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ON THE STONE-CECH COMPACTIFICATION

OF AN ORBTT SPACE

KAVITA SRIVASTAVA

By extending the given action of a discrete group G on a

Tychonoff space ^ to W , it is proved that the Stone-Cech

compactification of the orbit space of X is the orbit space of

the Stone-Cech compactification QX of X , when G is finite.

The notion of <?-retractive spaces is introduced and it is proved

that the orbit space of a G-retractive space with G finite,

is G-retractive.

1. Introduction

By a G-space X we mean a triple (X,G3Ql consisting of a

Tychonoff space X , a discrete group G and an action 6 of G on X .

A subspace A of a G-space X is called invariant if 9(G x A ) = A .

An action 0 of a group G on a space X is called trivial if g'X = x

for g e G j x e X and 8 is said to be transitive if for each, x e X ,

the orbit G = {g-x\g e G] is X itself. A map / from a G-space X

to a (7-space Y is called equivariant if f(g-x) = g-f(x), g e G, x e X.

Denote the set of all orbits G of a G-space X by X/G and let

IT : X •*• X/G be the orbit map taking x to G . Then X/G endowed with
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the quotient topology relative to IT is called the orbit space of X .

Action on X/G is taken to be trivial. The orbit map is open, continuous

and equivariant.

The Stone-Cech compactification of a Tychonoff space X will be

denoted by &X and X* will denote the growth &X - X of X . The z-

ultrafilter Af on X represents the point p e &X . The Stone extens-

ion 8/ of a continuous map f from a Tychonoff space X to a Tychonoff

space Y is given by ($f)(p) = n Cl f(Z) .

Z e AP P

By an extension of an action 9 of a group G on a subspace A of

a space X , to the space X , we mean an action of G on X , whose

restriction to G * A is 9 .

Extending the given action of a discrete group G on a Tychonoff

space X to &X , in Section 2, we obtain the Stone-Cech compactification

of the orbit space X/G in terms of the orbit space of &X ; precisely,

we prove that &(X/G) = QX/G , when G is finite. It is observed that

the result need not be true in the case that G is an infinite discrete

group.

Comfort [2] introduced the important concept of retractive spaces in

1965 [see 4 also]. In Section 3, we put this and other related concepts

in their G-versions and prove that for a finite group G , the orbit space

of a G-retractive space is G-retractive.

For terms not explained here see [?] and [3].

2. Action on &X

Let X be a G-space and for g e G , let T : X -> X be the

homeomorphism defined by T (x) = g*x3 x e X . For a subset A of X and
y

a family A of subsets of X , denote T (A) = {g~a\a e. A) by g'A and

T (k) = {g-A\AcA} by g.k . Clearly, e.A = A and g^ig^.k) = (g g^).k ,

where e is the identity in G and g-t g„ e G . Since, for g e G

and p e &X 3 g- Ar is a s-ultrafilter on X , it corresponds to a point,

say g-p , in QX . Define 9 ; C x ^ + BX by 6 (g}p) - g-p, ge G ,

p e &X . Then it can be seen that 9O is an extension to &X of the
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action 6 on X . The continuity of 8 follows by noting that for a
P

zero-set Z of X and g e G, g' Cl QV Z = Clov(g-Z) so that

(Bo)~ (CIDVZ) = u Ug} x Clov(g~ -Z)) and tha t the family of closed
p PA g e G "A

sets ({g} x Clov(g~ -Z)} is locally finite.
PA

For a 6-space A" , the G-space BX will mean the triple (&X,G, Qj-

We state the following lemma without proof.

LEMMA 2.1. For G-spaaes X and Y , we have
(a) X and X* are invariant subspaces of the G-spaae BX ,
(b) the extension 6O on BX of a transitive aation 6 on X is

t>
transitive if and only if X is compact,

(c) the Stone extension &f of a continuous equivariant map
f : X -*• Y is equivariant.

THEOREM 2.2. If X is a G-space with G finite, then the Stone-
ieoh compaotification of the orbit spaoe X/G is the orbit space of the
Stone-Cech compactification of X ; that is, &(X/G) = &X/G .

Proof. Note that X/G i s a dense subspace of the compact space

&X/G . Since G i s compact, BX/ff i s Hausdorff [see I ; I , Theorem 3 .1 ] .

We show that the Stone extension &i of the inclusion map i : X/G -*• &X/G

i s a homeomorphism. Note tha t i ° irv = IT ° i , where irv :X •*• X/G and
A X A

ir : BX -»• &X/G are the orbit maps and i is the inclusion map of X

into BX . From the functorial properties of 3 , it follows that

Bi o &tiy = ir o I&x . For q^ , q. in B(X/G) , choose p1 e fBirJ" (q.)

and p o e (&itv)~ (qj . Then (H)(qn) = (H)(qJ implies that G_ = G_ .
Z A Z J. 6 p * Pp

Therefore p^ = ̂ 'P, for some g e G . Using equivariance of Bir̂  and

that the action on B(X/G) is trivial, we obtain that q~ = q . For

surjectivity of Bi , we note that CB i) ((^-J (p)) = G , where

G e &X/G . Thus H : $(X/G) •*• QX/G is a homeomorphism which keeps

X/G pointwise fixed.
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Remark 2.3. Consider a transitive action of a discrete group G on

a non-compact Tychonoff space X . Since the orbit space X/G is the

singleton space, in view of Lemma 2.1 (b) , we obtain that the result of

Theorem 2.2 may not be true for the case of an infinite discrete group.

3. G-retractive spaces

DEFINITION 3.1. A continuous equivariant map r from a G-space X

onto an invariant subspace A of X is called a G-retraction of X onto

A if r leaves points of A fixed. The invariant subspace A is then

called a G-retract of X . A G-space X is said to be a G-retractive

space if the invariant subspace x* is a G-retract of f}X .

If G is a singleton or the action is trivial, the concept of G-

retraction coincides with that of retraction and consequently those of

G-retracts and G-retractive spaces coincide with retracts and retractive

spaces, respectively.

EXAMPLE 3.2. Let X be a non-compact Tychonoff space and let

5 = &X - {p} , where p e X* . Then 85 = &X [see 3; 6.7]. Denote by

G the discrete group of all self homeoiaorphi sms on 5 together with the

binary operation as the composition of maps and consider the G-space

(S,G3Q) , where 9 ; G x S •*• 5 is defined by B(T,s) = T(s), T e G ,

8 e S . In view of Lemma 2.1 (a) S* = {p} is invariant. It is easily

seen that S* is a ff-retract of 65 . Consequently, the G-space

(S,G3Q) is a G-retractive space.

LEMMA 3.3. If X is a G-retraative space, then X*/G is a G-

retraat of &X/G .

Proof. Let r be a G-retraction of &X onto X* . Then the map

r1 : &X/G f X*/G defined by VjtGJ = Gr(p)> P
 e &x .> is a G-retraction.

THEOREM 3.4. The orbit space of a G-retractive space is G-

retractive, where G is finite.

Proof. Let X be a G-retractive space with G finite, r be a

G-retraction of &X onto X* and let $i : &CX/G) -*• $X/G and

2* : QX/G •*• X*/G be as in the proofs of Theorem 2.2 and Lemma 3.3,

respectively. Define rg : &(X/G) + (X/G)* by r2(q) = ffr^Ufq))),

where q e &(X/G) and f : X*/G -»• (X/G)* is given by f(G ) = (^i)~1(G ),

p e X* . It can be checked that r, is a G-retraction.
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