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Let X 1 , X 2 , - - be a sequence of random variables and let [aJk},j, k = 1,2, •••,

be a matrix of real numbers. Write
n

Sn = E aJkXjXk.
j,k = 1

We establish the following result.

THEOREM. Let {Xn,n ^ 1} be a sequence of random variables with

(1) |

and

(2) \

for n = 2,3,--- . Let {aJk}, j,k — 1,2,-" be a matrix of real numbers and let
Sn = E",fc = i aJkXjXk. If S"fc = i afk < oo and Z ^ x | a M | < oo then Sn converges
almost surely.

REMARKS.

1. We emphasize that we do not assume the independence of random variables
Xt. Nor do we assume that the random variables are identically distributed.

2. If, however, the random variables are independent with SXn = 0 and
&Xn = 1 for n = 1,2, ••• then our theorem yields Theorem 1 and Corollaries 1 and
2 of Varberg [1].

PROOF. Following Varberg [1] we write Sn = Kn + Ln + Mn, where

n j - \ n k-1 n

Kn= 2 Xj £ aJkXk, Ln= £ S o^X,., and Mn = £ aaX^.
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Now note that for integers i,j, l,m with I <i, m< i, I <j, m <j, i^j we
have, because of (l),«f{X,X7X,Xm} = 0. It follows therefore that

£{K2
n) = g[i XfC-L atJXj)2} +g{ I 2 1 V a,fijmXlXjXlXm}

U = l \j = l I I I i/j 1 = 1 « = 1 )

%X'= £ S ix a%X',+ I alltlj,X,X,\
k*l )

= 2. L aJk < oo.

Since Kn is a martingale with respect to the c-neld generated by X1,X2,---Xn it
follows by the martingale convergence theorem that Kn (and similarly Ln) converges
almost surely. Finally we write

n n n

n = " ^fc/tv^* — I./ + i fljtfc = J „ + >L O^j
1 1 1

and note that Pn is a martingale satisfying

rf|PB|£ £ |att |#{|x2-l|}^2 £ |att|<oo.

It follows therefore that Pn and, hence Mn, converges almost surely.

COROLLARY 1. If Ej™ = 11 aJk\ < 00, then Sn converges almost surely.

COROLLARY 2. If ajk = Sn=i ^-i Qfc w/iere Hbft < 00 and E c (
2 < 00, then Sn

converges almost surely.

Reference

[1] D. E. Varberg, 'Almost sure convergence of quadratic forms in independent random var-
iables', Ann. Math. Statist. 39 (1968), 1502-1506.

Bowling Green State University
Bowling Green, Ohio, U. S. A.

https://doi.org/10.1017/S1446788700013148 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700013148

