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Exceptional Sets in Hartogs Domains

Piotr Kot

Abstract. Assume that Ω is a Hartogs domain in C
1+n, defined as Ω = {(z, w) ∈ C

1+n : |z| <
µ(w), w ∈ H}, where H is an open set in C

n and µ is a continuous function with positive values in H

such that − ln µ is a strongly plurisubharmonic function in H. Let Ωw = Ω ∩ (C × {w}). For a given

set E contained in H of the type Gδ we construct a holomorphic function f ∈ O(Ω) such that

E =

{

w ∈ C
n :

∫

Ωw

| f (· , w)|2 dL
2

= ∞
}

.

1 Preface

Assume that Ω is a Hartogs domain in C
1+n defined as

Ω = {(z, w) ∈ C
1+n : |z| < µ(w), w ∈ H},

where H is an open set in C
n and µ is a continuous function with positive values in

H such that − ln µ is a strongly plurisubharmonic function in H. Let

Ωw = Ω ∩ (C × {w}).

We denote

E(Ω, f ) =

{

w ∈ C
n :

∫

Ωw

| f (· , w)|2 dL
2
= ∞

}

the exceptional set for a holomorphic function f ( f ∈ O(Ω)). By L
2 we denote the

2-dimensional Lebesgue measure.

Behaviour of the holomorphic functions on the slices has been investigated in

different cases by many authors: [1, 2, 3, 4, 5, 6, 7]. In particular a construction of

holomorphic function f ∈ O(Ω) with a given closed or open exceptional set has

been shown in the paper [3]. In this paper the author raises the question whether it

is possible to create a holomorphic function with a given exceptional set of the type

Gδ . In our paper we answer this question.

Theorem 2.4 Let E be a subset of the type Gδ in H. Then there exists a holomorphic

function f ∈ O(Ω) such that E(Ω, f ) = E.

Observe that this theorem solves completely the problem of description of excep-

tional sets because if E is an exceptional set for a holomorphic function f ∈ O(Ω),

then1 E is a set of the type Gδ .
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1Let r ∈ (0, 1). The function ur(w) :=
∫

|z|<rµ(w)
| f (z, w)|2 dL2(z) is continuous on H. Therefore

u(w) := limr→1 ur(w) is a lower semi-continuous function on H. Now E(Ω, f ) = u−1(∞), and therefore
E(Ω, f ) is a set of the type Gδ .
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2 Exceptional Sets in Hartogs Domains

In the proof of Lemma 2.1 we use the idea based on [3, Theorem 1].

Lemma 2.1 Assume that T, D are compact sets in H such that D ∩ T = ∅. Let us set

a natural number k and a real number ε > 0. There exists a natural number m and a

function f ∈ O(Ω) such that

(1) f (z, w) =
∑m

j=k f j(w)z j where f j ∈ O(H) and j
√

| f j(w)|µ(w) ≤ 1 + ε for w ∈
T ∪ D,

(2)
∫

Ωw
| f (· , w)|2 dL2 ≥ 1 for w ∈ T,

(3) | f (z, w)| ≤ ε for (z, w) ∈ Ω and w ∈ D.

Proof There exists a continuous function µT positive such that µT ≥ µ, − ln µT is a

function strongly plurisubharmonic in H and µT(w) = µ(w) iff w ∈ T. Let

δ = max

{

√

sup
w∈D

µ(w)

µT(w)
,

√

1

1 + ε

}

.

Obviously δ ∈ (0, 1).

On the basis [8, Theorem 9, p. 214] there exist holomorphic functions hi ∈ O(H)

for i = 1, . . . , s and natural numbers ai for i = 1, . . . , s such that

(2.1) ln
1

µT(w)
≤ sup

{ 1

ai

ln |hi(w)| : i = 1, . . . , s
}

≤ ln
1

δµT(w)

for w ∈ T ∪ D. Select natural numbers bi with the following properties:

∗ k < aibi < ai+1bi+1 for i = 1, . . . , s − 1,

∗
√

aibiδ
ai bi ≤ ε

2i infw∈D µ(w) for i = 1, . . . , s,

∗ aibi ≤ π(1 + ε)ai bi−2 infw∈D µ2(w) for i = 1, . . . , s.

We define function f as

f (z, w) =

s
∑

i=1

√

aibi

π
hbi

i (w)zai bi−1
=

m
∑

j=k

f j(w)z j ,

where m = asbs−1, fai bi−1 =

√

ai bi

π hbi

i and f j = 0 when j /∈ {a1b1−1, . . . , asbs−1}.

Due to (2.1) and the inequality aibi ≤ π(1 + ε)ai bi−2µ2(w) for w ∈ T ∪ D we can

estimate

| fai bi−1(w)|µai bi−1(w) =

√

aibi

π
hbi

i (w)µai bi−1(w) ≤
√

aibi

π

µai bi−1(w)

δai bi µai bi

T (w)

≤
√

aibi

π

1

δai bi µ(w)
≤

√

aibi

π

(
√

1 + ε)ai bi

µ(w)

≤ (1 + ε)ai bi−1
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for w ∈ T ∪ D. From this we obtain the property (1).

If w ∈ T, we can estimate:

∫

Ωw

| f (· , w)|2 dL
2
=

s
∑

i=1

aibi

π

∫

|z|<µ(w)

|hi(w)|2bi |z|2ai bi−2 dL
2(z)

=

s
∑

i=1

|hi(w)|2bi µ(w)2ai bi

≥ sup
i=1,...,s

(

1

µT(w)

) 2ai bi

µ(w)2ai bi = 1,

from which property (2) results. Moreover

| f (z, w)| ≤
s

∑

i=1

√

aibi

π
|hi(w)|bi |z|ai bi−1

≤
s

∑

i=1

√

aibi |hi(w)|bi µ(w)ai bi−1

≤
s

∑

i=1

√

aibi

(

1

δµT(w)

) ai bi

µ(w)ai bi−1

≤
s

∑

i=1

√

aibi

(

δ

µ(w)

) ai bi

µ(w)ai bi−1

≤
s

∑

i=1

ε infx∈D µ(x)

2iµ(w)
≤ ε,

for w ∈ D, which is property (3).

Lemma 2.2 Assume that T, D are compact sets in H such that D ∩ T = ∅. Let also K

be a compact set in Ω. Let us set a natural number k and a real number ε > 0. There

exists a natural number m and a function f ∈ O(Ω) such that

(1) f (z, w) =
∑m

j=k f j(w)z j , where f j ∈ O(H),

(2)
∫

Ωw
| f (· , w)|2 dL2 ≥ 1 for w ∈ T,

(3) | f (z, w)| ≤ ε for (z, w) ∈ K or w ∈ D.

Proof Increasing a set K we can assume that

K = {(zλ, w) : (z, w) ∈ K, w ∈ H, |λ| = 1}.

Let Kδ := {w ∈ Ω : infz∈K ‖z − w‖ ≤ δ}. Let us select number δ so small that Kδ is

a compact subset of Ω.

There exists a sequence of compact sets Di such that D = D1 ⊂ · · · ⊂ Di ⊂
Di+1 ⊂ · · · ⊂ ⋃

i∈N
Di = H \ T. On the basis of Lemma 2.1 there exist functions hi

and natural numbers ai , bi such that
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(1) k ≤ ai < bi < ai+1,

(2) hi(z, w) =
∑bi

j=ai
hi, j(w)z j , where hi, j ∈ O(H) and

j

√

|hi, j(w)|µ(w) ≤ 1 +
ε

2i
for w ∈ T ∪ Di,

(3)
∫

Ωw
|hi(· , w)|2 dL2 ≥ 1 for w ∈ T,

(4) |hi(z, w)| ≤ ε
2i for w ∈ Di .

We define

g(z, w) =

∑

i∈N

hi(z, w) =

∑

i∈N

bi
∑

j=ai

hi, j(w)z j
=

∑

j∈N

a j(w)z j .

Observe that

lim sup
j→∞

j

√

|a j(w)|µ(w) = lim sup
j→∞

j

√

|hi, j(w)|µ(w) ≤ 1

for w ∈ H. Therefore, due to Hadamard’s test, the function g is holomorphic on Ω.

In particular

(2.2)
∑

i∈N

∫

Kδ

|hi|2 dL
2n+2

=

∫

Kδ

|g|2 dL
2n+2 < ∞.

It is obvious that there exists a constant CK > 0 such that

|hi(z, w)| ≤ CK

∫

Kδ

|hi|2 dL
2n+2

for (z, w) ∈ K. Due to (2.2) there exists i0 ∈ N such that

∫

Kδ

|hi0
|2 dL

2n+2 ≤ ε

CK

.

Observe that |hi0
(z, w)| ≤ ε for (z, w) ∈ K. Therefore it is enough to set f = hi0

.

Lemma 2.3 If E =
⋂

i∈N
Ui ⊂ H, where {Ui}i∈N is a sequence of open sets, then

there exists a sequence of closed sets {Ti, j}i, j∈N and closed sets {Di, j}i, j∈N in H such

that Ui =
⋃

j∈N
Ti, j , Ti, j ∩Di, j = ∅, H \Ui ⊂ Di, j and Ti, j ⊂ Di,k, when | j − k| ≥ 2.

Proof We denote:

Ti, j :=
{

z ∈ Ui :
1

j + 2
≤ inf

w∈∂Ui

‖z − w‖ ≤ 1

j + 1

}

,

Di, j :=

{

z ∈ H :
1

( j + 3)2
≤ inf

w∈Ti, j

‖z − w‖
}

.
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It is a direct result of the definition that H \Ui ⊂ Di, j .

Observe that ‖z − w‖ ≥ 1
( j+3)2 for z ∈ Ti, j and w ∈ Ti,k when k − j ≥ 2. In fact

suppose that z ∈ Ti, j , w ∈ Ti,k and ‖z−w‖ < 1
( j+3)2 . In this case there exists u ∈ ∂Ui

such that ‖u − w‖ ≤ 1
k+1

≤ 1
j+3

. We can estimate

1

j + 2
≤ ‖u − z‖ ≤ ‖u − w‖ + ‖w − z‖ <

1

j + 3
+

1

( j + 3)2
≤ 1

j + 2
,

which is impossible.

Let k ≥ j + 2. If x ∈ Ti, j \ Di,k, then there exists a point y ∈ Ti,k such that

‖x − y‖ < 1
(k+3)2 ≤ 1

( j+3)2 , which is impossible due to the first part of the proof.

Let k ≤ j−2. If x ∈ Ti, j \Di,k, then there exists y ∈ Ti,k such that ‖x−y‖ < 1
(k+3)2 ,

which is also impossible due to the first part of the proof.

Theorem 2.4 Let E be a subset of the type Gδ in H. Then there exists a holomorphic

function f ∈ O(Ω) such that E(Ω, f ) = E.

Proof There exists a sequence of open sets {Ui}i∈N such that

E =

⋂

j∈N

U j ⊂ · · · ⊂ Ui+1 ⊂ Ui ⊂ · · ·

We define an increasing sequence of compact sets Ki such that Ki ⊂ Vi+1 ⊂ Ki+1 ⊂
· · · ⊂ ⋃

i∈N
Ki = Ω, where Vi denotes the interior of the set Ki . On the basis of

Lemma 2.3 there exists a sequence of closed sets {Ti, j}i, j∈N and closed sets {Di, j}i, j∈N

in H such that Ui =
⋃

j∈N
Ti, j , Ti, j ∩ Di, j = ∅, H \ Ui ⊂ Di, j and Ti, j ⊂ Di,k,

when | j − k| ≥ 2. We define also a sequence of compact sets {Si}i∈N such that

Si ⊂ Si+1 ⊂ · · · ⊂ ⋃

j∈N
S j = H.

As Di, j ∩ Ti, j = ∅, therefore on the basis of Lemma 2.2 we can select functions

fi, j ∈ O(H) and natural numbers ai, j , bi, j such that

(1) ai, j < bi, j and2 [ai, j , bi, j] ∩ [ak,l, bk,l] = ∅ for (i, j) 6= (k, l),

(2) fi, j (z, w) =
∑bi, j

m=ai, j
hi, j,m(w)zm, where hi, j,m ∈ O(H),

(3)
∫

Ωw
| fi, j (· , w)|2 dL2 ≥ 1 for w ∈ Ti, j ∩ Si+ j ,

(4) | fi, j (z, w)|2 ≤ 1
2i+ j when (z, w) ∈ Ki+ j or w ∈ Di, j ∩ Si+ j .

Observe that

∫

Ωw

| fi, j(· , w)|2 dL
2
=

bi, j
∑

m=ai, j

∫

Ωw

|hi, j,m(w)|2|z|2m dL
2(z)

=

bi, j
∑

m=ai, j

2π|hi, j,m(w)|2 µ(w)2m+2

2m + 2
< ∞

2We denote [a, b] := {t : a ≤ t ≤ b}.
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for w ∈ H. We define

f =

∞
∑

i, j=1

fi, j .

Due to the property (4) function f is holomorphic on Ω. If w ∈ E, then

∑

i, j∈N: w∈Ti, j∩Si+ j

1 = ∞.

Therefore using properties (1)–(3), we can estimate:

∫

Ωw

| f (· , w)|2 dL
2
=

∞
∑

i, j=1

∫

Ωw

| fi, j (· , w)|2 dL
2

≥
∑

i, j∈N: w∈Ti, j∩Si+ j

∫

Ωw

| fi, j (· , w)|2 dL
2

≥
∑

i, j∈N: w∈Ti, j∩Si+ j

1 = ∞.

If w ∈ H \ E, then there exists i0 ∈ N such that w ∈ Si+ j for i + j > i0 and w ∈
H \ Ui ⊂ Di, j for i > i0. Moreover there exist natural numbers ki for i = 1, . . . , i0

such that w ∈ Di, j for | j − ki| ≥ 2. Denote

A := {(i, j) : i ≤ i0, | j − ki| ≤ 1 or i + j ≤ i0}.

Observe that #A < ∞. Moreover if (i, j) /∈ A then w ∈ Di, j ∩ Si+, j . We can estimate

∑

i≤i0, j∈N

∫

Ωw

| fi, j(· , w)|2 dL
2 ≤

∑

(i, j)∈A

∫

Ωw

| fi, j (· , w)|2 dL
2

+
∑

(i, j) /∈A

∫

Ωw

| fi, j(· , w)|2 dL
2

≤
∑

(i, j)∈A

bi, j
∑

m=ai, j

2π|hi, j,m(w)|2 µ2m+2(w)

2m + 2

+
∑

i, j∈N

∫

Ωw

1

2i+ j
dL

2 < ∞.
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In particular, on the basis of properties (1),(2), and (4) we obtain the following esti-

mation

∫

Ωw

| f (· , w)|2 dL
2
=

∞
∑

i, j=1

∫

Ωw

| fi, j (· , w)|2 dL
2

≤
∑

i≤i0, j∈N

∫

Ωw

| fi, j (· , w)|2 dL
2 +

∑

i>i0, j∈N

∫

Ωw

1

2i+ j
dL

2

≤
∑

i≤i0, j∈N

∫

Ωw

| fi, j (· , w)|2 dL
2 + 2πµ(w)2 < ∞.

It follows that E(Ω, f ) = E.
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