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Abstract

In this study, we are concerned with a boundary value problem (BVP) for nonlinear differ-
ence equations on the set of all integers Z, under the assumption that the left-hand side is a
second-order linear difference expression which belongs to the so-called Weyl-Hamburger
limit-circle case. The BVP is considered in the Hilbert space £2 and includes boundary
conditions at infinity. Existence and uniqueness results for solution of the considered BVP
are established.

1. Introduction

Let A be the forward difference operator defined by Ay(t) = y(t+1)—y(#). Consider
the second-order nonlinear difference equation

Alp(t = DAY — DI+ q@)y@) = f(t, y@)), t€L, (1.1

where p(t) and g (¢) are real-valued functions defined on Z, p(t) # O forallr € Z
and f(z, §) is a real-valued function defined on Z x R. Note that by Z we denote the
set of integers and by R the set of real numbers.

Denote by £* the Hilbert space of real-valued functions y(f) on Z such that
Y o oo |¥(®)I? < 00 with the inner product (y, z) = ¥ _o_,, ¥(t)z(¢). Further, we let

Ly) := Alp(t — DAyt — D] +49@®)y@®) (1.2)

and denote by D the linear manifold of all elements y € €2 such that Ly € £2. Notice
that all functions y(r) with finite support (that is, functions having only finitely many
nonzero values) belong to D.
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Let us set yl41(t) = p(t)Ay(t) and for two arbitrary functions y = y(t) and
z = z(t) we define the Wronskian of y and z by
W, (3, 2) = y()2' (@) = y ¥ (0)z(t) = pO[y@®z(t + 1) — y(t + Dz(®)], t €

It follows from Green’s formula

b
Z[(L)’)z =YL = Woi(y,2) — W(y,2) (a,beZ, a<b) (13)

I=a

that, for all y, z € D, the limits W_g(y, z) = lim,,_oc W,(y,2) and W (y,2) =
lim,_, o, W,(y, z) exist as finite numbers.
We will assume that the following conditions are satisfied.

(C1) The coefficients p(z) and q(¢) are such that all solutions of the second-order
linear difference equation

Alp(t — DAy - D]+ q@)y) =0, tel, (14)

belong to €2.
(C2) Foreacht € Z the function f (¢, £) is continuous in § € R, and

|f @2, 6 < g() +dIE] (1.5)

for all (¢, &) in Z x R, where g(¢) > 0, g € €% and d is a positive constant.

REMARK. The condition (C1) means that for the difference expression (1.2) the so-
called Weyl-Hamburger limit-circle case holds (see [5, Chapter 7]). If, for example,
p(t) =12+ 1and q(t) = 212 — 2t + 3, then the condition (C1) holds.

REMARK. If we define the operator F taking each function y(¢) to the function
f(t, y(1)), then the condition (1.5) is necessary and sufficient for F to map €2 into
itself (see [6]).

Let u = u(t) and v = v(r) be solutions of (1.4) satisfying the initial conditions
u( =0, u'%©0)=1; v@O0)=-1 and v!%1(0)=0. (1.6)

By the constancy of the Wronskian of any two solutions of (1.4) we have W, (u, v) = 1.
Consequently, 4 and v are linearly independent and they form a fundamental system
of solutions of (1.4). It follows from the condition (C1) that u, v € £? and moreover
u,v € D. Therefore for each y € D the values Wy, (y, ) and Wy (y, v) exist and
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are finite. For these values we can get, by using Green’s formula (1.3) and the initial
conditions (1.6), the formulas

=0

W_oo(y, u) = y(0) + ) u(t)Ly(t),

1=0
W_oo(y, v) = y'10) + D v()Ly(1),
oo’°° (1.7)
Wooly, u) = y(0) = ) u(®)Ly(),

=1
oo

Weo(y, v) = y'1(0) — ) v(e)Ly ().

t=1}

Our boundary value problem (BVP) consists of finding a function y = y(¢),t € Z,
such that y € £? and y satisfies (1.1) [consequently y € D by (1.5)] and the boundary
conditions at —oo and 0o: ‘

aW—OO(ys u) + ﬂW—oo(yy U) = dl and }’Woo(}’» u) + 8Woo()’, v) = d2v (1'8)

where a, B, v, and § are given real numbers satisfying the condition
(C3) w:=ad — By #0, and d,, d, are arbitrary given real numbers.

Notice that since in (1.8) the function y satisfies (1.1), from (1.7) we have the
following formulas for the values Wi (y, ) and Wi (y, v):

=0

Woo(y, u) = y(0) + Y_u(®) f(t, y(t)),

=0
W_so(y, v) = y10) + D v() f(t, (@),

oo

Wao(y, 1) = y(0) — ) u(®) f (¢, (1)),

t=1
o0

Woo(y, v) = y121(0) = D v (1, y()).

=1

In Section 2 we construct an appropriate Green’s function by means of which the
BVP (1.1), (1.8) is reduced to a fixed point problem.

In Section 3 by using the Contraction Mapping theorem (Banach Fixed Point
theorem) we show that there is a unique solution of the BVP (1.1), (1.8) if f(¢, &)
satisfies a Lipschitz condition.
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In Section 4 a theorem based on the Schauder Fixed Point theorem is proved which
gives a result that yields existence of solutions without the implication that solutions
must be unique.

Finally note that a similar problem in the case of the discrete semi-axis was earlier
investigated in [7] and in the continuous case in [8]. For other formulations of BVPs
on infinite intervals we refer to [1-4].

2. Green’s function and the operator A

For h € £ consider the linear BVP

Alp@t — DAyt — D]+ q@)y@) =h(t), tel, 2.n
aW_o(y, u) + W_(y, v) =0,

, (2.2)
Yy Wo(y, u) +8Wx(y, v) =0,

where y € £? is a desired solution and « and v are solutions of (1.4) under the initial
conditions (1.6). '
Let us set

o) = au(t) + Bv() and Y(t) = yu(t) +dv(). (2.3)

These functions (together with u and v) are solutions of (1.4) and are in £2. In addition
we have, forall ¢ € Z,

Wip,u) =90) = =B, W,(p,v) =¢N0) =e; 2.4)
Wiy, u) =y ©0) = =38, W(y,v)=¢"0)=y. 2.5)

Therefore ¢ satisfies the boundary condition at —oo in (2.2), and y satisfies the
boundary condition at co. The Wronskian of ¢ and v is

Wi, ¥)=ad—-By =w (2.6)

and hence it is different from zero by the condition (C3). Let

_l eMY(s) if —oo<t <s <o00;

G(t,s) 2.7)

T |e@)Ye) if —co<s<t<oo0.

Since ¢, ¥ € €2, we have

fo: i IG(t, 5)I* < o0. 2.8)

1=—00 s==—00
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THEOREM 2.1. The nonhomogeneous BVP (2.1)—(2.2) has a unique solution y € €*
Jor which the formula

Yy =) G(t,)h(s), teL 2.9)

$=—00

holds, where the function G(t, s) is defined by (2.7), and G(t, 5) is called the Green’s
Junction of the BVP (2.1)—(2.2).

PROOF. Under the condition (C3), by (2.6), the solutions () and ¥ (t) of the
homogeneous equation (1.4) are linearly independent. Consider the function

s=t—1

1
20) == Y [V (E) — oY ()]h(s), t€Z (2.10)
w ~00

Since ¢, ¥, and h belong to £2, the series (2.10) is convergent for each ¢ € Z. It can
be directly verified that the function z(¢) defined by (2.10) is a particular solution of
the nonhomogeneous equation (2.1). Therefore the general solution of (2.1) has the
form

s=t—1

1 .
Y = 9@ + oy ) + = Y lpY (@) — pOY©)]A(s), @.11)
@ —00

where ¢; and c; are arbitrary constants. Now we try to choose the constants ¢, and c;
so that the function y(#) also satisfies the boundary conditions (2.2). From (2.11) we
have ’

YA) = () + ') + i S V) - VO, 212

Therefore, taking (2.4) and (2.5) into account, we find

Wi(y, u) = y(u'®l(r) — y4(0)u ()

s=!{

1
= aW. @, w) + W (¥, ) + = D IO W (¥, 1) = ¥ $IW, (g, W)

s=t

1
=-af-of+— _Z“;[—w(s) + BY(s)IA(s)

s=t

==, — 6 — zu(s)h(s). : (2.13)

-0
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Likewise

s=f

W,(y, v) = cia+ ey = Y v(s)h(s). (2.14)

—~00

From (2.13) and (2.14) we get

Wew(y,u) = —c1f — a8, W_u(y,v) =cia + 2y, (2.15)
Woo(y,u) = —c1f — ;8 — D u(s)h(s) and
e (2.16)
Weoly, v) = 1 + coy = D v(s)h(s).

Substituting the values W_o,(y, u) and W_(y, v) from (2.15) into the first condition
of (2.2) we obtain —c,(axé — By) = 0, that is, —c,w = 0. Therefore ¢, = 0 and
(2.11), (2.16) become

s=t-1
y() = cipt) + — Z oY () — ()Y ($)]h(s), (217)
Woo(y,u) = —cif— D u(Ih(s), We(y,v)=cra— Y v(s)h(s). (2.18)

Substituting the values W, (y, u) and Woo (y, v) from (2.18) into the second condition
of (2.2) we get

ci(~yB +ad) = Y [yu(s) + 8v(s)lh(s) =

S=—00

Hence ¢; = (1/w) X oo, ¥ (s)h(s). Putting this value of ¢, in (2.17) we obtain

§=—00

o0 s=t—1

1 1
Y0 = =3 YOS + = 3 oY D),

S={ —00

that is, (2.9) and (2.7) hold. The theorem is proved. O

COROLLARY 2.2. The unique solution y(t) of the nonhomogeneous equation (2.1)
under the nonhomogeneous boundary conditions

aW_o(y, u) + BW_ (¥, v) =di, yWe(y,u) +We(y,v) =d, (2.19)
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is giilen by the formula y(t) = r(t) + Z::_oo G(t, s)h(s), where the function G(t, s)
is defined by (2.7), and

d: d
r@t) = ;pr(t) - ;‘w(z). (2.20)

PROOF. The function r(¢) defined by (2.20) is a unique solution of the homogeneous
equation (1.4) satisfying, by (2.4) and (2.5), the nonhomogeneous boundary conditions
(2.19), while the function Z:’i_m G, s)h(s) is, by Theorem 2.1, a unique solution of

the nonhomogeneous equation (2.1) satisfying the homogeneous boundary conditions
(2.2). Hence the desired result holds. ad

By Corollary 2.2 the nonlinear BVP (1.1), (1.8) is equivalent to the nonlinear
equation

YO =r®)+ Y Gt 5)f(s,y(s), tel, @21

S=—00

where the functions r(¢) and G(z, s) are defined by (2.20) and (2.7), respectively.
So we have to investigate the equation (2.21) in £2. By (1.5), (2.8) and r € £2, we
can define the operator A : £2 — ¢? by the formula

Ay() =r(®+ Y G, 5)fGs,y(s)), tel, (222)

S=—00

where y € £2. Then (2.21) can be written as y = Ay. Therefore solving (2.21) in £
is equivalent to finding fixed points of the operator A.

3. The Lipschitz case

In this section we will use the following well-known Contraction Mapping theorem,
also known as the Banach fixed point theorem: Let & be a Banach space and S a
nonempty closed subset of 9. Assume A : S — S is a contraction, that is, there is
al 0 < A <1, suchthat ||Au — Av|| < Allu — v|| forall u,vin S. Then A has a
unique fixed point in S, that is, a unique point uy € S such that Aug = uy.

THEOREM 3.1. Assume conditions (C1)~(C3) are satisfied. In addition, let the
Junction f(t, &) satisfy the following Lipschitz condition: there is a constant K > 0
such that

3 1£@y®) = £z 0OR < K2 Y Ay@) = 20 @3.1)

=-00 1=-=00
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forall yand z in €2. If

o o 12
K{Z Z|G(r,s)|2] <1, (3.2)

1=—00 ==

then the BVP (1.1), (1.8) has a unique solution in %

PROOF. It will be sufficient to show that under the conditions of the theorem, the
operator A : £2 — £2 defined by (2.22) is a contraction mapping. For y, z € £2 we
have

2

|Ay(@) — Az()]? = | D Gt 9f (s, y(5)) — f(5,2(s))

< D IGE P Y If (s, y6) = fs, 2N
<K2 ) )~z Y 16, )P
=K%y -2 ) 1G(t, 9

S=—00
for t in Z. Hence |JAy — Az]} < Ally — z|l, where
00 00 172
A=K{1> ) |G(:,s)|2l <1
I=—00 f==00

by (3.2). So, A is a contraction mapping and the theorem is proved. O

REMARK. The condition (3.1) is satisfied if | f(z, &) — f (1, &)| < K|§ — &| for
allt in Z and all £, &, in R.

In the next theorem, the function f (1, &) satisfies a Lipschitz condition not on the
whole of £2 but on a subset.

THEOREM 3.2. Assume conditions (C1)~(C3) are satisfied. In addition, let there
exist a number R > 0 such that

STy — Fe NP <K Y . Iy@) — 20 (3.3)

1=—00 1=-00
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forallyandzin S = {u € € : ||lu|| < R}, where K > 0 is a constant which may
depend on R. If

oo 2 [ o o 12 o 12
[Z |r(r)|’] Hy 5 |G(t,s)|2] [sug 3 If(s,y(s))lzl <R (4
t=—00 t=—00 s=—00 Y€ s=—o0

and

o oo 12
K ZZIG(z,s)lzl <1, ' (3.5)

== I=—00

then the BVP (1.1), (1.8) has a unique solution 'y € €* with Y -___1y(t)]* < R~

PROOF. Obviously, S is a closed subset of £2. Let A : £2 — £? be the operator
defined by (2.22). For y and z in §, taking into account (3.3) and (3.5), in exactly the
same way as in the proof of Theorem 3.1, we can get [|Ay — Az| < A|ly — z||, where
A < 1. It remains to show that A maps S into itself. For y in S, we have

Iyl = |r®) + > G, ) f(s, y(s))
o B PR A VICRTO)

00

0 12 . 172
s||r||+[ZZ|G(z,s>|2] [Zlf(s,y(s)w} <R (36

1=—00 §=—00 s=—00

by (3.4). Therefore A : § — S.
Now the contraction mapping theorem can be applied to obtain a unique solution
of (2.21) in S, and the proof is complete. O

4. Existence of solutions

An operator (nonlinear, in general) acting in a Banach space is said to be completely
continuous if it is continuous and maps bounded sets into relatively compact sets.

To get an existence theorem without uniqueness of solution, in this section we will
apply the following Schauder fixed point theorem: Let % be a Banach space and
S a nonempty bounded, convex and closed subset of %B. Assume A : B — B is a
completely continuous operator. If the operator A leaves the set S invariant, that is,
if A(S) C S, then A has at least one fixed point in S.

Passing on to the BVP (1.1), (1.8) let A : £2 — £2 be the operator defined by (2.22).
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LEMMA 4.1. Under the conditions (C1)~(C3) the operator A is completely contin-
uous.

PROOF. Consider € > 0 and y, € £2. We want to show that there exists § > 0 such

that

yet® and |y —yll <& implies |Ay — Ayl < €. @.1)
We have [Ay(t) — Ayo()* < T2 _oIGE, )P T2 _ o 1 f(s, y()) — f(s, Yols)I2.
Hence

Ay — Ayoll> < M D" | £ (s, y()) — £ (s, yo(s))I?

S=—-00

=M Z | £ (s, y()) = £(s, Yo(s)IP

Ist<N

+ MY 1G5, () — fs, yolsHP, 4.2)

Is|>N

where M =Y 0 5% _|G(t, s)|*and N is an arbitrary positive integer. Further,
by the condition (1.5) and the elementary inequalities

(@+b)? <2@*+b%, (@+b+c) <3@+b+cd,

we have
D 1f G ¥ = £5 oGNP < Dy + £, yols)IP?
Is|>N Is|>N
< D [28(s) +dly(s)| + dlyo(s)|P?
Is|>N
< ) "112g%(s) + 3d?|y(s)I* + 3d%1yo(s)I]
Is|>N
<12 gX ) +642 Y [y(s) — yo(s)?
Is|>N s=—00
+9d% ) Iyo(s)I%.
Is|>N

Choose N such that 3° _» 8%(s) < €/(48M) and 3, |%o(s)I* < €*/(36d*M).
Then we get

_ 1 € L eatsty £
2 16y = f N < o +64°87 + . 4.3)

|s|>N
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After choosing N, by the continuity of f(z,£) in &, we can find a § > O such that
y € £2and ||y — yoll < & imply
62

o 4.4)

D 1f Gy — £s, oM <
IslsN
Now setting 82 = min{e?/(24d*M), 82}, we get from (4.2)—(4.4) the desired result
(4.1). Thus, the operator A is continuous. Next, let Y C £2 be abounded set: ||y]| < ¢,
forall y € Y. We must show that A(Y) is a relatively compact set in ¢2, that is, every
infinite subset of A(Y) has a limit point in £2. To this end, we use the following known
criterion for relative compactness in £2: A set S C £2 is relatively compact if and only

if § is bounded and for every € > 0 there exists a positive integer t, (depending only
on€) such that 3., ly@)|? < €Xforall y € S. Forall y € Y, we have [see (3.6)]

S=—00

0o 172
Ayl < IFll + [M > If(s,y(s))lz} :
On the other hand, using (1.5) we have

YUy < Y [g6) +dly@IF <2 Y [8*) + d*ly()P]

$=—00 s=—00 §=—00

= 2(ligl* + d*llyl1?) < 2(llgll* + d*¢)).

Therefore |Ay|l < Irll + (2M(llgll> + d*c})}'/2 for all y € Y, that is, A(Y) is a
bounded set in £2.
Further, for all y € Y, we have

3 1ayOr < 20lgl? +d*) S 3 16 @ 9P

{ti>10 |t|>tp s==~00

Hence we get by (2.8) that for a given € > O there exists a positive integer #,,
depending only on ¢, such that 3, |Ay(®)|> < €*forally € Y. So, A(Y) is a
relatively compact set in £2. The lemma is proved. a

THEOREM 4.2. Assume conditions (C1)~(C3) are satisfied. In addition, let there
exist a number R > 0 such that
i/2

® I 12 0
> lr(r)P] +l 3. IG(t,s)Iz} [sug > lf(s,y(S))lz} <R, (45)
y€E

1=—00 1==005=~00 §==-00

where S = [y € €2 : ||y|| < R)}. Then the BVP (1.1), (1.8) has at least one solution
yelwith 32 L1y < R
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PROOF. Let A : €2 — ¢* be the operator defined by (2.22). By Lemma 4.1, the
operator A is completely continuous. Using (4.5), as in the proof of Theorem 3.2,
we can see that A maps the set S into itself. Besides, it is obvious that the set S
is bounded, convex and closed. Therefore the Schauder fixed point theorem can be
applied to obtain a solution of the equation (2.21) in S. The theorem is proved. [J

REMARK. Since for all y in § the left-hand side of (4.5) is less than or equal to

oo <) 172
7l + [ Y S iewary {23181 +d*RH},

1=—00 5s=-=00

it follows that for a given R > 0 the condition (4.5) will be satisfied if the numbers d,
and 4, in the boundary conditions (1.8), and the numbers | g|| and 4 in the condition
(1.5) are sufficiently small.
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