by the weak Nisnevich descent property. (3) follows
from the characterization of strongly dualizable objects via the existence of
the maps d, ev satisfying the identities (1.1); (4) is similar, noting that f*
is a symmetric monoidal functor. The assertion (5) is proven by May [27,
Theorem 0.1] for a symmetric monoidal triangulated category subject to
certain axioms, which are satisfied by SH(X).

DEFINITION 1.3. Let x € SH(X) be a strongly dualizable object. The
Euler characteristic x(z/X) € Endgp(x)(1x) is the composition

é Te,zV ev
1x —z)xAXva)vaXx*gi)lx.

REMARK 1.4. If X = Spec F for I' a perfect field, then Morel’s theorem
[30, Theorem 6.4.1] identifies Endgp(x)(1x) with the Grothendieck-Witt
group GW(F).

DEFINITION 1.5. 1. Let f: E— B be in Sm/B with E/B a strongly
dualizable object in SH(B). The relative transfer Try/p:1p — E/B is
defined as follows: consider the diagonal morphism

AE:E%EXBE.
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Applying fx gives the morphism
Ap/B:E/B—FE xpE/B=FE/BAp E/B.
By duality, we have the isomorphism
()" : Homgy(p)(E/B, E/B Ap E/B) = Homgy(p)(E/B" Ap E/B, E/B),

defined by sending a morphism g : E/B — E/B Ap E/B to the composition

Ald
E/BY Ag E/B % E/BY Ay E/B Ap E/B 22" 15 Ay E/B~ E/B.

We set
Trf/B = AE/Btr OTE/B,E/BV O5E/B'

2. Suppose we have f: E— BinSm/B asin (1), with 7g: B — Sin Sm/S,
giving the structure morphism ng : F — S, 7g := wp o f. Define the transfer
Tr(f/S):B/S— E/S by

Te(f/S) = npg(Try/B),

where we use the canonical isomorphism

E/S:=npy(1p) = npy(f4(1p)) =ty (E/B).

LEMMA 1.6. Given f: E — B as in Definition 1.5(1), let g: B’ — B be a
morphism in Sch/S and let f': E' — B’ be the pullback E' := E xg B', f' =
po. Then f': E' — B’ is strongly dualizable in SH(B'), there are canonical
isomorphisms E'/B' = g*(E/B), 1p = g*(15) and via these isomorphisms,
we have

Tr(f'/B") = g"(Tr(f/B)).

Moreover, if tg: B— S isin Sm/S, if go: 8" — S is a morphism in Sch/S,
if BB=S"xg B and g: B' — B is the projection, then there is a canonical
isomorphism B'/S’ = g{(B/S) and via this isomorphism

Tr(f'/S") = g5 (Tr(£/9))-

Proof. For the first assertion, we have the exchange isomorphism (see
[11, §1.1.6] or [5, §1.4.5])

Exly :pigops—g-o fu
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associated to the Cartesian diagram

P2
ExgB —— B

which gives the isomorphism

F(B/B) =g o f4(15) F s iy o p5(1p) = pry (1) = B/ B

~Y

We have the canonical isomorphism 15 = ¢*(15) as well. Since ¢g* is a sym-
metric monoidal functor, the assumption that E/B is strongly dualizable
in SH(B) implies that E'/B’ is strongly dualizable in SH(B') with E'/B""
canonically isomorphic to g*(E/BY). Moreover, via these isomorphisms, we
have

5E//B' = g*((SE/B)a €Vg/ /B = 9*(€UE/B)-
Finally, since the exchange isomorphism is a natural transformation, we

have
g*(AE/Btr) — AE//B/tr

and thus

Tr(f’/B) — AE’/B/tr o TE//B’,E’/B’V o 6E’/B’
= 9*(AE/Btr) © g*(TE/B,E/BV) °g"(0g/B)
= g (Tx(f/B)).
The proof that Tr(f'/S") = g§(Tr(f/S)) is similar and is left to the reader.

LEMMA 1.7. Let f:E — B be in Sm/B, with E/B strongly dualizable
in SH(B). Then
f/BoTr(f/B):1p —1p

is equal to x(E/B).
Proof. f/BoTr(f/B) is the composition

E/B

1B_>E/B/\BE/BVTE/B’—E/BV>E/BV/\BE/B 5/B” E/B—>13
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The map Ag/B"Y is the composition

Id/\AE/B
—

E/BY A E/B E/BY Ag E/B A E/B

o8N, Ag E/B~E/B.
We have the commutative diagram
E/BY A E/B
IdAAE/B

E/Bv/\BE/B/\BE/B E/Bv/\BE/B/\Blg

EUE/B/\Id\L (i’UE/B/\Id 6’UE'/B

1B/\BE/B 1pAplp

| z

E/B 1p
f/B

Thus
f/BoTr(f/B)= €Vg/B °TE/B,E/BY °© 5E/B = x(E/B).
REMARK 1.8. Hoyois [18, Remark 3.5] has defined the relative transfer

for a smooth proper map f: FE — B using the six-functor formalism, and
has noted the identity f/B o Tr(f/B) = x(£/B) in this case.

LEMMA 1.9. Suppose mp:B — S is in Sm/S, and E=F xg B for
somerp: F — S inSm/S, with f : E — B the projection. Suppose that F/S
is strongly dualizable. Then E/B is strongly dualizable and f/S o Tr(f/S)
is multiplication by x(F/95).

Proof.  Under our assumptions, we have E/B=m75(F/S). Since 7}
is a symmetric monoidal functor, it follows that E/BY =nr}(F/SY) and
Tr(E/B) = n5(Tr(F/S)). Thus

f150Te(E/S) = mpy(f/B o mp(Tr(F/S))),
(mp/S) o mp(Tx(F/S)))

= mpu(np(rr/S o Tr(F/S)))
(X(F'/S)))

T

which is multiplication by x(F/S).
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Let f: E — B be a finite type morphism, with B € Sch/S and let F' be
in Sch/S. We say that f is a Nisnevich locally trivial bundle with fiber F'
if there is a covering family {g; : U; — B, i € I} for the Nisnevich topology
on B and isomorphisms of U;-schemes F xg U; £ F x g U; for each i € I.

THEOREM 1.10. Let F and B be in Sm/S and let f: E— B in Sm/B
be a Nisnevich locally trivial bundle with fiber F.

1. If F/S is strongly dualizable in SH(S), then E/B is strongly dualizable
in SH(B).

2. Suppose that F/S is strongly dualizable in SH(S). Let £ € SH(S) be
a motivic ring spectrum such that the map x(F/S):1s — lg induces an
isomorphism on £%°(S). Then the map

f/S*:EF(B/S)— E™(E)S)

1s split injective.

Proof. The assertion (1) follows from the isomorphism ¢ (E/B) = F xg
Ui/U;, and Proposition 1.2(2, 4).
For (2), we have

£**(E/S) = Homgps)(mpx(E/B), 2**€)
= Homgp(p)(E/B, S"*75€) = n5E€“*(E/B);
similarly £%°(B/S)=n5E%(1p) and via these isomorphisms, the
map f/S*:E%(B/S) — E¥(E/S) is the map f/B*:75E% (1) —
T5EYP(E/B). We claim that the endomorphism
Tr(E/B)" o f/B*: w*Bga’b(lB) — w*Bga’b(lB)
is an isomorphism; assuming this the case, the map Tr(E/B)* gives a left
quasi-inverse to f/S*.
By weak Nisnevich descent, it suffices to show that the pullback
g; (Te(E/B)* o f/B*) : ;75 (11,) = ¢i w5 (1)

is an isomorphism for all ¢. But

gi (Tr(E/B)* o f/B*) = Tr(F x s U; /U;)* o py,
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and py, o Tr(F' x g U;/U;) is multiplication by 77, x(F/5). Using the multi-
plication p in £, we have the commutative diagram

1d@x 7, x(F/S)

gimpE (1y,) ® E2(1y,) —————= gimpE™ (1) ® €2°(1y,)

3 |
A g (Te(B/Byrof/BY)
gimpE" (1u;) 9impE" (1)

and so ¢ (Tr(E/B)* o f/B*) is an isomorphism by our assumption on &.

REMARK 1.11. The above result is a motivic analog of the theorem of
Becker—Gottlieb [9, Theorem 5.7].

82. The case of split reductive groups: a conjecture

Let G be a split reductive group scheme over a base scheme S, with Borel
subgroup B and maximal split torus T'C B. Let Ny D T be the normalizer
of T'in G. We take the model N7\ EG for BN (see the end of this section for
details on our model for £G) and consider the Np\G-bundle BNy — BG.
For special G, that is, for G = GL,, SL,,, Spy,,, BN — BG is a Nisnevich
locally trivial bundle, and so we can apply the motivic Becker—Gottlieb
theorem developed in the previous section; for this, we need to compute the
Euler characteristic x(N7\G/S).

Following a suggestion of Fabien Morel, who formulated the strong form,
we have the following conjecture.

CONJECTURE 2.1. Strong form: For G a split reductive group scheme
over a perfect field k, we have x((Nr\G)/k) =1 in GW(k).

Weak form: For G a split reductive group scheme over a perfect field k,
the Euler characteristic x((N7\G)/k) is invertible in GW (k).

The weak form suffices to apply the motivic Becker—Gottlieb transfer
to the map ng : BNy (G) — BG in case the Np(G)\G-bundle is Nisnevich
locally trivial; see Theorem 2.5 below for a precise statement in case G =
GL,, SL,,.

For S =SpecC it is well-known that Np(C)\G(C) has (topological)
Euler characteristic 1. This is also easy to prove: T'(C)\G(C) is homotopy
equivalent to B(C)\G(C), which has homology the free abelian group on
the closure of the Schubert cells B(C)wB(C), w € W(G) := Np(C)/T(C);
as these are all of even dimension, we have x*P(G(C)/T(C))=#W(G).
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As the covering space T(C)\G(C) — Np(C)\G(C) has degree #W(G), it
follows that x*P(Np(C)\G(C)) = 1.

We note that N7(G)(C)\G(C) = (Nr(G)\G)(C), since C is algebraically
closed. For R, this is no longer the case, which makes the analysis of the
Euler characteristic x™P((Ny(G)\G)(R)) a bit more difficult.

LEMMA 2.2. For G =GL, or G =SL,, we have x*P((Nr(G)\G)(R))
=1.

Proof. Tt suffices to consider the case G = GL,, since the schemes
Nr(GL,)\ GL,, and Np(SL,)\ SL, are isomorphic. We write Np for
Nr(GL,).

Nr =G}, © G, where G,, is the symmetric group, so we have

N7\ GL, = 6,\(Gy,\ GL»)

and G" )\ GL, is the open subscheme of (P"~1)" parametrizing n-tuples of
lines through 0 in A™ which span A™. This realizes Np\ GL,, as an open
subscheme of Sym"P"~! and gives a decomposition of the R-points x €
(N7\ GL,,)(R) in terms of the residue fields of the corresponding closed
points y1, . .., ys of (P"~1)" lying over x. This decomposes (Nr\ GLy,)(R)
as a disjoint union of open submanifolds

(Nr\ GLy)(R) = IT U,

where U; parametrizes the collection of lines with exactly ¢ real lines. Of
course U; is empty if n — 4 is odd.

We claim that x*P(U;) = 0 if i > 2. Indeed, we can form a finite covering
space U; = U; by killing the permutation action on the real lines and
choosing an orientation on each real line. Then putting a metric on C",
we see that U; is homotopy equivalent to an SO(7)-bundle over the space
parametrizing the (unordered) collection of the remaining lines. Since
x'°P(SO(i)) =0 for i >2, we have x'P(U;) =0 and hence x*°P(U;) =0 as
well.

Now assume n = 2m is even. Uy parametrizes the unordered collections
of m pairs of complex conjugate lines that span C", so we may form the
degree m! covering space Uy — Uy of ordered m-tuples of such conjugate
pairs. Each pair ¢, ¢ spans a A2 C A" defined over R, so we may map Up to
the real points of the quotient (GL2)"\ GL,,, which is homotopy equivalent
to the real points of the partial flag manifold Fli,, := P,,\ GL,,, where P,, is
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the parabolic with Levi subgroup (GLg(C))™. In fact, the map Uy — Fl,,, (R)
is also a homotopy equivalence: given a two-plane m C A" defined over R,
the pairs of conjugate lines in 7w are parametrized by the upper half-plane
in the Riemann sphere P(7), which is contractible.

We claim that x*P(Fl,,(R))=m! for all m > 2. To compute the Euler
characteristic, we use the following fact:

If X eSm/R is cellular, that is, X admits a finite stratification by
locally closed subschemes X; = A" then x'"P(X(R))=rnk CH®*"(X) —
rnk CH4(X).

This follows from [25, Remark 1.11, Proposition 1.14], using the GW(R)-
valued Euler characteristic x(X/R):
(2.1)

i. For X € Sm/R, x*P(X(R)) is equal to the signature of y(X/R)

[24, Remark 1.11].

ii. For X € Sm/k cellular, x(X/k) = rnk CH®¥*" - (1) 4+ rnk CHd . (—1)

[24, Proposition 1.14].

Alternatively, one can apply the Lefschetz trace formula to complex con-
jugation ¢ acting on H*(X(C),Q), and use the fact that for X cellular,
H°4(X(C),Q) =0, H**(X(C),Q) has dimension rnk CH"(X) and ¢ acts
by (—1)", since the cycle class map cl” is a c-equivariant isomorphism
from the c-invariant Q vector space CH"(X) ® Q to H**(X (C), Q(2mi)") =
Q- cl"(CH™(X)).

For m =2, Flo = Gr(2,4), which has 4 Schubert cells of even dimension
and 2 of odd dimension. Thus x(Flz2/R) = 4(1) + 2(—1), which has signature
2, and hence x"P(Fl3(R)) = 2.

In general, we have the fibration Fl,, — Fl,,—1 with fiber Gr(2,2m). We
can compare the Schubert cells for Gr(2, 2m) with those for Gr(2, 2m — 2):
the “new” ones come from the partitions (2m — 3,4),i=0,...,2m — 3 and
(2m —2,4),i=0,...,2m — 2. This adds the quadratic form (2m — 1)(1) +
(2m — 2)(—1) of signature +1 to x(Gr(2,2m —2)), which implies that
X'°P(Gr(2, 2m)(R)) = x*°P(Gr(2, 2m — 2)) + 1. By induction, this says that
X'°P(Gr(2, 2m)(R)) = m, and similarly by induction we find x*°P(Fl,,) =
m - x*P(Fl,,_1) =m!. Thus x**?(Uy) = m! and hence x'°P(Up) = 1.

In case n=2m + 1 is odd, we can again choose a metric and fiber U
over the real projective space RP?™, with fiber over [(] € RP?™ homotopy
equivalent to the Uy for the hyperplane perpendicular to the C-span of /.
As x"P(RP?™) = 1, this yields x"P(U;) = 1.
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PROPOSITION 2.3. Letn > 1 be an integer. There is a 4-torsion element
T, € GW(Q) with x((Nr\ GL,)/Q) =1+ 7,. Moreover, the Euler charac-
teristic x((N7\ GLy,)/Q) is invertible in GW(Q).

Proof. From Lemma 2.2 and (2.1)(i), x((N7\ GL,,)/Q) has signature 1.
Moreover, the rank of x((N7\ GL,)/Q) is x*P((Nr\ GL,)(C)) = 1 and thus
X((N7\ GL,)/Q) — 1 € GW(Q) has rank and signature zero. The Witt ring
of Q is isomorphic to the direct sum W(R) & &,W (F,) [35, Chapter 5,
Theorems 1.5 and 3.4] and thus an element of GW(Q) with rank and
signature zero lives in the direct sum of the Witt rings W (IF,), which are
either Z/2 (for p =2 [35, Chapter 5, Theorem 1.6]), Z/2 x Z/2 or Z/4 [35,
Chapter 2, Corollary 3.11]. As the kernel I of GW(Q) — GW(R) satisfies
I? =0 [35, Chapter 5, Theorems 1.5, 3.4 and 6.6], an element of GW(Q)
with rank and signature one is invertible.

COROLLARY 2.4. The weak form of Conjecture 2.1 holds for G = GL,
and G = SL,, over a field k of characteristic zero.

We take the opportunity here to make explicit our model for BG, G a
reductive group scheme over a perfect field k. We follow Morel-Voevodsky
[32, Section 4.2.2], by using the Totaro-Graham-Edidin model for the
Morel-Voevodsky Bg G as our BG.

Fixing integers n > 0, m > 0, let Myxmin = A™Mmtn) he the affine space
of m x (m + n) matrices and let E,,, GL,, C My, xm+n be the open subscheme
of the matrices of maximal rank n. We give E,, GL,, the base-point xo =
(In,Op, . .., 0,) where I,, € My, is the identity matrix and 0,, € M, 1 is
the O-matrix. We let E GL,, be the presheaf on Sm/k

E GL,, = colim,, E,,, GL,,

which we may consider as a pointed presheaf with base-point xg if we
wish. We note that GL,, acts freely on E,, GL, for each m > 0. Fixing
an embedding G C GL,, for some n, we have the (pointed) quotient scheme

B,,G :=G\E,, GL,
and the (pointed) presheaf on Sm/k
BG := colim, B, G.
For X € Sm/k, we have
BG(X) = colimy, BnG(X)

https://doi.org/10.1017/nm;j.2019.6 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2019.6

MOTIVIC EULER CHARACTERISTICS 267

where B,,, G(X) denotes the morphisms from X to B,,G in Smy, and BG(X)
is the set of morphisms from the representable presheaf X to BG. Thus we
can speak of the k-points of BG.

Although B,,G is almost never the presheaf quotient of F,, GL, by G,
B,,G is the quotient G\ E,, GL,, as étale sheaf, and if G is special, B,,,G is
the quotient G\ E,,, GL,, as Zariski sheaf. These facts pass to the morphism
FE GL,, = BG. Although BG is not in general the presheaf quotient, we
nonetheless often write BG = G\E GL,,. We note that the A'-homotopy
type of BG is independent of the choice of embedding G C GL,, and does
in fact give a model for the Morel-Voevodsky B¢ G in the unstable motivic
homotopy category [32, Remark 4.27].

For each m > 0, we have the principal G-bundle

G — FE,, GL,, — B,,G

which is étale locally trivial if G is smooth over k and is Zariski locally
trivial if G is special. We refer to the sequence

G —- FEGL, — BG

as a principal G-bundle.

For any G defined as a closed subgroup scheme of GL,, or of SL,,, we
always use the embedding G C GL,, in our definition of B,,G and BG,
unless we explicitly say otherwise.

For G =GL,,, we recall that B,, GL, is just the Grassmann scheme
Gr(n,n +m). For G = Ny := Np(GL,,) C GL,, we have the fiber bundle

B, Nt — By, GL,, .

Since GL,, is special the bundle FE,, GL, — B,, GL,, is a Zariski locally
trivial principal GL,,-bundle; this gives the description of B,, N7 — B,, GL,,
as

B, N = (N7\ GL,) x¢ E,, GL,

that is mqr,,.m : BmNT — By, GL,, is a Zariski locally trivial fiber bundle
with fiber F'= Np\ GL,,.

Applying this construction to Ny (SL,,) C SL,, C GL,,, gives us the Zariski
locally trivial fiber bundle

TSL,,,m - BmNT(SLn) — Bm SLn
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with fiber Np\ GL,, noting that the inclusion SL, — GL, induces an
isomorphism of schemes

Nz(SLn)\ SLy, — Nz(GLn)\ GLy.

THEOREM 2.5. Let k be a field of characteristic zero and let £ € SH(k)
be a motivic ring spectrum. Then the maps mgr, : BmNr(GLy) — By, GL,
and wgr,, : B N7(SLy,) — By, SLy, induce split injections

i, € (B GLy) — £ (B Np(GLy,))
in, €7 (B SLy) — £ (B Np(GLy)),

for each m =0, and injections

e, 1 E9%(BGLy) = £*(BNp(GLy)),
in, : €% (BSLy) — £*(BNp(SLy)).

Proof. We give the proof for GL,, the proof for SL, is the same; we
write Np for Np(GLy,).

Since k has characteristic zero and N7\ GL,, is smooth over k, Np\ GL,
is strongly dualizable. By our computations above verifying the weak form
of Conjecture 2.1, the Euler characteristic x(N7\ GL,, /k) is invertible in
GW(k), thus by Theorem 1.10, the map

oy EYF (B, GLy) — E%*(BynNr)

is split injective, with splitting natural in m.
This gives split injections

7™ : R lim £*(B,, GL,) — R"lim £**(B,,N)
m m
for ¢ =0, 1, and by looking at the Milnor sequences

0 — R!lim,, &*1*(B,, GL,) —= £**(BGL,) — lim,, £**(B,, GL,) —= 0

0 —> R'lim,, & 1*(B,,Ny) —= £**(BNy) — lim,, £**(B,Ng) —= 0

we see that m¢yp : E9*(BGLy,) — £*(BNr,, ) is injective.
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We conclude this section with a proof of the strong form of the conjecture
for GLy (or SLg). We argue as above: (G;,)?\ GLy =P! x P — A, where
A =Pl is the diagonal, and thus Nr\ GLy = &5\ (P! x P! — A). We have
Gy \P! x P! = Sym?P! = P2, Via this isomorphism the quotient map

7: Pt x P! — P? = Sym?P!
is given by symmetric functions,

m([xo s 21], [yo s w1]) = [xoyo : xoy1 + 1Yo : T131].

Thus the restriction of p to A is the map 7([zo:z1]) = [#3: 22021 : 27]
with image the conic C' C P? defined by Q := T? — 4Ty T». Furthermore, this
identifies the double cover P! x P! — P? with Spec Op2(1/Q), that is, the
closed subscheme of Op2(1) defined by pulling back the section of Op2(2)
defined by @ via the squaring map Op2(1) — Op2(2).

For k of characteristic # 2, the map 7 :P' — C is an isomorphism. If
chark =2, then C is just the line 77 =0 and N7\ GLg = A2,

We have the Al- cofiber sequence P? — C < P? — Th(Ng /p2). The iden-
tity x(Th(N¢yp2)/k) = (=1)x(C/k) [25, Proposition 1.10(2)] together with
the additivity of x(—/k) in distinguished triangles gives

X(N7\ GLy /k) = x(P* — C/k) = x(P?/k) — {(~1)x(P' /).
Applying (2.1)(ii), this gives

X((N7\ GLg)/k) = 2(1) + (=1) = (=1) - ((1) + (=1)) = (1),
verifying the strong form of the conjecture in this case.

PROPOSITION 2.6. For k a perfect field, x((Nr\ GL2)/k) =1.

83. Some background on Euler and Pontryagin classes

We now turn to a more detailed study of Euler classes and Pontryagin
classes. In this section we recall some necessary background on characteristic
classes, which we use throughout the rest of the paper. This material is all
taken from [3].

We work over a fixed perfect base field k, giving us the motivic stable
homotopy category SH(k) as the setting for our constructions.

We have the algebraic Hopf map 77 : A2 — {0} — P!, giving the stable
Hopf map 7:Xg,, Sk — Sk, that is n € m 1(Sk)(k). For £ a motivic ring
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spectrum, the unit map gives us the element ng € E~571(k). £ is said to
be an n-invertible theory if multiplication by 7¢ is invertible on £**(k), that
is, there is an element ngl € £V (k) with ng - 7751 = 1¢. This implies that
multiplication by 7¢ is an isomorphism on £**(F) for all F' € SH(k).

We take the definition of an SL-orientation on £ from [3, Definition 4],
for us an SL-orientation is always normalized in the sense of loc. cit.

Following [3, Definition 1], an SL,-bundle on some X € Sm/k is a
vector bundle E — X together with an isomorphism 6 :det E = Ox. We
use as well the definition of the Euler class e(F, ) € £2»"(X) of an SL,-
bundle in an SL-oriented theory & [3, Definition 4], and the Pontryagin
classes py,(E) € E4™2™(X) of an arbitrary vector bundle E — X, for an
SL-oriented, n-invertible theory £ [3, Definition 19].

For an SL-oriented theory £ and a line bundle L — X, X € Sm/k, one
has the twisted cohomology

EW0(X; L) = &g TN(L).
The Euler class for SL,, bundles extends to a theory of Euler classes
e(E) € £ (X;det ! E)

for arbitrary rank n vector bundles F — X, X € Sm/k as follows: let L =
det E — X. One has a canonical trivialization of det(E & L™!), giving the
Thom class th(E & L™, can) € 532;2?1(1?@ L~1Y). Pulling back by the

inclusion i: L' =0x @ L™! — E @ L~! gives the class
e(E):=i*th(E @ L™, can) € 53::2’"+1(L_1) =& (X;det ! E).

For details and properties of the twisted cohomology for SL-oriented
theories, we refer the reader to [26, § 3] and [1, §3].

For an SL,-bundle £ — X, we have the total Pontryagin class p(E) =
1+, pi(E) € E%%(X), which satisfies the Whitney formula for SL-
bundles: if

0>E —-E—E">0

is an exact sequence of SL-vector bundles on X € Sm/k, then
p(E) =p(E') - p(E").

In addition, for an SL bundle E of rank n, p;(E) = 0 for 2i > n. These facts
follow from [3, Corollary 3, Lemma 15]. For theories £ which are SL-oriented
and n-invertible, these facts hold for arbitrary vector bundles and arbitrary
short exact sequences of vector bundles [1, Corollary 7.9].
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REMARK 3.1. As explained in [17], the Eilenberg-MacLane spectrum
associated to the graded sheaf of Milnor-Witt sheaves MW admits Thom
classes for bundles with a trivialized determinant, hence EM(XM"W) defines
an SL-oriented theory. Since W = KMW[p~1], the Eilenberg-MacLane spec-
trum EM (W) is SL-oriented and 7 invertible.

REMARK 3.2. Ananyevskiy [1, Corollary 5.4.] shows, that for £ € SH(k)
a motivic ring spectrum such that £%9 is a Zariski sheaf on Sm/k, £ admits
a unique SL orientation.

We recall the following results of Ananyevskiy.
THEOREM 3.3. [3, Theorem 10] For &£ an n-invertible, SL-oriented

theory, one has

E(K)[p1, - Pm—1,€]  for n=2m,

EW*(BSLy,) =
( ) {S**(k)[pl,...,pm] forn=2m+ 1.

Here p; =pi(Ey), e=e(Ey,), where E, — BSL, is the universal rank n
bundle. Moreover, py,(Eom) = e(Eam)?.

and

THEOREM 3.4. (SLy-splitting principle) Let iy, : (SL2)™ — SLoy, be the
block-diagonal inclusion and let £ be an n-invertible, SL-oriented theory.
Then

iy, E9%(BSLay,) — £ ((BSL2)™)

18 tnjective. Moreover,
E*((BSLy)™) = £%*(BSLy) ¥ 0™ = £**(k)[e1, . . . , €]

where e; is the pullback of e € E1(BSLg) via the ith projection, and

r

iy e=€r ... enm; i;’fn<1+2pi) :H(l—i—ef).
i

i=1
This latter result is a consequence of [3, Theorems 6, 10].

§4. BGL, and BSL,

Let 7, : BSL,, — BGL,, be the canonical map, E,, — BGL,, the universal
rank n vector bundle. For £ an SL-oriented motivic ring spectrum, we have
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the pullback map
£ (BGLy,) — £ (BSLy,).

In addition, the bundle 7* F,, is canonically isomorphic to the universal bun-
dle E,, — BSL,,, hence there is a canonical trivialization 6 : 7* det™' E,, =
Oggl,,- We may therefore define

7 : £ (BGLy; det™! E,) — £**(BSL,,)
as the composition
£ (BGLy; det ™! E,,) = £%*(BSLy (F det ™! E,)) 2 £ (BSLy).

Our main theorem of this section is

THEOREM 4.1. Let £ € SH(k) be an SL-oriented, n-invertible motivic
ring spectrum. Suppose that either E%° is a Zariski sheaf on Sm/k or, that
the unit map Sy, — € makes E%° a W-module. Then for n =2m, 7* induces
an isomorphism

7 E(BGLy) @ £ (BGLy; det E,) — £ (BSL,,).
More precisely,

(£ (BGL,)) = £ (K)[p1, - - - » Pm—1, €7]
7 (E**(BGLy,, det E,)) = e- £ (k)[p1, - - -, Pm—1, €%].

For n=2m+1, £&*(BGL,;det E,)) =0 and
7 £ (BGL,) — £ (BSLy,)

s an isomorphism.

Proof. Write 7 : L — BGL, for the line bundle det E,,. We may identify
the morphism = :BSL, — BGL,, with the principal G,,-bundle L —0p,
associated to L — BGL,. Identifying £**(BGL,) with £*(L) via 7* and
using homotopy invariance gives us the localization sequences

- 9P (BGL,) = £*(BSL,)
= £ (BGLy; L) 2 €91 (BGL,) - -

where ¢,_1 is cup product with the Euler class e(L).
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By Lemma 4.3 or [2, Theorem 2(Ia)], e(L) =0 and thus the localization
sequence splits into short exact sequences

fios 80, — —
0 — £Y°(BGLy) =% £%*(BSL,,) —% £~ 1*"1(BGLy; L) — 0.

Next, we define a splitting to 9, 4. Let t € H(L, 7*L) be the tautological
section, giving a generator of 7*L over L — 0y, Let t¥ € HO(L — 0y, 7*L~1)
be the dual of t. This defines the 7* L~!-valued quadratic form q(s) = s - ¥,
giving the section (V) of the sheaf of twisted Witt groups W(L™!) over
L—{0.}.

Suppose the unit map Sy — & makes £**(—) into a W(—) module.
This gives us the section (tV)e := (tV) 1 € E%9(L — {0paL, }; L), that
is (tV)e € E%9(BSL,,, L1). One finds

OtVVe =n-1g € EHYBGL,)

by making a computation in local coordinates. Indeed, we may first make
the computation for & = EM(W), EM(W)%*(—) = H**(— W), in which
case £7171(—) = H(—, W), justifying the local computation. In general,
we have (tV)e = (tV) - 1¢ and s0 O(t")e = 9(t") - 1¢ =1 - 1¢. In addition, the
map

7 : E%Y(BGLy,; L) — £2°(BSL,)

is equal to the composition

a,b . L a,b A (tV)e (=) a.b
EY(BGLy; L) — E%°(BSL,; L) ——— £“"(BSL,,),
which one sees by noting that multiplication by ¢V is the same as the
canonical trivialization 7*L — Oggr,,,. Thus

dor* =n-(—): E(BCGLy,; L) — £ Y "1(BGL,; L)

which is an isomorphism, since £ is an n-invertible theory.

In case %Y is a Zariski sheaf, as & is n-invertible, £~571 is also a Zariski
sheaf, so the computation of 9(t")s may be made locally as above, with the
same result.

It remains to compute the image of the two summands. For n =2m + 1,
the map

o £ (BGL,) — £ (BSL,).
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is surjective: since the Pontryagin classes are defined for arbitrary vector
bundles, and are functorial, we have

pi=m"(pi(En)); i=1,...,m.

The surjectivity then follows from Ananyevskiy’s description of £**(BSL,,),
and this implies that the remaining summand £**(BGL,,; L) must be zero.

Now take n = 2m. We write R,,—; for the subring &**(k)[p1, ..., Pm-1]
of £(BSL,). The same argument as above together with the identity

pm(E2m> = e(E2m)2

implies that 7(£**(BGL,)) contains R, 1[e?], and e is in 7} (E**
(BGLy; L)). Since £*(BGLy; L) is a module for £**(BGL,,), this shows
that the R, 1[e?]-submodule e- R, 1[e?] of £*(BSL,) is contained in
(€ (BGLy; L)). Since

E*(BSLy,) = Rim_1[e?] ® e - Rp_1[e?],

the result for n = 2m follows.

REMARK 4.2. Since the Eilenberg-MacLane spectrum EM(W) is SL-
oriented and 7 invertible we may apply Theorem 4.1 to give a computation
of H*(BGL,,, W) and H*(BGL,, W(det E,,)): for n = 2m,

H*(BGLn) W) - W(k)[pla c e ey Pm—1, pm]7
H*(BGL,, W(det E),)) =€ - W (k)[p1,-- -, Pm—1, Pm)]

and for n =2m + 1,

H*(BGLy,, W) =W (k)[p1, - - - s Pm—1, Pm)
H*(BGLy,, W(det E,)) = 0.

We used the following result, a slight extension of a result of
Ananyevskiy’s [1, Theorem 7.4], in the proof of Theorem 4.1.

LEMMA 4.3. Let € € SH(k) be an SL-oriented, n-invertible motivic ring
spectrum. Then for X € Sm/k and V — X a vector bundle of odd rank r,
we have e(V) =0 in E27"(X; det V1).
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Proof. Let L=det™'V. By definition, £(X;L)=& " (L).
We have the canonical trivialization A:det(V @ L) — Ox, giving the
Thom class th(V & L, \) € 83;4;20’£+1(V @ L), and the Euler class e(V) €
£27(X; L) is by definition the pullback s§ (th(V @ L, \)) € &> (L),
where sg,, : L =V & L is the closed immersion sq,, () = (Oy, ).

Let m: X x Al — {0} — X be the projection, let ¢ be the standard unit
on Al — {0} and let p:7*(V @ L) — 7*(V @ L) be the automorphism ¢ -
Id;«y @ Ids+r. We also use m to denote the induced projections 7*V —
V, 7*L — L, and so on, and let 7*sg,, : 7*L — 7*(V @& L) denote the map
induced by sg,,. The proof of [1, Theorem 7.4] gives the identity

(t2r+1> th(r*(V @ L), 7*\) = p*th(7*(V @ L), %))
and since p o m*sq,, = 7*5s0,,, this implies

(t) - 7e(V) = (£*H) - wre(V) = mre(V) € &g 31T 10 (T x AT = {0}).

Following Ananyevskiy’s argument (where the minus sign disappears
since we are using the “alternate” normalization mentioned in [1, Remark
6.5]), applying the boundary in the localization sequence

e 82X x AL — {0} det ™t V) & €2 L (X det ! V)
— EXTLHN (X x Alydet ™t V) — - -

gives the identity
0=06(((t) =1)-7"e(V))=n-e(V)

in £2=Lr=1(X;det™! V). Since £ is by assumption an 7-invertible theory,
we have e(V) = 0.

§5. Witt cohomology of BNy (SLs)

In this section, for V'— X a vector bundle, we let f:P(V) — X denote
the associated projective space bundle Projo, (Sym*V"Y). We have the
tautological subbundle O(—1) — P(V) of f*V and its dual O(1).

We have the SL-oriented theory EM(W)%*(X) := H*%(X, W) on Sm/F,
where W is the sheaf of Witt rings. Our main goal in this section is to
compute H*(BNr(SLg), W), where Np(SLg) C SLg is the normalizer of the

standard torus
t 0
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We write N := Np(SLg). N is generated by T' and an additional element
o= (Y 1}), and sending o to —1 gives us the exact sequence

1-T—N—{£1} —0.

This gives us the representation p~ : N — G, sending 7" to 1 and ¢ to —1
(see §6 below).

We work over a field k of characteristic # 2. In this case, the computation
of Section 2 gives the isomorphism

N\ SLy = N7p(GLy)\ GLy =2 P? — C

with C the conic defined by Q :=T? — 4TyT.

The natural right SLe-action on N\ SLy can be described in the model
P2 — C as follows. Let F = A? with the standard (right) SLs-action. We
have the canonical map of schemes

sq:P(F) — P(Sym?F)

induced by the squaring map sq : F' — Sym?F, where sq(v) is the image of
v ® v under the canonical surjection F @ F — Sym?F. As the right SLo-
action on Sym?F is induced by the diagonal action on F @ F, (vew)-g:=
v-g®w- g, the map sq is SLe-equivariant.

This identifies C' C P? with sq ((P(F)) C P(Sym?F). Furthermore, the
quadratic polynomial @Q =T? — 4TyT, gives us a global section (Q) of
(’)1;2_0/(9[;230, with value Q/L? on P2 — (C' U {L = 0}) for each linear form
L. As the map sending a unit u to the class of the rank one quadratric form
(u) descends to a map of sheaves 0% /O*% — GW* | we have the section (q)
of GW on P? — C corresponding to (Q).

Since C' is stable under the SLo action, the form @ is SL9 invariant up to
a scalar, but as
9'Q

Q
defines a character of SLy, Q is SLo invariant and thus (Q) € H°(P? —
C, 0% /0*?) is also SLy invariant.
We may use the model

g—

(N\ SLy) x52 E SL, = N\ E SLy

for BN. The SLo-invariant section (Q) of OK,\ SL2/(9;,\28142 on N\ SLg thus

descends to a global section (Q) of O*/O* % on BN, which gives us the
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global section (G) of the sheaf of Grothendieck—Witt rings GW on BN. We
also denote the image of () in HY(BN, W) by (g), using the context to
make the meaning clear.

Since SLs is special, the bundle E SLy — BSLy is Zariski locally trivial,
and thus the same holds for BN — BSLs, as explained in Section 2.

Our description of N\ SLy as P(Sym?F) — sq(P(F)) realizes BN as
an open subscheme of the P?-bundle P(SmeF) xSL2 B STy — BSLy with
complement the P'-bundle P(F) x5 E SLy — BSLy:

BN — = P(Sym?F) x5%2 E SLy <~ P(F) x5 E SL,

BSL,

The representation p~ : N — G, gives us the line bundle v on BN, gener-
ating Pic(BN). We have Pic(IV\ SL2) = Z/2 with generator the restriction
of Op2(1), and ~ is the same as the bundle induced by the restriction of
piOp2(1) via the canonical SLo-linearization of Op2(1). Similarly, we have
the bundle ptO(m) on P(F) x5 F SLy, induced by the canonical SLs-
linearization of Op1(1).

LEMMA 5.1.

W(k) forn=0,

H"(P(F) x5 E SLy, W) =
0 else.

Proof. The element n € KW (k) is realized in SH(k) as the stable Hopf
map, the unstable version of which is the map 79 : A2 — {0} = P!, na(z, y) =
[z :y]. As W= KMW[n~!], the projection

n2 x Id : (A% — {0}) x5 ESLy — P(F) x5 E SL,
induces an isomorphism

ns s H*(P(F) x5 E SLy, W) — H*((A2 — {0}) x582 E SLy, W).

Here we give A2 — {0} the right SLs-action induced from the standard right
action on A2 =F.
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Giving SLs the right SLs-action via right multiplication, we have the
SLs-equivariant map

riSLo—A2—{0);  r (Z Z) — (a,b)

making SLy an A'-bundle over A? — {0}. Thus, by homotopy invariance,

r: H*((A% — {0}) x5 E SLy, W) — H*(SLy x°2F SLy, W)
= H*(E SLy, W)

is also an isomorphism. Since E SL is Al-contractible, we have

W(k) for n=0,

H"(E SLy, W) =
0 else,

and the lemma is proven.

Let T — P(Sym?F) be the tangent bundle. The SLg-action on Sym?F
extends canonically to an action on T over its action on P(Sym?F), and
T x52 F SLy — P(Sym?F) x5 E'SL, is the relative tangent bundle of
P(Sym?F) x5 E SLy over BN, which we denote by 7.

LEMMA 5.2.
(1) The map
7 : H*(BSLy, W) — H*(P(Sym?F) x52 E SLy, W)
is an isomorphism.

(2) H*(P(Sym?F) x52 F SLy, W(p;Op2(1))) is a free H*(BSLa, W)-
module with degree two generator e(T).

Proof. (1) We use the Leray spectral sequence

EY = @ HY(x(2), W) = HPTU(P(Sym?F) x52 ESLy, W).

z€BSLY

As P(Sym?F) x5'2 E SLy — BSLy is Zariski locally trivial, it follows
that 7 1(x) §]P’z($) for all x € BSLy. Fasel [16, Theorem 11.7] computes
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H*(Pi(z), W) as
W(k(zx)) forn=0,

0 else.

Feeding this into the Leray spectral sequence gives the result.
For (2), we do the same, using the Leray spectral sequence converging to
HP+ (P(Sym?F) x52 E SLy, W(ptO(1)) and the isomorphism

{W(k:(m)) for n = 2,

H"(P2, ., W(0O(1))) =
(Pii(z)» W(O(1))) 0 else,

again by [16, Theorem 11.7]. The Gysin map i, : H"2(Spec k(z), W) —
(]P’z(z), W(wp2)) is left inverse to the pushforward =, : H ”(}P’z(w), W(wp2)) —
H"2(Spec k(z), W); it is not hard to see that for n =2, these are
the isomorphism and its inverse, as given by Fasel’s computation. As
We2  Jh(a) = Op2(—3), we may replace W(wp2) with W(O(1))).

The motivic Euler characteristic X(Pi(x) Jk(x)) € GW(k(x)) has been
computed by Hoyois [18, Ex. 1.8] as 2(1) + (—1), hence its image in W (k)
is (1). We have the GauB-Bonnet formula [26, Theorem 1.5], which says
that X(Pi(x)/k(:c)) = ﬂ*(e(TPi(z))). This in turn implies that e(Tpi(z)) is a
W (k)-generator for H? (IP’%(I), W(wp2)) (one can also show this by computing
the local indices associated to a section of Tpe with isolated zeros, we
leave the details of this to the reader). This shows that the Euler class of
the relative tangent bundle e(7) € H? (P(Sym?F) x52 E SLy, W(p;0(1))
gives a global class restricting to the generators in the Ej-term, and thus
gives a generator for H*(P(Sym?F) x52 E SLy, W(piOp2(1))) as a free
H*(BSL2, W)-module.

Recall we have the closed immersion
i: P(F) x5 E SLy — P(Sym?F) x5 E SL,
with open complement
j:BN — P(Sym?F) x5 ESL, .
PROPOSITION 5.3.

(1) The map p*: H*(BSLa, W) — H"(BN, W) is an isomorphism for all
n > 0. For n =0, we have the split exact sequence
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0 — H°(BSLa, W) 25 HO(BN, W) — W (k) = 0
with the splitting given by the section () € H°(BN,W). Explicitly
HY(BN, W) = W(k)[p"e] & W (k) - ().
(2) H*(BN,W(7)) is a free W(k)[p*e]-module with generator j*e(T).

Proof. We recall Ananyevskiy’s computation of H*(BSLg, W)
(Theorem 3.3):
H*(BSLa, W) = W (k)[e]

where e = e(Fjy) is the Euler class of the tautological rank two vector bundle
on BSL2

Since Pic(BSLg) = {1}, it follows that Pic(P(Sym?F) x5 E SL,) =
Z[O(1)], and thus the normal bundle of i is the bundle pjOp#y(2) on
P(F) x52 F SLy ). Moreover, *P1Opsym2 ) (M) = P1O0p(r)(2m) for all m.
This gives us the localization sequence

o= HY(P(F) X522 E SLy, W)
=5 H(P(Sym® F) %52 E SLy, W(p; O gym2 ) (M)
T HMBN, W) (v™) S HMP(F) x5%2 B SLy, W) = - -

The result for n > 1 and for n =0 and m =1 follows from this and the
Lemmas 5.1 and 5.2. For n=0 and m =0, one can check by looking at
a single fiber 77 1(z) that §((g)) is a W (k)-generator for HO(P(F) x5l
E SLy, W) =W (k).

To conclude, we compute the multiplicative structure for H*(BN, W)
and the H*(BN,W)-module structure for H*(BN, W(v)). As the class
(7) € HY(BN,W) is represented by a I1-dimensional form, we have
(7)? = 1. Tt remains to compute (q) - p*e € H*(BN, W) and (q) - j*e(T) €
H2(BN, W(7)).

For this, we consider the inclusion of the torus G,, —» N and the
associated map of classifying spaces BG,, - BN, where we use the
model (G,,\ SLg) x52 E SLy for BG,,. We recall that BN = (P(Sym?>F) —
P(F)) x5 E SLy. The SLo-invariant section @ of Op(sym?r)(2) gives us
the section pi@ of p7O(2). We claim that the corresponding double cover
Spec o, (v/P1Q) — BN is isomorphic to BG,, — BN.
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To see this, we note the isomorphism of schemes

Gm\ SLy = P! x P! — A; (‘CL Z) — ([a: ], [c:d])

which is an SLg-equivariant isomorphism for the right action of SLy on P! x
P! — A induced by the right action on F'. Since the cover P! x P — A —

P(Sym?F) — P(F) is isomorphic to Spec Or(sym2 (v/Q), equivariantly
ym

F)—P(F)
for the right SLs-actions, the assertion follows.

LEMMA 5.4. (14 (q))-p*e=0 in H*(BN, W) and (1+ (q)) - j*e(T) =
0 in H? (BN, W(y).

Proof. The relation (1 + (g)) - p*e = 0 implies that (1 + (q)) - j*e(7T) = 0.
Indeed, since H*(BN, W(v)) is a free W (k)[p*e]-module, there is a unique
element A € W (k) with (14 (q)) - j*e(T) =A-5%e(T). Then 0= (1+ (q)) -
pre-j*e(T)=X-(p*e- j*e(T)), and as p*e-j*e(T) is a generator for the
free W (k)-module H* (BN, W(7), A = 0. We now show that (1 4 (g)) - p*e =
0.

We have the tautological rank two bundle E; — BSLy, Eo:= F x52
E SLy and its pullback E; — BN. The class e € H?(BSLz, W) is the Euler
class e(Ey), so p*e = e(Ey). We have the cover ¢ : BG,, — BN with fiber
Gm\N =Z/2 corresponding to the inclusion G,, — N. The pullback ¢*E,
splits as a direct sum

¢*FEy=0(1) ® O(-1) 5 BG,,

corresponding to the decomposition of F into the ¢ and ¢! eigenspaces
for the torus G,, C SLs. The Z/2-action on BG,, corresponds to the
automorphism ¢+ t~! of G,, and exchanges the two factors O(1) and
O(—1). By descent, the union of the two “coordinate axes” O(1) x 0U0 x
O(—1) C ¢*E, gives us the cone € C Ey, which on each geometric fiber is
the union of two lines through the origin. The normalization v : ¢V — € is
thus isomorphic to the total space of the bundle O(1), that is, we have the
commutative diagram

~

eV " 0(1) —~ ¢*Ey — > BGny

\"Ei 3 |+

¢ Fy BN
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Let Zg¢ denote the ideal sheaf of € in E», and define Zo(1) similarly. The
normal bundle N4y 4., of the subscheme O(1) in ¢*Fy is ™0(=1)|001)-
The restriction of m*O(1)p1) to O(1) —{0p(1)} is trivialized by the
tautological section s of 7*O(1)p(1) over O(1), which induces a nowhere
vanishing dual section 0/0s of the dual No@y g, OVer O(1) = {0o(1)}-
This gives us the section (9/0s) of the twisted Grothendieck-Witt sheaf
GW(O(—1)) over O(1) — {0p(1)}, as the class of the O(—1)-valued quadratic
form ¢y with ¢s(1) = 9/0s.

The boundary 80¢*E2(<8/03>) lives in H° (O, KMW (det(¢* Es)); the
KMV, We

canonical trivialization of det Fy sets this equal to H 0(O &+ By

claim that a calculation in local coordinates gives the identity
0o, 5, ((0/0s)) =n € H°(0,. ,, KY).

Indeed, take a local generator A\ for O(1) over U C BG,,, giving the dual
local generator AV for O(—1)=0(1)". This gives a local isomorphism of
¢* By with
Al x Al x U = Spec k[z, y] x1 U,

with O(1)=A'x0x U, O(-1)=0xA! xU. This also identifies
No(1y e+, With the trivial bundle on Al x 0 x U and the section (9/0s)
goes over to (1) ® 27! = pi(x) and the canonical generator of the normal
bundle of 01y in O(1) goes over to §/dx. On A' = Spec k[z], the element
(z) € K}MW (k[z]) has boundary

9 /0:({x)) = 0g/0,(1 + nlz]) =n

since 0/, ([z]) = 1. Under the canonical identification KM =W, 5 goes
over to (1). We refer the reader to [30, §6] or [31, §6] for details on the
Milnor-Witt sheaves and their relation to GW and W.

Identifying € —{0z,} with O(1) — {0p(1)} via ¢, we have the section
¢+((0/0s)) of W(Nc—{0E2}/E2) over € — {0, }. This has boundary

0(6+((0/95))) = 6:(0((9/95))) = s0.(d:(1)) € H*(0z,, W)

where sq: BN — E5 is the O-section. Since ¢ : BG,, — BN is the double

cover Spec o, (OBn(1/PiQ)), ¢+(1) is just the image in H°(BN, W) of
the trace form of this double cover, which gives us the element (2) + (2g) =

2)(1+(2))-
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Le~t Ez,m denote the pullback to B,, SLy C BSLs. We recall that
H*(Esm, W) may be computed as the cohomology of the Rost—Schmid
complex (see [29, Chapter 5])

W(k(Ezm)) = € Wlk(z),det N, 5, )
zEE(l)
— D Wk(x),det N, 5, )—--- .
CEEEéz,r)n

To simplify the notation, we replace Egm with Es, with the understanding
that all objects should be considered as living on Eﬂgym for arbitrary m.

We note that sg.(1) € H?(Fa, W) is represented in the Rost-Schmid
complex by the constant section 1 on 0z, . Computing H 2(E2, W) via the
Rost—Schmid complex, we see that

0(¢+((0/0s))) = (2)(1 + (@) € H"(05,, W)

goes to zero in H2(E,W). As p*e=e(Fy) =ss0.(1), and as s
H?(E2, W) — H*(BN,W) is an isomorphism, we see that (2)(1+ (q)) -
p*e =0 in H?(BN,W); since (2) is a unit in W, it follows that (1 + (7)) -
p*e=0.

PROPOSITION 5.5.  Let W(k)[zo, 2] be the graded polynomial algebra
over W (k) on generators xg, xo, with degx; =1i. Then sending xo to (q)
and x9 to p*e defines W (k)-algebra isomorphism

Y W (k)[wo, w2]/ (25 — 1, (1 + 20)z9) — H*(BN, W).

Moreover, H* (BN, W(v)) is the quotient of the free H*(BN, W)-module on
the generator j*e(T) modulo the relation (1 + (q))j*e(T)=0.

Proof. Tt follows from Lemma 5.4 and the fact that (g) is repre-
sented locally by a one-dimensional form that v is a well-defined W (k)-
algebra homomorphism. It follows from Proposition 5.3 that ¢ is a W (k)-
module isomorphism, hence a W (k)-algebra isomorphism. The description of
H*(BN,W(v)) as an H*(BN, W)-module then follows from Proposition 5.3
and Lemma 5.4.

As @ is a section of Op gy (2), 7@ has a well-defined value in k/ kX2
at each point of BN (k). Here we use the definition of BN as an Ind-scheme
to define BN (k).
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LEMMA 5.6. Let z€ BN(k) be a k-point such that piQ(z)=
—1mod kX2, and let Ey, denote the fiber of Ey at x with origin 0. Let

s« : HY(BN, W) — H§E2 (E2, W)
denote the Thom isomorphism. Then the restriction map

iy H§E2 (E2, W) = Hi (Ezz, W).
induces an isomorphism

ih HE (B, W)/ (s0(1+(a))) = Hp, (B, W).

Proof. Since piQ(z) = —1mod k*?, it follows that i%(1+(q)) =1+
(—=1) =0 in W (k). Thus

i3 (s0x(1+(2)) = 0 € Hy (Enz, W),
so we have a well-defined homomorphism
in HG (B, W)/ (s0(1+ (@) = HE, (Baz, W).
We have the decomposition
HY(BN,W) =W (k) ® W (k) - (q)

and thus the restriction of the Thom isomorphism sg.: H'(BN, W) —
HgE (E2, W) to the factor W (k) induces an isomorphism
2

S0s : W (k) — H3E2 (E2, W)/(SO*(l + <q_>))
As the composition i¥ o 504 is just the Thom isomorphism
o W (K(2)) = W (k) = HE, (B, W)

the result follows.
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§6. Rank two bundles on BNp(SLy)
We pursue an analogy of N := Np(SLg) with O(2). We let

t: Gy — T(SLe)

t 0
0=y )
(0 1
a:={_1 o)
For m >1 an integer, define the representations (F(m), py,) of N by
F(m)=A? and
t 0\ [t 0
Pmio 1) = \o ¢m

@ = ((fyn o)

We let (po, F'(0)) denote trivial one-dimensional representation.
For m > 0, we let p,, : N — SLs be the representation given by

P (L))
P(0) =

be the isomorphism

and set

pm(1(1))
(=1) - pm(0).
We let p(™ : O(m) — BN denote the rank two vector bundle

O(m) = F(m) x ESLy — N\E SLy = BN

corresponding to p,,, with zero-section sém) : BN — O(m) and let th™ ¢

go_( )(O(m)), W(det~1(O(m))) denote the Thom class s(()T)(l). We define
the bundle p™~:0~(m)— BN replacing pm with p;,. We note that
Pic(BN) = Z/2, with generator v:=07(0) and that we have canonical
isomorphisms det OF(m) = Opy for m odd and det OF(m) =~ for m >0
even.

Our goal in this section is to compute the Euler classes e(Oi(m)) €
H?(BN, W(det™1(O*(m)))).

LEMMA 6.1. O(2) is isomorphic to j*T and therefore e(O(2)) = j*e(T).
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Proof. The quotient map 7:P! x P! — A = P? - C is étale and we
have 7 Tp2_c = Tpiypi_a = piTp1 @ piTpr = piOp1(2) @ p3Op1(2). Under
the inclusion T'(SLg) — T'(GLg2), the restriction of p2 to T(SLg2) is the
restriction of the two-dimensional representation of T'(GL2) = G, x Gy,
defining pjOp1(2) & p5Op1(2), and the action of o on T Tp2_ ¢ = piOp1(2) @
P50p1(2) is via pa(o).

Let R be a k-algebra, essentially of finite type over k. We consider an R-
valued point x of B,, SLy coming from an R-valued point of E, SLo, namely,
two elements vy, vo € A" 2(R) such that the resulting matrix (y}) has rank
two at each maximal ideal of R. This gives us the corresponding R-valued
point Z of the Grassmannian Gr(2, n + 2),

Z:Spec R — Gr(2,n+2)

together with the isomorphism of R-modules R = det Z*Fs sending 1 € R
to v1 A va.
We have the mth-power map

'¢m,a : F(CL) — F(ma); wm,a(xv y) = (xm, ym)’

which is a (nonlinear!) N-equivariant morphism. This gives us the flat and
finite map of BN-schemes

Ym.a: O(a) = O(ma).

For V—-X a rank r vector bundle with trivialized determi-
nant 6:detV — Ox and O-section so: X — V, we write sg.:EY(X) —
ESJQT’HT(V; det™ V) for the Thom isomorphism.

LEMMA 6.2. Form odd, e(O(m)) = 3(()1)*( ,’fn,l(th(m))) and for m even,

A 2) 0k m
e(Om)) = 5§ (07,15, (th™)).

Proof. For m odd, we have sém) =1m,10 5(()1), hence

e(O(m)) = g™ (th(™)
= 557" (W 1 (t0(™)).

The proof for m even is the same.
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Via the isomorphisms

W) @ WE) - (@) = H(BN,W) —= H}_ (0(1),W)
o :
Wk @ W) - (@) = HY(BN,W) —= H}, (0(2),W())

we write, for m odd,
W1 (th) = 58 (an + b - (@) € HE. (O(1), W),
and for m even
U 22 (th(™) = 502 (am + by - (@) € HE. (O(2), W(7)),

uniquely defining the elements a,,, b, € W (k).

LEMMA 6.3. For m odd, e(O(m)) = (am — bm)p*e € H*(BN, W) and

for m even, e(O(m)) = (am — bm)e(O(2)) € H(BN, W(7)).

Proof. For m odd, the composition

s

W (k) @ W(k)- (@) = HY(BN, W) —> H3_(O(1),W)

o(1)
S0
—— H?(BN, W) =p*e- W(k)
is multiplication with e(O(1)) =p*e. Since (1+ ())p*e =0, we see that
A, + b - (@) gets sent to (an, — by )p*e.
Replacing e(O(1)) with e(O(2)) and using y-twisted cohomology, the
proof for m even is the same, using the relation (14 (g)) - j*e(7) =0 and

Lemma 6.1.

Choose a point z € BN (k) with pjQ(z) = —1 mod k*2. Write O(m), for
the fiber of O(m) at = and let

i™ : O(m), = O(m)
denote the inclusion. Take m odd and let

Yma(z) : O~(1)x — O0(m)y
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the restriction of v, ;. The map

sg;l) sz —0(m)y
induces an isomorphism

s W (k) = HE (O(m)s, W).

T*x

We write th{™ = sg;g(l).
(ZL) induces an

For m even, we have ), /92(7) : O(2); — O(m), and s
isomorphism

som) W (k) — HE (O(m) g, W(7))-

LEMMA 6.4. For m odd, sg?* (am — by) = ¢m71(x)*(th§m)) =Y 1(2)*
(s6rd (1)) and for m even, 5., (am — bm) =t 22(2)* (thE"™) =y 2.5 (2)"
(s (1)).

Proof. For m odd, the second identity is just the definition of thg,;m). We
have the commutative diagrams

~ wm,l(w) ~
0] 0]

(1) —— O(m),

and
Spec k —~* -~ BN

S0z i l S(()l)

0(1), —— O(1)

The map z*: H' (BN, W) — W (k) is the identity on the summand W (k)
of HY(BN,W) and is the map b-(g) — —b on the summand W (k) - (q),
because z*((q)) = (—1) = —1 € W (k).

Via the respective Thom isomorphisms

s W (k) = HE (O(1)a, W)
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and
sV HO(BN, W) — Hp | HG (0(1), W)

6() V=

we see that

Ym,1 (@) (th§M) = if)”

)

The proof for m even is the same.

Take m odd. Fixing the point x € BN as above, we note that the k-
vector spaces O(1), and O(m), are both isomorphic to F' = A?. We have
canonical trivializations 7, : det O(m), — k, n; :det O(1), — k. We nor-
malize the trivializations a: O(1); — A2, apm, : O(m), — A2 by requiring
that det ayn; * = det apmy,t in kX /E*2; let A € kX /k*2 denote this common
value. This gives us the commutative diagram

*

H3 (A%, W) —— H§ (0(m)z, W)

S0% T T S04 %

W(k)

and similarly for m = 1.
Via these trivializations, we may therefore consider ¢, 1 (z) as a self-map

Umo () Af = A7
inducing the map on the Thom spaces A%/(A% — {0})
th(ym,1(x)) : A%/(A% — {0}) — A%/(A% — {0}).

Passing to SH(k), th(¢m,1(z)) gives an endomorphism of the sphere spec-
trum,

E%oth(wm(x)) S EndSH(k) (Sk) = GW(k))

Let vy, € W (k) be the image of X3 th(¢y,(x)) in W(k), via Morel’s isomor-
phism Endgg ) (Sg) = GW (k) and the surjection GW (k) — W (k). It follows
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from Lemmas 6.3, 6.4 that

(6.1) e(O(m)) = ym - pie.

For m even, we have a canonical isomorphism 7, : det O(m)y; — ¥z
We take trivializations ag: O(2); — A2, oy, : O(m), — A7 such that the

diagram
~ det a,_nl odet ao ~
(6.2) det O(2), det O(m),

Vo

commutes up to multiplication by an element in k*2. Let v, € W (k) be the
image of X°th(¢p, /2.2(z)) in W (k). Using the fact that e(0(2)) is a W (k)-
generator for H2(BN,W(v)) (Proposition 5.3 and Lemma 6.1), it follows
as for odd m that

(6.3) e(O(m)) =m - €(0(2)).

For m odd, we can just as well compute 7, as the endomorphism of
Sk induced by the P!-desuspension of th(i, 1(z)) (noting that i, (x) is
homogeneous)

P($m,1(2)) : B}, — Py

For m even, we do the same, using P(¢),, /2 2(7)) : P! — P! to compute v,
We summarize the discussion as follows.

LEMMA 6.5. Let x be a k-point of BN such that z*((q)) = (~1) = —-1€
W (k). For m odd, suppose we have chosen zsomorphzsms a1 :0(1), — A2,
2 O(m)y — A2 such det ayny t = det ' in kX /k*2. Let vy € W (k)
be the image of [P(¢m1(7))] € Endgy(y)(Sk) = GW(k). Then e(O(m)) =
Ym - ple in H*(BN, W).

For m even, suppose we have chosen isomorphisms a2:0(2)x%Ai,
2 O(m), — A2 such that the diagram (6.2) commutes up to multiplication
by an element in k. Let v, € W(k) be the image of [P(ty,/24(2))] €
Endgpi) (Sk) = GW (k). Then e(O(m)) =vm - e(O(2)) in H*(BN, W(v)).
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87. Descent, normalized bases and the computation of ~,,

We find a suitable x and compatible isomorphisms a1, a2, o, by using
a descent description of the bundles O(m).

We have ByN := N\ GLy C BN, a Gy,-bundle over Np(GLg2)\ GLy =
N\ SLy = P2 — C. With respect to the projection BN — BGLy, BoN is the
fiber over the base-point 0 = GLg \ GLy € BGLy.

We describe the bundle O(m) restricted to ByV in terms of descent data.
Let T'(GL2) C Np(GL2) be the standard torus in GLg. The representation
pm extends to the representation

Pm - NT(GLQ) — GLs

with pm(0) = pm (o) and

[t 0\ [t 0

(s 0)= (8 )
Thus O(m) restricted to ByN is the pullback of the bundle O(m) on
Nr\ GLy = P? — C defined by the representation p,,, via the quotient map
N\ GLQ — NT\ GLQ.

We let k(i):=k[T]/(T? +1), giving us the separable k-algebra with
automorphism c¢: k(i) — k(i), c(i)=—i, over k. For z=a+ bi€ k(i),
a,b € k, we write a = Re z, b = Im z and extend this notation in the obvious
way to the polynomial ring k(7)[Xo, . .., X;].

We take a pair of k(i)-points 31, y2 € A%(k(i)), linearly independent over
k(i), such that

o (y192) = <_Oi ?) (y1:92)"

This gives us the k-point € N\ GLy = BoN. Then a k(i)-basis v1 m, v2,m
of F(m) ® k(i) = k(i)? descends to a k-basis of O(m), if the equation

(1) () ot = (Z) (o 3)

is satisfied.

To complete the computation of e(O(m)), we have

THEOREM 7.1. Suppose k is a field of characteristic zero, or of
characteristic £> 2, with ((,m)=1. For m odd, define e(m)=+1 for

https://doi.org/10.1017/nm;j.2019.6 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2019.6

292 M. LEVINE
m=1mod4, e(m)=—1 for m=3mod4. Then

(m)-m-p*e € HX (BN, W) for m odd,
e(O(m)) = -é€ H*(BN,W(7)) for m =2mod 4,
-é€ H*(BN,W(v)) for m =0mod 4.

™

Moreover, € = 4p*e* in H*(BN, W) and e(O~(m)) = —e(O(m)).

Proof. Noting that (z,y) — (—x,y) defines an isomorphism of p,, with
P, (as right representations) and induces (—1) on the determinant, the
assertion for e(O~(m)) follows.

The proof relies on the approach set forth in Lemma 6.5. We find a
suitable k-point z of By/N and compatible trivializations a,, compute the
maps P(¢, o) and use these to compute the factor .

We begin by finding a k-point x € ByN = N\ GLy lying over the point
[1:0:1] € Np(GL2)\ GLy = P? — C with Q(x) = —1 mod k*2.

We have the double cover T'(SLy)\ SLy — N\ SLo, that is, P! x P! — A —
P2 — C, and the pair of conjugate points ¥y, j € P! x P! — A lying over [1:
0:1]. As the map 7 : P! x P! — P? is given by

7([wo : 1], [yo, 11]) = [woyo : Toy1 + 2190 : 211
we compute the conjugate points y, § as

We lift y, 7 to the pair y; = (1, —i), y2 = (—i, 1) y1, y2 € k(i)?, giving the

matrix L @) _ < . —1i> € GLy(k(7))

with determinant 2. The pair y1, y2 defines a k-point x of ByN = N\ GLq
lying over (1:0:1) € N7\ GLa, since

(1 =i\ (=i 0\ (1 —i\°
T\ 1) \o i)\ 1)
Identifying the fiber O(m),« with F(m) x x* = k(i)2, we have the stan-
0,

dard basis e; = (1,0), ez = (0, 1) for O(m),+. We first consider the case of
odd m.
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For m = 1mod 4, define vy ,, = (1, 1), v2,m = (¢, 1). We have

U1,m (J)_ U1,m ¢ —1 0
V2.m pm o Ug7m m 0 7

SO V1,m, V2,m satisfy the descent equation (7.1) and thus descend to a k-basis
of O(m), with determinant 2 - ej A es.
For m =3 mod 4, define vy ,, = (1, —i), va;m = (—i, 1), and we have as

above .
V1,m (0) = V1,m -1 0
V2.m pmiT) = V2.m m 0 ) )

The k-basis v1n, V2, also has determinant 2 - e; A ea.
We remark that in all cases of odd m, our basis has determinant 2 - e; A eg,

in particular
<Ul,m AN vV2.m
v1,1 A V21

>: 1in W (k).

For m =2 mod 4, define vy, = (1, —1), v24, = (i, 4). Then

Vim (o) = V1,m C‘ —1 0
V2.m PmT) = V2.m pm 0 ) ’

The basis v m, v2,,m has determinant 27 - e; A eg, but in the case of even
m, the representation p,, does not land in SLs, and thus the determinant
bundle det O(2) is the 2-torsion generator v of Pic(N\ GLg), corresponding
to the character p(0)~ of N. In any case, vy, A vam gives a generator for
det O(2),.

For m = 0 mod 4, we use the basis vy, = (1, 1), vam = (—4, 1) for O(m).,
which satisfies the descent equation

’ULm (O’) _ vl,m ¢ . —7 0
V2.m pm V2.m pm 0 7

and has the determinant 27 - e; A es.
For all m even, we have

A
<Ulmv2m> =1in W(k).
v1,2 A V22
The multiplication map ¥, q : O(a)z = O(am); is given by
Ym(xo - €1+ x1e2) = 20" - e1 + 2" - €.

We express 1, with respect our bases for O(a), and O(am).,.
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For a, m =1 mod 4, we have
1 : 1 :
e1 = 5(V1,a — 2,4) = 5(Viam — 2,am),

7 . 1 .
ey = —i(vw +iv2,4) = —i(vl,am +1v2,am)

and v,  is given by
Yma(To - Via + 21 - V2,0) = Uma((xo +ix1) - €1 + i(x0 — ix1) - €2)

= (xo +iz1)"er + i(xo — ix1)"e2

1 ) )
= 5((1‘0 +ix1)™ + (2o — i21)™)V1am

7 . .
- 5((960 +ix1)"™ — (20 — 127)" )V2,am

= Re(xo + iz1)™ - v1,m + Im(zo + ix1)" - v2,am.-
For m =3 mod 4, a =1 mod 4, we have
€1 = i(vl,am + ZU?,am)7 €2 = g(vl,am - “}2,(1m)

and 1, o is given by

Yma(To - Vi,a + 21 - V2,0) = Yma((zo +ix1) - €1 + (20 — i21) - €2)

= (zo + iz1)"e1 —i(xo —ix1)es

1 . .
= 5((% +ix1)™ + (20 — i71)")V1,am

+ 5((900 +ix1)" = (z0 — 12:)")v2,0m

= Re(zo — iz1)™ - v1,0m + Im(zg — ix1)"™ - v2,0m.-
For a =3 mod 4, we arrive at the same formulas, giving in the end the
formulas for all odd a

¢m,a(x0 ‘U1, + 271 - U2,a)

B {Re(mo +ix1)™ - 1 gm + Im(xo + i21)™ - v2m  for m=1mod 4,

Re(zg —ix1)™ - v1,am + Im(xg — i21)™ - v2,4m  for m =3 mod 4.

For even m, we write m = 2"n with n odd and write t,,/9 4 : O(2a) —

O(am) as the composition

0(2a) 2222 O(2an) L2225 O (22an)

w2,22an L. wQ,ZTflan ON(am)
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A computation as above yields
N n - n
Yn.24(x0 - V1,20 + T1 - V224) = Re(xo + i21)" - v1,2an + Im(z0 + i21)" - V2 24n-
For 12 2sqpn there are two cases: we take a odd. Then
N2
Y2 2an (0 - V1,2an + T1 - V2,2an) = Re(zg — 1) - V1 4an
N2
+ Im(xo — le) . 1)274(1,1
and for all s > 2
225an (20 - V1,25an + 1 - V2,25an)
—R ( . 2 I . 2
= Re(wg +ix1)” - v 95414y + Im(z0 + i21)" - V3 254145,

This second formula also takes care of the case of even a.
Finally, we need to consider the map 121 : O(1) — O(2). We have

e1 = 3(v12 — iva2), e = —1(vi2 +iva2)

and 1o 1 is given by

o1 (zo - v11 + @1 - v21) = P21 ((zo +ix1) - 1 + i(xo —ix1) - €2)
= (x0+ i$1)2 e — (zo — ix1)2 - e

= %((xo + ixl)Q + (l‘o + ixl)Q)ULm

- 5((350 +ix1)? — (20 — i2i)*)va 2
= Re(xg + i$1)2 “v1,2 + Im(xo + ixl)Z - V2.2.
Thus, as an endomorphism of P!, we have the expression for P(¢m,a):

P(¥m.a)([wo : 21])
[Re(zg + tx1)™ : Im(zo + iz1)™] for m =1mod 4, a odd,

for m odd, a even,

for m =2, a =0mod 4,

and for m=2,a=1,
[Re(zg — tx1)™ : Im(zg — iz1)™] for m =3 mod 4, a odd,

and for m =2, a =2 mod 4.
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In all cases except for 11 : O(1) — O(2), the “relative determinants” are 1
in W(k).

To complete the computation, we use Lemma 7.2 below to determine the
Al-degree [P(¥m.a)] € W (k) of P(¢m.a) : IP’}@ — IP’}@ in cases described above.
Combined with our table above, that lemma gives, for p a prime,

e(p) - p(1) for p odd and a odd,
p(1) for p odd and a even,

P(p.a)] = < 2(1) for p=2,a=0mod 4,
—2(1) forp=2,a=2mod 4
2(1) forp=2,a=1.

This computation of the Al-degree of P(¢,,) together with Lemma 6.5
yields the computation of e(O(m)) as asserted in Theorem 7.1: in the case of
odd m, we write m = H;Zl p; with the p; odd primes, let a; = H3;11 p; and
write wm 1= wpr,ar -0 %1 1. This gives €(O<m)) = HT (pz) bi- p*e =
e(m)-m - p*e. For m=2"-n with n odd, we write wm/22—w2m/20 e
2,95 © P2, which, computing [P(1),,2)] as above, gives e(O(m)) = £2""'n
e(O(2)), with the sign + for r =1, — for r > 1.

We complete the proof by showing e(0(2))? = 4e(O(1))? in H*(BN, W).
The bundle O(2) & O(2) is the bundle associated to the representation

p2 @ p2: N —SlLy.

As det™2(0(2)) is the line bundle associated to the representation (py )% =
po, we have a canonical isomorphism det~2(0(2)) = Opy, and via the
induced identification of H* (BN, W(det2(0(2))) = H*(BN, W), we have
e(0(2))2=¢e(0O(2) ® O(2)). We have the multiplication map

Yo X by O(1) @ O(1) = O(2) ® O(2).

Using the bases (v1.1,0), (va.1,0), (0,v1.1), (0,v21) for (O(1) ® O(1)), and
(v1.2,0), (va2,0), (0,v12), (0,v22) for (O(2) ® O(2))., we have the respec-
tive determinants 4 and —4 times the generator (e, 0) A (e2,0) A (0, e1) A
(0, e2), that is, a relative determinant of —1. Note that e(O(2)) lives in
H?(BN, W(det™! O(2))), and to put e(O(2))? € H*(BN, W(det~2 0(2)))
into H*(BN, W) we need to multiply with the square of a local generator
for det O(2) to give the isomorphism W(det=2 O(2)) — W. At the point z,
a local generator is v12 A vg2 = 2ie; A ez, so multiplying by (vi2 A 02,2)2
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introduces the additional factor (—4) = —1 into the computation. Putting
this all together, we see that the A degree of

P(ipa1) AP(3po1) : PL AP = PLAP!

computes e(O(2))%. As P(¢21) has Al-degree 2(1), this gives e(O(2))? =
Ap*e?.

We finish this section with proofs of results we have used in the proof of
Theorem 7.1.

LEMMA 7.2. Let k be a perfect field and let m be an integer. Consider
the maps G+ :IP’}C — ]P’,%/,

(a) Gy ([zo: z1]) = [Re(xo + tx1)™ : Im(z9 + ix1)™]
(b) Gm—([zo: z1]) = [Re(xg — ix1)™ : Im(z9 — ix1)™],

and let [Gm+] € W (k) be the image of the class of G+m in Endgyk)(Sk) =
GW (k) under the surjection GW (k) — W (k). Let p be a prime. If chark =
¢ >0 we suppose that (¢,2p) =1. Then [Gp+] ==%p- (1).

Proof. We first consider the case of characteristic zero; we may assume
k=Q. We compute the Al-degree of g:= Gp+ :IP’,%/, —>IP’,1€ as the Brouwer
degree (see [31, Chapter 2]): take A! C P! the open subscheme z1 # 0 and use
the parameter ¢t = zo/z1 on Al. We pick a regular value s € A(Q) C P1(Q)
with g~!(s) C Al, and take the sum of the trace forms Tro,) g of the 1-
dimensional quadratic forms <fl—?(ti)> € GW(k(t;)) at the closed point ¢; of
inverse image g~ 1(s) = {t1,...,t }.

We first consider the case g = G+ with p odd. We take s = [0:1]. g71(s)
consists of two closed points: tg=[0:1] and t; € {xg# 0} C P!, Indeed
g 1([0:1]) is the set of solutions to Im(a + ib)? =0, up to scaling. One
solution is [a: b] = [0 : 1], since p is odd. For a # 0, we look for solutions in
C (up to scaling by R) to

(a+ib)P =X-i; AeR

which gives
(a+ib)"? =\ = p € Rog; a#0.

Dividing by p'/*, we may assume that (a + ib)* =1, in other words, a +
ib is a 4pth root of unity. The real number a/b is thus a number of the
form cot(mm/2p), and the set of p — 1 solutions [a : b] € P}(C) with a # 0 is
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exactly the set

S:={la:b]=[zr:1]|z=cot(mnr/2p),m=1,...,p—1}.

o (o2mmi/4p —2mmi/4p
cot(mm/2p) = i(e re )

e2mmi/dp _ p—2mmi/4p

is in the real subfield F), C Q({4p), which has degree p — 1 over Q, and S
consists of the p — 1 conjugates of cot(mw/2p) over Q, it follows that the
closed point ¢; = [a: 1] of P(Q) corresponding to [cot(m/2p) : 1] € P}(Q)
has residue field Fj,.

We now compute the derivative ¢'(t) = dg/dt of g at ty and ¢, first for
p=1mod 4.

We use the parameter ¢t = xo/:cl, SO

~ Re(t+14)P

90 = T p

At to=1[0:1], we find
g(t) = p - t + higher order terms

so ¢'(0) = p, which gives us the term (p).

We now consider ¢; =[a; : 1] since ¢(t) is a rational function in one
variable ¢, to make the computation of ¢’(t) we may consider g as a real-
valued function of a real variable t. We change coordinates: xg =1 cos 6,
x1=rsinf, t =cot #, and

_ Re(rP(cos § +isin §)P)  cos pb
~ Im(rP(cos @ +isin §)P)  sin pf

dg d cot pf dt\ !
i = (“7) ()
-1
sin? p

g(0) = cot pé.

Thus

- (—sin? 6)
sin?
sin? pb
p-(1+2)P!

h(t)?
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with
p—1/2
_ 1\ p p—2j—1
)= (1) <p—2j—1>t '
j=0

As Q(v/(=1)P=1/2p) C Q(¢p), it follows that Q(,/p) C F, so p is a square in
F,, and thus ¢'(¢1) is a square in F},. This gives the A! Brouwer degree of g
as

(p) + Trg, ;0((1))

which by Lemma 7.3 below is equivalent to a sum of p squares, so [Gpy| =
p- (1) e W(k).

Next, we take g = G,—, p still odd. We have
Re(t — )P

g(t) = Tm(t — i)’

which is exactly the negative of the case Gpy, so ¢'(0) = —p and ¢'(t1) =

‘”}1(*@7‘33’”. This gives

[Gp-]={=p) + Trp, o((=1)) = —p- (1) e W(Q).
For p =2, we have
Goy ([zo : 1)) = [22 — 2% : 22021].
With ¢ = xg/z1, this gives the map

gt)y=3%-t—t;  JO)=35 -1+t

so g71(0) ={1, -1}, ¢'(1) = ¢/(—1) = 1 and the A' Brouwer degree is (1) +
(1) =2(1).

Similarly
Go_([xo: 21]) = [22 — 23 : —2x021].

With ¢ = xg/z1, this is the map

gt)=—3-t—=t7"); JdO)=—5 -1+t

and the A! Brouwer degree is (—1) + (—1) = —2(1) € W (k).

We now consider k of characteristic £ > 0 with (¢, 2p) =1. We take k =
Fy, £#2,p and we use the same argument as above, with the following
modifications, first for odd p:
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(i) For Fe{Q(Cp), Q(¢), Fp, Q(i), Q(y/p)}, the number ring Op is
unramified at £. In the above discussion, we replace F' with the étale
algebra Op ®yz Fy.

(ii) We note that cot(m/2p) € F}, is actually an algebraic integer; we replace
cot(m/2p) € Op, with its image in Op, ®z Fy. This shows that the
closures of 0,a; in SpecZ][t] are finite over SpecZ; we let 0,a; €
Spec Fy[t] denote their respective specializations.

(iii) We replace the polynomials Re(zg + iz1)P, Im(zo + iz1)P € Z[zo, 1]
with their respective images in Fy[xo, x1]. Letting moq, C Zy [t] be the
ideal _of {0, a1}, we similarly replace h(t) € Z[t] and g(t) € Z)[t](m, ,,)
with h(t) € Fy[t] and g(t) € Fy[t] (Fio.0,)"

(iv) We replace the trace form Qg4 for Fj, over Q with the trace form
Q4p for the étale algebra Op, ®z Fy over Fy. Noting again that Op,
is unramified at ¢, it follows from Lemma 7.3 and a specialization
argument that (p) + Qup=> +_, 22 in GW(F,). With these changes
and comments, the argument for characteristic zero goes through in
characteristic 4.

For p =2, ¢ # 2, the direct computation given for P(¢2) goes through over
F, without change.

LEMMA 7.3. Letp be an odd prime, C4p a primitive 4pth root of unity and
let F, be the real subfield Q((ap + ngjl) of Q(Cap). Let Qup denote the trace
form for the field extension F,/Q. Then the quadratic form Ty := (p) + Qup

2

is equivalent to the sum of squares > b_; x7.

Proof. We have the lattice (Z", -), with - the usual dot product. For n > 2
an integer, we have the sublattice A, _1 of (Z", ), given as the hyperplane

n
Z{L‘Z’—O} N
=1

this gives us the integral quadratic form g4, ,. Bayer and Suarez [8, page
222] have shown that g4, , is isometric to an integral model for Q4. Thus

Qup + (p) is isometric to the quadratic form associated to the full sublattice
Ap 1 +Z-(1,...,1) of (Z,-). As

A,_q:= {(.’L’l, .. .,l’n) eZ"

Q- (A4p1+2Z-(1,...,1))=Q",

it follows that Qup + (p) is equivalent (as a quadratic form over Q) to p(1).
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Another proof uses Serre’s theorem [37, Théoréme 1] on the Hasse-Witt
invariant of trace forms; we sketch this proof. For ¢, a primitive nth root
of unity, we set &, ; :=(h + (7 and 1, =) — (7 and set &, = &,1. Let
@p be the trace form Trg,)/@. Using Serre’s theorem and the fact that
the inclusion Q(&,) C Q((,) solves the embedding problem for Q(&,) [37,
Section 3.1.3], we find

0 for p =3 mod 4,

— 2’ (P_3)/2 —
w2(Qp) 2,p ) (2,p) for p=1mod4.

Since Q(&p) is totally real, @, has signature equal to its rank (p —1)/2;
by comparing the complete set of invariants: rank signature, discriminant,
Hasse-Witt invariant (see e.g. [35, Chapter 5, Theorems 3.4 and 6.4]), we
have the equivalence of quadratic forms over Q:

0 %(1) for p =3 mod 4,
P (2) + (2p) + 252(1)  for p=1mod 4.

We now compute the discriminant and Hasse—Witt invariant for the trace
form Qup = Tro(g,,) /- We have the Q-basis of Q(&p),

p—1
Gt Gpats d=E
We extend this to the basis
gp,l) CE 7€p,d7 inp,lv I inp,d

for Q(&4p). Letting V7 be the Q-subspace spanned by the &, ; und Vs the
Q-subspace spanned by the in), ;, it follows from a direct computation that
Vi and V4 are orthogonal with respect to Q4p, that Q4 restricted to V; is
equal to 2- @), and that the restriction of Qu, to V3 is (in this basis) the
diagonal form (p —1)/2 - (2p). In other words

Oup ~ d-(2)+d-(2p) for p =3 mod 4,
" (1) +(p) + (d—2)-(2) +d- (2p) for p=1mod4.

Using this, one computes the discriminant and Hasse—Witt invariant of
Q4p + (p) and finds the discriminant is 1 modulo squares, and the Hasse—
Witt invariant is zero. Since Q(&4p) is totally real, Qup + (p) has signature
p. This shows that Qu, + (p) ~ p(1).
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88. Characteristic classes of symmetric powers

For a positive integer m we write m!! for the product

[m/2]

mll = H m — 24.

For F=ke ®key, we give Sym™F the oriented Dbasis
e el ey, L ere™ el Given a two-dimensional representation

p: G — SLo, this defines the representation Sym™p: G — SL;,41.

THEOREM 8.1. Let m be a positive integer, k a perfect field. Let E — X
be a rank two vector bundle on some X € Sm/k and consider the Euler class
e(Sym™E) € H™(X, W(det™! Sym™E)). Then for m =2r + 1 odd, and k
of characteristic 0, or of positive characteristic £ prime to 2m, we have

e(Sym™E) =m!! - e(E) 1,
For k an arbitrary field of characteristic #2 and for m even, we have
e(Sym™E) =0.

The total Pontryagin class p:=1+ Zi>1 p; is given by

[m/2]
p(Sym™E) = [] (1 + (m — 2)2e(E)?).
i=0

Proof.  We first compute the Euler class. The bundle Sym™FE has rank
m + 1, so has odd rank if m is even, and therefore has vanishing Euler class
in Witt cohomology by [25, Proposition 7.3] or Lemma 4.3. We consider the
case of odd m =2r + 1.

It clearly suffices to prove the formula for the universal bundle Es —
BGLs2. By Theorem 4.1, it suffices to prove the formula for the universal
bundle E5 — BSLsy and then by Proposition 5.3, we reduce to the case of

the rank two bundle E; = O(1) — BN.
It is easy to see that we have an orientation-preserving isomorphism

Sym™ py 2@% 2

where we write pf! for p, and p; ! for p; . This gives the isomorphism

Sym™O @ OV (m — 2i)
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and thus by Theorem 7.1 we have

e(Sym™0(1)) = [] (O (m — 2i))
=0

T

H(m —2i)-pTe for r even,
— i?O

H(—l) -(m—2i)-p*e for r odd.

i=0

which in either case gives

e(Sym™O(1)) = m!! - p*e L,

For the total Pontryagin class, we recall that p; lives in H*(—, W), and
for a rank 2 bundle F, p;(F)=e(F)? and the higher Pontryagin classes
vanish. For a rank 1 bundle F', p(F') = 1, and for arbitrary bundles F, F’, p
satisfies the Whitney formula

p(F & F') =p(F) Up(F").

Thus, for m = 2r even, we have

r—1
po D @ Pm—2;  for r even,
Sym™py = P

r—1
Py © @ pm—2; for r odd.
i=0

which by Theorem 7.1 gives
p(Sym™O(1)) = [ (1 + (m — 2i)%p"e?).
i=0
For m =2r 4+ 1 odd, we have as above

,
Sym™ py = @ Pitn_zi
i=0
which by Theorem 7.1 again gives

,
p(Sym™O(1)) = | [(1 + (m — 20)%p*e?).
=0
ExaMpPLE 8.2. Consider a smooth hypersurface X in IP’ZJrl of degree
2d — 1 with k a perfect field of characteristic prime to 2(2d — 1).Counting
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constants, one expects X to contain finitely many lines. In fact, if X is
defined by a degree 2d — 1 homogeneous polynomial f € k[Ty, ..., Tiy1],
then f defines a global section sy of Smed*lEQv , where FJ is the dual of
the tautological rank 2 subbundle Es C (’)éﬁfz on the Grassmannian Gr =
Gr(2,d + 2), and a line £ C P! is contained in X exactly when s([¢]) =0,
where [¢] € Gr is the point corresponding to the 2-plane 7 C A%*? with £ =
P(7). Since Gr has dimension 2d = rnkSym?¢~!EY, one would expect that
for a general f, sy would have finitely many zeros.

In the case of our section sy, with X having finitely many lines, we may
apply our Theorem 8.1 to find

Z e (Sym?1EY: sf) = e(Sym? 1 EY)
z, s¢(x)=0

= (2d — Dle(EY)* € H* (Gr, W(Oc:(—d)).

Here e,(Sym®*'EY;s;) is the image of the local index
s3(th(Sym** " EY)) € H* (Gr, W(Oar(—d)) in H? (Gr, W(Oc:(—d)).
Note that det £y = Og,(1) (with respect to the Pliicker embedding).

The canonical exact sequence presenting the tangent bundle

d+1
(8.1) 0= B @B @D Ey -ei & Ty, — 0
=0

and the canonical isomorphism det Fy ® F3 = Og, gives the isomorphism
war/k = Oar(—d — 2), which in turn gives the isomorphism

K2 (Oar(—d)) = KXY (wayn)-
The pushforward
TG HY(Gr, Y™ (W) — H(Spec k, GW) = GW (k)
thus gives us well-defined pushforward maps

e+ HYGr, KMW (O (—d))) — GW(k),
e : HYGr, W(Oae(—d))) — W (k).

In addition, we claim that

Tae (e(Ey)Y) = (1) € GW(k).
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Indeed, a linear form L on P! gives a section s; of EJ, transverse
to the 0O-section, with zero-locus z; exactly the Grassmannian of lines
contained in the hyperplane L =0. Taking L to be the coordinate Tj,
i=0,...,d— 1, the corresponding (transverse) intersection of 0-loci is the
point of Gr corresponding to the line ¢y defined by To=---=Ty3_1=0.
ly is a point of the big affine cell Gr’ C Gr consisting of the lines ¢
that do not intersect the linear subspace Ty;=T;11 =0. For /€ G, ¢
intersects the hyperplane Ty11 =0 in a single point (zo,...,z4-1,1,0)
and the hyperplane T; =0 in a single point (yo, . .., y4—1,0, 1), giving the
coordinates (o, Yo, Z1, Y1, - - - » Zd—1, Yd—1) for Gr® = A%? The sections 5T
8Ty, of EJ give a framing trivializing £y over Gr” and composing the map
7 (8.1) with the inclusion of subbundle ®¢"}EY - ¢; of @] Ey - e; defines
an isomorphism o : @?:_01 EY -e;—Tq, /I over G1°.

The class e(Ey)? is represented in HZ) (Gr, KMW(O(—d)) by the pull-
back of th(@JEy -e;) by the section s:= 3% sr.e;. We can identify
H{ (Gr, KMW (det™ EY)) with GW(k(fo); det™ EY ® Waryk © k(o)) via
the Rost—Schmid resolution. Since s is transverse to the zero-section, the
element of GW (k(£p); det™@ EY ® wé:/k) corresponding to s*(th(@  EY -
e;)) is given by the rank one form (det™! ds), where ds : Tgy g, — @?;&Eg/ .
e; is the composition of the differential ds : Tgy g, — Tgoyo(@?;olEg/ - e;) with
the projection Tgoﬁo(@?;olEg/ ;) — @?;&Eg/ - e; with kernel the tangent
space to the O-section. A direct computation shows that ds is exactly
the inverse to a ® k({p), so after using (8.1) and our trivialization of Ey
to identify det™ By ®wg,, @ k(fo) with k(fy) we obtain the form (1) €
GW (k(£y)); as k = k(£p), this pushes forward to (1) € GW(k), as claimed.

The computation above yields the class of wgp (e(Sym2¢=Y(Ey)) € W (k)
as

Tars(e(Sym?H(EY)) = (2d — 1)!11(1) € W (k).

We can lift this to an identity in GW(k) by computing the rank, which is
just the degree of the top Chern class of Sym2d_1E§/ , that is, the number
of lines on X over an algebraically closed field, say Ny. This gives

e (e(Sym™ - (BY)) = (24— 1)1{1)
 MZCIZDE () 4 -1y e Gwin),

For k =R, this recovers a computation of Okonek—Teleman [33] by taking
the signature.
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For d =2, N;j =27 and we have
Tam (e(Sym3(Ey)) = 3(1) +12- ((1) + (—1)) = 15(1) + 12(—1) € GW(k),

recovering a computation of Kass—Wickelgren [23].

Additionally, Kass—Wickelgren [22] have shown how to compute explicitly
the local contribution e;(V; s) to the global Euler class e(V') of an isolated
zero of a section s of a vector bundle V' — Y of rank equal to the dimension
d of Y. In case s has only isolated zeros, this gives the formula

G(V) = Z ex(v; 5)'

s(x)=0

They give a geometric interpretation of this local contribution in the case
of the section sy for d =2, and use their computation of the pushforward
of the Euler class to deduce a mod 2 congruence for the number of lines of
different geometric type defined over even and odd extensions of the base
field k for k£ a finite field. It would be interesting to extend this geometric
interpretation to the higher dimensional case.

89. Tensor products and tensor powers

In this section we assume chark # 2. To discuss characteristic classes of

tensor products, we need to fix a canonical isomorphism (det E)™&F @

(det F)™kE =~ det(E @ F). Tt suffices to do this for free R-modules E =
D=, Rei, F =@/, Rfj, functorially in R, which we do by sending

(elA"'/\en)@)m@(fl/\"'/\fm)@n
to

(e @ fi) A Alen®@ fr) Ao Aer @ fn) Ar Alen @ fin)-
Similarly, we have the canonical isomorphism det F ® det F'=2
det(E @ F), determined by sending (eq A---Aen)®@(fi N+ fm) to
((e1,0) A== A(en, 0)) A0, fi) A--- (0, frn)) in the case E =P Re;,
F = @Tlefj-
PROPOSITION 9.1. Let E— X, E' =Y be rank two bundles on X,Y €
Sm/k with trivialized determinants. Then
e(miE @ mE') = 1ie(E)? — nhe(E)* € HY(X x Y, W)
pi(mE © w3 E') = 2(mie(E)? + me(E)?) € HY(X x Y. W)
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p(miE @ T3 E') = (rie(E)? — mhe(E)?)? € H¥(X x Y, W)

and pp(TiE @ n3E') =0 for m > 2.

Proof. The last formula follows from the fact that p,,(F) =0 for 2m >
rnk(F). The formula for ps follows from the formula for e and the fact that
pm(F) = e(F)? for F of rank 2m.

It suffices to consider the universal case of 7] Ey & 75 Eo on BSLy x BSLs.
Let

i1 : BSLQ — BSL2 X BSLQ, 12 : BSL2 — BSL2 X BSLQ

be the inclusions i1 (z) = (x X zg), i2(x) = xo X x, where x is the base point,
and let ¢ : BSLy — BSLsy x BSLs be the diagonal inclusion. We have

Z'Tﬂ'ikEQ X F;EQ =Fy® EQ:(:O
Z‘SWIEQ ® W;EQ = EQQ;O ® FEy
(5*7TTE2 X TI';EQ = Sym2E2 D OBSLQ'

We have a canonical isomorphism Es,, = k?, which gives us isomorphisms

Z.TWTEQ X 7T§E2 = FEy D Ey
Z;’]TTEQ X W;Eg =y @ FEs.

Furthermore, the canonical isomorphism
det E2 = OBSL2
induces the isomorphisms

o : det(n] By ® 13 E2) = OBSL, x BSL,
B :det(Ey & F2) — OpsL,

using our convention for the determinant of a tensor product and a direct
sum, as described above. This gives us the identities

ija=0, iy = —p3;

in terms of free modules F = Rey @ Reo, F'= Rf; @ Rfs, this arises from
the fact that
e1 ® f1,e2 ® f1,€1 @ fa,e2 ® fo
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is an oriented basis for £ ® F, giving the oriented basis
€1® f1,e2® f1,e1 ® f2,e2 @ fo

for E® f1 ® F ® fo, while an oriented basis for ey @ F @ ea ® F' is
e1® f1,e1 ® f2,e2® f1,€2 ® fa,

which introduces the sign —1 in the identity i5a = —§.
Keeping track of the orientations gives the identities

€(E2 D Eg) = €(E2)2
—€(E2 D EQ) = —€(E2)2
e(Sym?FE,) U e(OgsL, ) = 0.

iTe(?TTEQ &® 7T>2kE2>

Z;e(ﬂ'TEQ &® W;EQ)
§*(wt By @ 1)

On the other hand, we have
H*(BSLgy x BSLa, W) = W (k)[nTe, m3€]
so there are uniquely defined elements a, b, c € W (k) with
e(riEy @ mhEy) = amie? + brfemse + cmye.
The computations above together with the identities
iymie=0 for s#t, ijmie=e, y'mie=e,
imply that a=1, c=—1 and b=0.
For the Pontryagin class, we recall that the Pontryagin classes are stable
and are insensitive to the orientation. This gives
i1p(mi By © 75 Ba) = i3p(n} By @ m3 B2) = p(E2)” = (1 + e(E»)?)?
and using Theorem 8.1 to compute p; (Sym?Es) gives
§*p(mi By @ T3 Fo) = 1 + 4e(Ey)?.
Computing as above gives

p1(m By @ T Ey) = 2(wfe? + mie?).
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REMARK 9.2. Combining Ananyevskiy’s SLg splitting principle with
Theorem 4.1 reduces the computation of the Euler class and Pontryagin
classes in Witt cohomology of any Schur functor applied to a vector
bundle to the case of a direct sum of rank 2 bundles with trivialized
determinant. Via the representation theory of SLo, this reduces the com-
putation to the case of tensor products of symmetric powers. Using the SLo
splitting principle again, we need only know the characteristic classes of
symmetric powers and the tensor product of two rank two bundles (with
trivialized determinant); as this information is given by Theorem 8.1 and
Proposition 9.1, we have a complete calculus for the computation of the
characteristic classes, at least over a field of characteristic zero.

In positive characteristic, our calculus is limited by the restriction on
the characteristic in Theorem 8.1, but one still has a partial calculus for
the characteristic classes of Schur functors of degree < m in characteristics
{>m.
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