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Let X, X,, - be a sequence of random variables and let {a;},j, k =1,2,--,
be a matrix of real numbers. Write

Sn = Z aijij.

k=1
We establish the following result,

THEOREM. Let {X,,n 2 1} be a sequence of random variables with

(1) éﬁ{XnIXIa""Xn—l} =0
and
@ E{X Xy, Xy} = 1

for n=2,3,.-. Let {a,}, j,k=1,2,--- be a matrix of real numbers and let
Sp=Xlio1 apX; Xy If X521 afy < 0 and T2, Iakkl < o0 then S, converges
almost surely.

REMARKS.

1. We emphasize that we do not assume the independence of random variables
X;. Nor do we assume that the random variables are identically distributed.

2. If, however, the random variables are independent with £X, =0 and
&X,=1forn=1,2,-.- then our theorem yields Theorem 1 and Corollaries 1 and
2 of Varberg [1].

Proor. Following Varberg [1] we write S, =K, + L, + M,, where

n j-1 n k-1 n
Kn = E XJ E aijk’ L" = 2 Z aij,l" and M" = Z aka,%.
j=1 k=1 k=1 j=1 k=1
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Now note that for integers i,j,I,m with [ <i, m <i, I <j, m <j, i#j we
have, because of (1), £{X;X;X,X,,} = 0. It follows therefore that

n i-1 2 i-1 j—1
(K} = & {-21 Xiz(_El a,-ij) }+é"{ E, 121 Zla,,aj,,,X,XjX,Xm}
i= j= i#j I1=1 m=
n i=-1 5
> g{(za,kxk) }
j=1 k=1

n j—1
= X & { > a?ka_l-kEz ajkalele‘

i=1 k=1
n j—1

= X X a}<oo.
j=1 k=1

Since K, is a martingale with respect to the o-field generated by X, X,,--- X, it
follows by the martingale convergence theorem that K, (and similarly L,) converges
almost surely. Finally we write

n n n
M,= X auXi—D+ X ay=P,+ X ay
1 1 1
and note that P, is a martingale satisfying
E|P,| £ T |au| Xt —1]}22 T |au| <.
k=1 1

It follows therefore that P, and, hence M,, converges almost surely.
CoroLrary 1.If 2% ] ajkl < o0, then S, converges almost surely.
COROLLARY 2. If a;, = Xi% bj; ¢ where Xb% < o0 and Xc,2 < oo, then S,

converges almost surely.
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