J. Austral. Math. Soc. 23 (Series A) (1977), 266-274.

COMBINATORIAL SOLUTION OF CERTAIN SYSTEMS OF
LINEAR EQUATIONS INVOLVING (0, 1) MATRICES

W. E. LONGSTAFF

(Received 23 February 1976, revised 16 June 1976)

Communicated by W. D. Wallis

Abstract

If m and n are natural numbers satisfying 1 = m < n let <’:>denote the least integer k such

that the statement:
‘Every (0,1) matrix with n columns, with constant row-sum m, and with at least k distinct
rows, has rank n’

istrueAThcn<n>=(n-1>+1form 22,n;m2+2.Funher,<n>=< n >forl§m<n.
m m m n-m

1. Introduction

Let m and n be natural numbers satisfying 1=m <n. With every

non-empty family & of distinct m-element subsets of {1,2,3,---, n} can be
associated a homgeneous system of equations in the real unknowns
X1y X2y X3, 77 %5 Xt

>x=0 (AEF)

i€EA

The coefficient matrix of this system is a (0, 1) matrix with n columns, | %|
distinct rows and constant row-sum m. Which such matrices have rank n?
Equivalently: Which such systems have x, = x,=x,=--+=x, =0 as their

. n ‘ .
only solution? Let <m > denote the least integer k such that the statement:

‘For every non-empty family % of m-element subsets of {1,2,3,- -, n}
with at least k distinct elements the system 2Z,cax; =0 (A € %) has
X, =X>=x3=---=x, =0 as its only solution’
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[2] Systems of linear equations 267

n

1>=n for n = 2.

is true. Notice that k = <;> has this property and that <
For each m =1, <r:> is evaluated for all but a finite number of n. In
particular, it is shown that <rZ>: (nr; I>+ 1 for m=2, n=m>+2. The

proof uses certain combinatorial inequalities. Also, it is shown that ( >=

Al
n Lo . . .
<n m> for 1 = m < n. Applications, concerning uniqueness of solution, are

made to more general real systems of linear equations.

2. Main theorem
Let 1 =m < n. The family ¥, consisting of those m-element subsets of

{1,2,3,- - -, n} which do not contain n, has n-1 elements and the system
m Yy

Sx=0 (A€EY)

iEA

does not have x, = x, = x; = --- = x, = 0 as its only solution since x, can be

arbitrary. Thus < ”>g (" N 1) +1.
m m

n

THEOREM 2.1. <
m

>:<nr;1>+lform§2 and n=m?*+2.

RemMark. The cancellation law of addition is used in the proof. The
proof is divided into five steps and involves several combinatorial inequalities.
Establishing the validity of these inequalities, although necessary for the
proof, adds nothing to its understanding. The more difficult inequalities are
numbered I, to I, and are dealt with in the fifth and final step.

Proor. It suffices to show that if & is a family of m -element subsets of
{1,2,3,- -, n} satisfying | ¥ | = (nr; 1) +1 and x,, x3, X3, - - -, X, are real num-
bers satisfying Z,cax; = Z,cpx; (A, BE ¥) then x,=x:=x3="+-=Xx,.

Step 1. It is shown that there is a subset & of {1,2,3,---, n} with

|Z|=2m —3 such that x; = x; whenever i, j € Z° (where Z° denotes the
complement of &):
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For every (m — 1)-element subset S of {1,2,3,---,n} let gs be the
number of elements of ¥ which contain S. Then

Se=m{() 1}

If gs=Zn—-2m+3 we may take Z to be ¥° where ¥ is any subset of
{i: Su{i}€ &} of order n —2m + 3. Suppose then, that g, = n—2m +2 for
every S. There exists S, satisfying

0]

qS, = ( n )
m-—1
Since

{2 )) m(r)
m > m /) (n-m+1)(n—m)
( n ) n ) B n
m—1 (m -1
it follows that gs,= n —2m +2. Suppese that k distinct (m — 1)-element
subsets S; have been found satisfying qs, = n—2m +2 and that 1=k =

m<n_l>+m—1. Since
m-—2

Zn-2m+1,

-1
(1) m(;_2)+m—1<(m'il) (m=z2, nzm’+2),

there js an (m — 1)-element subset Sy, distinct from S; (1 =i = k) such that
m{(n_1)+l}—k(n—2m +2)
m

(mn—1>_k

gs; .\ =

It is easy to verify that

m{(nr;l)+1}—k(n—2m +2)

(mn—l)_k

SO gs..,=n—2m +2. It follows that there are m(:'

>n-2m+1,,

-1
-2
(m — 1)-element subsets S of {1,2,3,---, n} satisfying gs = n —2m + 2. Let

>+ m distinct
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o=m <r'rlz __12> + m. By using the cancellation law of addition it follows that

there are o (possibly not distinct) 2m — 2)-element subsets B,(1 = p = o) of
{1,2,3,-- -, n} such that

(a) i, j € B, (some p) implies x; = x;;

(b) From U,.,., B, can be chosen o distinct (m — 1)-element subsets.

If « = l U]spéaBpl then, by (b), (mK_ 1) = o. Since
(E) (2,3'-_12><'"(2112>+m=0 (mz2,nzm’+2),

it follows that x >2m — 2. Hence B,, # B,, for some p, distinct from p,. Now
|B,,NB,|=2m ~3 and (B, UB,)" is non-empty (since n=4m —3). If
i€ (B,, UB,)" and j € (B,, N B,,)* we have x; = x, by (a). The subset £ can
be taken to be any (2m —3)-element subset of {1,2,3,---, n} containing
B, NB,,.

Step 2. It is shown that there is a member A of & which is disjoint
from Z':
This follows from the inequality:

(1) (nr;l>§<;>—<n_2”:n+3> (m=z2, nzm?+2).

Step 3. It is shown that, given any ¢ distinct elements of {1,2,3,-- -, n}
with 1 =t =2m — 3 there is an element of & which contains one and only one
of these t elements:

In all, there are t(rz _;) m-element subsets of {1,2,3,:--, n} which

contain precisely one of the ¢ given elements. The desired result follows from
the inequality:

(L) (";1>z(;)—t<;:;) (mz2,nzm’+2,1=t=2m-3).

Step 4. Assume that the combinatorial inequalities I;-I, are valid. By
the result of Step 1, x; = x; whenever i, j € Z° and |¥|=2m — 3. Let the
subset A be as in Step 2. By the result of Step 3, there is an element B of &
which contains precisely one element, r, say, of Z. Since Z,cpx; = Zjea X;, it
follows by cancellation that x,=x; (€ Z°). Thus x; =x; whenever
i,j € &< U{r}. Similarly, by applying the result of Step 3 to the set Z\{r,} we
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deduce that x,=x; (j € Z°U{r}) for some r, satisfying r.€ Z\{r,}. Thus
x; = x; whenever i, j € £ U{ry, r.}. Continuing in this way, we finally obtain
the result that x;, = x,=x,=--- = x,.

Step 5. It remains to establish the validity of inequalities I,~I,:

n-—1 n 2
(I): m<m_2>+m—1<(m_1) (m=z2, nzm*+2).

This inequality is easily shown to be equivalent to

(n 20 =512

The latter is clearly valid for m =2, n=6. If m =3, n=Z m?+2 we have

;(":17_1)—120 and (;:;); n — 1. Hence,
e S R e e B
(L): (2:__12>< m (’:__12>+ m (mz2, nzm?+2).

Clearly, it suffices to show that
2m -2 m’+1
Crol=(71)) ez,

This is equivalent to showing that

m—-1 m-2 m—2
,f,_lﬂ(2m—2r—1)§H(m2+2—r) (m =3).

Since 2" 7'/(m —1)=2""? and m’=4m —7 for m =3 it follows that

m—1 m-2 m-—2 m—2
"21_1 [I Cm-=-2r-1)= Ul (4m —4r-2)= l:l1 (m>+2-r).
(I): (";l)zm)—("_z’;"”) (m=2,nzm’+2).

This inequality is easily shown to be equivalent to

m—1 _ —
H(" 3m+4+’>." dmtd. (m=z2, nz=m?+2).
n—-—m-++r m

r=1
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Notice that, if m =22 and n; Z n, = m*+2 we have

nm—3m+4+r_n,—3m+4+r

sr=m-—
n—-m+r = n—m-+tr (T=r=m-1)

Therefore, it suffices to show that

T (m=3m+6+r\ m’~3m+6_ -
b (mz—m+2+r> m =1 (m =2).
If
T /mP-3m+6+r
a,,.—'I:[l (mz—m+2+r> for m=z=2
then
2 m-1 m-1
a,,.é(mz 3m+7> :<1_ 2b,,.> ’
m’—m+3 m-—1
where
_(m-1)(m=2) -
bn m’—m+3 (m =2)
2 m-—1
Since b, =1 we have a. é(l—m—_—1> (m =2). The sequence ¢, =
m—1
(1 - -r;l—z_—l) is monotone non-decreasing for m = 2. Hence a., = ¢, = 3 for
m = 4. Thus,
2 2_
m'-3m+6_m 3m+6§1 for m = 30.

m m =" 2Im

That a, -(m*>—3m +6)/m =1 is true for 2=m =29 is easily checked di-
rectly.

(14):("_1)2(")—[("_[) (M=2, nzm+2 1=t=2m—3).
m m m-—1

We may suppose m =3, nZm?+2, 2=t =2m —3. It is easily shown that
this inequality is equivalent to

= n—t+1+r \_ - -2 -, < _
g(n_m_t+2+r)=t (mz3, nzm’+2,2=t=2m -3).
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fnzmz=zm’+2and m=3,2=t=2m ~3 we have

m—-t+1l+r _ nm—t+1+r
n-—m-—t+2+r- - n-m-—t+2+r’

Therefore, it suffices to show that

Il

-2
r=0

2 —_—
(mz"in‘:i4’_t:r)§t (m=32=1=2m-3),

Since

A

r=0

( m>+3—t+r > ( m2+3—1t )“‘
mi-m+4—t+r m*—-m+4—1¢
it suffices to show that

m>+3—1t A
m’-m+4—1t~

or equivalently, that

1+T,'.'f,__llém2—m+4 (m=z3,2=1=2m-3).

Since the function ¢ (7 is monotone decreasing it suffices to show that

2m—3+(2m_%3;23_‘_—1-_<-m2—m+4 (m=3)

or, that
— 2m-—4
(1+—u) =2m-3 (mz3)

Clearly, this is true for m =3 or4. If m = 5 and x = 2m — 4 we have to show

that
2x +4 x
= —_—
1+x=<1+x2+2x +20>‘
Now
_2x+4 _2 >
Trox+20=x or x=6

Also, 1+x = (1+(2/x)) for x =2 6. The result follows.
This completes the proof of the theorem.
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3. Extension and application
The number <rZ> has been evaluated for m =1, n=2 and for m =2,
n=m>+2. In fact, <’: > = (nr; 1) + 1 in these cases. The domain of evalua-

tion of <r:> can be extended by the following observation:

If1§m<nwehave<n>=< " >
m n-m
For, supposé¢ & is a family of m-element subsets of {1,2,3,---, n} with

| ¥ = <n _nm> and take real numbers x,, x2, X3, * - -, X, satisfying Z;eax; =0
(AeY) If s=Z2Zzs.x and yi=x,—s/(n—m) we have Zcacy;=0
(A € &¥). Hence, by definition of <n _nm>, =0 (1=i=n). Thus x,=0

(1=i = n). This shows that <r: > §< nm > The reverse inequality follows

by symmetry.

6\ /6\ /5 _ n \ _/n\_
Thus, for example, <4>— <2>— <2>+l— 11 and <n _ 1>— <1>— n for

nz2
n . . - .
The numbers <m> provide sufficient conditions for the uniqueness of

solution of certain homgeneous real linear systems of equations. We now
show how these conditions can be applied to a more general class of real
linear systems to establish uniqueness of solution.

Let n, m and k be natural numbers satisfying 1=m <n and k 2 <;>

Let E be a real linear system of equations in unknowns x,, x,, X3, - - -, X, such
that

(I) The system reads “2/_,a;x;, =b (i=1,2,3,---,k)’; (That is, b is
the same for all equations of the system).

(II) The matrix (a;) has precisely m non-zero entries in each row;

(III) The non-zero coefficients of x; are equal;

(IV) No two equations are identical.

TueoreM 3.1. Each system E (as above) has a unique solution,
x;=blam (j=1,2,3,---,n) where a; is any non-zero coefficient of x;.

Proor. Since k = <':>§ (nr; 1) + 1, every x; has a non-zero coeffi-
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cient a;. If we put y; = a;x; — b/m the system becomes Z,c.y; =0 (A € F),
where & is a family of m-element subsets of {1,2,3, -, n} with |#|=k =

<':> It follows from the definition of <r:> that y, =0 (j=1,2,3,---, n).
Hence x; = b/am (j =1,2,3,---,n) and the theorem is proved.

ExamrLe. The system

'0043211’x1“ [ 3]
050321 X5 3
0540 21

0 54320 =

6 0 0 3 21

6 0430 1| [x]

6 0 4 3 20

6 50 3 0 1

6 50320

6 54001

L6 5 4 3 0 0 L 3 |

has unique solution x, =4, X2 =3, X3=1%, Xs=1, Xs=3, X¢=

i
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