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The b a s i c t heo ry of the Hausdorff m e a n s for double 
s e q u e n c e s was developed s o m e t h i r t y - t h r e e y e a r s ago by 
C . R . A d a m s [1], and independent ly by F . Ha l l enbach [3] , Yet 
today, m a n y of the p r o p e r t i e s of t h e s e m e a n s r e m a i n l a r g e l y 
un inves t i ga t ed . The ca lcu la t ions h e r e , a l though c l e a r l y m o r e 
complex , for the m o s t p a r t b r e a k down into obvious mod i f i ca t ions 
of the ca l cu la t ions in the one d i m e n s i o n a l c a s e . 

To b r ing out th is v e r y c lose analogy be tween the one d i 
m e n s i o n a l c a s e and the two d i m e n s i o n a l c a s e , we give h e r e in 
s u m m a r y f o r m an e l e m e n t a r y deve lopmen t of the t heo r y of the 
Hausdorff m e a n s for double s e q u e n c e s . R e f e r e n c e s to the p roof s 
of the m a i n r e s u l t s ( T h e o r e m 1 and 4) a r e g iven . The proof of 
T h e o r e m s 2, 3 and 5 m a y be found in the a u t h o r ' s d i s s e r t a t i o n 
[7] , T h e s e p roo f s involve only the obvious g e n e r a l i z a t i o n s of 
the p roof s given by G . H . Ha rdy [5] or D . V . Widder [8] for the 
c o r r e s p o n d i n g t h e o r e m s in the one d i m e n s i o n a l c a s e . The in
t e r e s t e d r e a d e r m a y a l so r e f e r to J . Copping [2] and H . J . H a m i l t o n 
[4] for the deve lopmen t of a g e n e r a l theory of m u l t i p l e s equence 
t r a n s f o r m a t i o n s . 

DEFINITION 1. Le t A = (a ) be a four d i m e n s i o n a l 
m n k i 

m a t r i x , and let S = (s ) be a two d i m e n s i o n a l m a t r i x whose 
m n 

e l e m e n t s a r e the e l e m e n t s of the double s e q u e n c e s {s ) . The 
m n 

two d i m e n s i o n a l m a t r i x 
(1) T = AS , 

whose e l e m e n t s a r e the e l e m e n t s of the double s equence {t ) , 
^ L m n J 
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w h e r e 
oo 

(2) t = S a , s. . m , n = 0, 1, 2, . . . , 
m n m n k i ki 

k , i = 0 

i s mean ing fu l for e v e r y m , n , i s a t r a n s f o r m a t i o n of the double 
s equence ( s } . The m a t r i x A i s said to t r a n s f o r m the 

m n 
double s equence {s } into the double s e q u e n c e {t } . 

m n J m n J 

DEFINITION 2 . The s e q u e n c e {s } i s said to be 
L m n J 

s u m m a b l e by the m a t r i x A to the s u m s if (2) i s mean ingfu l 
for e v e r y m and n , and if 

l im t = s < oo , 
m n 

m , n-> oo 

w h e r e c o n v e r g e n c e i s in the s e n s e of P r i n g s h e i m . 

DEFINITION 3 . The t r a n s f o r m a t i o n (1) i s said to be 
r e g u l a r if e v e r y c o n v e r g e n t s e q u e n c e {s ) i s t r a n s f o r m e d 

^ m n J 

into a c o n v e r g e n t s e q u e n c e ( t } , if t i s mean ingfu l for 
m n m n 

e v e r y m , n , and if 

(3) l im t = l i m s, 
m n . n k i 

m , n-* oo k, i -** oo 

The t r a n s f o r m a t i o n i s said to be to ta l ly r e g u l a r if, in addi t ion, 
(3) holds w h e n e v e r ( s ) d i v e r g e s to p o s i t i v e or nega t ive 

m n J 

inf in i ty . 

T H E O R E M 1. In o r d e r tha t the s u m m a b i l i t y of bounded 
s e q u e n c e s {s } by the m a t r i x A = (a ) be r e g u l a r , i t 

i s n e c e s s a r y and suff ic ient tha t 

1. l im a , = 0 k, i = 0, 1 , 2 , . . . ; 
m n k i 

m , n-> oo 

oo 

2 . l im S a , = 1 ; 
. n . m n k i 

m , n-* oo k, i =0 

00 

3 . l im S la . I = 0 , i = 0, 1, 2, . . . ; 
. A m n k i 

m , n-*- oo k=0 
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lim S a = 0 , k = 0, 1, 2, . . . ; 
„ n mnki 

m, n-> oo i =0 
oo 

5. 2 la , l < M < o o , m , n = 0 ,1 ,2 
k,i=o m n k i 

Theorem 1 was f irst proved by Robison [6]. 

DEFINITION 4. The mat r ix p = (p , ) , whose elements 
r r mnki 

are defined by 
/ , xk+i , m w n . 

p m n k l = ( - 1 ) ( k V ' k < ™ ^ < n > 

= 0 otherwise, 

is called a difference mat r ix . 

THEOREM 2. (cf. Hardy [5], Theorem 196.) The 
-1 

difference ma t r ix p = (p , ) is i ts own inverse: p = p r r mnki 

DEFINITION 5. Let (u ) be a given sequence and 
^ mn J 

LL = ClJL. , ) be a diagonal mat r ix whose only non-zero entries 
^ ^mnki 

-1 are u = u . The transformation mat r ix H = pixp is 
mn mnmn 

called a Hausdorff mat r ix corresponding to the sequence {JJL } . 
The sequence {s } is said to be summable to s in the 

mn J 

Hausdorff sense, corresponding to the sequence {\i } , if the m n J 

sequence {t } , where 
^ m n J 

T = HS , 

approaches s as m, n tend to infinity, and t is meaningful 
mn 

for all m, n . 

REMARK. It is easy to show that Hausdorff mat r ices a re 
commutative. 

Example. (cf. Hardy [5], § 11 .2 . ) Let A = (a ) , 

where 
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1 1 
m n k i m+1 n+1 

, k < m , H < n , 

0 o t h e r w i s e . 

To show that th is i s a Hausdorff m a t r i x , le t 

1 1 
V-. m n m+1 " n+1 

Then if H = (h , „ ) = P up " , we have 
m n k i r r r 

oo oo oo , 
k 1 k i 

S h _ x y = 2 S p u p . x y 
m n k i 7 , „ m n r s r r s r s k i 

k , i = 0 k , i = 0 r , n = 0 
00 

2 
00 

k ^ 
p M- ^ p , x y 

. mnrs rs . A . r s k i 
r , s = 0 k , i = 0 

S p HL ( l - x ) r ( l - y ) S 

m n r s r s 
r , s = 0 

w 1 1 

/ * r r s s 

u (1-x) v (1-y) dudv 
r , s=0 0, 0 

1, 1 
/ (1-u+ux) (1-v+vy) dudv 
0, 0 

m n k l r
1 » l k m - k i n - i 

S ( )( ) x y J u (1-u) v (1-v) dudv. 
k f i = 0 0 , 0 

Hence 

m n k i k 
_ m n A>1 k m - k I. ^n-i 
= ( k ) ( ) J u (1-u) v (1-v) dudv 

0, 0 

1 
m + 1 n+1 

0 o t h e r w i s e 

, k < m , i < n , 

Hence A = (a _ ) i s a Hausdorff m a t r i x . 
mnk£ 
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THEOREM 3 . (cf. H a r d y [5], T h e o r e m 199 . ) A m a t r i x 
A = (a , ) i s a Hausdorff m a t r i x c o r r e s p o n d i n g to the sequence 

m n k i 
{il ) if and only if i t s e l e m e n t s have the f o r m 

m n 

m - k , n - i , . 
m n r+s m - k n - i a m n k i = ( k V S

 n
 M ) ( r ) { s W + r . i + s ' 

r , s=0 

THEOREM 4 . (cf. Ha rdy [5], T h e o r e m 208 ( i ) . ) The 
Hausdorff me thod of s u m m a b i l i t y c o r r e s p o n d i n g to the s equence 
{u, } i s r e g u l a r if and only if 

m n J 

,_x r > m n 2 , . * Â -> 
(3) |i = I u v d g(u, v) , m , n = 0, 1, 2 

m n o, o 

w h e r e g(u, v) i s of bounded v a r i a t i o n in the s e n s e of H a r d y - K r a u s e 
in the uni t s q u a r e , and 

(4) g(u, 0) = g(u, 0+) = g (0 + , v ) = g(0 ,v) = 0 , 0 < u , v < l , 

(5) g ( l , D - g ( l , 0 ) - g ( 0 , l ) + g ( 0 , 0 ) = 1 . 

F o r a proof of th is i m p o r t a n t r e s u l t , the r e a d e r is r e f e r r e d to 
Ha l l enbach [3] and Adams [ l ] , 

REMARKS. Re la t i ve to the s equence {u ) , w h e r e the 
L' m n J 

e l e m e n t s u a r e defined by (3), the Hausdorff me thod t r a n s -
m n 

f o r m s bounded s e q u e n c e s into bounded s e q u e n c e s wheneve r 
g(u, v) i s of bounded v a r i a t i o n . If i t i s a l so t r ue that 

g(u, 0) = g(u, 0+) = g(0 + , v) = g(0, v) = k , 0< u , v< 1 , 

then the method is r e g u l a r for nul l s e q u e n c e s . If, in addi t ion, 
(5) i s sa t i s f ied , the method is r e g u l a r . See Ha l l enbach [3] . 

THEOREM 5. Given a function g(u, v) , of bounded 
v a r i a t i o n in the unit s q u a r e , the c o r r e s p o n d i n g Hausdorff t r a n s 
f o r m ( t } , of a s equence {s \ , m a y be defined by 

*• m n J L m n J 
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m , n l l i 

^ n n * S W\W U (1"U) V (1"V) d § < u ' v ) ' 
k , i=0 * ^ 0 , 0 

and this t ransformation is convergence preserv ing . 
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