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In [1, Corollary 5], Figiel gives an elegant demonstration that the modulus of
convexity 8 in real Banach space X is nondecreasing, where

8(e) = inf{l-||x + y| | /2:x,yeSx, | |x-y| |=e},

It is deduced from this that in fact 8(e)/e is nondecreasing [Proposition 3]. During the
course of the proof [Lemma 4] it is stated that if v e Sx is a local maximum on Sx of
<p e Sx*, then v is a global maximum (cp(v) = 1). This is false; it could be that u is a global
minimum. It is easy to construct such an example in (R2 endowed with the maximum norm.
What is true is that v is a global maximum of \<p\.

To see this, choose e > 0 and ueSx such that <p(u) > 1 - e. Then, by local maximality,
<P((I) + A.U)/||U + AU||)S=(P(D) for all sufficiently small positive A.. By rearrangement

A( l - e)< A<p(u)*£(||u + Au||-|MM«)*£ A. \<p(v)\.

Hence, as required, |<p(u)| = 1.
Making the necessary modifications to [1, Lemma 4], we complete this note by

proving the following result.

LEMMA. 8(e) = inf{l-||x + y||/2:x, y eBx, | |x-y|| = e}, where Bx = {x:||x||=£l}.

Monotonicity of 8 then follows easily as in Corollary 5 of [1].

Proof of Lemma. Without loss in generality we may assume X is finite dimensional
and e > 0. Let x and y be chosen in Bx such that ||x + y|| is maximal, subject to ||x - y|| = e.
Assume ||x||«||y||. Then y^O.

In fact ||y||= 1. To see this, set x1 = (x-c(x-y))/||y|| and yi = (y + c(x-y))/||y||, where
c = (l-||y||)/2. Then xu yxeBx, I k - y J h e and l ^ + ytH = ||x + y||/llyll- Hence, by maxi-
mality of ||x + y||, ||y|| = l.

To complete the proof we show either ||x|| = 1, or z e Bx fl (y + eSx) implies \\z + y|| =
||x + y||. Since Sx is connected (dim X3= 2), Sx n (y + eSx) j= 0 for e =£ 2. Hence the lemma
holds whichever case applies.

Assume ||x||<l. Choose <peSx* such that <p(x + y) = ||x + y||. Let zeBxPi(y + eSx).
By maximality of ||x + y||,

<p(z + y)^||z + y|N|x + y|| = <p(x + y). (1)

So <p(z)^<p(x), and hence, (x — y)/e is a local maximum of <p on Sx. Either (a)
(p(x-y) = \\x - y|| or (b) <p(x - y) = - | |x-y| | .
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If (a) holds,

= (<p(x + y) + <p(x - y))/2 = <p(x),

implying ||x|| = 1. Consequently, if ||x||< 1, (b) holds. Then <p(z — y ) s» - e = <p(x- y) and so,
using (1), ||z + y|| = ||x + y||, as required.
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