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DYNAMIC SIGNATURES OF COHERENT SYSTEMS
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Abstract

Sequential order statistics can be used to describe the ordered lifetimes of components in
a system, where the failure of a component may affect the performance of remaining
components. In this paper mixture representations of the residual lifetime and the
inactivity time of systems with such failure-dependent components are considered.
Stochastic comparisons of differently structured systems are obtained and properties
of the weights in the mixture representations are examined. Furthermore, corresponding
representations of the residual lifetime and the inactivity time of a system given the
additional information about a previous failure time are derived.
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1. Introduction

For assessing the reliability of technical systems that consist of several components, it is of
interest to study probability models that describe the system lifetime by taking into account
the component lifetimes. The lifetime 7 of a coherent system can be represented as T =
¢(X1, ..., X,), where ¢ denotes a structure function and X1, ..., X,, denote random variables
that describe the component lifetimes (see Barlow and Proschan (1981, p. 12)). Under the
usual assumption of independent and identically distributed (i.i.d.) component lifetimes, it can
be shown that

n
P(T > 1) = Zsl-}P’(Xi:n > 1), t € R, (1.1
i=1

where s, ..., s, denote appropriately chosen nonnegative coefficients and X1, < --- < X,
are the order statistics of the component lifetimes X1, ..., X,. For i.i.d. component lifetimes
with acommon continuous distribution function, the preceding representation has been obtained
in Samaniego (1985). The vector s = (s, ..., s,) is called the system signature. Under these
assumptions, the ith entry of the signature vector satisfies s; = P(T = Xj;.;), thatis, it coincides
with the probability that the ith failure of a component leads to the system failure. For a survey
of applications of system signatures, we refer the reader to Samaniego (2007).

The i.i.d. assumption in (1.1) can in fact be relaxed. Navarro and Rychlik (2007) have shown
that representation (1.1) is also valid for exchangeable random variables X1, ..., X, with an
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absolutely continuous joint distribution. Moreover, Navarro et al. (2008b) proved that (1.1)
still holds for arbitrary exchangeable random variables X1, ..., X, if the signature vector is
obtained by considering a system with the same structure and i.i.d. component lifetimes from a
common continuous distribution instead of the original system. In all these cases, the signature
is given by the ratio of the number of orderings for which the ith failure of a component causes
the system failure to the total number, n!, of possible orderings of the n component lifetimes
(cf. Samaniego (2007, p. 23)). In particular, the system signature depends only on the structure
function and the number of components in the system.

In general, if a component in a technical system fails, the performance of the remaining
components might be affected by the failure. In order to take into account such phenomena,
Kamps (1995a) (see also Kamps (1995b)) introduced the model of sequential order statistics.
These random variables describe the increasingly ordered failure times of components in a
sequential k-out-of-n system (see Cramer and Kamps (2001)).

Sequential order statistics can be motivated as follows. In the following, let F1, ..., F,
denote continuous distribution functions with support [0, o). Let us assume that at time t = 0
all the n components in a system start to work. The lifetimes of the components are described
by independent random variables X 51), X ,(,1) which are identically distributed according to
the distribution function F;. The first failure time of a component is then given by

Tn = mln{X(l) Lx(Dy.

If this first failure occurs at time #; = X7, then we assume that the residual lifetimes of the
n — 1 remaining components are equal in law to the residual lifetimes of i.i.d. components with
age t1 and distribution function F> (instead of F7). Here the distribution function F; is used
to model the influence of the first component failure on the behavior of the other components

The lifetimes of such components will be represented by random variables X ) X ,(12_)1
Given that X T:n = 11, the random variables X 52), X ,(12_)1 are i.i.d. according to the truncated

distribution function F»(- | #1) with F>(x | t1) = F>(x)/F>(t;) forx > t;. In particular, given
that X7, * =11, these random variables satisfy X;” =nfori =1,...,n—1. Then, the second
fallure tlme in the system is given by

X5, =min{x'® . x® .

We proceed this way and, by induction, we assume that the ith component failure occurs at time
i =X l*n (1 <i <n —1). Then we assume that the residual lifetimes of the n — i remaining
components are equal in law to the residual lifetimes of i.i.d. components with age #; and
dlstrlbutlon function F; ;1. The lifetimes of such components will be represented by X (’H) ceey
X( . Given that X* = t;, the random variables X( + e, X,(:l]) arei.i.d. accordlng to the
tmncatcd dlstrlbutlon functlon Fi11(- | t;) with F,_H(x | t) = 15,~+1(x)/15,~+1(t,~) for x > ;.
Then, the (i + 1)th component failure time is

X*

5 = min{xX (D x (D)

n—i

In particular, X\, denotes the failure time of the last component in the system. The resulting

ordered lifetimes X}, < --- < X are called sequential order statistics based on Fi, ..., F,.
The distribution functions Fz, ..., F, are used to describe the effects of failures on remaining
components. If F1 = --- = F,, (i.e. when the failure of a component does not affect the other

components) then their joint distribution coincides with the distribution of usual order statistics
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based on n i.i.d. random variables that are distributed according to F;. For further details about
the definition of sequential order statistics, we refer the reader to Kamps (1995a) (see also
Cramer and Kamps (2001), Cramer and Kamps (2003), and Cramer (2006)).

Recently, the idea underlying sequential order statistics has been extended to general coherent
systems (see Burkschat (2009) and Navarro and Burkschat (2011)). In order to describe
component lifetimes in a system, where failures might change the lifetimes of remaining
components, a particular dependence model for the components is assumed. The vector of
component lifetimes (X7, ..., X}') is chosen to be an exchangeable random vector such that the
vector of associated order statistics coincides with sequential order statistics (X7.,,, ..., X}.,
based on Fi, ..., F,. Then T = ¢ (X7, ..., X) describes the lifetime of a coherent system,
where failures can affect the lifetimes of remaining components. In the following, such systems
are called coherent systems based on sequential order statistics or coherent systems with failure-
dependent component lifetimes X7, ..., X (based on Fy, ..., F,). Furthermore, note that the
corresponding system lifetime has the representation

P(T > 1) = Zs,-IP(X* > 1), t € R, (1.2)

in
i=1

where s = (sq, ..., s,) denotes the signature vector. For applications of this representation to
orderings of system lifetimes, we refer the reader to Navarro and Burkschat (2011). Related
results can also be found in Burkschat and Navarro (2011).

The notion of a coherent system has been extended by introducing the concept of a mixed
system (see, e.g. Samaniego (2007, p. 29)). For describing the lifetime of a mixed system,
the vector s = (sq,...,s,) in the mixture representation (1.1) is allowed to be an arbitrary
probability vector, that is, the entries only have to satisfy s; > Ofori = 1,...,nand sy +---+
s, = 1. Such a lifetime can be interpreted as the result of randomly selecting among different
coherent systems. By analogy, mixed systems with failure-dependent components are obtained
by using arbitrary probability vectors s in the corresponding representation (1.2).

In this paper we study mixture representations of the residual lifetime and the inactivity
time of systems with failure-dependent components. Stochastic comparisons of differently
structured systems are obtained and properties of the weights in the mixture representations are
examined. The results extend known results for systems with i.i.d. component lifetimes given
in Navarro et al. (2008a) and Zhang (2010a). Further related results can be found, for instance,
in Navarro and Shaked (2006) and Zhang (2010b). Moreover, we derive representations of the
residual lifetime and the inactivity time of a system with failure-dependent components given
the additional information about a previous failure time.

In this paper we frequently focus on sequential order statistics with underlying distribution
functions given by

Fi(x)=1—(1—Fx)*, x € R, (1.3)

where F denotes a continuous distribution function and «1, ..., «, > 0. We also assume that
the support of F' is given by the interval [0, oo) for simplicity. If F is absolutely continuous
with density f then the corresponding hazard rates satisfy

AR (%) = aihF(x), i=1,...,n (1.4)

Therefore, (1.3) is usually referred as the proportional hazard rate (PHR) assumption. It is well
known that in this case sequential order statistics can be treated as generalized order statistics.
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For further information on the relation between sequential and generalized order statistics, we
again refer the reader to Kamps (1995a), Cramer and Kamps (2001), (2003), and Cramer (2006)
(see also Section 2).

2. Mixture representations of residual lifetimes and inactivity times

In the following we consider mixture representations of the residual lifetime and the inactivity
time of a system. The first result of Theorem 2.1 below was obtained in Navarro and Burkschat
(2011) and extends a result given in Navarro et al. (2008a). The second representation is shown
similarly and, therefore, the derivation is omitted. For systems with i.i.d. components, the
corresponding result was shown in Zhang (2010a).

Theorem 2.1. Let s = (s1,...,Sy) denote the signature of a mixed system with failure-
dependent component lifetimes X’l", ..., X* based on Fi,...,F,, and let T denote the
corresponding system lifetime.

(@) Letx > 0andt > 0. Then

n
P(T—t>x|T>z)=2pi(r)ﬂ>(x;n—t>x|X;in>t) 2.1)

i=1

with (x* )
SiH Xi:n > 1 .
(1) = , =1,...,n. 2.2
pi® ZZ:1 siP(XE, > 1) l 8 =2

(b) LetO < x <t. Then

n
Pit—T > x | Tgt):ZZi,-(z)P(t—X;ﬁn>x|X;":n§t) (2.3)
i=1

with
siP(X}, <t)

Zz:l SkIP(XIT:n <1 ’
In the following, we apply the notation

pi(0) = =1,...,n. (2.4)

p) = (pi1(®),..., pa(1)), pP@) = (Pi(), ..., Pa(D)).

Several of the subsequent results are shown by imposing the PHR assumption (1.3). Given this
assumption, the joint distribution of sequential order statistics coincides with that of generalized
order statistics with the model parameters

yi=oi(n—i+1), i=1,...,n

(see, e.g. Cramer and Kamps (2001)). For this reason, it is helpful to briefly recall the definition
of generalized order statistics (see Kamps (1995a) or Kamps (1995b)). Uniform generalized

order statistics U}, , ..., Uy, are introduced by specifying their joint density function as

fug, vz, Wi, - )
n n—1

- <H VJ') (1_[(1 - “j)y"'_y-’“_l)(l —u) !, O<uy<---<up<l,
j=1 j=1
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with the model parameters yi, ..., ¥, > 0. Generalized order statistics X T:n, ..., X, based
on the distribution function F are then obtained via the quantile transformation
x* =Flwr), r=1,...n (2.5)

In the proofs of the next results, we use the fact that generalized order statistics are ordered
according to the likelihood ratio ordering, i.e. X, <i X; ., forr = 1,...,n — 1 (see,
for instance, Cramer et al. (2003) or Hu and Zhuang (2005)). Here and in the following, the
notation ‘<g’, ‘<n:’, ‘< , and ‘<j;’ refer to the stochastic, hazard rate, reversed hazard rate,
and likelihood ratio orderings, respectively. Detailed information about these orderings can be
found, for instance, in Chapter 1 of Shaked and Shanthikumar (2007).

Theorem 2.2. Let T\ and T, denote the lifetimes of two mixed systems with the same failure-
dependent component lifetimes X7, ..., Xi. Let the PHR assumption (1.3) hold.

(a) Let p1(t) and p>(t) denote the vectors of coefficients (2.2) of T\ and T, respectively.
Then the following statements hold for the residual lifetimes of the systems.

o Ifp1(t) <q¢ p2() then (T1 —t | T1 > t) < (Tn —t | T» > 1).
o If p1(t) < p2(t) then (T —t | T1 > t) <y (T2 —t | T2 > 1).

e If p1(t) <ir p2(t) and F is absolutely continuous, then (T —t | Ty > t) <i
(Tr —t | Tp > 1)

(b) Let p1(t) and p>(t) denote the vectors of coefficients (2.4) of T\ and T», respectively.
Then the following statements hold for the inactivity times of the systems.
o Ifp1(1) <q pa(t) then (t =Ty | T1 < 1) 2 t = T2 | T2 < 1).
o Ifpi(1) <t pa(t) then (t =Ty | Ty <) = (t = T2 | T2 < 1).
o If p1(t) <1 p2(t) and F is absolutely continuous, then (t — Ty | T} < t) >y
t-—T|T=n.

Proof. Since X;‘,n <Ir X?—H:n fori =1,...,n—1,itfollows from Theorems 1.C.8 and 1.C.6

of Shaked and Shanthikumar (2007) that

X =t | X5, >0 <ie Xfym—1 | Xfpp >0, i=1...,n—1

rn

Then (a) is obtained by utilizing representation (2.1) and applying the preservation results for
mixtures given in Theorems 1.A.6, 1.B.14, and 1.C.17 of Shaked and Shanthikumar (2007).
The assertion in (b) follows similarly from (2.3).

Lemma 2.1. Let p(t) and p(t) denote the respective vectors of coefficients (2.2) and (2.4).
Under the PHR assumption (1.3), p(t;) <ir p(t2) and p(t1) <1 p(t2) hold for all0 < t; < to.

Proof. First we note that p(¢1) and p(t2) considered as discrete distributions on {1, ..., n}
have the same support. Let us consider | <i < j < n in this support. Then

pi(t) . SiP(X;F;n > 11) ZZ:I SkP(XZ(:n > 1)
pi(12) S,’P(X;ﬁ:n > 1) Zz:l skP(X;::n > 1)

and
pj(tl) . sjP(X;f:n > tl) ZZ:I SkIP(X;ck:n > t2)

pi) — siP(X%, > 0) Yo siP(X], > n)
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Hence,
pi(t1) - pjt)
pi() — pj2)
if and only if
]P)(X*n >t1) P(X]n >t1)
P(X}, > 1) — IP(XJ )

since s;, s; > 0. This last expression holds whenever X n hr X* i holds. But, under the PHR
assumption, we know that X n i X3, * ,, holds. Also, 1t is well known that the likelihood ratio
order implies the hazard rate order Hence pi(t1)/ pi(t2) is decreasing in i (in their common

support) and then p(t1) <i p(t2). The proof of the other case is similar.

Remark 2.1. Exploiting known results for orderings of sequential order statistics based on
F1, ..., F, (see Navarro and Burkschat (2011)), similar results can be obtained by replacing the
PHR assumption with other conditions. For instance, if 1, .. ., &, denote the respective hazard
rates of Fi, .. F and the ratios hy / kx1 are nondecreasing functions fork = 1,...,n — 1,
then X7, §hr ; +1 ,, holds for r =1, ,n — 1 and, therefore, the vector of coefficients
(2.2) for the corresponding mixed system based on sequential order statistics also satisfies
pt) <i p(r) for0 <1 <.

For systems with i.i.d. components, it has been shown in Navarro et al. (2008a) that

lim p(t)=(,...,0,1,0,...,0)
t—00 — — ——
j—1 times n—j times
holds for systems with a signature vector s = (sq,...,s;,0,...,0) with s; > 0, thatis, in the

limit the complete probability mass is concentrated in only one entry of the vector. In the case
of sequential order statistics, the limit behavior may be different, as we illustrate in Example 2.1
below. This example also proves that this property is not necessarily true for coherent systems
based on exchangeable components.

Since we make use of the marginal distributions of generalized order statistics in this example,
we recall here some particular results. If the parameters yy, ..., ¥, are pairwise different,
ie. y; # yjfori # j, then it is known (see Kamps and Cramer (2001)) that the distribution
function of the rth generalized order statistic and, if F is absolutely continuous with density f,
the corresponding density function are given by

Fyon () =1-¢,- 12 ”(1—F<r)>% (2.6)

i=1

fyo @) = e Zai,r(l — F@)" ! f @),

i=1

with the constants

: 1
=[]y, ar=]] -, 1<i<r=<n 2.7)

The empty product [ ] is defined to be 1.
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Example 2.1. Consider the system lifetime
T = max{X7, min{X;, X3}}

with failure- dependent component lifetimes X7, X3, and X3. The signature of this system is
givenby s = (0, . 3) (see, e.g. Navarro and Rychlik (2007)) Let the lifetimes satisfy the PHR
assumption (1.3) with @) = 1, o = 1.6, and a3 = 3.4, and an underlying standard exponential
distribution, i.e. F(t) =1 —e™, t > 0. Then, in particular, the corresponding parameters y|,
y2, and y3 are strictly increasingly ordered:

y=3<ym=32<y;=34.
Because 51 = 0, we obtain the following functions:

DP(X5, > 1)
P(XL, > 1)+ P(X%, > 1)
P(X35>1)

P(X%, > 1)+ P(Xis > 1)

p1(t) =0, p2(t) =
2.8)

p3(t) =

By utilizing (2.6), the survival functions of the relevant sequential order statistics are given by
P(X35 > 1) = 166~ — 15¢ 3%, P(X%5 > 1) = 1367 — 25573 4 120e 34
After substituting these expressions into (2.8), it can be shown that
i = (0, &, H
lim p() = (0. 57. 37) # (0.0, 1).
Analogously, it can be seen that

lim p(t) = (0,1,0)
t—0+

and
1 — g l
lim p(r) = (0.3.3)-

In fact, by making use of known limits of Meijer’s G-function given in Cramer et al. (2004)
and Bieniek (2007), the limits of the coefficients in Theorem 2.1 can be completely determined.
The corresponding result is based on the next lemma. In order to simplify the presentation, we
use the notation

Yip =min{yy, ..., ¥}, I1<r=<n

Lemma 2.2. Let the PHR assumption (1.3) hold. If 1 <r < k < n then

i PXF, >1) 1—[ Y= Yk 2.9)
=00 P(Xey, > no I=r+1
and
P(X;., < t)

0 P(X%, <t) (2.10)
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Proof. Owing to the quantile transformation (2.5), it is sufficient to consider uniform
generalized order statistics U, r = 1,...,n. From results given in Cramer and Kamps
(2003), it follows that the marginal density function of the rth uniform generalized order

statistic with arbitrary model parameters yy, ..., y > 0 is given by
fue, () = c1Gr (), 1€ (0. 1), @.11)

where c,_ is the constant given in (2.7) and

7/15"'77/}’ i|’ tG(O,l),

Gr(t)zG;;Q[l— A
s /T

denotes a particular Meijer’s G-function (for its definition, see, e.g. Luke (1969) or Mathai
(1993)). For proving (2.9), we obtain, by utilizing I’Hopital’s rule and (2.11),

]P)( rn > t) . Cr—lGr(t)
m ————— = lim ——.
1—1=PUE, > 1) =1 cr_1Gi(1)

By applying Lemma 3 of Bieniek (2007), it follows that

0, r < Ek,
G, (t)
—1=Gi) | [T =) =t
I=r+1

with £ = max{l < j < k: y; = y1}. Since yg, = Y1, this proves the first assertion. Let us
turn to the proof of (2.10). Arguing analogously to the above, we obtain

P, =1 o =16k
=0+ P(U}, < 1) 10+ 16 (1)
It can be shown (see Equations (6) and (12) of Bieniek (2007), and also Cramer et al. (2004))

that
Gr(r)
t—>0+ G, (l)
Hence, the second assertion is also proven.

Remark 2.2. If y; # y; fori # j then the proof of Lemma 2.2 can be directly obtained as
follows. Let us consider the first limit. From (2.6), if y1.x < y1.-, we have

P(X}, > 1) _

lim ——*—— =
t—o0 P(X}., > 1)
Analogously, if y1.x = y1.» = i, we have

P(X*

. > 1) Cr—14i,r
lim =
t—00 IP’(X

r:n
n >0 Ck—1aik

Hence, (2.9) follows from (2.7). To show the second limit, consider

P(Xr+1n <1 — lim CrZ 1‘11 r+1(1 — 1)y~ T Vr+12 1‘11 r127
0 P(X%, <t) =0+ cro1 Y iy ai (1 =07l sl Y _qjairzti
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Since Zle ai,,yip_l = 0for 1 < p <r — 1 (see Balakrishnan et al. (2001, Remark 2.8)), we
arrive at the following relation after invoking I’Hdpital » — 1 times:

PXT i =0 lim ! Yitia eyl

li =
>0+ P(X}, <) =>1= YU a,y o

Using the identity
,
> aiy T ==
i=1

(2.10) follows. The preceding identity can be shown by utilizing the approach via Lagrange
interpolation polynomials in Balakrishnan et al. (2001) with the functional relation for v, (x) =
x" evaluated at x = 0.

From the definition of the coefficients (2.2) and (2.4), it is obvious that
lim p(t) =s = lim p(z).
t—0+ t—00

In the following theorem the corresponding opposite limits are considered. The result for the
coefficients in the inactivity time is the same as that given in Zhang (2010a) for i.i.d. component
lifetimes. However, as we illustrated earlier, the limits for the residual lifetimes may be different
from those obtained in Navarro et al. (2008a) for the i.i.d. case.

Theorem 2.3. Let j € {1,...,n}. Lets = (s1, ..., Sy) denote the signature of a mixed system
with failure-dependent component lifetimes, and let p(t) and p(t) denote the respective vectors
of coefficients (2.2) and (2.4). Let the PHR assumption (1.3) hold.

(a) Lets = (s1,...,5;,0,...,0) withs; > 0. Ifi =max{l <d < j: yg = y1.j} then
limy_ oo p(t) =0for1 <k <i—1and

-1
hm pk(t)—sk<2sr 1_[ v ylk—i—s + Z Sy 1_[ _— )

r=i I=r+1 r=k+1 I= k+l

fori <k < j. Inparticular, if y1 > --- > y; then

lim p(t) =(0,...,0,1,0,...,0).
t—00 — —’ N e’
j—1 times n—j times

(b) Ifs =(0,...,0,sj,...,5,) withs; > 0 then

lim p(t) = (0,...,0,1,0,...,0).
t—0+ e —’ ——
j—1 times n—j times

Proof. For proving (a), recall the representation given in Theorem 2.1(a):

skP(XE, > 1)
pr(t) = —; . t>0.
Do s PXE, > 1)
Since sy =0 fork = j + 1, ..., n by assumption, we obviously have

pr() =0, k=j+1,...,n
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Now consider k € {1, ..., j}. Because

k—1 J -1
_ . P(X}, > 1) P(X}, > 1)
tknsopk“)—Sk,Engo(Z”m“ t 2 R
r=1 kin r=k+1 kin

the assertion then follows by applying the first limit in Lemma 2.2. Assertion (b) follows
similarly by applying the second limit.

Remark 2.3. Under the assumption that y; > --- > y; given in Theorem 2.3, we obtain the
same limits as in the i.i.d. case (in fact, the case of i.i.d. components is included in the result by
choosing yx =n —k + 1, 1 < k < n). The ordering assumption on the yxs has the following
natural interpretation. Whereas the hazard rate of a component at a time ¢ between the (k — 1)th
and kth failure is given by ax A r(7) (see (1.4)), the expression ax(n — k + 1)Ap(t) = yeAp(2)
can be interpreted as the hazard of the next failure among the n — k 4 1 active components
at this time 7 (1 < k < n). We would expect that the load on a component is nondecreasing
after a failure, i.e. &y < --- < «, but that the load on the system itself is nonincreasing,
ie.y] = --- > y,. Since the number of components is decreasing after each failure, the risk
for the next failure among the still active components should decrease. If we assume (without
loss of generality) that «; = 1 then there are two extreme situations: (a) no additional load is
imposed on each component after a failure (¢ = - - - = o, = 1) and the risk for the next failure
among the active components is proportional to their number; (b) after a failure the initial load
on the system is completely redistributed among the remaining components (y; = --- =y, =n
and oy = n/(n —k + 1), 1 <k < n), that is, the load on the system remains constant (see
Balakrishnan et al. (2011, Example 1)).

3. Mixture representations using additional information about a previous failure time

In this section we derive representations of the residual lifetime and the inactivity time of a
system given some information about times of failures. It is assumed that the ith failure time
of the components is known and that, at this time, the system is still active.

Theorem 3.1. Let s = (s1,...,Sy) denote the signature of a mixed system with failure-
dependent component lifetimes X’l", ..., X* based on Fy,...,F,, and let T denote the
corresponding system lifetime. Let1 < i < n—1, andlet Yl*:n—i’ e, Y:—i:n—i denote sequential
order statistics based on Hy, ..., H,_; with

Fiyj(z) — Fipj(y)
1—-Fiyij(y)

(@ Letx >0and0 <y <t. If (Si+1,...,8,) % (0,...,0) then

Hj(Z)Z

, z=>y, j=1,...,n—1i.

n—i

P(T—t>x|T>t X, =y :Zp,-(y,t)fp(ﬁ —t>x Y, ;>0 (3

jin—i
j=l1

with
Si+jIP)(Y>-k > 1)

jin—i

n—i
k=1 Si+kP(Y]:;

pi(y, 1) = j=1,....,n—i. (3.2)

>t)’

n—i
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b)) Let0<x <t—yandO <y <t. If(Six1,...,82) # (0,...,0) then

n—i
Pt—T>x|y<T<t X, =y)=Y pi(y,OPt - Y}

jin—i > X | Y]ik:n—i = t)
Jj=1
(3.3)
with
sipjP(YE,_; <t)

jin—i —

pi(y, 1) =

n—i

k=1 Si+k]P(Y1:n,i <0

Proof. We only prove (a), because (b) is shown similarly. Consider
n

P(T—t>x|T>t X, =0)=Y P(T—t>x, T=X},|T>t X}, =y,
j=1

Note that

P(T—t>x, T=X;,|T>t X}, =y)
=PI =X}, | T >0, X, = NPT —1>x | T=X},. T>1 X, =y) (34)

jin

ifP(T =X j:n) > 0; otherwise, the probability is equal to 0. The first factor in (3.4) is given

by
P(T=X% ,T>t]| X =y
P(T=X5,|T>t X,,=y) = /2 =
J: : P(T >t | X5, =)
B P(T = X;f:n, X;f:n >t | X;":n =y)
P(T >t | Xf,=y) ’
Since the random variables X ’1", ..., X are exchangeable, the random variables l{T: X%, and
X T:n, ..., X}, are independent. Here, 14 denotes the indicator function of the set A. Thus, by

utilizing additionally that X7, < ... < X; almost surely, we obtain

P(T =X, | T >t X}, =)
P =X )PX, > 1] X, =)
Z7zi+l ]P(T = szn)]P)(X;kn >1 | Xt*n = y) ,

j=i+l...n, (35

and this probability is equal to O for j = 1, ..., i. Note that the denominator in (3.5) is positive
by assumption. Furthermore, the second factor in (3.4) is given by

PT—t>x, T=X%,,T>t|X, =y)
P(T—t>x|T=X5,T>t,X}, =y = - P
]P’(T:Xj:n,T>t|Xi:n=y)

P, > x i T=X X, =)

IP’(X;‘f:n >t, T= X}f:n | X7, =)
IP’(X’;M >x+t| X\, =y
B P(X%, >t X5, =y
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Iin®
Furthermore, by exploiting the Markov property of sequential order statistics (see the transition
probabilities (3.9) below), it can be shown that

where in the last step we have again used the independence of 1;7— X%, and X7 ,.... X" .

IP’(X;f:n >t | X: :y):]P’(Yj’-k > 1), r>y.

in —in—i
This yields the assertion.

Remark 3.1. (a) Note that (3.1) and (3.3) coincide with the corresponding signature-based
representations (2.1) and (2.3) of a mixed system consisting of n — i components with the
probability vector

Si+1 S
S|,‘=<1S—i,...,§r:), Si =sSit1+--+85,(>0),
and failure-dependent component lifetimes Y7, ..., Y,* . based on Hy, ..., H,_; with support

[y, 00). In particular, under the PHR assumption, properties analogous to the results given in
Section 2 can be shown.

(b) It becomes obvious from the proof of Theorem 3.1 that, under the given assumptions,

pi(y,t) =P(T = X;f:n | T >1, Xz*n =),
P =PT =X, |y<T<t X/, =y

hold for j =i+1, ..., n. Therefore, the weights can be interpreted as the probabilities that the
Jjth failure leads to the system failure given the respective information on the system lifetime
and the ith failure time.

(c) The representations in Theorem 3.1 can be alternatively obtained by showing that
n
P(T € B| X}, =y) =) s;P(X%, €B|X], =y
j=1

for Borel sets B C R at first and then considering appropriate ratios of these expressions. In
fact, this derivation relies on the same arguments as those given in the proof of Theorem 3.1.

(d) Additional conditioning under earlier failure times X?‘_lzn, X T:n also leads to the

expressions given in Theorem 3.1, since sequential order statistics possess the Markov property.

Example 3.1. Let the lifetime of a system be described by
T = min{X7], max{X5, X3, X}}}

with XT,..., X} denoting failure-dependent lifetimes of four components. Let the PHR
assumption (1.3) be fulfilled with the parameters «; = 1, v = 1.2, @3 = 1.4, and a4 = 1.6.
Moreover, assume here that the time axis is chosen in such a way that the underlying distribution
function F is given by the standard exponential distribution F(t) = 1 —e™’, t > 0. Note
that the signature of the given system is the vector s = (alT’ %, %, 0). Suppose that the first
failure of a component is recorded at time y = 0.6 and that the system is still active after that
failure. In particular, only one of the components belonging to the lifetimes X7, X3, and X}
must have failed. Furthermore, an inspection at time ¢ = 1.5 reveals that the system is not
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operating anymore. If no data is available about further failures of components between the
times y and ¢, it is of interest to study the distribution of the inactivity time of the system given
the information provided so far. Theorem 3.1 yields

Pt—T>x|y<T <t Xi3=1))

3
=Y P DPC—Yi3>x|Yis<0),  0<x<009, (3.6)
j=1

with the weights (because s4 = 0)
P(Y(; <1)
P(Yfs <) +2P(Yj5 < 1)
2P(Y55 < 1)
P(Y{y <1)+2P(YS; <1)

El(yst) =

p2(y, 1) = p3(y,1) =0,

where Y1*:3, Y2*:3, and Y3*:3 denote sequential order statistics based on the new parameters a| =
1.2, @y = 1.4, and a3 = 1.6, and with underlying (truncated) distribution function H(z) =
1—e~@=Y), z > y. Observe that, in fact, probability (3.6) does not depend on the last parameter
a4 = a3. By plugging in the known values y = 0.6 and r = 1.5, and utilizing (2.6), it can be
shown via numerical evaluation that

51(0.6, 1.5) = 1 — $»(0.6, 1.5) ~ 0.38267.

Therefore, it is more likely that the third failure among the components led to the system failure
(see Remark 3.1(b)). Moreover, since we obtain

E(15-T106<T <15, X5 =0.6) ~0.53597,
it is to be expected that the system failed some time before r = 1.5.

As a corollary, we obtain the following result given in Navarro and Burkschat (2011). For
completeness, we give the new proof.

Corollary 3.1. Let s = (s1,...,S,) denote the signature of a mixed system with failure-
dependent component lifetimes Xf ..., X} based on Fi,...,F,, and let T denote the
corresponding system lifetime. Let 1 < i < n — 1. Then the distribution of (T — 1t | X} =
t < T) coincides with the distribution of the lifetime of a mixed system with n — i components
and signature

(with S; = sit1 + -+ + sp > 0) based on the sequential order statistics with underlying

distributions G1, ..., G,_; with
Fiij 1) — Fiyj(t
G(x) = LG 1 T
L= Fipj (@)
Proof. We get the result by choosing t = y in Theorem 3.1(a). This is seen as follows. At
first, because Y ’.k.n_ ; > y holds almost surely for j =1, ..., n—1i, it follows that, for the vector

of coefficients in (3.2), p(y, y) = ;. Moreover, if t = y then

PY ;i —t>x|Y;,; >0)=P¥},_; —y>x)
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and the joint distribution of Y} , — vy,..., Y , . —y with underlying Hy, ..., H,—;
coincides with the distribution of sequential order statistics Z},,_,,...,Z;_.., . based on
G1, ..., G,_; (the latter relation is seen from the corresponding transition probabilities of the

sequential order statistics; cf. (3.9) below).

Finally, we establish a connection to the dynamic signature representation given in
Samaniego et al. (2009) for systems with i.i.d. component lifetimes X1, ..., X, based on F.
From the results in this paper, it follows that (for 1 <i <n — 1)

n—i

S
BT —1>x | T >0 Xin <0< Xigin) = ) ~FPZjni > %) ()

j=r
with the constant S; from Corollary 3.1 and order statistics Z.,—;, ..., Zp—j:n—; from i.i.d.

random variables with distribution function
F t)y—F(t
G(x) = M’ x > 0.
1—F(r)

In fact, the preceding corollary can be regarded as an extension of representation (3.7) to
sequential order statistics. This follows from the distribution theoretical relation

(Xl-l—ln"' |Xln_y)N(X?+l:n"' |th<y<Xt+ln)

for sequential order statistics. Related recent results in settings of generalized order statistics
can be found in Xie and Hu (2008), Balakrishnan et al. (2009), Burkschat and Lenz (2009),
and Hashemi et al. (2010). Here we give some arguments for the univariate relation, i.e. for
1 <i < j < n, the equality

P(X%, > 1| X/, <y <X/, =PX;

jn >t | X5, =) (3.8)

Jin
holds for Py -almost all y > 0. The general relation in the multivariate case follows
analogously. At first, let j =i 4 1. It is well known that (cf. Kamps (1995a, p. 29))

( 1— H—l(t)) ‘> y
PXF iy, >t Xi, = =1\1-Fum/) =~  ~—7 (3.9)
1, t <y,

for Pxﬁn—almost all y > 0. In particular, we obtain

P(Xer] m = £ Xz* =y< Xz+1 n)

Y1 —F D\
=/ < 1l+1(maX{y D) dPys (z),  t=>0.
0 rn

— Fi+1(2)

Dividing b
- P(X}, < Xiim) fy(l _FHl(y))n_l
in i+l 0 1 — Fip1(2)

and exploiting (3.9) yields relation (3.8) for j =i 4+ 1. Now, letn > j > i 4+ 1. Then

P(X%,

Z/ P(X;(n>t|X;<+l:n=Z’ X;k:n<y<X+1n)d]P)X
y

dPy: ()

>t Xf, <y <X

(2).
(3.10)

X7, <y<X?

i+1lin i+1lin
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Since sequential order statistics have the Markov property, the past and the future are

conditionally independent given the present. Therefore, for z > y,

P(X}kn > 1, Xl*n =Yy | X?—&-l:n = Z)
P(lek:n =Yy | X;kJrl:n =2)

= IED(Xjn >1 | X?(—Q—l:n =72)

= IEJJ(Xjf:n >1 | X;k+1:n =2 Xz*n =),

H:D(X;f:n > 1| X;k+l:n =4 Xz*n =y < X;F—Q—l:n) =

where in the last step we have again used the Markov property. By utilizing the preceding
relation and the previously proven fact that (3.8) holds for j =i + 1, we obtain, from (3.10),

]P)(X* > 1| Xz*n =y< X;'kJrl:n)

jn

o0
- / POy > 11 X1 =2 Xl = NPy xe _,(2)
y

i+1mn

= P(X;f:n >t| X/, =y

for ]P’Xi*.n-almost ally > 0.
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