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This text provides a self-contained introduction to applications of loop repre-
sentations and knot theory in particle physics and quantum gravity.

Loop representations (and the related topic of knot theory) are of con-
siderable current interest because they provide a unified arena for the study of
the gauge invariant quantization of Yang-Mills theories and gravity, and sug-
gest a promising approach to the eventual unification of the four fundamental
forces. This text begins with a review of calculus in loop space and the funda-
mentals of loop representations. It then goes on to describe loop representa-
tions in Maxwell theory and Yang-Mills theories as well as lattice techniques.
Applications in quantum gravity are then discussed in detail. Following chap-
ters move on to consider knot theories, the braid algebra and extended loop rep-
resentations in quantum gravity. A final chapter assesses the current status of
the theory and points out possible directions for future research.

This self-contained introduction will be of interest to graduate stu-
dents and researchers in theoretical physics and applied mathematics.

This title, first published in 2021, has been reissued as an Open
Access publication on Cambridge Core.
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Foreword

For about twenty years after its invention, quantum electrodynamics re-
mained an isolated success in the sense that the underlying ideas seemed
to apply only to the electromagnetic force. In particular, its techniques
did not seem to be useful in dealing with weak and strong interactions.
These interactions seemed to lie outside the scope of the framework of
local quantum field theory and there was a wide-spread belief that the
best way to handle them would be via a more general, abstract S-matrix
theory. All this changed dramatically with the discovery that non-Abelian
gauge theories were renormalizable. Once the power of the gauge princi-
ple was fully recognized, local quantum field theory returned to the scene
and, by now, dominates our thinking. Quantum gauge theories provide
not only the most natural but also the only viable candidates we have for
the description of electroweak and strong forces.

The basic dynamical variables in these theories are represented by
non-Abelian connections. Since all the gauge invariant information in
a connection is contained in the Wilson loops variables (i.e., traces of
holonomies), it is natural to try to bring them to the forefront. This is
precisely what is done in the lattice approaches which are the most suc-
cessful tools we have to probe the non-perturbative features of quantum
gauge theories. In the continuum, there have also been several attempts
to formulate the theory in terms of Wilson loops. In the perturbative
approach, it is known that Wilson loop “Schwinger functions” are finite
to all orders after renormalization. This is a strong indication that they
may be also mathematically meaningful in a non-perturbative treatment
of the continuum theory. Since these are functions on an appropriate
space of loops, one can derive differential equations they satisfy on that
loop space. The hope is that once a complete set of equations is obtained,
physical “boundary conditions” will lead to unique solutions which in turn
will determine the theory. Thus, the space of loops offers a natural arena
for the quantum theories of connections.

xiii
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xiv Foreword

In the last few years, this relation between connections and loops has
acquired another dimension. In these developments, the emphasis is on
the Hamiltonian formulation. It turns out that there is a remarkable
mathematical interplay between measures on the spaces of connections
and functions on the loop space, which gives rise to a generalization of
the Fourier transform, called the loop transform. This transform can be
defined rigorously. As a result, quantum states can be regarded either
as gauge invariant functions of connections or as suitable functions of
loops. The loop picture suggests new strategies for defining operators
and provides a number of new insights.

Quite surprisingly, it turns out that these insights are especially useful
while dealing with a force that one does not, normally, associate with
theories of connections: gravity. General relativity is usually thought
of as a theory of metrics and, therefore, quite removed from theories of
other interactions. One can, however, think of it also as a dynamical the-
ory of connections. This idea is not new. Indeed, such a reformulation
was obtained already by Einstein and Schrédinger. In their new version,
the Levi Civita connection is regarded as the basic variable; metric is a
secondary, derived object. The problem was that the equations of the
theory became more complicated. It turns out, however, that if one uses
chiral connections in place of Levi Civita, the equations actually simplify.
With this observation, general relativity moves closer to theories govern-
ing other fundamental forces. As in other theories, one can now represent
states of quantum gravity as functions of (chiral) connections or, via loop
transform, of loops. Thus, the loop representation offers a unified arena
for the quantum description of all four fundamental interactions. In the
case of general relativity, further structures arise because physical states
are required to be invariant under the action of diffeomorphisms. In the
loop representation, they depend not on individual loops but also on the
(generalized) knot to which the loop belongs. There is thus an unexpected
interplay between loops, knots, gauge fields and gravity.

This monograph is devoted to this interplay. The authors are eminently
qualified to unfold this saga as they are among the leaders in the field.
Indeed, many of the developments that I have alluded to are due to them
and their close colleagues. They provide not only a comprehensive sum-
mary of the entire subject, but, in the last few chapters, also a glimpse
of two frontier areas of active research. Graduate students would find
this unified treatment of a large subject extremely useful. More advanced
researchers would be able to appreciate the fascinating confluence of ideas
from particle physics general relativity and contemporary mathematics.

University Park, 1996 Abhay Ashtekar
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Preface

Loops have been used as a tool to study classical and quantum Yang—-Mills
theory since the work of Mandelstam in the early 1960s. They have led
to many insights concerning the non-perturbative dynamics of the theory
including the issue of confinement and the lattice formulation. Since the
inception of the Asthekar new variables, loop techniques have also found
important applications in quantum gravity. Due to the diffeomorphism
invariance of the theory they have led to surprising connections with knot
theory and topological field theories.

The intention in this book is to present several of these results in a com-
mon framework and language. In particular it is an attempt to combine
ideas developed some time ago in the context of Yang—Mills theories with
the recent applications in quantum gravity. It should be emphasized that
our treatment of Yang—Mills theories only covers a small part of all results
obtained with loops: that which seems of most relevance for applications
in gravity.

This book should allow people from outside the field to gain access in a
pedagogical way to the current state of the art. Moreover, it allows experts
within this wide field with heterogeneous backgrounds to learn about
specific results outside their main area of expertise and as a reference
volume. It should be well suited as an introductory guide for graduate
students who want to get started in the subject.

Subjects in this area are being developed at two different levels: one
more “mathematical”, related to constructive quantum field theory and
the other more “physical” in which several subtleties are ignored in order
to gain rapid insight into the theory. This book will largely concentrate
on this latter approach. We will present in some detail the mathematics
underlying loops but only at the level needed for a physicist to operate
with the resulting formalism.

Due to the rapid development of these ideas in recent times we wrote

XV
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xvi Preface

this book with expediency in mind in order to offer it to the public as
soon as possible. We ask readers to forgive any notational and conven-
tions errors that might have arisen in this process. In spite of our efforts
to deliver the book expediently, during the time it took to write it the
field has already evolved. Although we have kept the manuscript updated,
some aspects of the presentation may not be completely in line with cur-
rent thinking. For instance, the recently pinpointed convergence issues
of extended loops and their possible solutions are only briefly mentioned.
The rapid development over the last few months of a measure theory in
infinite-dimensional spaces and its impact on a rigorous definition of a
loop representation is only briefly discussed in chapter 3 and its implica-
tions for later chapters are ignored. A similar remark applies to the recent
developments concerning the solution of the Mandelstam constraints in
terms of spin network states and the possibility of having a basis of in-
dependent loop states. We have tried to present a current outlook from
our perspective in chapter 12, including very recent references to work in
progress.

Many people have contributed to make this book possible. We cannot
attempt to exhaustively list all the colleagues from which we have bene-
fited through discussions and interactions. We like to thank the colleagues
with which we have had a closer interaction and whose ideas have cer-
tainly left an imprint on this book: Abhay Ashtekar, Bernd Briigmann,
Cayetano Di Bartolo, Jorge Griego, Jerzy Lewandowski, Jose Mourao,
Carlo Rovelli, Lee Smolin and Antoni Trias. We also wish to thank Ab-
hay Ashtekar, John Baez, John Baker, José Mourao, Peter Peldan, Carlo
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1

Holonomies and the
group of loops

1.1 Introduction

In this chapter we will introduce holonomies and some associated con-
cepts which will be important in the description of gauge theories to be
presented in the following chapters. We will describe the group of loops
and its infinitesimal generators, which will turn out to be a fundamental
tool in describing gauge theories in the loop language.

Connections and the associated concept of parallel transport play a
key role in locally invariant field theories like Yang-Mills and general
relativity. All the fundamental forces in nature that we know of may
be described in terms of such fields. A connection allows us to compare
points in neighboring fibers (vectors or group elements depending on the
description of the particular theory) in an invariant form. If we know how
to parallel transport an object along a curve, we can define the derivative
of this object in the direction of the curve. On the other hand, given a
notion of covariant derivative, one can immediately introduce a notion of
parallel transport along any curve.

For an arbitrary closed curve, the result of a parallel transport in general
depends on the choice of the curve. To each closed curve <y in the base
manifold with origin at some point o the parallel transport will associate
an element H of the Lie group G associated to the fiber bundle. The
parallel transported element of the fiber is obtained from the original one
by the action of the group element H. The path dependent object H(y)
is usually called the holonomy. It has been considered in various contexts
in physics and given different names. For instance, it is known as the
Wu-Yang phase factor in particle physics.

Curvature is related to the failure of an element of the fiber to return
to its original value when parallel transported along a small closed curve.
When evaluated on an infinitesimal closed curve with basepoint o, the

1
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2 1 Holonomies and the group of loops

holonomy has the same information as the curvature at 0. Knowledge of
the holonomy for any closed curve with a base point o allows one, un-
der very general hypotheses, to reconstruct the connection at any point
of the base manifold up to a gauge transformation. An important fact
about holonomies is their invariance under the set of gauge transforma-
tions which act trivially at the base point. We will later show that this
will imply that the physical configurations of any gauge theory can be
faithfully and uniquely (up to transformations at the base point) repre-
sented by their holonomies. They can therefore be used to encode all the
kinematical information about the theory in question.

Since the early 1960s several descriptions of gauge theories in terms of
holonomies have been considered. They seem to be particularly well suited
to study the non-perturbative features at the quantum level. In recent
years interest in the non-local descriptions of gauge theories has been
greatly increased by the introduction of a new set of canonical variables
that allow one to describe the phase space of general relativity in a manner
that resembles an SU(2) Yang-Mills theory. In fact, holonomies may well
provide a common geometrical framework for all the fundamertal forces
in nature

A generalization of the notion of holonomy may be defined intrinsically
without any reference to connections. It will turn out that this point of
view has more than a purely mathematical interest and is the origin of im-
portant results that are relevant to the physical applications. Holonomies
can be viewed as homomorphisms from a group structure defined in terms
of equivalence classes of closed curves onto a Lie group G. Each equiva-
lence class of closed curves is what we will technically call a loop and the
group structure defined by them is called the group of loops.

The group of loops is the basic underlying structure of all the non-local
formulations of gauge theories in terms of holonomies. In particular,
when quantizing the theory, wavefunctions in the “loop representation”
are really functions dependent on the elements of the group of loops*. This
is the physical reason why it is important to understand the structure
of the group of loops, since it is the “arena” where the quantum loop
representation takes place.

In spite of the fact that the group of loops is not a Lie group, it is pos-
sible to define infinitesimal generators for it. When they are represented
in the space of functions of loops, they give rise to differential operators
in loop space. Some of these operators have appeared in various physical
contexts and have been given diverse names such as “area derivative”,

* In this context the group of loops is usually referred to as “loop space” and we will loosely
use this terminology when it does not give rise to ambiguities. Notice that it is not related
to the “loop groups” in the main mathematical literature.
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1.2 The group of loops 3

“keyboard derivative”, “loop derivative”. In most of these presentations
the group properties of loops were largely ignored and this resulted in var-
ious inconsistencies. In the approach we follow in this chapter all these
operators arise simply and consistently as representations of the infinites-
imal generators of the group of loops.

In many presentations, loop space is formulated with parametrized
curves. In this context differential operators are usually written in terms
of functional derivatives. The group structure of loops is hidden by these
formulations and it is easy to overlook it, again leading to inconsistencies.
In this book we will deal with unparametrized loops which allow for a
cleaner formulation, only resorting to parametrizations for some particu-
lar results.

This chapter is structured in the following way. In section 1.2 we de-
fine the group of loops and discuss its topology and its action on open
paths. In section 1.3 we introduce the infinitesimal generators of the group
and their differential representation. We also introduce differential oper-
ators acting on open paths. In section 1.3.3 we introduce the connection
derivative, its relation to the loop derivative and to usual notions of gauge
theory. In section 1.3.4 we discuss the contact and functional derivatives
in loop space and their relations with diffeomorphisms. In section 1.4 we
introduce the idea of representations of the group of loops in a Lie group
and we retrieve the classical kinematics of gauge theories. We end with a
summary of the ideas developed in this chapter.

1.2 The group of loops

We start by considering a set of parametrized curves on a manifold M
that are continuous and piecewise smooth. A curve p is a map

p:[0,s1]U[s1,82] - [sn-1,1] - M (1.1)

smooth in each closed interval [s;, s;+1] and continuous in the whole do-
main. There is a natural composition of parametrized curves. Given two
piecewise smooth curves p; and ps such that the end point of p; is the
same as the beginning point of p2, we denote by p; o p> the curve:

_ [ ;m(2s), for s € [0,1/2]
Propa(s) = { pa(2(5 — 1/2)) for s € [1/2,1]. (1.2)
The curve traversed in the opposite orientation (“opposite curve”) is
given by
pi(s) :=p(1 - ). (1.3)
In what follows, we will mainly be interested in unparametrized curves.
We will therefore define an equivalence relation by identifying the curve
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4 1 Holonomies and the group of loops

p and po ¢ for all orientation preserving differentiable reparametrizations
¢ :10,1] — [0,1]. It is important to note that the composition of un-
parametrized curves is well defined and independent of the members of
the equivalence classes used in their definition.

We will now consider closed curves [, m, ..., that is, curves which start
and end at the same point o. We denote by L, the set of all these closed
curves. The set L, is a semi-group under the composition law (I,m) —
[ o m. The identity element (“null curve”) is defined to be the constant
curve i(s) = o for any s and any parametrization. However, we do not
have a group structure, since the opposite curve I~1 is not a group inverse
in the sense that [ ol™! # 4.

Holonomies are associated with the parallel transport around closed
curves. In the case of a trivial bundle the connection is given by a Lie-
algebra-valued one form A, on M. The parallel transport around a closed
curve | € L, is a map from the fiber over o to itself given by the path
ordered exponential (for the definition of path ordered exponential see
reference [1]),

Ha(l) = Pexp /l A(y)dy® (1.4)

In the general case of a principal fiber bundle P(M,G) with group G
over M the holonomy map is defined as follows. We choose a point 6 in
the fiber over o and by using the connection A we lift the closed curve [
in M to a curve [ in P such that the beginning point is

i(0)=6 (1.5)
and the end point is given by
i) =) HaW), (1.6)

which defines H4(l). The holonomy H 4 is an element of the group G and
the product denotes the right action of G. The main property of H,4 is

Hy(lom) = Ha(l)Ha(m). (1.7)

A change in the choice of the point on the fiber over o replacing 6 for
6' = 6g induces the transformation

Hy(l) = g7 " Ha(l)g. (1.8)

In order to transform the set L, into a group, we need to introduce a
further equivalence relation. The rationale for this relation is to try to
identify all closed curves leading to the the same holonomy for all smooth
connections, since curves with the same holonomy carry the same infor-
mation towards building the physical quantities of the theory. The classes
of equivalence under this relation are what we will from now on call loops
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1.2 The group of loops 5

and we will denote them with Greek letters, to distinguish them from the
individual curves which form the equivalence classes. Several definitions
of this equivalence relation have been proposed. Each of them sheds some
light on the group structure so we will take a minute to consider them in
some detail.

Definition 1
Let

Hy:L,— G (1.9)

be the holonomy map of a connection A defined on a bundle P(M, G).
Two curves [,m € L, are equivalent [2] [4] [ ~ m iff

Hy(l) = Ha(m) (1.10)
for every bundle P(M,G) and smooth connection A.

Definition 2

We start by defining loops which are equivalent to the identity. A closed
curve [ is called a tree[5] or thin [6] if there exists a homotopy of [ to the
null curve in which the image of the homotopy is included in the image
of I. This kind of curves does not “enclose any area” of M. Two closed
curves I,m € L, are equivalent | ~ m iff lom™! is thin. Obviously a thin
curve is equivalent to the null curve.

Definition 3 (7]
Given the closed curves | and m and three open curves p;, ps and g
such that

I=props (111)
m=pioqoq lopy (1.12)

then [ ~ m.

There is a fourth definition, due to Chen [7], that requires the use of
a set of objects (Chen integrals, which we will call “loop multitangents”)
that we will define in chapter 2, but we will not discuss it here.

It can be shown that definitions 2 and 3 are equivalent. Moreover,
it is also immediate to notice that two curves equivalent under defini-
tions 2 or 3 are also equivalent under definition 1. The reciprocal is not
obvious. Partial results can be found in reference [7] and a complete
proof for piecewise analytic curves has been presented by Ashtekar and
Lewandowski [40].

With any of these definitions one can show that the composition be-
tween loops is well defined and is again a loop. In other words if a = [I]
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6 1 Holonomies and the group of loops

o o 1s)

Fig. 1.1. Curves p and p' differ by a tree. The composition of a curve and its
inverse is a tree.

and 8 = [m] then a o 8 = [l o m| where by [] we denote the equiva-
lence classes. From now on we will denote loops with greek letters, to
distinguish them from curves'.

Notice that with the equivalence relation defined, it makes sense to
define an inverse of a loop. Since the composition of a curve with its
opposite yields a tree (see figure 1.1) it is natural, given a loop a, to
define its inverse a~! by o a™! = . where ¢ is the set of closed curves
equivalent to the null curve (thin loops or trees). a! is the set of curves
opposite to the elements of a.

We will denote the set of loops basepointed at o by £,. Under the
composition law given by o this set is a non-Abelian group, which is
called the group of loops.

A well known result [5] is that any homomorphism,

L, — G, (1.13)

where G is a Lie group, defines a holonomy associated with a “general-
ized” connection. By generalized we mean that the connection will not,
in general, be a smooth function (for instance it could be distributional or
worse). One can, by imposing extra smoothness conditions [6, 4] on the
homomorphism, ensure that a differentiable principal fiber bundle and a
connection are defined such that H is the holonomy of this connection.
Recall that under a homomorphism, the composition law of the group of
loops is mapped onto the composition law of the Lie group G,

H(aop) = H(a)H(B), (1.14)

t Notice that in this book we will use the word loop in a very precise sense, denoting the
holonomic-equivalent classes of curves. Other equivalences can be considered. The idea
of a group of loops has appeared in other unrelated contexts [42]. For this reason some
authors have proposed calling the holonomic equivalence classes “hoops” to avoid confusion

3].
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1.8 Infinitesimal generators of the group of loops 7

and that inverses are mapped to each other,
H(a ') = (H(a))™L. (1.15)

We will come back to this property in section 1.4 when we discuss the
infinitesimal generators and their relations to the physical quantities.

From now on we will routinely use functions of loops, such as the holon-
omy that we just introduced. Obviously, not any function of curves qual-
ifies as a function of loops. An immediate example of this would be to
consider the length of a curve, which takes different values on the different
curves that form the equivalence class defining a loop.

It is useful to introduce a notion of continuity in loop space, since we
will be frequently using functions defined on this space. We will define
two loops a and (3 to be close, in the sense that « in a neighborhood U, (3)
if there exist at least two parametrized curves a(s) € a and b(s) € 8 such
that a(s) € U(b(s)) with the usual topology of curves in the manifold?.
With this topology, the group of loops is a topological group.

It is convenient for future use to introduce an equivalence relation for
open curves similar to the one we introduced for closed curves. We will
call the equivalence classes of open curves “paths”. Given two open curves
pE and ¢ from the basepoint to a point z in the manifold, we will define
these curves to be equivalent iff pﬁq”li is a treel. We will denote paths
with Greek letters as we do for loops, but indicating the origin and end
points, as in . Given two different paths starting and ending at the
same points, it is immediate to see that the composition of one with the
opposite of the other is a loop. Analogously one can compose loops with
paths to produce new paths with the same end points. Furthermore, the
notion of topology introduced for loops can immediately be generalized to
paths. However, paths cannot be structured into a group, since it is not
possible to compose, in general, two paths to form a new path (the end
of one of them has to coincide with the beginning of the other in order to
do this).

1.3 Infinitesimal generators of the group of loops

We will now consider a representation of the group of loops given by
operators acting on continuous functions under the topology introduced
in the previous section. We will introduce a set of differential operators

! Lewandowski [4], elaborating on a suggestion by Barrett [6] has introduced a topology
defined in terms of homotopies of loops. The group of loops endowed with this topology
is a topological Haussdorff group.

§ From now on we will interchangeably use the notations ¢~ 12 and ¢2 to designate the same
object, the curve ¢ traversed from z to o. A similar convention will be adopted for paths.
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8 1 Holonomies and the group of loops

Fig. 1.2. The infinitesimal loop that defines the loop derivative.

acting on these functions that are related to the infinitesimal generators of
the group of loops, in terms of which one can construct the elements of the
group. In later chapters we will show that these operators are related to
physical quantities of gauge theories. Although the explicit introduction
of the differential operators will be made in a coordinate chart, we will
show that the definitions do not depend on the particular chart chosen.
A more intrinsic definition, also making use of the properties of the group
of loops has been proposed by Tavares [43].

1.3.1 The loop derivative

Given ¥(y) a continuous, complex-valued function of £, we want to con-
sider its variation when the loop < is changed by the addition of an in-
finitesimal loop 67 basepointed at a point z connected by a path 77 to
the basepoint of v, as shown in figure 1.2. That is, we want to evalu-
ate the change in the function when changing its argument from + to
s 0§y owd oy. In order to do this we will consider a two-parameter
family of infinitesimal loops 6 that contain in a particular coordinate
chart the curve obtained by traversing the vector u® from z® to =% + €; u?,
the vector v® from z% + €1u® to z% + €1u® + €2v?, the vector —u? from
% + €1u® + €3v% to 2% + €2v% and the vector —v?® from z° + e;v? back to
z® as shown in figure 1.2. We will denote these kinds of curves with the
notation¥ §udvéuév.

Y In order not to clutter the notation we will not distinguish between curves and paths here.
We also drop the ¢; dependence of each path. The path §a = (6u)~!.
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1.8 Infinitesimal generators of the group of loops 9

For a given 7 and <y a loop differentiable function depends only on the
infinitesimal vectors €;u® and e;v®. We will assume it has the following
expansion with respect to them,

U (mg 0 b6yomgoy) = ¥(y) + €1u’Qa(ms) ¥ (y) + e2v” Po(n3) ¥ ()
+lerea(u®v® + v*u?)Se (n2) ¥ (y)
+%6162(’U,a1)b — v%u®) A gy (1) T (). (1.16)

where Q, P, S, A are differential operators on the space of functions (7).
If €, or €2 vanishes or if u is collinear with v then §v is a tree and all the
terms of the right-hand side except the first one must vanish. This means
that Q = P = § = 0. Since the antisymmetric combination (u®v® — v%ub)
vanishes, A need not be zero. That is, a function is loop differentiable if
for any path 77 and vectors u, v, the effect of an infinitesimal deformation
is completely contained in the path dependent antisymmetric operator
Agb (7711): ) s

U(n5 0 yongoy) = (1+ 50%(2)Aus(n3)) ¥ (7), (1.17)

where 0%(z) = 2¢;ez(ul®v?) is the element of area of the infinitesimal
loop 6v. We will call this operator the loop derivative.

Notice that we have proved that for an arbitrary function of loop space,
one does not have contributions from the terms @, P, S in the expansion
(1.16). If one considers functions of curves rather than of loops, these
terms will in general be present. As an example, they are present if one
considers the function given by the length of the curve. On the other hand,
not every function of loop space is differentiable. For instance, we will see
when we consider knot invariants — functionals of loops invariant under
smooth deformations of the loops — that they are not strictly speaking
loop differentiable. The reason for this is that sometimes appending an
infinitesimal loop could enable us to change the topology of the knots and
therefore to induce finite changes in the values of the functions.

Loop derivatives of various kinds were considered by several authors.
The idea was introduced by Mandelstam [8]. Later generalizations can be
found in the work of Chen [7], Makeenko and Migdal {10, 12], Polyakov
[44], Gambini and Trias [13, 14, 15], Blencowe [16] and Briigmann and
Pullin [26]. Other references can be found in Loll [17]. The various
definitions are not equivalent, and many of them refer to objects that are
in reality different from the loop derivative we are defining here. One of
the main differences is that in many treatments the infinitesimal loop,
instead of being appended at an arbitrary fixed point of the manifold
defined by a path #} as is our case, is appended to a point that lies
on the loop. Since one is considering functions of arbitrary loops that
means that the point where the derivative acts has to be redefined when
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10 1 Holonomies and the group of loops

considering its value on a new loop. In other words, the domain of the
function that results when applying these kinds of derivatives is not the
loop space defined in section 1.2, but the space of loops with a marked
point. Makeenko and Migdal [12] noticed this fact and this drove them
to call it “keyboard derivative.”

Notice that this is not the case for the derivative we defined. The
result of the application of the loop derivative to a function of a loop
is also a function of a loop. For each arbitrary open path there is a
different derivative. For these definitions to work it is crucial to have a
basepoint, which provides a fixed point for any loop on which to attach
the open path that defines the derivative. These considerations are of
crucial importance. For instance, we will soon prove that our derivative
satisfies Bianchi identities, a fact that cannot be proven for derivatives
that act only on points of the loop. The relevance of the group of loops
and the path dependence of the loop derivative were first recognized by
Gambini and Trias 13, 15].

At the end of section 1.2 we noted that the elements of the group of
loops have a natural action on open paths, giving as a result a deformation
of the path. We can immediately find an example of this fact in terms of
a differential operator defined by simply extending the definition of the
loop derivative (1.17) to give for open paths

U(rg 0 byomgoy) = (1 + 50% (@) Aas(75)) T (2Y)- (1.18)

We will take some notational latitude to give the same name to the loop
derivative acting on paths and on loops. In all cases the context will
uniquely determine to which derivative we are referring. Notice that this
extension to open paths is not at all clear for derivatives that depend on
a point of the loop as is the case of the “keyboard derivative”.

1.3.2 Properties of the loop derivative

e Tensor character. By its very definition, (1.17), it is immediate to see
that the loop derivative has to behave as a tensor under local coordinate
transformations containing the end point of the path % for loop differ-
entiable functions. One need just require that the whole expression be
invariant and notice that the loop derivative is contracted with the tensor
0%. Therefore by quotient law, it must be a tensor. Notice that the
loop derivative is really associated with the surface spanned by du® and
dv® rather than with the individual infinitesimal vectors, being invariant
under vector transformations that preserve the element of area.

e Commutation relations. The loop derivatives are non-commutative
operators. This, as we will see later, is naturally associated with the fact

Downloaded from https://www.cambridge.org/core. IP address: 18.119.132.218, on 21 May 2024 at 01:36:56, subject to the Cambridge Core terms of
use, available at https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/51705C8DABA59C31E846CEO8FOF7FFDD


https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/51705C8DABA59C31E846CE08F0F7FFDD
https://www.cambridge.org/core

1.8 Infinitesimal generators of the group of loops 11

du

ov

Fig. 1.3. The two paths used to compute the commutation relation

that they correspond to the generators of a non-Abelian group. Their
commutation relations can be computed directly from the geometric prop-
erties of the group of loops in the following way. Consider two infinitesimal
loops 671, 612 given by

ém = m, o bubvéuév oy and Sme = xY o 6gérégoT o Xy (1.19)

and with area elements

a,b a,b ab

o = e1ep(u®® —v®u®) and o2 = ezeq(q%r® — rogd). (1.20)

Then we can derive the following relation:
W (6my 0 6mp 0 (6m1) ™ 0 (m2) o) = (1 + LofPAus(nE))
x(1+ 3058 8ca(x8)) (1 — Lot Aep(n2)) (1 — 208" Agn () T (7) =
(1+ §08205% Aup(72), Aca(X3)]) T (7). (1.21)

The first equality follows from the definition of the loop derivative and
of the loops é7;. To prove the second, one expands keeping only terms of
first order in each ¢; and neglecting those of order €?.

We will now define an open path by composing the two paths we have

been using
XY = 6my o xY. (1.22)

This allows us to rewrite the loop composed by the first three loops in
the argument of ¥ in the left-hand side of equation (1.21) as

8my 0 6z 0 (6m1) ™! = XY 0 6q6réGsT o X'y (1.23)
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12 1 Holonomies and the group of loops

Therefore,

W (6m1 0 bnz o (6m) o (6n2) o) =
1+ 108 A0(xXY)) (1 — LoPAc(x¥) (7).  (1.24)

And again expanding in es and keeping only the first order in each ¢;
we get

(1+ 308 Aas(X'D)) (1 — 305 Aca(E)) T (7) =
(1 + g0t agdAa,,( )Aea(x5)) ¥ (7), (1.25)

where in the last expression Agy(7%)[Acq(xY)] represents the action of the
first loop derivative only on the path dependence of the second derivative.
All this implies

[Aas(75), Aca(X3)] = Aca(X3)[Aab(75)], (1.26)
from which it is immediate to show that
T ) [Aca(X3)] = —Aca(X5)[Aab(73)]. (1.27)

These expressions highlight the path dependence of the loop derivative,
in the sense that they express the variation of the derivative when the path
is varied. We will see at the end of this subsection how these expressions
can be naturally interpreted as a group commutator when we prove that
the loop derivative is a generator of the group of loops.

This commutation relation can be viewed in a different light by consid-
ering its integral expression. In order to do this, we will introduce a loop
dependent operator U(a) on the space of functions of loops which has the
effect of introducing a finite deformation in the argument of the function,

U(a)¥(y) = ¥(aon). (1.28)
The operator has a naturally defined inverse,
Ul) ' =U(a™?), (1.29)
and has a natural composition law,
U(@)U(B)¥(y) = U(ao B)¥(y). (1.30)

We now consider the action of the loop derivative evaluated along a de-
formed path, shown in figure 1.4, on a function of loop, and applying the
definition of loop derivative (1.17) we get

(1 + 30%Ag(eon?))U(y) = Y(aonlobyonloa toy), (L31)

where 6 is the infinitesimal loop associated with the area element 0%
We then use the definition of the operator U (1.28) to get

U(aonZosyonZoaloy) = U(a)(1+ Eo® Aw(n2))U(a) ¥ (), (1.32)
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1.8 Infinitesimal generators of the group of loops 13

Fig. 1.4. The deformed path used to derive the integral expression of the
commutation relations

from which we can read off the identity,
Agp(eo ) = U(a)Ag(75)U ()7, (1.33)

which expresses the transformation property of the loop derivative under
finite deformations of its path dependence. We will see at the end of this
chapter that this expression is the reflection in the language of loops of
the gauge covariance of the field tensor in a gauge theory.

e Bianchi identities. There is a second set of relations that again can be
directly obtained from the geometric properties of the group of loops. One
can readily see that they are a reflection of the usual Bianchi identities
of Yang-Mills theories. In order to describe them we need to introduce
a new differential operator, which we will call the end point derivative or
Mandelstam covariant derivative [8], that acts on functions of open paths.

Given a function of an open path ¥(77), a local coordinate chart at the
point z and a vector in that chart «®, we define the Mandelstam derivative
by considering the change in the function when the path is extended from
z to £ + eu by the infinitesimal path éu shown in figure 1.5 as

U(75 o du) = (1 + eu®D,) ¥ (7). (1.34)

We denote the new path as 7%+€%. If one performs a coordinate trans-
formation, noting that eu® is a vector and applying the quotient law, it
is immediate to see that D, transforms as a one-form.

Having introduced this operator, we are now ready to derive the Bianchi
identity. As usual, the fundamental idea is that “the boundary of a bound-
ary vanishes”. In the group of loops language, this can be expressed by
considering a thin loop ¢. A representative curve of this loop has the
shape of a box with sides du, év and éw, connected to the origin by the
path w7 as shown in figure 1.6.
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14 1 Holonomies and the group of loops

X X +¢&

Su

o

Fig. 1.5. The extended path defining the Mandelstam derivative

dSw

ov

Q

Fig. 1.6. The loop used to derive the Bianchi identity for the loop derivative.

The curve du represents paths that go from a generic point = to z +€ju
and similarly for év and éw with increments e;v and esw respectively.
Explicitly,

L= mE o bubvéwbvdwéi o w2 o e o SubwduéW o T

5 0 dwdvbwdv o T

oy o dwbubvdudvéw o 7Y o T
2 0 bvbubvdu o 2. (1.35)

omy o véwbudwéudv o Ty o T

Now, since ¢ is a tree and therefore indistinguishable from the identity
loop, we have

U(y) =T(toy) Vv. (1.36)

Noting that the tree is built by six infinitesimal loops (the “faces” of
the box shown in figure 1.6), each connected to the origin via the path =
and the “sides” of the box, we can rewrite this identity in terms of loop
derivatives as
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1.3 Infinitesimal generators of the group of loops 15

U(y) = (1 + epezv®w A gy (mZH1*)) (1 + ere3u’w? Ay (n2))
X (1 + erequév! Agp(r5+¥)) (1 + ezequw9v Agp (n3))
x (1 + ezerw'e? Ay (n2T2Y)) (1 + egerv*u! Agy (7)) U (). (1.37)

Collecting the terms of first order in each ¢;, applying the definition of
the Mandelstam derivative and noting that w,v,w are arbitrary we get
the final form of the Bianchi identities for the loop derivatives,

Do Ape(73) + DpAco(75) + DeAgp(ns) = 0. (1.38)

We will soon see applications of the above derived identities and their
crucial role in the formulation of gauge theories in terms of loops.

e The Ricci identity. Consider the action of four Mandelstam covariant
derivatives along the vectors u,v on a function of an open path ¥(7Z).
Keeping the terms of first order in €;€3 in the left-hand side of the next
expression we get

1+ eu®Dy)(1 + ezvbDb)(l —eu®D.)(1 — ezvdDd)\Il('rrg) =
(1 + e12u®®[Dg, D)) ¥(3). (1.39)

The action of the four covariant derivatives is equivalent to appending
an infinitesimal loop at the end of the path 77 and therefore can be written
in terms of the loop derivative,

[Dg, Dp)¥(7E) = Agp(n3) ¥ (7). (1.40)

This expression is the loop analogue of the usual expression of the com-
mutator of covariant derivatives in terms of the curvature and we will
again see its implications for gauge theories at the end of this chapter.

e The loop derivative as a generator of the group of loops. Let
us now show that we can, by superposition of loop derivatives, gener-
ate any finite loop homotopic to the identity. We need to introduce a
parametrization for this proof. Let 7(s) be a parametrized curve be-
longing to the equivalence class defining the finite loop v with s € [0, 1].
Consider a one-parameter family of parametrized loops 7(s,t) interpolat-
ing smoothly between v(s) and the identity loop, such that 7(s,0) is in
the equivalence class of the identity loop and 7(s,1) = 7(s). Consider
the curves n(1,s) (= v(s)) and 7(1 — ¢,s). The two curves are drawn
in figure 1.7 and differ by an infinitesimal element of area. The whole
purpose of our proof will be to cover the infinitesimal area separating the
two mentioned curves with a “checkerboard” of infinitesimal closed curves
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16 1 Holonomies and the group of loops

(1)

Fig. 1.7. The construction of a finite loop from the loop derivative. The curves
én; are determined by two elements in the family n(t).

such that along each of them one can define a loop derivative. One can
therefore express the curve 7(s) as

v(s) = lim n(s,1 —¢€)odno---obny, (1.41)

where the é7; are shown in figure 1.7. Analytically, in terms of differential
operators on functions of loops we can writel

T(n(1) = V(1 - )
b § dsif(1 - &)1~ 6,5 Aas(n(l ~ V(1 - ),
(1.42)
where 7(t,s) = dn(t,s)/ds and 7/(t,s) = dn(t,s)/dt It is immediate to

proceed from 7(1 — €, s) inwards just by repeating the same construction,
and so continuing until the final curve is the identity. The end result is

w(n() = Texp ( [ Lt ot ) (mDV0) ) (143

where the outer integral is ordered in ¢ (T-ordered). This result is the
loop version of the non-Abelian Stokes theorem of gauge theories [18] and
it shows that the loop derivative is a generator of loop space, i.e., it allows
us to generate any finite loop homotopic to the identity.

Notice that the expression for the finite element of the group involves a
superposition of an infinite number of generators associated with different

I'We drop the s dependence of 7 where it is not relevant.
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1.8 Infinitesimal generators of the group of loops 17

paths. This is not the usual situation that one encounters in Lie groups,
where it is enough to exponentiate one generator to obtain any element
of the group. This is another indication of the non-Lie character of the
group of loops. It is a direct consequence of the impossibility of defining
a non-integer number of powers of 67.

Finally, identifying the loop derivative as a generator of the group of
loops allows us to rewrite in a revealing form the commutation relations
of the loop derivatives. Applying the definition of the loop derivative,
equation (1.26) can be cast in the following way

.1
[Aab(75), Aca(x5)] = lim —Z5 (Aca(8m © X5) ~ AcalXs)), (1.44)

which is the usual expression of the commutator in terms of a linear
combination of elements of the algebra. So we see that the group of loops
formally obeys commutation relations similar to those of a Lie group.

1.8.3 Connection derivative

In section 1.3.1 we introduced the loop derivative. We saw in the previous
section that this operator has several properties resembling those of the
curvature or field tensor of a gauge theory. We will now introduce a differ-
ential operator with properties similar to those of the connection or vector
potential of a gauge theory [14, 15, 4]. This operator appears naturally
as an intermediate step in the construction of gauge theories from the
group of loops. Although one could formulate a gauge theory completely
in terms of the path dependent loop derivative alone, the treatment that
we will follow will lead us to a more familiar formulation of gauge theories.

Let us consider a covering of the manifold with overlapping coordinate

patches. We attach to each coordinate patch P* a path wg:’ going from
the origin of the loop to a point 3 in P:. We also introduce a continuous
function with support on the points of the chart P* such that it associates
to each point z on the patch a path 71' Given a vector u at x, the

connection derivative of a continuous functlon of a loop ¥(v) will be
obtained by con51der1ng the deformation of the loop given by the path

o 7ry' oduo ﬂz % eu © 7r ; shown in figure 1.8. The path éu goes from

z to z + eu. We will say that the connection derivative §, exists and is
well defined if the loop dependent function of the deformed loop admits
an expansion in terms of eu® given by

U (g 0 buomg e 07) = (1+euda(z))¥(v), (1.45)

T
where we have written 77 to denote the path 790 o w;,- and similarly for
0
1ts 1nverse.
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18 1 Holonomies and the group of loops

du

o X+€u
L

o

Fig. 1.8. The path that defines the connection derivative

The definition of the connection derivative can be immediately extended
to act on functions of open paths, in a similar way to that used for the
loop derivative. We will take some notational latitude to give the same
name to the connection derivative acting on functions of paths or loops.
In all cases the context will uniquely determine to which derivative we
are referring,.

Notice that the deformation introduced in order to define the connec-
tion derivative could have been generated by application of successive
loop derivatives, as seen in the non-Abelian Stokes theorem. This implies
that any function that is loop differentiable should be connection differ-
entiable, and that there is a natural relation between the two derivatives.
We will now prove the converse relation between the connection and loop
derivatives. It will be quite reminiscent of the well known relation be-
tween the connection and the curvature (or vector potential and field)
in a gauge theory. In order to do this, let us start by considering the
following identity in loop space,

&y =7 o bubvdudv o

I o T+eu
=myoduomy, , 0my " 0bv
o r+elutezv — o T+ev — o
OTMrteruterv © Mo o6t o MrtevTo o v o g, (1.46)

corresponding to the path shown in figure 1.9. Notice that the first defi-
nition is written in such a way that it has the structure of the paths we
have used to define loop derivatives, whereas the second has the form of
the paths used to define connection derivatives. Specifically, it implies
the following identity between differential operators,

(1 + e1e2u0? Agp (7)) T (7) = (1 + €1u®8a(x)) (1 + €20°6p(z + €1u))
x (1 — e1u%.(z + e1u + €2v)) (1 — 2v%64(z + €20))T(y).  (1.47)
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1.8 Infinitesimal generators of the group of loops 19
Su

[«]

Fig. 1.9. The path that defines the relation between connection derivatives and
loop derivatives.

We now expand to first order in €1€2 and get
Aop(75) = 0abp(z) — Opba(z) + [6a(z), bb()]. (1.48)

Notice that we have obtained the loop derivative for the path 77 given

by wgb o 7r;’,- . This path is uniquely prescribed by the function defining the
connectiorf derivative. The loop derivative defined by (1.48) automatically
satisfies the Bianchi identities due to the fact that it is obtained by a
construction in loop space that is totally similar to that used to derive
the identities themselves. .

The idea of introducing the connection derivative was to provide us
in the language of loops with a notion of connection or vector potential
similar to that of gauge theories. However, the connection in a gauge
theory is gauge dependent. How does this dependence manifest itself in
the language of loops? It does so through the choice of prescription of
path used to compute the connection derivative. We will now study this
in some detail.

Let us consider a connection derivative at a point £ and two prescrip-
tions for choosing the path from the origin to z, given by the continuous
functions 72 = f(z) and x% = g(z), as shown in figure 1.10.

We again consider two equivalent paths in the group of loops,

© Xgeur (1.49)

We also introduce a point dependent operator U(z) constructed from the
loop dependent deformation operator U (<) defined in (1.28) and the loop

o T+eu

z o — AT 0 z
Xo°6u°X:1:+eu_‘Xo°7rz°7ro°6u°7rz+eu°7ro

Downloaded from https://www.cambridge.org/core. IP address: 18.119.132.218, on 21 May 2024 at 01:36:56, subject to the Cambridge Core terms of
use, available at https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/51705C8DABA59C31E846CEO8FOF7FFDD


https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/51705C8DABA59C31E846CE08F0F7FFDD
https://www.cambridge.org/core

20 1 Holonomies and the group of loops

du

X+eu

o

Fig. 1.10. The path dependence of the connection derivative.

associated with the point z, x% o 72, by U(z) = U(x% o 72). This gives
the identity between operators:

(14 eu®sX) (2))¥(y) = U(z)(1 + eu®s{ (2)) U (z + ew)T(y). (1.50)

From which we can immediately compute the change in the connection
derivative due to a change in the prescription of the path,

89 (z) = U(z)6{ (z)U () ™! + U(2)8,U (z) ~*, (1.51)

and we see that it is totally analogous to the transformation law for a
gauge connection under changes of gauge.

The usual relation between connections and holonomies in a local chart
in a gauge theory can also be written in this language. This relation is just
an expression of the fact that the infinitesimal generators associated with
connections allow us to construct finite loops. As shown in figure 1.11
one uses infinitesimal increments generated by the connection derivative
to build a loop. The expression of this fact in loop space is

v = T}Lngoévl 0dyg 008, (1.52)

where 6v; = w%i6u;nQ, ,,,, and this relation connects the deformation

operator with the connection derivative,
U(y) = lim (1 + (22 — 21)*8a(21))
X(1+ (z3 — 72)%a(z2)) - - - (1 + (21 — xx)*6a()). (1.53)

We can rewrite the above expression as the following path ordered
exponential,

Uty) = Pexp [y 4y5,(v)) (1.54)

This again is reminiscent of the familiar expression for gauge theories,
which yields the holonomy in terms of the path ordered exponential of a
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1.8 Infinitesimal generators of the group of loops 21

Fig. 1.11. How to generate a finite loop using the infinitesimal generators.
connection.

1.3.4 Contact and functional derivatives

The differential operators that we have introduced up to now are char-
acteristic of the group structure of the group of loops and find no direct
analogues in the space of parametrized curves. It is worthwhile analyz-
ing whether there is any relation between these operators and the usual
functional derivative §/6p(s) acting on functionals of parametrized curves
¥[p(s)].- The operator in loop space that allows us to make this connec-
tion is the contact derivative C,(z), which plays an important role in
diffeomorphism invariant theories, as we will see later.

We define the contact derivative of a function of loops in terms of the
expression

Ca(2)T(y) = ﬁ dy*8(z — y) Aap(1) T (7), (1.55)

where 7Y is the portion of the loop v going from the basepoint to y.
This operator was first introduced in the chiral formulation of Yang—Mills
theories in the loop representation by Gambini and Trias [13]. It can be
considered as the projection of the loop derivative on the tangent to the
loop 7,

X%(z,7) = ;{ dy*6(z — y). (1.56)
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22 1 Holonomies and the group of loops

This expression involving the tangent to the loop will play a role in the
ideas of chapter 2.

An important property of the contact derivative is that it is the gen-
erator of diffeomorphisms on functions of loops. Given the infinitesimal
diffeomorphism

T — z'% = 2% + eu?, (1.57)

the expression for ¥(v.), where 7. is the loop obtained by “dragging
along” ~ with the diffeomorphism (1.57), is given by

U) = (1+ ¢ [ ou@Cala) ) 20

= (1 Te }i dybua(y)Aab(73)> T(7y). (1.58)

To prove that C, actually is a generator of diffeomorphisms, we will
show that it satisfies the corresponding algebra,

[ #on@ka(o), [ EuMrweaw)] = [@oLgN@Ca@), (1.59)

where N®, M® are arbitrary vector fields on the three-manifold.

We will start with an auxiliary calculation that will prove useful in what
follows. We will evaluate the action of the loop derivative on a contact
derivative. To this end we construct the following expression, which holds
due to the very definition of loop derivative,

(1+ 20%A4(72)) /7 dy®6(y — ) Agy (1Y) T(7) =

[ s - 2)8a(@r o )TEn o). (160
dyz0v

In this expression, 6+, is the infinitesimal loop added to v through a path
from the origin up to the point z. That is, we evaluate the action of an
infinitesimal deformation of area 0°® acting on the contact derivative.

We now expand the right-hand side of (1.60), partitioning the domain of
integration into the portions after and before the action of the deformation
and use the definition of the loop derivative to expand ¥ (évy o 7y),

/ "y Ay ()8(y — 2)(1 + S0 A a(42)) ()

+{u®6(z — ) Agb(VZ) + v%6(2 + u — T) Agp (V)
_ua6(z +u+v— x)Aab(,yg+u+v) _ 'Ua(S(z +u— x)Aab(,yg+u+v+ﬂ)}
x(1+ 30 Aca(72))T(v)

+ /21 dy*8(y — =) Aap((67: 0 1)3) (1 + 50 Aca(7)) ¥ (7). (1.61)
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1.8 Infinitesimal generators of the group of loops 23

The last term in this expression can be rewritten as

ﬁ dy®6(z — y)O(y — 2) (1 + 10 Aa(42)) [ Bar()] (1 + 1% Aes (7)) T ()

(1.62)
where O(y — z) is a Heaviside function that orders points along the loop,
i.e., it is 1 if z precedes y and zero otherwise. We will be able to combine
the zeroth order contribution of this term with the first term in (1.61). It
should be noticed that the first loop derivative does not act on everything
to its right but only on the path inside the second loop derivative v¥, a fact
that as before we denote by enclosing it in brackets. We now consider the
expansion of the terms containing the infinitesimally shifted loop. They
can be expressed with the use of the Mandelstam derivative,

Dap(75") = (1 +u°De) Aab(75), (1.63)
Agp (75 = (1 +v7Da)(1 +u°De) Ao (75), (1.64)
6(z+u—1z) =(14+u0,)é(z — ). (1.65)

We now expand (1.61) again

yﬁ dy*8(y — ) Aw (1) (1 + Lo A(v2)) T (7)

+{u6(z — ) Aap(VZ) + v*(1 + u®8e)6(z — ) (1 + uDy) Agy(77)
—u?(1+v°D.)é(z — z)(1 + vdDd)Aab('yj) —v%(z — 2)Aup(72)}

x(1+ 30 Aca(v2) U (y) + 4 7( dy®6(y — ©)O(y — )0
XAca(V3)[Aas(7¥)](1 + %UCdAcd(’Yg))‘I/('y). (1.66)

Of the terms in braces, it can be readily seen that only contributions
proportional to u®v® are present, neglecting terms of higher order. The
other terms combine to give the original expression. We can finally read
off the contribution of the loop derivative,

Aca(z) %7 dy?6(z — ) Aay(1)) T (7) =
2Bz — ) A (1) + 6(2 — T)DieD (7)) B ()
+ }47 2Oy — 2)8(y — 7) Dea(¥2) [Aas (V)T ()

+ 1{ dy?6(y — ) Aas(1)) Deal1Z) (). (1.67)

With this calculation in hand, it is straightforward to compute the
successive action of two diffeomorphisms,
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24 1 Holonomies and the group of loops

C N = 3,w d €
(N)C(M) ¥ /d N }id 6(w — 2)Aca(75)
y / BoM(z 74 dy® )Awb (1) (7). (1.68)

Expanding this expression we get six terms

/d3w/d3$Nd('w)Mb(:L‘)

x{ f d2°8(w — 2)8,8(z — ©) Agp(72) T ()

Y
—f{ydzcﬁ('w — 2)036(z — 1) Dy (75) V()
+f dz°6(w — 2)6(z — ) DeAgp(Y2) ¥ ()
]{ d2°6(w — 2)8(z — &) Dal e (¥Z) T ()
+ 74 dz* ;4 dy*6(w — 2)8(y — )0y — ) Dea(12) [ DoY) ()

+ ]{, dz* yg dy*S(w — 2)8(y — DD () Aa(¥D) ¥} (1.69)

We should now subtract the same terms with the replacement N o M.
Since the calculation is tedious but straightforward we describe in words
how the terms combine. The fifth and sixth terms, when combined with
the similar terms coming from the substitution N < M cancel taking into
account the commutation relations for the loop derivatives (1. 26) The
first and third terms combined with the first of the substitution N < M
form a total derivative. The fourth term, combined with the third and
fourth of the substitution N « M cancel due to the Bianchi identities
of the loop derivatives. Finally, the second terms combine to produce
exactly C(L£ M), which is the correct result of the calculation.

We end by pointing out the relation between the contact derivative
and the usual functional derivative. This can be immediately recognized
by noticing that we can write [ d3zu®(z)C,(z) in terms of parametrized

curves by
/d3mu 7{ dsu(p 6(3), (1.70)

where p(s) is one of the parametrized curves in the equivalence class of
the loop . The way to see this is to notice that if v is the equivalence
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1.4 Representations of the group of loops 25
class of curves [p®(s)], then ¥(y') = ¥[p*(s) + eu(p(s))]. Then,

}[ds& )6p(6) (1.71)

which relates the two derivatives. It should be noticed that these two
derivatives only agree when acting on functions of loops. The expression
on the right of (1.70) can act on functions of parametrized curves, on
which the contact derivative is not defined.

1.4 Representations of the group of loops

In previous sections we derived several relations between generators of
the group of loops. These relations were independent of any particular
representation. We will now study their form in the context of a particular
representation in terms of a given gauge group. We will see that from them
emerges the kinematical structure of gauge theories.

Gauge theories arise as representations (homomorphisms H) of the
group of loops onto some gauge group G,

H: Ly — G, (1.72)
ie.,
v — H(y), (1.73)

such that H(y1)H (v2) = H(y1 0 72).
Let us assume we are considering a specific Lie group, for instance
SU(N), with N? — 1 generators X* such that TrX® = 0 and

(X%, X9] = CP X*, (1.74)

where C’,? are the structure constants of the group in question. We will
assume that the representation is loop differentiable**. This will enable
us to obtain the usual local objects associated with the gauge theory
(curvature and connection) from the loop language.

Let us compute the action of the connection derivative in this repre-
sentation. We use the same prescriptions as in the previous section

(1 -+ cuba(@)) ) = HrE 0 6u 070,40, 07) = H(x 0 60013, ) H().
* T 17s)

Since the loop 73 oduon?, ,, is close to the identity loop (with the topology
of loop space) and since H is a continuous, differentiable representation,

H(nj obuoml, ) =1+ieuAq(z), (1.76)

** If it is not loop differentiable, instead of dealing with holonomies we will have “generalized”
holonomies, which are not derived from a smooth connection.
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26 1 Holonomies and the group of loops

where A,(z) is an element of the algebra of the group, in our example
of SU(N). That is, Ag(z) = AL X*. Therefore, we see that through the
action of the connection derivative,

6a(2)H(7) = iAq(z)H (). (1.77)
Following similar steps one obtains the action of the loop derivative,
Agy(m5)H(v) = iFap(z)H(v), (1.78)

where Fy, is an algebra-valued antisymmetric tensor field.

Remember that « is only fixed by the prescription. Changing the
prescription for 77 is the way to change the gauge. Suppose we change
the prescription by 7% — 7'y = 7’7 on2omZ. We then simply use equation
(1.33) that in terms of the field reads

Fyp(z) = H(z)Fap(2)H (z) 7", (1.79)

where H(z) is a shorthand for H(n'] o 72).
From equation (1.48) we immediately get the usual relation defining
the curvature in terms of the potential,

Fop(z) = 0, Ap(z) — OpAa(z) + i[Aq, Ab). (1.80)

Gauge transformations in terms of the connection are immediate from
equation (1.51),

Ag(z) = H(z)Au(z)H (z) ™! — iH(z)0,H(z)™ . (1.81)

Let us act with the deformation operator U(n) introduced in section
1.3.3 on the representation H(v),

Un)H(y) =H(novy)=H(mH(v). (1.82)
Now, applying formula (1.54),
UnHE) = Pexp (§ ditu)) A, (1.8

and substituting equation (1.77) and comparing terms we get

Hn) =Pexp (i ¢ A Aaw) (1.84)

which shows that the representation we are considering is given in terms
of the usual expression for the holonomy of the connection A,.

Up to now, open paths have not played any relevant physical role. We
will now show that open paths are naturally related to the inclusion of
material fields coupled to gauge theories. We will consider matter fields
that transform under the fundamental representation of the gauge group
considered in our example, SU(N).
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1.5 Conclusions 27

We will describe the matter field at the point z through a path depen-
dent object ¥(7%). The natural extension of the representation introduced
at the beginning of this section to the case of open paths is to consider
the composition of an open path and a loop, defined by

U(yon?) = H(y)¥(r2). (1.85)

As in other cases, the role of the path choice will be to fix a gauge choice.
A local description in a fixed gauge is obtained by fixing a family of
paths, each of which are associated with each point in the manifold. The
functions ¥ will now become functions of points labeled by the fixed
prescription 7 used to determine the paths W(™)(z). The prescription is
given through a continuous function from the points of the manifold into
the paths f(z) = n%. Notice that if we change the prescription for the
path 7% — 7' = 7/7 o 72 o 7% we get

(™) (z) = H(n's o 72) 0™ (g). (1.86)

The Mandelstam derivative D, behaves as the usual covariant derivative
of a gauge theory. Consider its action on a function of an open path,

1+ eu®D,)¥(7%) = ¥(n% o bu) = ¥(n% o buon?,,  onlte
o (] o o

Tt+eu
= (14 eu®8y(z))(1 + euldy) T (%), (1.87)
expanding in € and keeping terms of first order, we get
DU(n2) = 8,0 (z) + 6,(z)¥(nZ). (1.88)

Using the relation between the function of a deformed path and the holon-
omy (1.85), we get

DU (n2) = 8,0 (z) + i Aq(z) (™ (). (1.89)
The usual form of the Ricci identity,
[Da, Do) = iFu, (1.90)

can be obtained directly from the above expression or by considering the
representation of equation (1.40).

1.5 Conclusions

We have seen how gauge theories arise as representations of the group of
loops. All the usual kinematical concepts of gauge theories are reflections
of properties of the group of loops.

It is important to realize that the identities and properties that we
proved in this chapter for the loop and connection derivative do not de-
pend on any choice of gauge group to represent the group of loops. In this
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28 1 Holonomies and the group of loops

sense one can think of the corresponding generators of the group as asso-
ciated with an “abstract” curvature and connection. It is only when one
considers a particular representation of the group of loops in terms of a
gauge group that these quantities adopt the usual meaning of connections
and curvatures in gauge theories.

In the next chapter we will introduce more techniques that will put us
in a better position to deal with loops in the context of quantum theories
in the loop representation.
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2

Loop coordinates and the
extended group of loops

2.1 Introduction

Continuing with the idea of describing gauge theories in terms of loops,
we will now introduce a set of techniques that will aid us in the descrip-
tion of loops themselves. The idea is to represent loops with a set of ob-
jects that are more amenable to the development of analytical techniques.
The advantages of this are many: whereas there is limited experience in
dealing with functions of loops, there is a significant machinery to deal
with analytic functions. They even present advantages for treatment with
computer algebra.

Surprisingly, we will see that the end result goes quite beyond our
expectations. The quantities we originally introduced to describe loops
immediately reveal themselves as having great potential to replace loops
altogether from the formulation and go beyond, allowing the development
of a reformulation of gauge theories that is entirely new. This formulation
introduces new perspectives with respect to the loop formulation that
have not been fully developed yet, though we will see in later chapters
some applications to gauge theories and gravitation.

The plan for the chapter is as follows: in section 2.2 we will start by
introducing a set of tensorial objects that embody all the information
that is needed from a loop to construct the holonomy and therefore to
reconstruct any quantity of physical relevance for a gauge theory. In sec-
tion 2.3 we will show how the group of loops is a subgroup of a Lie group
with an associated Lie algebra, the extended loop group. The generators
of this Lie group will turn out to be coordinates in the extended loop
space, which we discuss in section 2.4. In section 2.5 we will study how
the differential operators introduced in the previous chapter act on the
loop coordinates. In particular we will study the action of the genera-
tor of diffeomorphisms. In section 2.6 we will discuss how to construct

29
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30 2 Loop coordinates and the extended group of loops

diffeomorphism invariant quantities in terms of loop coordinates and, in
particular, knot invariants. In the conclusion we will discuss the differ-
ences and similarities between the group structures we have introduced
and the usual Lie groups. The subject of this chapter has been discussed
in detail in reference [20], the reader is referred to it for a more technical
approach.

2.2 Multitangent fields as description of loops

As we discussed in the previous chapter, all the gauge invariant informa-
tion present in a gauge field can be retrieved from the holonomy. There-
fore the only information we really need to know from loops is that used
in the definition of the holonomy,

Hy(y) = P exp (iﬁAa dy“) . (2.1)

We can write this definition more explicitly as

)
Hp(y)=1+ Z in/ dm? o dw?LAal (z1) ... Ag, (T0) X0 (31, .. ., Tpy ),

(2.2)
where the loop dependent objects X are given by

ay..
X xl) ,SL'n,’Y

7{ / dypn 7t .. / dy*6(zn —yn) ... 6(z1 — 1) =
idyg" .. .}de‘flé(m —Yn)...0(z1 — yl)@"/(oa Yiy--->Yn) (2.3)

and ©,(0,y1,...,yn) is a generalized Heaviside function that orders the
points along the contour starting at the origin of the loop, i.e.,

97(0,1/1,- .. ay'n) = {

These relations define the X objects of “rank” n. We shall call them
the multitangents of the loop 7.

By writing the holonomy in the non-standard form (2.2) we have been
able to isolate all the loop dependent information in the multitangents of
the loop. No more information from the loop is needed in order to com-
pute the holonomy than that present in the multitangents of all orders.

In what follows, it will be convenient to introduce the notation

X[.ll...[l.n (7) = Xal T1...0n Tn (,Y) = Xal...an (ml, . ,$n,7) , (25)

lifo<y; <y2 <...yn along the loop

0 otherwise. (24)
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2.2 Multitangent fields as description of loops 31

with p; = (a;z;), which is more suggestive of the role played by the z
variables under diffeomorphisms. The X objects transform as multivector
densities (they behave as a vector density at the point z; on the index
a;) under the subgroup of coordinate transformations that leaves the base
point o fixed. In other words if

1% — 2'* = D%(z) (2.6)
then
or'!*  ox'yr 1 1

X0 %100 Tn (Do) =
(D7) = 5 ok Ta) " Taw)

Xbl :El...bn Tn (,y) ,

(2.7)
where J is the Jacobian of the transformation.
The Xs are not really “coordinates” in the sense that they are not
independent. They are constrained by algebraic and differential relations.
The algebraic constraints stem from relations satisfied by the general-
ized Heaviside function,

@7(0, Y1,Y2, y3) + @’Y(ov Y2,Y1, y3) + 97(0, Y2,Ys3, yl) = 97(0, Y2, ys),
@’7(0, yl) =1, @’)’(07 Y1, y2) + 9’7(0, y27y1) =1, (28)
which imply the following kind of relations among the Xs,

XH1k2 4 XH201 — X1 Xltz,

XHiH2K3 4 X H2HIH3 | Y H2H3HL — XL X H2K3 (2.9)
And in general,
XHLe kBt 1o — ZXPk(Mlﬂn) = XMobk X Hkg1ebin (2.10)
Py

where the sum goes over all the permutations of the p variables which
preserve the ordering of the p1,..., ux and the pg4q, ..., pn among them-
selves. We have introduced the notation of underlined indices to symbolize
the permutation for future use.

The differential constraint ensures that the holonomy has the correct
transformation properties under gauge transformations, and can be read-
ily derived from equation (2.2). It is given by

0
oz
(6($z - xz—l) - 5($l _ m1‘_{_1) )XG](El...ai_l.’Ei_l a,‘+1$1‘+1...an$n' (2.11)

a1%1...04;Tj ... AnTn __

In this expression, both ¢ and z,4; represent the base point of the loop.

An important property of the differential constraint is that any multi-
tensor density D%1%1--@»%n that satisfies it can be put into equation (2.2)
and the resulting object is a gauge covariant quantity. When restricted to
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32 2 Loop coordinates and the extended group of loops

the multitangents of a loop, the resulting object is the holonomy. It is this
property that exhibits the relevance of this formulation. In it, loops are
only a particular case. One can, in general, deal with arbitrary multiten-
sor densities and construct gauge invariant objects, for instance by taking
the trace. The multitensor densities need not have the same distributional
character as the multitangents associated with a loop. Their divergence
structure is dictated by the differential constraint, which requires its so-
lutions to be distributional. This will have important consequences later.
We will call the space of all multitensors that satisfy the differential con-
straints D,.

With this construction in hand, one could go further and forget loops
and holonomies altogether. Since one can represent any gauge covariant
object using the Ds, one could represent a gauge theory entirely in terms
of Ds. This has not been done up to present for non-Abelian theories in
a complete fashion (nor for gravity), but it can be easily worked out for
an Abelian theory, as we will do in chapter 4.

When one allows arbitrary multitensors in (2.2) the convergence of the
series is not guaranteed. There is no easy way to prescribe multitensors
such that the series converges, so we will assume from now on that we
work only with multitensors such that the series converges. Even this
requirement is not enough to produce an object with a gauge invariant
trace. The differential constraint (2.11) only ensures that if one performs
a gauge transformation on the trace of the holonomy of a multitensor the
resulting series has terms that cancel in pairs. For this to imply gauge
invariance, it has to happen that [222]

N
S Au AL [AN LA, - Ay X (2.12)
k=1

goes to zero as N — oo. A is the parameter of the gauge transformation
and is therefore an arbitrary function. Notice that the vanishing of (2.12)
is not guaranteed by the convergence of the holonomy alone. The question
of selecting an appropriate set of multitensors in a precise way in order
to ensure convergence of these expressions is at present not settled, see
reference [21].

2.3 The extended group of loops

When we introduced the group of loops in the previous chapter, we no-
ticed that no one-parameter subgroup existed (since one could only define
integer powers of the generators) and therefore it did not form a Lie group.
In this section we will introduce a Lie group, the “extended loop group”.
The group of loops will be a subgroup of it. This construction is of in-
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2.3 The extended group of loops 33

terest in itself, since it is clear that it is a great advantage to have at our
disposal all the machinery of Lie groups to analyze loops. Among other
results, by identifying the free parameters of the algebra associated with
the extended loop group we will be able to solve automatically the homo-
geneous part of the differential and algebraic constraints (2.10), (2.11) of
section 2.2. With some additional construction, we will have a definition
for the portion of the multitensor density fields that is unconstrained, i.e.,
that we can freely specify. They can therefore genuinely be called “coor-
dinates” and contain as a subspace the “loop coordinates” or coordinates
on loop space. We will elaborate more on this concept in section 2.4. Now
we will proceed to construct the extended loop group.

2.3.1 The special extended group of loops

Let us start by considering arbitrary* multitensor densities similar to
those introduced in section 2.2 and define a quantity E by

E = (E,E™, ..., EMk ) =(E, E), (2.13)

where E is a real number and E#1»#n (for any n # 0) is an arbitrary
multivector density field. It can be readily checked that the set of these
quantities has the structure of a vector space (denoted as £) with the
usual composition laws of addition and multiplication.

We will now introduce a product law in £ in the following way: given
two vectors E; and E;, we define E; x E; as the vector with components

Ei xEy = (E1E2, ElE_"2 + ElEz + El X EQ), (2.14)
where El X Ez is given by
. . n—1
(El x Ez)pl...un — z E{-Ll...m Egi+1...pn ) (215)
i=1

For any value of n, the rank n component of the x-product of elements
of £ can be expressed as

n
(B x Eg)ktbin = 3" Bt plitihn (2.16)
i=0
with the convention
ENI---MO — El‘n+1---ﬂn =F . (217)

* In this chapter we will always discuss real multitensor fields. It is obvious that the formal-
ism is unchanged if one allows complex fields. In some applications they seem to play an
important role, as we will see in section 3.4.2 (see also [19]).
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34 2 Loop coordinates and the extended group of loops

The product law is associative and distributive with respect to the
addition of vectors. It has a null element (the null vector) and an identity
element, given by

I=(1,0,...,0,...) . (2.18)

An inverse element exists for all vectors with non-vanishing zeroth rank
component. It is given by

E! = E7I + Z Y ET"Y(E - EI), (2.19)

such that
ExE!'=E!'xE=1. (2.20)

When evaluating the components of E~! it should be noticed that the
sum involved in (2.19) is actually finite due to the fact that (E — FI) is
a vector with its zeroth rank component equal to zero. Therefore,

[Ex i xEprin = [(& - B | =0if n<i. (221)

The set of all vectors with non-vanishing zeroth rank component (notice
the role of E~! in equation (2.20)) forms a group with the x-product as
composition law.

The x-product law has an interesting property when restricted to mul-
titangents. In this case it just corresponds to the composition law of
loops,

X(m1) x X(72) = X(11 °72), (2.22)

where X(v) = (1, X#1(5),..., X#1#n(y),...). Therefore we see that the
product law that gave rise to the group of loops is the same product
law we are generalizing to the case of arbitrary multitensor fields. The
x-product law can also represent more general compositions than those
of two loops sharing a common basepoint, such as the composition of
an open path with a loop at its end, assuming a generalization of the
definition of multitangents to open paths.

After all this construction, let us now make contact with the group of
loops. First, let us restrict attention to multitensors (not necessarily as-
sociated with a loop) that satisfy the constraints (2.10), (2.11). Consider
the set of vectors X € £ that have their zeroth rank component equal to
one, X = (1, X).

The set X is closed under the x-product law. If X; € X and X5 € X, it
is clear from the definition of the group product that X; x X5 satisfies the
differential constraint. One can also demonstrate that X; x X, satisfies
the algebraic constraint. In a similar way one can show that the inverse
X! given by (2.19) satisfies the constraints if X does. A detailed proof
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2.8 The extended group of loops 35

of these properties can be seen in the appendices of reference [20]. These
results show that the group structure under the x-composition law is
preserved by the imposition of the algebraic and differential constraints.
We call X the Special-extended Loop group (SeL group)’. Note that the
zeroth rank component of E plays a role analogous to the determinant in
a group of matrices. For this reason we introduce the name Special when
selecting FF = 1.

The group of loops is a subgroup of the SeL group since X(y) € X and
the composition law of the group of loops o is mapped via (2.22) to the
x-product.

An important question at this point is: is the group SeL just a fancy
rewriting of the group of loops, or is it actually a more general structure?
We will show that SeL is actually larger than the group of loops by direct
construction. Consider the group element X™ = Xx ™. xX. Note
that if X gives the multitangent field of certain loop vy, X™ would be
the multitangent field of the loop <y swept itself m times. Applying the
binomial expansion we get,

m
xmz[1+(X—I)]m:1+§:('y)(X—I)i. (2.23)

i=1
The extension of (2.23) to real values of m is straightforward, being

defined as
— [ A
A R £V

X _1+§(i)(x I) (2.24)
with X\ real. We usually call this object the analytic extension of X. Note
that for A = —1 we recover the expression of the inverse of X. Also

in this case, due to (2.21) the analytic extension is well defined for all
elements of X. One can prove that if X is constrained by the differential
and algebraic identities, its analytic extension also satisfies the constraints
(again see the appendices of [20]). So, the analytic extension of any X is
in X. Moreover, we have

X x XK = XM (2.25)

We conclude that the set {X*/\ € R and X a given element of X'} de-
fines an Abelian one-parameter subgroup of the X group.

For non-integer values of A, the Ath power of a multitangent is not
a multitangent. This fact explicitly shows that there exist in X other
elements besides the loop coordinates.

t Tavares [43] has also considered this group. His “shuffle product” is associated with the
algebraic constraint in our terminology.
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36 2 Loop coordinates and the extended group of loops

Matrix representations of the SeL group can be generated through a
natural extension of the holonomy. The extended holonomy associated
with a non-Abelian connection A,,; = A,(z) is defined as H4(X) = A - X,
where

A= (LiAazy, " Ay, - - -)s (2.26)
X = (1, X407, Xasendn ) (2.27)

and the dot acts like a generalized Einstein convention including contrac-
tions of the discrete indices a; and integrals over the three-manifold in
the continuous indices z;. We have

© oo ‘
Ha(X1) Ha(X2) = Z Z iJAul-uukA#kH...qu{“"'”ng"“'““j
k=0 j=k

00 J
=D 7 Ay (Z Xfl'""kXé‘“""“") = Ha(X1 x Xp),  (2.28)
7=0 k=0

where convention (2.17) has been applied over all the indices. The cor-
respondence X — H 4(X) gives a representation of the SeL. group into a
particular gauge group. In the case of the X’ group and the connections A
belonging to the algebra of a unitary group, H4(X) is an element of the
given unitary group. If one considers multitensors that do not satisfy the
algebraic constraint, one still has a group and can construct a representa-
tion by considering As that belong to a unitary gauge algebra. However,
the corresponding representation will give a holonomy that is not an ele-
ment of the gauge group. It will, in general, be an element of the general
linear group of the same dimension as the gauge group. This highlights
the role of the algebraic constraint in this formalism. The differential con-
straint imposed on X ensures that H4(X) is a gauge covariant quantity
provided that the expressions involved in the proofs converge (see chapter
12 for some subtleties on this issue).

We have shown that the analytic extension of any element of the SeL
group defines a one-parameter subgroup. By studying its properties one
can find the algebra associated with the SeL group.

2.3.2 Generators of the SeL group

Consider the one-parameter subgroup {X*} and suppose that we increase
A by an infinitesimal amount. We can write

A+dA A dX A dX/\
X = X} x X® =X} + ——dx (2.29)

and taking A = 0 we get
XA = I + Fd), (2.30)
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2.8 The extended group of loops 37

where

_ ax> ® (-1, )
F="r |H_(, ——X') = (0, F) . (2.31)

1=1
Introducing (2.30) in (2.29) we obtain the following differential equation
for the elements of {X*}
dx*
X
This equation can be iteratively integrated to give

=X"xF =F xX*. (2.32)

A Al An
_I+Z—F’°+F"+1 /Od)\l [ d)\g.../o dAns1 X1

(2.33)
The process actually stops for any finite rank n component (F"tl =
Fx 7tl XxF =0 in this case). Therefore

=1+ Z ——F’c = exp(\F) . (2.34)

We conclude that the vector F given by (2.31) is the generator of the
one-parameter subgroup {X*}. It is evident that the generator satisfies
the differential constraint. We shall now prove the following fundamental
property: F satisfies the homogeneous algebraic constraint (i.e., the sum
over permutations defined in equation (2.10) vanishes). In other words,
the generator of the one-parameter subgroup {X*} is the algebraic free
part of X.

We know that

(X)\ )l‘lu-ﬂkﬂk+1---#n — (x)\ )Ml--‘ﬂk (X,\ )llk+1~--ll-n ] (235)

Differentiating with respect to A and evaluating for A = 0 we get

A\ BLolE
_C_l_ (X)\ )———“1"'“”#”1"'“" = (_dX ) JHk+1bn

dA A=0 d\ =0
dX)‘ Hk+1--Hn
+ IH-Bk (_d)\ ) . (2.36)
A=0
As 1 < k < n, we conclude
FELBebk+1En — (1< k<n . (2.37)

Reciprocally, one can demonstrate that the exponential of any alge-
braically free quantity produces an object that satisfies the algebraic con-
straint. It is important to stress that these results allow us to obtain the
general solution for the algebraic constraint (equation (2.34) with A =1
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38 2 Loop coordinates and the extended group of loops

and its inverse (2.31) give the relationship between an object that satisfies
the algebraic constraint and its algebraic-free part).

The set of all Fs that satisfy the differential constraint and the homo-
geneous algebraic constraint forms a vector space F. One can define a
bilinear operation on F in the following way,

[F]_,Fz] =F1 XxFgo—Fgo xFy forany F1,Fq € F. (2.38)

This operation is closed on F. The vector space F together with the
bracket operation (2.38) defines the Lie algebra associated with the SeL

group.
2.4 Loop coordinates

The quantities X that we introduced in section 2.2 are not freely speci-
fiable. That is, in order to be able to construct a gauge covariant object
via equation (2.1), the Xs had to satisfy the differential and algebraic
constraints (2.10), (2.11). That they are not freely specifiable is a natural
thing, since they are elements of a group. That is why it was impor-
tant to find the associated algebra, since its free parameters give us a
chance to separate the part of the multitangents that we can freely spec-
ify. In the previous section we saw how to construct the set of objects F.
These objects had the advantage of being constrained not by the algebraic
constraint, but by the homogeneous algebraic constraint. This latter con-
straint is very easily solvable, simply by requiring some symmetries on the
Fs, given by equation (2.37). In terms of the Fs one immediately is able
to compute a solution to both the differential and algebraic constraints
making use of equation (2.34),

X = exp(F). (2.39)

However, the Fs are far from freely prescribable since they are con-
strained by the differential constraint. The main intention of this section
is to give a prescription for generating the Fs (and through them the Xs)
from freely specifiable quantities. In order to do this we will need to in-
troduce some technology to deal with transverse tensors. This technology
will also be useful for dealing with knot invariants.

2.4.1 Transverse tensor calculus

First of all notice that the notion of transversality (divergence equal to
zero) is well defined for vector densities, since their divergence can be com-
puted without introducing an external metric. For instance, statements
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2.4 Loop coordinates 39

such as
Bue E¥®W =0 (2.40)

are well defined for an object like E which is a vector density on the index
a at the point z.

Let us introduce the notion of transverse and longitudinal projectors
in the multivector density space. In order to do this, it is convenient to
endow the space of transverse vector densities of rank one with a natural
metric structure. Given two transverse fields V% and W% one can define
their inner product [22],

g(V,W) = / d3z VeAY,
B,V = 9,W* =0, (2.41)

where AY is a “potential” defined in the following way. Construct a
two-form Wy, = €W €. This two-form is curl-free, 9;Wyy, due to the
transversality of W®. Then one can define the one-form (“potential”)
AY by B[bAZE’ = Wgp. This one-form is defined up to the addition of
a gradient. This will force us to give ad-hoc prescriptions when dealing
with expressions in terms of AY. However, the inner product (2.41) is
well defined in a prescription independent way since the addition of a
gradient to A} only contributes a total divergence term.

The inner product introduced by (2.41) gives rise to a covariant metric
on the space of transverse vectors,

g(V7 W) = 90 azxby Va:thy, (242)

which can be explicitly written, for instance, in the transverse ( non-
covariant) prescription,

AV =0 (2.43)
as
1 z¢ —y°
9o azby = 4 €abc __‘ z—yP (2.44)

Notice that due to the use of a non-covariant prescription the final ob-
ject has both coordinate and background metric dependence. gp is a well
known object in knot theory, where it plays the role of the kernel of the
Gauss knot invariant, as we will see in section 2.6. It is the expression in
a particular prescription of the covariant metric in the space of transverse
vector densities defined by (2.41). Notice that in what follows we will
not need to specify a background metric unless we want to give a specific
prescription. In general, the covariant metric is defined up to gradients
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40 2 Loop coordinates and the extended group of loops

that change according to the prescription chosen,

Jazby = 90 azby T Pazy,b T Pbyz,a - (245)

Transverse and longitudinal projectors may easily be written without
the use of a background metric in terms of g and its inverse in the trans-
verse space,

go% = €%¢ 9, §(x —v) . (2.46)

We define the quantities é7 and ér, (the transverse and longitudinal
Dirac deltas) as

61y = 9% “gezby (2.47)
and
0L by = 0% py — 67y, (2.48)
where 6%y, = 6%6(z — y). It is straightforward to check that they have
the desired projection properties,
ér*, 6r°, = 61"y,
oLk, 6Ly = 61"y,
6Lup oy, = 6T”p 61, = 0.
By using the explicit form of the covariant metric one can prove that

6L by = " b (2.49)

where

0

dza
The ambiguity in the definition of the metric induces an ambiguity in
the decomposition into transverse and longitudinal parts. Each function
¢ that satisfies (2.50) determines a particular prescription of the decom-
position. It is important to note that the transverse density fields and in

particular the contravariant metric (2.46) are prescription independent.
In the particular case in which we choose the transverse metric to be g

¢y = —b6(z—y). (2.50)

we have
1 4 1
S 2.51
0"y ar Oz |z —y |’ (2:51)
0%y 1
b’y = Mt Ty (2:52)

A transverse projector acting on the vector space £ of multitensor den-
sities can be immediately introduced through the matrix é7, defined in
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2.4 Loop coordinates 41

components as
ot bn i vom = Oum 67y, . OTH (2.53)

Given any multivector density E one can construct a multivector den-
sity E7 that is transverse or in other words that satisfies the homogeneous
part of the differential constraint (2.11) by,

Er = ér - E. (2.54)

The set of all Eps forms a linear vector space Er. The definition of Ep
is not unique, it depends on the prescription used in the definition of the
projector.

Since 87 a projector, relation (2.54) is obviously not invertible in gen-
eral. However, it turns out that it can be inverted on a subspace of £
given by £p, the multitensor densities that satisfy the differential con-
straint (2.11). In order to do this, let us start by evaluating

Egl...un =M, ... 5ununEB1---”n, (2.55)

making use of identity (2.48) and the differential constraint and recalling
that the first rank component of E is transverse, we then get

Ep =0 -E. (2.56)

The soldering quantities 0 only depend on the function ¢ which char-
acterizes the choice of decomposition in transverse and longitudinal parts,

o OpHrbn s ifm=n

ol _ .

g Vi.Vm — g;:::g:_l Upl'"pn—lul...um , ifm<n (2.57)
0, ifm>n

with

n
aiZ1...GnTn — 6a1z1...aj_1zj_1 ¢ajxj _¢ajz]- 6 Qj4-1T541...GnTn
1Yl Cn—1Yn—1 — c1Y1...Cj—1Y5 -1 Y5 Yj-1 ) 9T¢cjyj...tn—1Yn—1 -
i=1

(2.58)

Again, this definition is not unique and will be prescription dependent.

However, starting from a given Ep one can construct an Er and then
uniquely reconstruct the original Ep by applying O.

A crucial property is that the quantities O satisfy the differential con-

straint in their upper indices, as can be checked from their definition.

That is, given an arbitrary transverse multitensor density Er, one can

construct a solution of the differential constraint by applying equation
(2.56).
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42 2 Loop coordinates and the extended group of loops

The quantities 0 have definite transversality properties

6 -0 =ér, (2.59)
o-6r=0. (2.60)

Notice that due to these properties we can relax the requirement to
construct a solution to the differential constraint, i.e., given an arbitrary
multitensor E, the quantity 0 -E is a solution of the differential constraint.

Under a change of the prescription ¢{7, — #37, we get a O[¢;] satisfying

O] = o(¢o] - O[¢1]- (2.61)

The operations é7 and O define an isomorphism between vector spaces,
Ep the space of multitensors that solve the differential constraint and &
via,

Er =67 - Ep, (2.62)
Ep=0-E. (2.63)

The vector product can be introduced in the vector space £p and, due
to the isomorphism, it is simply given by

Ep; xEpy =0 - (Er; X Ers). (2.64)

This last property will have useful applications in section 2.6 where we
construct diffeomorphism invariants.

We are now ready to combine this construction with the ideas of the
last section to define the loop coordinates.

2.4.2 PFreely specifiable loop coordinates

We saw in section 2.3.2 that one could generate a solution to the differ-
ential and algebraic constraints X by considering

X = exp(F) (2.65)

but for this to hold F had to satisfy the differential constraint and the
homogeneous algebraic constraint.

Let us now consider an arbitrary transverse multitensor Ez. Applying
the results of the last subsection, we notice that the quantity o - Ep
satisfies the differential constraint. Unfortunately, it does not satisfy the
homogeneous algebraic constraint (if it did, we would be done, since it
would be an element of F).

We will remedy this situation now. We define a new matrix, given by

1...Vm)

n—1
—k
Qul unlll...llm = 5”1"'“"1/1...1/," + Z (n ~ ) (_1)k 6#1---ukﬂk+1~~-ltnu T
k=1

(2.66)
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2.4 Loop coordinates 43

where

5“1'"“"1/1..‘1/", = 6n,m ot vy-e- 6unl/n : (2'67)

The matrix §) has the following important property: it satisfies the
homogeneous algebraic constraint in the upper indices. This fact imme-
diately shows that Nisa projector. Given an arbitrary vector E, (). E
is an algebraic-free object. In particular we have F = Q.F.

Let us now introduce the following set of vectors

Svrwm = (0, S0y 0m) (2.68)
with
s=(0-9Q), (2.69)
which written explicitly in components is
(Surm )1t = aHrbin g SV (2.70)

These vectors combine the action of 0, which converted an arbitrary
multitensor into a solution of the differential constraint, and {2, which
projects into the space of solutions of the homogeneous algebraic con-
straint. That is, given an arbitrary multivector density E, projecting it
with S one obtains an element of 7. Simply by exponentiating this ele-
ment, as we saw in section 2.3.2, we obtain a solution of the differential
and algebraic constraint. That is, we just consider,

X =exp(S - E), (2.71)

and the Es are unconstrained! Notice that expression (2.71) is the usual
relation between elements of a Lie group (X), a basis of generators S and
their free parameters (E).

Expression (2.71) does not really depend on the portion of the Es that
does not satisfy the homogeneous algebraic and differential constraints
since the contraction with the Ss is independent of that portion. There-
fore, one will usually concentrate on the set of transverse vectors Y that
satisfy the homogeneous algebraic constraint, and we will call this set ),

y: Y=6r-Y and YELBeBk+1Ee — () 1<k <n .
(2.72)
The situation is totally analogous, for instance, to that of the Lorentz
group. In that case the generators are antisymmetric matrices and there-
fore one usually works with free parameters that are antisymmetric ma-
trices in spite of the fact that any kind of matrix would do. It is just that
one can only code relevant information in its antisymmetric part. Simi-
larly here, any arbitrary multitensor E would work as a free parameter,
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44 2 Loop coordinates and the extended group of loops

but only information coded in the portion that satisfies the homogeneous
constraints will be relevant for constructing the Xs via equation (2.71),

X =exp(S-Y). (2.73)
The elements of )} are immediately related to those of F by
Y =6r-F. (2.74)

When referring to multitangents rather than arbitrary multitensors we
can therefore call the objects Y “loop coordinates” or coordinates in loop
space. Abusing the terminology a bit we will also refer to them in this
way when we talk about arbitrary multitensor densities not necessarily
associated with loops.

Since they are solutions to the homogeneous algebraic and differential
constraint, the Ss are elements of F and therefore they form a basis for
the algebra as we suggested above. Details of their construction, the
proof that they satisfy the algebra and the determination of the structure
constants of the SeL can be seen in reference [20].

2.5 Action of the differential operators

In the previous chapter we introduced a series of differential operators
that represented the infinitesimal generators of the group of loops. The
loop coordinates provide us with an explicit representation in terms of
which we can explore the action of the differential operators. We will
not discuss in detail the action of all the differential operators, since as
we saw, they are related to each other. We will only concentrate on the
action of the loop derivative and of the contact derivative. The former can
be used as the starting point to compute any other derivative. The latter
is related to diffeomorphism invariance and therefore deserves a detailed
treatment.

Let us therefore start by computing the action of the loop derivative
on a multitangent field. By the definition of the loop derivative (1.17),

1+ %a“bAab(wj))X‘“zl“‘a"z" (7) = X0%1-0n%n (7% o ubvéudv o w5 0 ),

(2.75)

and recalling the relation between the x-product and the composition law
(2.22), we can write

X 1%10nln (1% o Sudvéudv o Ty 0 ) =
(X (7Z) x X, (6ubvdudt) x X(n2) x X(y))HT1 -0 (2.76)

Notice that X, (6uévéudv) is a multitangent basepointed at z, which is in
line with the fact that it is composed with an open path that ends at z.
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2.5 Action of the differential operators 45

We therefore need to evaluate X (duévéudv) applying the definition of
the multitangents (2.3). We can do this order by order. We will only
make explicit the calculation of the first order,

X, (6ubvéudv)® ™ = e u®6(z1 — 2) + v 6(z1 + €1u — 2)
—e1u (1 + €1u + €20 — 2) — 2™ §(z1 + €2v — 2), (2.77)

we now expand the Dirac deltas
8(z1 + eru — 2) = 8(z1 — 2) + e1u’Bb(z1 — 2), (2.78)

and noticing that all linear terms cancel, we collect terms of order €; €5 to
get

X, (bubvéuév)™ ™ = 1 081§ (21 — 2). (2.79)

In this last expression o = 261621/,[ b as usual and we have intro-
duced the antisymmetrized Kronecker delta 65¢ = £(6¢6¢ — 6569) and the
notation 6 .(z — z) = 0:.6(z — 2).

With this in mind, similar calculations follow for higher order multi-
tangents. The results are

Agp(m5) X7 () = 846 (21 — 2), (2.80)
Agp(m?) X NUT1022 () = 6ala26($1 — 2)6(z2 — 2)
+6526 (@2 — 2) XN (m]) 4+ 6330 c(x1 — 2) X 9272 (7] 0 7y), (2.81)
and, in general,
A ( Z)Xalzl...an$n(,y) —_
60.106’0(:1:1 _ Z)Xazzz...ana:n (ﬂ.g o 7)
6an06,c($n _ Z)Xalml...an_lwn_l (ﬂ,g)
+60:9%6(z1 — 2)6(z9 — 2) X 93T (70 0 7y)
+6a"'1a"6(:1:n_1 — 2)6(zp — 2) X1 002802 (%)

+ Z 5a,g+1c $J+1 _ z)Xalzl aJa:]( Z)Xaj+2zj+2...anzn (7r§ o ’Y)

n—3
+ D 69 8(zj41 — 2)6(zj42 — 2)
=1
xXalzl...ajzj (Wg)Xaj.‘.smj.,.g...anzn (,n.lz) o ,Y) (282)

In terms of these expressions for the loop derivative one can recon-
struct the action of any other differential operator. We will consider as
an example the expressions for the contact derivative.

The expression of the action of the contact derivative on a multitangent
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is,
Ca(2) X #1510 0n%n () = ]{ dy’6(z — y) Aap(7) X 115100 () =
v

n
Z 6:,266,0(37]’ _ Z)Xalzl...aj_lzj_lbzaj+1zj+1...a,.a:n (,Y) +
Jj=1

n—1
Z 6:iaj+16(xj — z)5(’£j+1 _ z)Xamh---aj_1zj_1bzaj+2:cj+2...anzn ('Y)
j=1

(2.83)

This expression can be written as a linear transformation of the Xs.
This is just an expression of the fact that a “passive” diffeomorphism
where one deforms the loop is the same as an “active” diffeomorphism
where one maintains the loop fixed but changes coordinates. Let us take
a minute to explore this result in detail. We rewrite the expression for
the contact derivative as

n
Ca(z)Xalzz:l...anxn (7) — Z Aazaja:jbealzl...aj_lzj_lbyaj+1zj+1...anzn (7)
=1

n—1
+ Z Bazajziaj+1zj+lbealzl'"aj_lzj_xbyaj+2zj+2manzn, (2.84)
j=1
with
Aazalzlby — 52565,c($1 _ z)6(y — z), (285)
Bazalzlazzzby — 62;“26(.’111 _ 2)6(-'172 — z)é(y - z), (286)

where we have used a generalized Einstein convention on the index y.

Sometimes it will be useful to compute the action of differential oper-
ators on cyclic multitangents, for instance, if one wants to evaluate the
contact derivative of a Wilson loop, which only depends on the cyclic
portion of the multitangents,

Xpbin = % (XHrehn 4 XH2bini 4 X Hneb) (2.87)

It is given by
n
Cal2) XBZ1-002n () = Y™ oy @0, X' 7191 T 1WA T 11 00Tn (o)
j=1
(2.88)

where

Cas® 71y = 6348 o(z1 — 2)8(y — 2) — 82 8(z1 — 2)6p(z — ). (2.89)
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2.6 Diffeomorphism invariants and knots 47

Equation (2.84) can also be rearranged in terms of the linear transfor-
mation matrix C making use of the differential constraint, which was also
used to derive (2.88).

These expressions allow us to write the expression for the transforma-
tion law of the multitangents under an infinitesimal coordinate transfor-
mation 7% — z'* = D%(z) = z® + N%(z) simply by computing

(1 + / d3xN“(x)Ca(z)) XHin = Apt . Apln X1t (2.90)

with the coordinate transformation matrices given by

1 8D%a) 8D%(z)

7@ oz 0@~ D™\ (y)) = =5 6(D(z) —v)), (2.91)

where J(z) is the Jacobian of the coordinate transformation.

ADaybz =

2.6 Diffeomorphism invariants and knots

Any vector F belonging to the SeL algebra behaves as a multivector den-
sity under a diffeomorphism that leaves the basepoint fixed. In matrix
form the transformation law corresponding to a coordinate transformation
z% — 2’ = D%(z) is

F=Ap - F (2.92)
where

AD/J,l...p,nV = Oum IXDIJ'IV1 e AD”"un- (293)

1.eVm

From here it is immediate just by inspecting equation (2.62) to derive
the transformation law for the transverse algebraic-free vectors Y,

Y =6r-F=Lp-Y, (2.94)
where
Lp=ér-Ap-O. (2.95)

The diffeomorphism transformation given by (2.92) is just a particular
example of a more general family of transformations: the automorphisms
of the algebra. Other automorphisms can be considered, for instance, the
conjugation F/ = X x F x X1,

The isomorphism between the vector spaces £p and £r makes Lp a
representation of the diffeomorphism group. This representation emerges
as the push-forward of the natural action of diffeomorphisms on the space
of solutions of the differential constraint through the isomorphism of that
space with the space of transverse vectors Ep.
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48 2 Loop coordinates and the extended group of loops

The presence of the non-diagonal matrix 0 in £p makes this representa-
tion highly non-trivial. This is an important result, due to the possibility
of introducing objects that transform under the adjoint representation
of the diffeomorphism group. In fact, the isomorphism guarantees the
following property of the Os

O=Ap-0-Lp-1. (2.96)

This relationship clearly shows the role played by the O's as the soldering
quantities between the fundamental representation Ap and the adjoint
representation Lp. It is straightforward to see that the subspaces F and
Y are invariant under diffeomorphisms.

Our task is to construct quantities invariant under automorphisms. To
illustrate the procedure to follow, let us consider what is usually done to
construct invariants of a group, say SU(2). One takes elements of the
group w;o®, where o* are the usual Pauli matrices and w; free parameters,
and computes their trace

Tr(wio‘wjo?) = Tr(0"0? )wiw; = GYww;. (2.97)

The result is obviously an invariant and it has the form of a metric G¥ (in
this particular case equal to §*/), which is invariant under the action of the
automorphisms of the group, contracted with the free parameters of the
group. Analogously one can take traces of higher order products of ele-
ments and one would end up with invariants of the form G Wi .. Wi
We will generically call the Gs “invariant metrics”.

We will now follow a similar procedure to find invariants under automor-
phisms of the SeL group. Since we showed that diffeomorphisms are just a
particular case of automorphisms, the result will be diffeomorphism invari-
ant. Consider a covector in the space )V, g = (0, Guipa>* s Gu1oopins ")
with the following properties:

n*

g=g Lp, (2.98)

Gpr.otin = 9(p1.pn)eyetic* (2.99)

With it, we can define a multilinear form from Y X --- x ) into the
complex numbers,

In=g - (Yi x--xYy,) (2.100)

that is invariant with respect to all automorphisms described above. The
invariance property (2.98) ensures that (2.100) is invariant under dif-
feomorphisms, (2.99) ensures invariance under conjugation. Why do we
require the extra cyclicity property (2.99)? The reader should remember
that all the multitangent formalism is basepointed, i.e., there is a pre-
ferred point in the manifold as was obvious, for instance, when writing
the differential constraint (2.11). The diffecomorphisms under which the
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2.6 Diffeomorphism invariants and knots 49

constructed quantity would end up being invariant would be those that
leave the basepoint fixed. This is not what one is usually interested in,
not even in the case of knot invariants, when the multitensors really are
multitangents to loops. The cyclicity property ensures that the quantities
constructed do not depend on any basepoint.

Unfortunately, we do not have a general technique for constructing the
invariant tensors g. Taking traces as in the SU(2) example does not
work since we want objects not only invariant under conjugacy but also
under other automorphisms, specifically the ones that represent diffeo-
morphisms and the traces are not invariant under these transformations.
Some invariant tensors g are known and we will discuss them in some
detail later.

This formalism appears to be a very powerful technique for construct-
ing invariants associated with three-manifolds. Its implications have not
been worked out in detail yet, so we will end the generic discussion here.
However, it is quite clear that this construction can immediately be partic-
ularized to the case in which one is not dealing with arbitrary multitensor
fields, but with multitangents associated with loops. The resulting in-
variants would be knot invariants. There is an abundant literature on
the subject and therefore we will find it worthwhile to explore the im-
plications of our formalism in some detail for this case in order to make
contact with well known results.

Therefore, we will now consider the quantities

In(v) =g (Y(7) x -+ xY(7)), (2.101)

and it is evident by construction that I,,(y) = I,(v') if ¥ and « are related
by a diffeomorphism.

Let us consider some particular examples of these quantities. Take
n = 2. In this case, the invariant metric has only one non-vanishing
component,

9G py.pin = 5n,2 Guipss (2.102)

where g, 1, is the metric on the space of order one multitangents, already
introduced in (2.45). It leads to the following invariant:

Ig(v) =gc- (Y(7) x Y(7)) = guyp Y (7)Y #2(y). (2.103)

For a first order multitangent Y#(y) = X#(v); replacing the definition
of the X's (2.3) and of g (2.44) and performing the integrals over the
three-manifold explicitly we get

(v(s)® = 7))

-1 %(5)4b(¢)e
6=~z § o § 43" OFF Qe =y

The reader may recognize in this expression the Gauss linking number.

(2.104)
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50 2 Loop coordinates and the extended group of loops

Since we computed it for only one curve, it is a “self-linking number”,
a quantity which is in general ill-defined and to which we will return in
chapter 10.

Although there is not a systematic procedure for constructing the in-
variant metrics, an infinite family of them can be constructed applying
results from Chern-Simons theories, a class of topological field theories
that has recently attracted great attention [45]. Using these techniques
other invariant metrics have been computed in explicit fashion [187, 47],
but we will postpone their discussion until chapter 10 when we discuss
Chern—Simons theory in some detail.

The metrics are prescription dependent objects, as can be readily seen
from equation (2.98). The knot invariants, however, should be prescrip-
tion independent. In order to see this let us fix some prescription for g,
g1 = 81 - 0r1. Then

g1-Vi=g-ér-F=g - F. (2.105)
But F = gy - ?2, then
g -YVi=g 0y Yo=gy Vs, (2.106)
where
g2 =81"02 (2.107)

is the invariant tensor in the prescription 2. Using the algebraic-free
coordinates we have

g1~ﬁ=g1'?1=g2-}?2=g2-}$. (2108)

If one is considering a specific representation of the group of loops in
terms of a gauge group, as we will start to do in the next chapter, func-
tionals of a loop and of multiloops will be related by a series of identities
called the Mandelstam identities. With these identities one can build and
relate invariants of links of more than one component. We will return to
this subject in chapter 10.

2.7 Conclusions

In this chapter we introduced a series of analytic techniques for describing
loops. We exhibited the important role of multitensor densities as rep-
resentations of loops. In fact we noticed that multitensor density fields
can play a more fundamental role than loops in physics altogether. We
showed how to represent the group of loops and how to extend it to form
a Lie group in terms of multitensor fields. We found, by constructing the
associated Lie algebra and its free parameters, a set of freely prescribable
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2.7 Conclusions 51

multitensors that can be used as fundamental objects to describe loops or
to build a more general framework. We showed how the diffeomorphisms
are represented in terms of these objects and how to use them to construct
invariants of three-manifolds and of knots. All these techniques will play
a fundamental role in chapters 10 and 11 in the applications to quantum
gravity. They will be especially useful for revealing the relations between
quantum gravity and topological field theories and will possibly become
the calculational bridge between the beautiful notions of knot theory and
the Einstein equations. Of all the mathematical technology that we will
introduce in chapters 1-3, the extended loop calculus is the most recently
discovered and its implications are least explored. A great degree of im-
provement in the understanding of these issues is likely to appear in the
years to come.
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3

The loop representation

3.1 Introduction

At the beginning of the 1970s gauge theories and in particular Yang-
Mills theories appeared as the fundamental theories that described par-
ticle interactions. Two main perturbative results were established: the
unification of electromagnetic and weak interactions and the proof of the
renormalizability of Yang-Mills theory. However, the advent of proposals
to describe strong interactions in terms of gauge theories — and in par-
ticular the establishment of QCD and the quark model for the hadrons —
required the development of new non-perturbative techniques. Problems
such as that of confinement, chiral symmetry breaking and the U(1) prob-
lem spawned interest in various non-perturbative alternatives to the usual
treatment of quantum phenomena in gauge theories. Both at the contin-
uum and lattice levels various attempts were made [44, 48, 12, 49, 50]
to describe gauge theories in terms of extended objects as Wilson loops
and holonomies. Some of these treatments started at a classical level [44],
with the intention of completely reformulating and solving classical gauge
theories in terms of loops. Other proposals were at the quantum mechan-
ical level; for instance, trying to find a Schwinger-Dyson formulation in
order to obtain a generating functional for the Green functions of gauge
theories using the Wilson loop. Among these latter proposals we find the
loop representation [5, 34], based on constructing a quantum representa-
tion of Hamiltonian gauge theories in terms of loops. In this context, the
main advantage of the loop representation was to do away with the first
class constraint of the theories (the Gauss law), and therefore with the
redundancy introduced by gauge symmetries. It allowed researchers to
work directly in the space of physical states.

The idea that a non-perturbative quantization is possibly the only vi-
able solution to the problems presented by the quantization of general

52
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3.1 Introduction 53

relativity is not new. However, the failure of various attempts based on
perturbation theory over the last two decades has increased the belief that
non-perturbative methods may be the only alternative to approach the
quantization of gravity. In particular, the striking example of 2+1 grav-
ity, which for many years was considered perturbatively as pathological
as 3+1 gravity until it was proven by Witten [46] that it can be exactly
quantized, has contributed to the belief that perturbative methods in gen-
eral relativity can be quite misleading. Simultaneously, the introduction
of a new set of variables by Ashtekar [51] that cast general relativity in
the same language as gauge theories provided the natural framework for
the introduction of loop techniques as a natural non-perturbative avenue
for the quantization of Einstein’s theory. As the Hamiltonian was the
most promising scenario for the new variables, the loop representation
appeared to be the most natural application of loop techniques to the
problem [38, 39]. Moreover it was apparent from the beginning that the
use of the loop representation allowed various new insights, in particu-
lar it revealed a new connection between general relativity and geometry,
but now at a quantum level. Wavefunctions in the loop representation
appeared in the pioneering work of Rovelli and Smolin as intimately re-
lated with various notions of mathematics, in particular those of the newly
flourishing branch of knot theory. This connection was highlighted when
the Jones polynomial was found to play the role of a possible state of
quantum general relativity [52].

In this chapter we will briefly discuss various physical results that we
will need, in combination with the loop techniques introduced in the first
two chapters, to introduce the idea of a loop representation. These ideas
will be used extensively to discuss the applications in subsequent chap-
ters of the book. The level of rigor and depth that we will maintain in
this chapter is only the one needed to discuss the applications. Many of
the topics covered in this chapter would, in general, require a book by
themselves if they were to be discussed in detail. The idea of this chapter
is therefore to fix notation for the advanced reader and to introduce the
beginner to these topics in order to allow a first reading of the rest of the
book.

The organization of this chapter is as follows. We will start in section
3.2 with a discussion of the canonical formulation and quantization of field
theories. The idea is to lay down the formalism that we will use to treat
both Yang-Mills theories and gravity. In both cases we will be dealing
with systems with constraints and we will briefly discuss their treatment.
In section 3.3 we discuss Yang—Mills theories in the canonical formulation
both at a classical and a quantum mechanical level, highlighting the role
of the Gauss law. We will then discuss the role of Wilson loops as a basis
of solutions of the Gauss law and their properties in section 3.4. In section
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54 3 The loop representation

3.5 we will discuss, in general, the formulation of the loop representation
and its implications. We analyze in some detail two possible definitions
of the loop representation that we will use throughout the book. We will
end with a summary and discussion in section 3.6

3.2 Hamiltonian formulation of systems with constraints

3.2.1 Classical theory

The subject of constrained Hamiltonian systems was pioneered by Dirac
[27] in the 1950s and is well established by now. Abundant literature ex-
ists on the subject and treatments vary from elementary to very sophisti-
cated, since the subject is endowed with a rich geometrical structure. The
intention of this section is just to fix notation and to remind the reader
briefly of the ideas involved. More extensive treatments can be found in
[27, 28, 29, 30] and those who want to explore the geometrical framework
are referred to [31, 32, 33].

Physical theories are not usually described in terms of the minimum
possible number of variables. In general, descriptions are made in terms
of quantities that present a certain degree of redundancy which results
in the fact that the system is invariant under certain symmetries. For
instance, one does not usually describe the free electromagnetic field in
terms of the two helicity components of the electric field, but rather in
terms of the vector potential. The resulting formulation is invariant under
gauge transformations. What will happen in general is that given a set of
initial data the end result of the evolution will not be unique but will lie
on a set of equivalent physical configurations related by the symmetries of
the theory. Systems as simple as the free relativistic particle are usually
formulated with redundant variables due to the Lorentz symmetry which
does not specify a unique choice of time.

We will assume that one has a Hamiltonian system (possibly with an
infinite number of degrees of freedom), described by a set of canonical
variables ¢; and canonical momenta p; with Poisson bracket relations,

{9i,pj} = 6ij- (3.1)
When one formulates canonically a system with redundant variables and
symmetries, the resulting canonical formulation has constraints. The con-
straints are a set of relations ¢,,(p;,q;)) =0, 4 = 1,...,m among the
canonical variables. Some constraints become manifest when one per-
forms the Legendre transform from the Lagrangian formulation. These are
called “primary” constraints. When one requires that these constraints be
preserved by evolution, new constraints may appear, called “secondary”,
which in turn have to be preserved by evolution and so on.
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3.2 Hamiltonian formulation of systems with constraints 55

There is a further distinction between constraints. A constraint ¢y
will be said to be of first class if its Poisson bracket with all the other
constraints is a linear combination of the constraints,

{pr: b} = Clig; Vi. (3.2)

Other constraints are called second class. In this book we will only
discuss first class constraints. This is due to three reasons. First, there
is a procedure (“Dirac brackets”) [27] to convert a set of second class
constraints to first class ones by redefining the Poisson bracket structure
of phase space. Second, most formulations of the theories of interest in
this book such as Yang-Mills theories and general relativity only present
first class constraints. Third, although certain gauge fixed formulations of
gauge theories involve second class constraints, the loop formulation does
not require any gauge fixing, since it is automatically gauge invariant.

The effect of having constraints in the theory is to restrict the dynamics
to taking place on a surface I' in the phase space I' called the “constraint
surface”. The dynamical trajectories on I' are not well defined. Each
dynamical evolution is represented by an infinite family of trajectories
that are physically equivalent. This is the representation in this picture
of what is usually called “gauge”. The family of trajectories are “gauge
equivalent”. This is due to the fact that there is an ambiguity in extend-
ing quantities from I' to I since two quantities that differ by a combina-
tion of constraints are equal on the constraint surface. In particular, the
Hamiltonian is not well defined and two Hamiltonians differing by linear
combinations of the constraints will generate two physically equivalent
gauge related trajectories

H~H' =H+ A", (3.3)

where A™ do not depend on the canonical variables.

After an infinitesimal amount of time, two equivalent dynamical evo-
lutions which started from the same initial conditions differ by terms
proportional to the commutators of the dynamical variables with the
constraints. That is, one can view the commutator of any function of
phase space with a constraint as a representation on phase space of the
infinitesimal generator of the symmetry associated with the constraint,

Af(p,q) = {\"dm(p, 9), f(p,q) }AL. (3.4)

Strictly speaking, these symmetries generated by the first class con-
straints of a theory should be called “gauge” symmetries of a theory. For
the case of usual Yang—Mills theories on trivial fiber bundles the symme-
tries generated by the constraints coincide with the usual idea of gauge
symmetries. In general, however, this equivalence is only local and global
inequivalences may give rise to observable physical phenomena.
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56 8 The loop representation

Non-vanishing quantities whose Poisson brackets with the constraints
vanish on the constraint surface are called “observables” of the system,
since they are the quantities that are invariant under the symmetries
generated by the constraints.

3.2.2 Quantum theory

A procedure for quantizing Hamiltonian systems with first class con-
straints was first proposed by Dirac [27]. Although the original formula-
tion was presented for systems with a finite number of degrees of freedom,
it is readily generalizable to the case of field theories. The method consists
basically of five steps.

e Select an algebra of quantities in the classical theory general enough to
be able to express any quantity of physical interest in terms of the selected
quantities. In the simplest examples, one usually takes the canonical
coordinates with their Poisson relations as such an algebra.

e Represent this algebra as a set of operators acting on a functional
space V and promote the Poisson bracket relations to relations between
commutators of operators. No particular restriction is imposed on the
functional space at this level. Again, as an example one can choose repre-
sentation on functionals of the configuration variables ¥[qg], and represent
the fundamental operators as §¥[q] = q¥[q], p¥[q] = —ih(6 ¥[q]/6q) and
their commutation relation as [§,p] = ih. (From now on we will choose
units such that h =1.)

¢ Promote the constraint equations to wave equations acting on the
space of functions V. This process is, in general, not unique, depending
on regularizations and factor orderings. Moreover, it should be performed
in such a way as to promote the classical Poisson brackets of the constraint
to consistent commutation relations of the wave equations. The space of
solutions to the wave equations will, in general, be a restriction of V and
will contain the wavefunctions of physical relevance: we call it V.

e Determine the evolution as a function of the parameter of evolution
of the associated classical theory of the states (Schodinger picture) or
observables (Heisenberg picture) with the use of either the Schrodinger
equation for the states,

i = HUY, (3.5)
where H is the Hamiltonian operator, or the Heisemberg equations for the
observables. Notice that the evolution is unambiguous since in the pre-
vious point we imposed the constraints on the wavefunctionals. That is,
adding a combination of constraints to the Hamiltonian does not change
the evolution, since they annihilate the wavefunctionals.

Downloaded from https://www.cambridge.org/core. IP address: 18.119.132.218, on 21 May 2024 at 01:36:56, subject to the Cambridge Core terms of
use, available at https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/51705C8DABA59C31E846CEO8FOF7FFDD


https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/51705C8DABA59C31E846CE08F0F7FFDD
https://www.cambridge.org/core

3.2 Hamiltonian formulation of systems with constraints 57

e Introduce an inner product on V such that it becomes a Hilbert space,
the observables become self-adjoint operators and the wavefunctions of
physical interest become normalizable.

With these steps completed one is in position to do physics by taking
expectation values of physical observables using the inner product on the
Hilbert space of wavefunctions. Notice that apart from some subtleties,
this is what most physicists would recognize as the “usual” procedure of
canonical quantization. However, several points need further comment.

First of all notice that in the first step we are allowing the use of a
non-canonical algebra to perform the quantization. This is not, strictly
speaking, what Dirac originally proposed, since he only considered the
use of the algebra of canonical quantities. Allowing a non-canonical (and
possibly overcomplete) algebra is more flexible in the sense that it can
accommodate dynamical systems which do not naturally have a canonical
algebra or situations where to use a canonical algebra is not convenient.
It will be important in the formulation of the loop representation.

It could happen that when one performs the Legendre transform to de-
termine the Hamiltonian the end result is a quantity that vanishes on the
constraint surface. That is, the Hamiltonian of the theory is a combina-
tion of constraints. In this case the Schrodinger (or Heisenberg) equations
simply say that the states (or observables) do not evolve with the clas-
sical parameter of evolution. In this case the notion of “time” in the
system has to be retrieved in a different way. One possibility is to isolate
one of the canonical variables as a “time” T and “deparametrize” the
theory in such a way that the Hamiltonian constraint can be written as
H = np — H, where 77 is the variable canonically conjugate to T' (“en-
ergy”). Then one considers H as a true non-vanishing Hamiltonian and
T as an evolution variable. The evolution in the “time” T is generated
with the Hamiltonian H and its corresponding Schrédinger (or Heisen-
berg) equation. This procedure is generically by no means trivial and
in many systems it is not known how to perform it in a consistent way.
Many systems have vanishing Hamiltonians and almost any system can
be written in such a way that the Hamiltonian vanishes (these are usually
called “parametrized theories”). Other systems, however, come naturally
“already parametrized”. An example of this behavior, as we shall see, is
general relativity. Other examples are the relativistic free particle and
string. A comprehensive discussion of these and other related issues is
the review article by Kuchaf [57].

Another thing that can happen is that the theory could have symmetries
that are not reflected in the appearance of constraints. This is usually the
case with global symmetries, like “large” gauge transformations or diffeo-
morphisms. We will largely ignore these in this book. In principle, one
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58 8 The loop representation

should require that wavefunctions transform as unitary representations of
the respective symmetry. This can put constraints on the inner product
one selects, as has been emphasized by Peldan [58].

In the method presented above the first three steps contained specific
proposals. Although in each of them one is faced with many inequivalent
choices, one can always pick one of them and proceed. A different situa-
tion arises in the last step, where no prescription for the introduction of an
inner product is made. The Dirac quantization procedure does not spec-
ify how to introduce an inner product and in this sense it is incomplete.
This situation is particularly complex in systems where one does not have
extra auxiliary structures that in some sense determine a preferred inner
product. For instance, in usual field theories on a flat background the
Poincaré invariance uniquely fixes the inner product. However, in the
gravitational case, for instance, one does not have at hand such a guiding
principle. There are proposals to extend Dirac’s method of quantization
in such a way as to have a program that chooses an inner product without
resorting to any additional symmetries or structures. Among these pro-
posals is that of Ashtekar [2] who suggests endowing the phase space with
a star algebra structure which may be sufficient to fix the inner product.
The issue of the inner product in non-linear field theories is by no means
completely understood at present and in our book we will discuss it only
tangentially.

3.3 Yang-Mills theories

Yang-Mills theories have proven to be very useful as descriptions of the
physics of the elementary particles. An extensive literature has dealt
with them from various viewpoints and at present there is a good under-
standing of many of their features. It is therefore reasonable to introduce
Yang-Mills theories at this point to illustrate various concepts we will
need in the rest of the book, especially in the applications to gravity. In
particular Yang—Mills theories have proven an adequate ground to develop
techniques related to loops. Many techniques and results that are only
conjectured to hold for the gravitational case have actually been proved
and exhaustively studied for the Yang-Mills case.

In this section we will introduce the canonical formulation of classical
and quantum Yang—Mills theories in terms of the traditional variables. In
particular we will study the meaning of the Gauss law as a constraint and
generator of the gauge symmetries of the theory. In subsequent sections
we will review these results in the language of loops.
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3.3 Yang-Mills theories 59

3.83.1 Canonical formulation

Yang-Mills theories are based on an algebra valued connection A, on a
flat manifold 7, with an action

S = / diof = 1 / P PP TY(F 4 Fyy), (3.6)

where F,, = 9,A, —0,A, +i[A,,A)] and [, | is the commutator in the
Lie algebra associated with the gauge group. We denote by /7 the square
root of the absolute value of the determinant of the metric. Elements of
the Lie algebra will be denoted with boldface characters. Sometimes it
will also be convenient to introduce the notation in components in terms
of the basis of generators of the Lie algebra, for instance,

A, =AX, (3.7)
where X* are the generators of the Lie algebra satisfying
[X¢,X9] = CUX¥, (3.8)
where C,ij are the structure constants of the group in question.

We take as background metric n = diag(—1,1,1,1) and consider as con-
figuration variables Ay and A, and compute their canonical momenta*,

#0 and 79
5
=25 _g (3.9)
5Aq
Y s | _
7o = 5 Ay - ko + iAo Ad) = BS. (310)
a

The momentum conjugate to Ay vanishes. This will be a primary
constraint. We now perform the Legendre transform to define the Hamil-
tonian density H = 2Tr(E®A,) — L,

H = Tr (B°E’nap + B*BPna) — v/7A0(DaE?) ) (3.11)

where D, = 0, +i[A,,] is the gauge covariant derivative. We can now ex-
tend the Hamiltonian including the primary constraint H' = H+Tr(Ao7°),
where )¢ is a group-valued Lagrange multiplier.

* In this book we will use an overtilde to denote tensor densities of weight +1, and an
undertilde for weight -1, a notation that is becoming standard. The only exceptions will
be the Dirac delta function, which is a +1 density, but which we will denote as §(z — y)
to adhere to usual conventions, the square root of the determinant of metrics, since it is
obvious, and — in an effort to try not to clutter the notation — the multitensor densities
X@1Z1---@nZn gince their tensor density character has been abundantly emphasized.
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60 3 The loop representation

To compute the equations of motion of this theory we take the Poisson
brackets of the phase space variables with the Hamiltonian. In particular,
one observes that the time evolution of 7y is given by

-0 6H - S =
o= “5Ag =D,E®* = 9,E® +i[A,,E?% = 0. (3.12)

This equation guarantees the preservation in time of the primary con-
straint. It is in itself a new (secondary) constraint. It can be checked
that this constraint is automatically conserved. Moreover, the primary
and secondary constraints are first class, i.e.,

{P(r),P(N)} =0, (3.13)
{P(1), 6N} =0, (3.14)
{G(N), G} = G([\ 1), (3.15)
where we have introduced the notation of “smeared out constraints”,
G\ = / d3zAD,E®, (3.16)
Pp) = /d3xu7~r0. (3.17)

From now on, every time we refer to a constraint as dependent on a
parameter we will assume that the parameter has the needed index struc-
ture to be contracted with the constraint and an integration over the
manifold has been performed. This enables us to avoid dealing with dis-
tributional expressions. Notice the geometric interpretation of the Gauss
law as a generator of infinitesimal gauge transformations associated with
the arbitrary group valued function A,

{G(N), Ao} =D, (3.18)
{G(\),E*} =)\ E. (3.19)

With this point of view of the Gauss law as a generator of gauge trans-
formations notice that one can interpret the commutator (3.15) in the
following way: the commutator of the infinitesimal gauge transformation
parametrized by A and that parametrized by p is an infinitesimal gauge
transformation parametrized by [A,u]. The primary constraint simply
states that the zeroth component of the vector potential can be arbitrar-
ily rescaled,

{P(n); Ao(z)} = —p(z). (3.20)

This tells us that Ag and 7% could be eliminated from the classical
theory by appropriate rescalings. This fact will find a counterpart in
quantum theory. This ends the discussion of the classical theory.
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3.8 Yang-Mills theories 61

8.3.2 Quantization

We will now apply the program of quantization that we introduced in
section 3.2.2 to the canonical formulation of Yang-Mills theories. We
start by picking an algebra of classical quantities, in our case simply the
canonical algebra in terms of the Poisson brackets,

{AL(z), B} (y)} = 8626:8(x — y), (3.21)
{A}(2), 72(v)} = 6}6(z — 1), (3.22)
with all other brackets vanishing. We also pick a polarization for the
wavefunctionals W[A, Ay] where by A we mean the one form on the spatial

surface with components A,
We now find a representation of the canonical algebra by defining,

A,U[A, Ag] = A, T[A, Ay, (3.23)
E U[A,Aq] = T ——U[A, Ag), (3.24)
AQU[A, Ayl = AgT[A, Ag), (3.25)
- 6

7 UA, A = ~iga; V1A, Aol (3.26)

Notice that up to now we have performed several arbitrary choices,
which in general would yield inequivalent quantum theories if performed
in a different way. For example, we could have added the functional
gradient of an arbitrary function of A to the definition of the conjugate

momenta E and this would yield the same quantum commutator algebra.

We now promote the constraints to quantum equations and impose
them on the wavefunctions. The primary constraint can be satisfied im-
mediately, simply by noticing that it requires the wavefunctionals not to
depend on Ay,

P(1)T[A, Ag] = —i / d%,u%\II[A,AO]. (3.27)

First of all, notice that we have imposed the “smeared out” form of the
constraint, and we will usually do this. This is equivalent to imposing the
constraint point by point in the manifold since the equation should hold
for an arbitrary smearing function . Moreover, it is instructive to view
the action of the constraint in the following way. Consider the action of
(1 + ieP(p)) on a wavefunction in the limit € — 0,

(1 +ieP(u))T[A, Ag] = T[A, Ag + ep). (3.28)

We see that the quantum constraint acts as the infinitesimal generator
on the wavefunctions of the symmetry that we mentioned in the classical
theory: that the component A of the vector potential could be rescaled
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62 8 The loop representation

arbitrarily. From now on we will therefore concentrate on functionals that
only depend on the spatial part of the connection, U[A].

Let us now focus on the Gauss law. We can promote it to a quantum
operator in the following way,

5 6 6
G(N)T[A] = —i / Bk (B“W + cfmAgW) TAL  (3.29)
Notice that, in principle, there is a factor ordering ambiguity when
representing the non-Abelian term of the covariant derivative. The reader
may check that due to the symmetries of the structure constants of any
compact group (in particular SU(N)) it is immaterial which ordering is
picked for the non-Abelian term.
Let us again study the infinitesimal action of the Gauss law on wave-
functionals,

(1 + i€G(\))T[A] = T[A + D] (3.30)

We see that it acts as an infinitesimal generator of gauge transfor-
mations on the wavefunctionals. It is therefore immediate to solve the
constraint. One just has to consider wavefunctionals which are gauge
invariant functions of the connection and they will automatically be an-
nihilated by the Gauss law.

Notice that the Gauss law, both at a classical and quantum mechan-
ical level, only generates gauge transformations connected to the iden-
tity. “Large” gauge transformations are not included and their presence
can give rise to observable physical effects. This is a generic feature of
constrained systems. Constraints usually only generate local gauge sym-
metries. In the case of Yang-Mills theories the presence of large gauge
transformations gives rise to the ©-vacua, connected with the instanton
structure of the theory [59]. Similar effects arise for gravity [61]. For both
Yang-Mills and gravity “large” gauge transformations are responsible for
the presence of fractional spin states [60].

One should now study the evolution of the wavefunctionals (let us adopt
for the sake of argument the Schrodinger picture). For that we have to
promote the Hamiltonian of the theory to an operator. This can be accom-
plished with a straightforward factor ordering (though a regularization is
needed). One can then study the eigenstates and spectra of eigenvalues
of the theory. In Yang—Mills theories the interpretation of the eigenvalues
would be the masses of the particle spectra of the theory. This formula-
tion would lead to a non-perturbative solution of Yang-Mills theories if
one could implement the evolution equation and introduce an inner prod-
uct. The treatment of this problem is involved and there is not a closed
solution for it in the continuum, although lattice techniques have been
applied to it. We will return to these issues in chapter 6.

Downloaded from https://www.cambridge.org/core. IP address: 18.119.132.218, on 21 May 2024 at 01:36:56, subject to the Cambridge Core terms of
use, available at https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/51705C8DABA59C31E846CEO8FOF7FFDD


https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/51705C8DABA59C31E846CE08F0F7FFDD
https://www.cambridge.org/core

3.4 Wilson loops 63

3.4 Wilson loops

Observable quantities in gauge theories need to be gauge invariant. Wave-
functions in a quantum representation also need to be gauge invariant.
It will therefore be very useful to introduce a set of quantities involving
the connection A, in terms of which any gauge invariant quantity can be
written. These objects are called Wilson loops, are gauge invariant un-
der both small and large gauge transforations and are constructed taking
traces of the holonomy,

Waly) =Tx [P exp (z’?{ydy“Aa)} . (3.31)

The gauge invariance of these quantities follows immediately from the
properties of the connection and the holonomy that were introduced in
chapter 1 and the cyclicity of the traces. Because of this, they are observ-
ables in the canonical sense (they have vanishing Poisson brackets with
all the constraints of the theory).

The objects are dependent on a loop and have a non-local dependence
on the gauge connection. In general they are complex numbers. We can
write the Wilson loop using the notation of chapter 2 as

Wa(y) = Te(I) + D i"Tr(Aqg, (1) . A, (20)) X210 (). (3.32)

n=1

Observe that the trace Tr(Aq, (z1)...Aq,(zn)) is cyclic in the indices
Q1] -..AapTy, and therefore the Wilson loop only depends on the cyclic
portion of the multitangents. As we mentioned in chapter 2, this removes
all information about the basepoint of the loop. That is, Wilson loops
are functions of non-basepointed loops.

Wilson loops have two fundamental properties, the discussion of which
will occupy the rest of this section:

e the Mandelstam identities;
¢ the reconstruction property.

The Mandelstam identities are a set of relations between Wilson loops
which reflect the structure of the particular gauge group considered. The
reconstruction property will tell us that given the Wilson loop functions
evaluated for all possible loops we can reconstruct all the gauge invariant
information present in the gauge connection. Both properties together
will imply that Wilson loops constitute an overcomplete basis of solutions
of the Gauss law constraint.
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64 3 The loop representation

3.4.1 The Mandelstam identities

The Mandelstam identities are the reflection in the language of Wilson
loops of the particular properties of the gauge group used to define the
holonomies and of generic properties of traces. In terms of them we
will see reflected group properties such as unitarity, the dimension of the
representation and value of the determinant of matricial representations.
They will allow us to express products of Wilson loops in terms of sums
of products involving a smaller number of Wilson loops.

These identities were first introduced by Mandelstam [9] for the O(3)
group. Giles [35] extended them for groups GL(N) and Gambini and
Trias [34] extended them to the case of special and unitary groups. Loll
[23] discussed the case of certain non-compact groups.

Let us consider gauge groups that admit fundamental representations
in terms of N x N matrices, for instance, GL(N), SL(N), U(N), SU(N).
The Mandelstam identities arise as a consequence of the properties of
the traces of N X N matrices. There are two kinds of identities, called
identities of the first and second kinds.

The Mandelstam identities of the first kind are a simple consequence
of the cyclic property of the traces, which we mentioned in the previous
section!,

W (y1072) = W(y2 0 m). (3.33)

These identities hold for any gauge group of any dimension.

There are various identities of the second kind. The first family are
a set of non-linear constraints that ensure that Wx (v) is a trace of an
N x N matrix. They can be obtained in the following way.

Observe first that in N dimensions any object with N + 1 totally anti-
symmetric indices vanishes,

A
8, 652 -8t = 0. (3.34)
Then contract this with N 4 1 holonomies,
B
H(’Yl)ﬁi o Hyn+1) an (3.35)
where Ay, Bj,...,An+1,Bny+1 are matrix indices in the matricial rep-

resentation of the group. The result is an identically vanishing sum of
products of traces of products of holonomies. From here one can work
out explicitly the identities for any order. For example, if N =1, as in a

T In this section and the following we will omit writing the dependence of the Wilson loop

on the connection A since the results proven will not depend on the choice of a particular
connection
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3.4 Wilson loops 65

U(1) group, the identity reads
W ()W (y2) = W(y1072) =0. (3.36)

There is a compact way of writing this identity for an arbitrary order
in terms of the quantities Mk, depending on K loops and defined by the
following recurrence relations

(K+1D)Mgi1(vis---57k41) = Wyk+1) M (- -, 7k)

—Mk(v10VK+1,72 -5 VK) == MK (71,%2; - - - YK © VK 41), (3.37)
Mi(y) = W(v). (3.38)
In terms of the Ms, the identity for an N x N matrix group can be
written as
Myi1(v1,- -5 YN+1) = 0. (3.39)
Notice that for the case of N x N matrices it is also true that
Mp(v,--,v) =0VL > N + 1. (3.40)

An immediate consequence of the recurrence relation (3.37), obtained
identifying the loop N + 1 with ¢ (the identity loop), is

(N+1DMyi1(v1,--59n8,8) = (W) — N)My((1, .-, 7w) =0, (3.41)
from which we see that
W) =N. (3.42)

Let us examine another example, for 2 x 2 matrices. One can expand
the product of three traces in terms of two,

W ()W (y2)W (73) = W(v1 o v2)W (v3) + W (2 0 v3)W (71)
+W vz oM)W (y2) —W(yiove0y3) — W(y10y307). (3.43)

For instance SU(2), SU(1, 1) and other groups that admit fundamental
representations in terms of 2 X 2 matrices give rise to Wilson loops that
satisfy the identity (3.43). These groups also admit other identities that
reflect other properties apart from the 2 x 2 matricial nature of their
representation.

Notice that because we are working with non-basepointed loops, the
composition of two loops 7; © 2 in general is not well defined. For the
remainder of this section whenever a composition of two loops appears,
we will assume an arbitrary basepoint has been chosen to perform the
composition. One simply links both loops to the basepoint through arbi-
trary retraced paths. The Mandelstam identities are independent of the
basepoint chosen to define the composition of the loops.

Another identity appears for special groups, i.e., groups that admit
fundamental representations in terms of matrices of unit determinant. As
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66 8 The loop representation

was proved in reference [34], for a group with fundamental representation
in terms of N x N matrices of unit determinant the following identity in
terms of the M's holds:

MN(’YI 07772°77"'a’7N°7) =MN(71’72""’7N) (344)

from which it trivially follows that My (7,7,...,7) = 1. These identities
allow us, for a special group, to express the product of N Wilson loops in
terms of that of N —1 by taking v = -; for some 7 in equation (3.44). For
example, for any special 2 x 2 matrix group (such as SU(2), SL(2,C),

etc),
Mz(m,712) = Ma(mi077,0) (3.45)
and
Ms(v1,72) = 5(W(m)W (12) — W (71 072)), (3.46)
Mymom ™)) =3(Wnen )W) -Wnon'), (347)
therefore,
W)W (y) =Wmoer ™)+ Wn o). (3.48)

Finally, we will discuss the Mandelstam identities of the second kind
that reflect the fact that a group is unitary. That is, if the group admits
a fundamental representation in terms of unitary N x N matrices, the
Wilson loops satisfy

W(y) =W*(y), (3.49)

where * indicates the complex conjugate.

In general, apart from the Mandelstam identities, Wilson loops satisfy
a series of inequalities. For instance, for unitary groups, the following
inequality holds trivially

W) < [W()|=N. (3.50)

These inequalities contain additional information that is not present in
the identities we discussed previously. For instance, all the identities we
have discussed so far are the same for the groups SU(2) and SU(1,1). It
is by considering inequalities in terms of the Wilson loops that one can
determine which of these two groups is being considered. A discussion of
inequalities and their consequences can be found in reference [23].

Let us end by summarizing the Mandelstam identities for the group
SU(2), which we will use extensively in this book:

Identity of the first kind,

W(n o) =W(rzom). (3.51)
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3.4 Wilson loops 67

Identity of the second kind,

W)W (yr2) =Wrier™) + Wi o). (3.52)
From here it is immediate to prove, choosing y; =,
W(y) =W, (3.53)

and from this and the unitarity property it follows that W () is real and
less than or equal to 2 in absolute value.

In spite of their simple appearance, successive combinations of the Man-
delstam identities can lead to very non-trivial relations among Wilson
loops. In any formulation in which one wants to use the Wilson loops
as basic variables, these relations imply an additional complication in
the formulation of the theory, since there is no definite way to deter-
mine which are the freely specifiable functions [24]. In particular there is
no systematic way of generating the set of all possible relations between
products of Wilson loops that are derived from the Mandelstam identities
[24]. An important development in this area is the recognition by Rovelli
and Smolin that spin networks might be used to characterize a complete
set of independent products of Wilson loops [146]. We will return to these
issues when we discuss the loop representation.

3.4.2  Reconstruction property

In the previous section we introduced a set of identities satisfied by Wilson
loops. In this section we will study the opposite question: to what extent
does a prescribed function of loops, satisfying the Mandelstam identities,
qualify to become a Wilson loop? In particular, can we reconstruct the
holonomy given such a function?

This question is of great importance. From the results of chapter 1
we have seen that one could use holonomies to describe gauge theories
since they embody all the gauge invariant information of the connection.
What we are about to do is to show that all the information present in
a holonomy can be reconstructed from the Wilson loops. That is, the
Wilson loops will acquire a status of fundamental variables in themselves
since we will be able to reconstruct all the gauge invariant information
of a theory from them. This step will be of fundamental importance
in following sections where we will formulate a quantum representation
purely in terms of loops.

The proof that this can actually be accomplished, i.e., that given a
function of loops satisfying the Mandelstam constraints one can recon-
struct the gauge invariant information encoded in it is the subject of the
so called “reconstruction theorems”. The idea is the following. Given a
function W (), satisfying the Mandelstam constraints (3.33), (3.39) it is
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68 8 The loop representation

possible to construct explicitly a set of N x N matrices H,, defined mod-
ulo a similarity transformation, such that their traces are W(y). The first
such theorem was proved by Giles [35] for the case of U(N). Loll con-
sidered the cases of SU(2) [25]. Ashtekar and Lewandowski [40] refined
many of the proofs presented early in the literature and introduced sev-
eral generalizations. Here we will discuss a simplified derivation assuming
the Mandelstam identities for a 2 x 2 matrix group and we will follow
the presentation of Giles. An elegant, short, alternative derivation of the
reconstruction property has recently been presented in reference [40].

One starts by defining an algebra associated with the group of loops.
It is constructed in the following way. Take the group of loops £,. Define
a formal sum and product by a complex number law for elements of £,.
Construct then an algebra FL, by appending to the elements of £, all
their possible finite complex linear combinations. The product law of the
algebra will be induced by the composition law of £,.

We now consider the extension of the notion of Wilson loop to this
algebra. For those elements of F L, belonging to L, it is defined in the
usual way. For linear combinations of them it is given by

W(aimi + a2y2) = aiW (1) + a2W(72). (3.54)

Notice that 1, v2 € £, and therefore the W (~y, 2) are well defined. From
now on we will use the same notation for elements of F L, and elements
of £,, it will be clear from the context to which we are referring.

This algebra is isomorphic to a complexification of the algebra £p that
we introduced in chapter 2, obtained by allowing the multitensor densities
E7*t-n®n that satisfied the differential constraint to become complex-
valued.

We want to see if these extended Wilson loops can be obtained as
traces of “extended” holonomies H(vy) in the sense introduced in chapter
2 (traces of linear combinations of holonomies are allowed). We would
like to think of H(v) as representations of FL,. Notice that FL, is
associated with an infinite-dimensional group (in particular because L,
is) whereas the vector space of extended holonomies is finite-dimensional
(they are 2 x 2 matrices in our simplified derivation). Therefore many
elements of F'L, are represented by the same matrix. We now introduce an
equivalence relation such that two elements of F L, are equivalent if they
lead to the same matrix. We are then able to establish a correspondence
between equivalence classes of elements of F'L, and the matrices.

We say that ) ~ g if

Wne()=W(ne() V (. (3.55)

By the definition (3.54) it is obvious that the equivalence relation de-
fined is compatible with the sum and product times a complex number.
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3.4 Wilson loops 69

We now prove that it is compatible with the product law of the algebra.
Suppose 1 ~ 2 and n; ~ 73. Then

W(niomol)=W(yonmol)=W(nolor)
=W(n2oCoy) =W(yronol). (3.56)

We denote by FL,/K the algebra of equivalence classes of extended
loops, K being the kernel of the equivalence relation.

We now use the Mandelstam identity of the second kind (3.39), to
derive an explicit form for the matrix associated with an equivalence class
belonging to FL,/K. Let us explicitly consider the identity for the case
of 2 x 2 matrices already introduced in equation (3.43) (notice that we
do not, at this stage, know the dimension of the representation and we
will prove that the representation is (2 x 2) dimensional based on this
identity),

W)W ()W) =W (n ov)W() + W)W (yeo()
+W ()W (y10¢) —W(vioy20() —W(y20710¢). (3.57)
We will interpret this identity in the following way. Consider two ele-
ments of the algebra 4; and . The identity should hold for arbitrary (.

This means that the identity between elements of F L, (3.57) induces an
identity between equivalence classes given by

(W)W (12) = W ov2))t = W(m)v2 — W(re)n
tnoyz+r2om =0, (3.58)
where ¢ should be understood as the identity element of F'LC,.

We will now use this identity to determine the eigenvalues of a matrix
associated with the loop 7. To this end, we put y; = 2 = 7 in (3.58) and

get
W@ =W(H)) —W(y)y++* =0. (3.59)
This second order relation can be factorized as
(v = M)y — Agt) =0, (3.60)

where A\; + A2 = W(v) and A Ay = (W (7)2 — W(7?)). If we now want
to represent v by a matrix, we see that it has at most two different
eigenvalues. Therefore, this proves that a 2 x 2 representation suffices.
Let us now assume! that for at least one 7, which we will call yp, A\; #
X2. We have therefore established the form of the matrix H () associated
with a particular loop 7, and it is in diagonal form. Notice that because

! This assumption is not really needed, see Giles [35] for the exceptional case in which no
such element exists.
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holonomies are defined modulo a single similarity transformation at the
basepoint, it is impossible to diagonalize the holonomies simultaneously
for all possible ~s.

We will now determine the matrix element associated with an arbitrary
element v of the algebra. With this aim we define the elements of the

algebra,
Yo — A1t
b1 = Ny (3.61)
Yo — Aot
¢2 = = (3.62)

which behave as projectors, ¢1¢2 = day = 0, ¢ = ¢, ¢1 + ¢ = .
The reader can check by applying the definition (3.54) that W (¢;) = 1.
The idea of introducing these elements is that in a matricial representa-
tion they will behave as projectors on the one-dimensional eigenspaces
associated with each eigenvalue.

We now apply these projectors. Given an arbitrary element 7 of the
algebra we define its “components” 7;; by

ij = ¢in¢j' (363)

As can be readily seen from their definition and the definition of the
projectors, these “components” satisfy

2
n=Y_ i (3.64)
1,j=1
2
(mm2)i = D (m)ik(n2) ks, (3.65)
k=1
W (ni5) = 6i;W (nj;)- (3.66)

We will now use these definitions to compute the “diagonal” elements
of the algebra 7;;. They are given by

nii = W (ni:) b (3.67)

(no sum over 7 is assumed). Let us prove this for the “11 component”,
the proof being totally analogous for the other component. We apply the
Mandelstam identity to the following elements of the algebra, ¢2, 7711 and
an arbitrary element (,

W (d2)W (m1)W () = W (g2 0 ni1)W({) + W (h2)W (111 0 ()

+W ()W (p20() — W(p20m10¢) — W(mio¢z0o(), (3.68)
and observing that ¢ ony; = 0 and W(¢e) = 1,
W (n)W(¢) = W(n o) = W(mi1)W(g20() =0, (3.69)
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3.4 Wilson loops 71

which implies the following relation among equivalence classes (since ¢ is
arbitrary),

m1 = W) (L — ¢2) = W(nu)é1, (3.70)

and therefore this is the expression of the “11 component” of the element
7. All this language in terms of the elements of the algebra has a natural
counterpart in terms of the actual components of the representation in
terms of 2 x 2 matrices H(n). In particular, the diagonal components of
the matrix are therefore given by

H(n)si = W (nii)- (3.71)

The non-diagonal elements are not uniquely determined. Remember
that to perform the construction we chose a particular o represented by
a diagonal matrix. There exist similarity transformations that maintain
the diagonality of H(-p) but change the non-diagonal components of the
representations of a generic element 7).

To determine the non-diagonal components, Giles [35] introduces a pro-
cedure based on picking a second specific loop 79 and fixing the value of
some off-diagonal components of its matrix representation. In this way,
the freedom to perform similarity transformations is frozen. In the 2 x 2
case, one needs to fix one component, say, H(n9)12 = 1. The other com-
ponent of this matrix is determined by

H(no)21 = W(¢10m0 0 ¢2 0m0). (3.72)

This completes the determination of all the matrix elements of the fixed
element 79. The matrix elements of an arbitrary element 7 are given by

H(n)21 = W(n21 © mo), (3.73)
H(n)12 = W(mz2 o no)/H(mo)21- (3.74)
With this construction one actually has a representation of the algebra,
H(yon)iy =Y H(y)wH )k (3.75)
k

which can be verified by combining the following expression (which is a
consequence of equation (3.67)),
W (nj5 ©v35) = W (n35)W (735, (3.76)
and equations (3.72), (3.74) and (3.73).
Let us review what has been accomplished so far. We have established
a procedure to reconstruct a holonomy given a set of quantities that sat-
isfies the Mandelstam identities. In particular, this proves that one can
reconstruct a holonomy from Wilson loops. The holonomy so constructed

constitutes a representation of the group of loops the traces of which
satisfy the Mandelstam identities.
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72 3 The loop representation

The representation found only reproduces the Mandelstam identities of
a general (2 x 2) matrix, the ones we used explicitly in the reconstruction.
One could extend the method to take into account more specific Mandel-
stam identities (or inequalities). For instance, if one applies the above
construction to a set of SU(2) Wilson loops satisfying identities (3.48),
(3.49) one does not necessarily end up with an SU(2) holonomy but with
a holonomy that satisfies the said identities. This could be accomplished,
for instance, by an SU(1,1) holonomy as well.

An important point to notice is that the reconstructed holonomy from
an arbitrary set of functions satisfying the Mandelstam identities will
in general not correspond to a usual smooth connection, but rather to
a generalized (“distributional”) connection. Because of this, when we
formulate gauge theories purely in terms of loops, as we will do in the
following sections, the formulation will usually correspond to this kind of
generalized connections. If one wished to work with genuine connections
one could do so by requiring extra conditions on the Wilson loops or in
the case of loop representations on the corresponding wavefunctions.

Another point is the relation between the formalism introduced for the
reconstruction theorem and that of the extended loop group introduced
in chapter 2. As we pointed out at the beginning, the starting algebra
defined on loops is isomorphic to a complexification of £p, the algebra of
multitensor densities that satisfy the differential constraint. This helps to
elucidate the nature of the algebra introduced by Giles, in the sense that it
includes objects that are more general than loops, as is obvious due to the
isomorphism with £p. In fact, the reconstruction theorems naturally work
on £p, allowing us in general to reconstruct the gauge covariant matrix
associated with any multitensor density E7}*'%***. In particular, one
gets the generalized holonomies associated with the elements of the SeL
group.

3.5 Loop representation

The results we introduced in the previous section show that Wilson loops
are an overcomplete basis of solutions of the Gauss law. In other words,
any gauge invariant function (and therefore any physically interesting
quantity) can be expressed as a combination of products of Wilson loops.
It is therefore natural to try to build a quantum representation purely
in terms of loops. Two different constructions have been introduced that
allow us to define a quantum representation for gauge theories purely
in terms of loops. In the first one a transform is defined between the
connection and loop representations. This procedure allows us to convert
any gauge invariant operator or wavefunction into a corresponding object
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3.5 Loop representation 73

in the loop representation. The second procedure is to introduce at a
classical level an algebra of quantities parametrized by loops and take
this algebra as the one to be represented in the first step of the Dirac
quantization procedure. The resulting quantum representation is the loop
representation.

Let us consider an analogy with a finite-dimensional system which clar-
ifies the ideas underlying the loop representation. Suppose one is quantiz-
ing the non-relativistic free particle in one spatial dimension. Classically,
the system is defined in terms of the canonical coordinates z and p, with
Poisson brackets {z,p} = 1. Quantum mechanically, we take as the space
of wavefunctions the functions of z, ¥(z). We will now construct a new
representation for the system applying the ideas we will use to construct
the loop representation.

Let us start by considering a transform approach, We consider a basis
of states Wi(z) = exp(ikz), parametrized by a continuous variable k.
Any wavefunction can be expanded in terms of this basis. We introduce
a k-representation with wavefunctions ¥ (k) given by the integral

T(k) = / dzW; ()T (z). (3.77)

This equation is just the Fourier transform, and the reader may imme-
diately recognize the k-representation as the ordinary momentum repre-
sentation. The basis of states is an improper basis in the sense that it is
not normalizable. Any operator in the position representation O, with a
specific order in the canonical variables acting on functions ¥(z) can be
translated into the k-representation by

O (k) = / AW (2)05 U(z) = / dr(OLWi(2))"U(z).  (3.78)

As an example of the use of the transform, let us consider the transform
of a set of quantities that we will use in what follows. They are defined
as T(k) = exp(ikz) and T'(k) = pexp(ikz). It is immediate to see that
one can express any classical quantity in terms of the T's. They satisfy a
non-canonical algebra,

{To(k1)7TO(k2)} =0, (379)
{T" (K1), T (k2)} = —ikaT% (k1 + k2), (3.80)
{T (K1), T  (k2)} = i(k1 — k2)T (k1 + k2). (3.81)

We now introduce a quantum representation of the algebra via the
Fourier transform

T (k) W (k) = / dz exp(—ikz) exp(ik12)U(z) = U(k — k1)  (3.82)
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74 3 The loop representation

TY(k) U (k) = —i / dz exp(—ik:z;)a% (exp(ikoz) ¥ (z)) = kU (k — ko)
(3.83)

and it can be seen that the non-canonical classical Poisson algebra is
reproduced by the quantum commutator algebra. Notice that k; and ks
are arbitrary parameters.

It is important to notice that the action of these operators may be
translated to the action on a space of kets |k >,

TO(k1) (k) =< k|T°(k1)|¥ >=< k — k1 |¥ >, (3.84)
thus,
TN (k1) |k >= |k — ky >= exp(—iki1&)|k > . (3.85)
Therefore,
TO(k1) |k >= exp(ik12)|k >= |k + k1 >, (3.86)
and analogously we find
TV (kg) |k >= exp(iko2)plk >= k|k + kg > . (3.87)

Notice that there is a factor ordering involved in the quantum algebra.
The resulting ordering in the ket space representation is the opposite than
the one in the space of wavefunctions.

Now consider a gauge theory (for instance SU(2)) in three dimensions
described by canonical coordinates A, and E* with the usual Poisson
brackets. Quantum mechanically, we consider wavefunctions of the con-
nection, U[A]. An (overcomplete) basis of states is given by the Wilson
loops W,,[A]. Again, the basis is parametrized by a continuous parameter,
in this case the loop . The loop representation is defined in terms of the
transform,

U(y) = / dAW (v)T[A]. (3.88)

Again we can transform any operator by using the transform. Notice
an important difference. In the case of the free particle we chose a basis
of functions exp(ikz) whereas in the gauge theory case we chose a basis
of solutions of the Gauss law W (). That is, by going to the loop repre-
sentation one has automatically solved the Gauss law. Similar situations
could arise in the case of the free particle (i.e., by choosing a basis of
solutions of the Schrodinger equation) but we will not pursue these here,
their meaning being quite transparent. Notice another crucial difference:
while the transform used in the free particle case is a well known Fourier
transform, the one used for the gauge theory case is only formal. Very
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little is known about integration in spaces of connections and the theory
of measure in this case is not well developed in general (for further devel-
opments see references [36, 40, 66, 67]). We will return to these issues in
the following sections. Notice that the introduction of the loop transform
can be thought of as performing an inner product in the connection rep-
resentation between a wavefunction |¥ > and elements of a basis < v|.
Therefore we can write

T(y) =< A|T >= /DA <A >< AT > (3.89)

through the introduction of the identity 1 = [ DA|A >< A| which means
that having a correct definition of the transform is equivalent to having
an inner product in the connection representation.

Finally, it is not strictly true that for an arbitrary gauge group single
Wilson loops are a basis of gauge invariant functions, but rather one needs
to consider products of Wilson loops. This can be readily done, and the
resulting wavefunction is a function of multiloops. We will discuss this in
section 3.5.3.

Let us now explore the second approach, i.e., quantizing a non-canonical
algebra of quantities. Again we consider the free particle and on the
classical phase space we define the quantities T°(k) = exp(skz) and
TY(k) = pexp(ikz) which satisfy the non-canonical algebra discussed
above. It is evident that one can express any classical quantity of in-
terest in terms of this algebra. If one has a well defined transform, as is
the case for the Fourier transform, one could proceed as before and find
a quantum realization of this non-canonical algebra using the transform.
It is therefore evident that the quantization that one would achieve coin-
cides with the one that was introduced before via the transform. If one
does not have a well defined transform at hand one can propose a quan-
tum realization of the algebra and check that one reproduces the classical
algebra at the quantum commutator level.

In this particular case we would propose

Tk )T (k) = U(k — ky), (3.90)
TY (k)T (k) = kU (k — kz) (3.91)

and check that this representation reproduces the non-canonical algebra
through quantum commutators. Notice that a choice of factor ordering
must be made in the process. One can find the quantum expression for
any classical quantity simply by writing the classical expression in terms
of the T's and translating with due care for factor orderings.

Again a very similar construction (at least formally) can be performed
for a gauge theory. Consider the set of classical quantities

T(v) = W(), (3.92)
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76 3 The loop representation

T%(vg) = Te(Ha (7)) E*(2) HA (1)), (3.93)

where W () is the Wilson loop and Hp (7¥) is the holonomy along the
loop 7y from the basepoint o to z. These quantities satisfy a closed non-
canonical Poisson algebra and can be promoted to a quantum operator
algebra. The result would be the loop representation. However, various
detailed issues have to be discussed and we will postpone their treatment
until section 3.5.2.

In spite of the appeal of these simplified analogies, the fact that gauge
theories are infinite-dimensional systems of a non-Abelian nature implies
that all the steps described above are considerably more involved. We
will discuss these points in detail in the following chapters. Here we will
discuss the definitions. In later chapters of this book the applications of
the loop representation for gauge theories and general relativity will be
explored in detail.

3.5.1 The loop transform

As we mentioned before, the loop transform involves a functional integral
in the space of connections modulo gauge transformations. This makes
it considerably more involved from a technical point of view than the
transforms among representations of ordinary quantum mechanics which
we discussed as an analogy. Little is known about integration theory in
non-linear spaces both from a mathematical and a physical point of view.

The loop transform was introduced for the treatment of gauge theories
in the early 1980s by Gambini and Trias [62]. At that time the approach
was to assume that the transform existed and study a posteriori the phys-
ical implications of its existence. In a sense, a high degree of assurance of
its existence was obtained through this approach, since it was proven in
very concrete situations that results obtained via the transform coincided
with those obtained via more traditional techniques. An important arena
for this kind of test was the application of loop techniques in the lattice
[95, 109]. In this case the loop transform is rigorously defined for any
Yang—Mills theory in terms of the Haar measure of the group. For the
case of general relativity, the loop transform in terms of Ashtekar variables
was first introduced by Rovelli and Smolin [39] in again the same spirit.
Only recently have studies of some mathematical rigor been performed
on its existence. The main effort in this area is the result of the collabo-
ration of Ashtekar, Isham, Lewandowski, Marolf, Mourao and Thiemann
[36, 40, 203] and the work by Baez [66]. A particularly readable account
from the point of view of physicists is given in reference [204], the pattern
of which we follow in this section.

In this book we will use the transform as a heuristic tool to derive re-
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sults. The correctness or otherwise of such results will be judged through
their consistency both among themselves and with facts known through
other means, not through the rigor of their derivation via the transform.
We will discuss in each case in detail which are the arguments and consis-
tency checks that support that result. In‘this section, however, we would
like to give a brief glimpse of some of the mathematical developments that
are taking place to put the loop transform and the results derived through
it on a solid mathematical ground. It is yet to be seen if the particular
results presented in this book will survive in the form presented when a
rigorous operational definition of the transform is found.

The key idea that allows the definition of a measure of integration on
the non-linear space of connections modulo gauge transformations is the
use of the Wilson loop as a projection operator. This allows the defi-
nition of the so called “cylindrical measures”, which reduce the infinite-
dimensional integral to a finite set of integrals over the gauge group. By
demanding consistency of the various projections one ends with a theory
of integration in infinite-dimensional spaces. Let us discuss in detail how
this is accomplished. To investigate the ideas in a simpler context we
discuss the definition of a measure in an infinite-dimensional but linear
space, that of a Klein—Gordon field.

Consider a scalar field ¢ in flat spacetime satisfying the Klein—Gordon
equation. The classical configuration space of such a theory is the set of all
smooth field configurations on a spatial manifold that fall off appropriately
at infinity. Quantum states for the theory are functions on the space
of classical configurations ¥(¢). One would like to introduce an inner
product through an expression of the type [ D, ¢¥(¢)®(¢) where the
integral ranges over the configuration space and our task is to introduce
a suitable measure y to perform the integral.

In order to do so we need to consider some particular functions on
the configuration space. Possibly the simplest kind of function we can
introduce are the functionals F' defined by test functions f(z) (the set of
which is called Schwarz space) of the spatial manifold which we convolute
with the classical configurations,

Fi9) = [ @i @) (3.9

and we require that f(z) have appropriate regularity and falloff conditions
such that the integral is well defined. With the above definition of the
functionals F' we are now in a position to introduce the idea of cylindrical
functions. Consider a finite-dimensional subspace V;, of the Schwarz space
and a basis of functions in it (ej,...,e,). Given a classical configuration
¢(z) we can define its “projection” on the finite-dimensional subspace
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which yields a set of n numbers,

(Fey (8), - - Fe,(9))- (3.95)

A function of the classical configuration space is called cylindrical with
respect to V,, if its dependence on the classical configurations is through
the set of n numbers that we introduced above, for some set of e;s. That
is, g(¢) is cylindrical iff

9(¢) = G(Fe, (), ., Fe, () (3.96)

for some function of n real variables G.

A cylindrical measure p is a measure that allows us to integrate cylindri-
cal functions. Each of these measures is defined by an infinite consistent
family of measures {/ie, ..., } €ach defined on all finite-dimensional spaces

R"™ associated with each basis of vectors (ej,...,e,). With these mea-
sures the integral of a cylindrical function is simply defined as an integral
on R",

/ D,($)g(8) = / G, Tn) D, ..o (@1r -, T). (3.97)

The key issue is that the above expression has to be well defined and
consistent for any set V,, that one chooses. This restricts considerably the
choice of the family of measures, imposing a set of consistency conditions.
First consider the case of a function that is cylindrical with respect to
two subspaces V;, and V,,, that are disjoint. Such functions are necessarily
constants, so the integrals of such constants with pe,, ., and pe, e
should be the same, which fixes a normalization condition for the mea-
sures. Next consider a function g(¢) that is cylindrical with respect to two
subspaces V;, C V,... Such a function has associated with it two functions
of n and m real variables G(z1,...,z,) and G'(z1,...,Z,) that define
it as a cylindrical function with respect to both spaces. Since the basis
of V,, will be a linear combination of the basis of V,, one can figure out
the precise relationship between G and G’. Since the integral of G with
the measures fi,,..¢, has to be the same as the integral of G’ with the
measure fg  or this imposes a consistency condition on the elements of
the family {pe,,...c, }-

An example of a family of measures that is compatible with the con-
sistency conditions introduced above is given by appropriately chosen
Gaussian measures on R™. The well known quantum field theory of free
fields is based on such measures. One can obtain the Fock representa-
tion by taking the Cauchy completion with respect to the inner product
defined by the measure of the space of cylindrical functions on the clas-
sical configuration space. The hope is that the quantum field theory of
interacting fields will arise from non-Gaussian cylindrical measures, as
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has been shown in several particular cases [37]. It is important to notice
that the above mentioned Cauchy completion leads to a quantum theory
defined — in the case of field theories — by functions on an enlargement
of the classical configuration space. This amounts to considering not only
regular functions of the classical configurations but also distributions. We
will see in chapter 11 that the consideration of distributional fields in the
loop transform poses new challenges for the regularization of the theory
in the loop (and extended) representation.

How do these constructions apply to gauge theories? For the case of
Maxwell theory the construction is basically the same as above. The
reason is that for an Abelian theory the space of connections modulo
gauge transformations is again a linear space and one simply repeats
the above construction considering functions of the classical configuration
space given by the magnetic fields.

For the non-Abelian case the configuration space is a non-linear space.
The way around this problem is to exploit the properties of holonomies
to provide an analogue of the functionals introduced above. Given a fixed
finite set of independent’ loops fi,..., 3, we now say a function g(A)
of the space of connections modulo gauge transformations is cylindrical
with respect to this set of loops if and only if it depends on the connection
through the value of the holonomies associated with the §;s,

g(A) = G(HA(B1), -, HA(Bn)), (3.98)

where G is a function defined on n copies of the gauge group.

A cylindrical measure is defined in a way analogous to that used before
as a consistent family of measures pg, . g, on the nth tensor power of
the gauge group. Again, there are consistency conditions to be met,
which are more involved than in the simple example described previously.
The remarkable fact is that there exist consistent families which define
measures. An example of this is given by n copies of the Haar measure
defined on the gauge group. Since this measure is defined without the
introduction of any background structure it is diffeomorphism invariant.

We therefore have not only succeeded in introducing in a rigorous way
a measure on the space of connections modulo gauge transformations
but the measure is diffeomorphism invariant. It is therefore the kind of
measures one would expect to be useful for analyzing problems in diffeo-
morphism invariant theories such as quantum gravity.

As we will see in chapter 7, for quantum gravity there is an additional
complication in the sense that the gauge group is a complexified version of

§ By independent loops we mean loops that have at least a segment that is not shared by
the other loops with at most a finite number of intersections with the other loops.
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SU(2). It is remarkable that in an unrelated development, Hall [211] in-
troduced a generalization of the Gaussian measure for complexified gauge
groups. His motivation (the Bargmann representation of the harmonic
oscillator, see chapter 4) is basically the root of the complex nature of
the gravitational variables. Therefore by replacing the Haar measure by
the Hall measure in the discussion above one can have a measure that is
appropriate for the gravitational case. Development in this area is very
rapid at present and may allow us to put on a solid ground many results
that in this book we can only present formally.

It is yet to be seen if these kinds of measures produce physical theories
of interest or if they are just mathematical curiosities. However, one can-
not overstress the fact that until recently there were almost no measures
known in non-linear infinite dimensional spaces and with these develop-
ments one may be able to gain enough experience to define measures that
yield physical theories of relevance.

There has been a rapid development of these ideas. In particular rig-
orous definitions of the constraints and states of quantum gravity for the
Euclidean case (where the theory is real) are currently under study. Many
of the rigorous results provide a formal setting for the ideas we will discuss
in chapters 7, 8, 9 and 10 [203].

3.5.2 The non-canonical algebra

There is an alternative procedure for introducing a loop representation
that avoids having to go through an intermediate representation. The
way to proceed is to go back to step one of the canonical quantization
procedure we introduced in section 3.2.2 and pick a different classical
algebra to quantize. We introduce the following quantities on the classical
phase space of any gauge theory (or general relativity written in terms of
Ashtekar’s variables),

T(y) = Te(HA(Y) = Wa (%), (3.99)
T*(1%) = Te(HA (3B (2) HA (49)), (3.100)
T2, 77) = T(HA (4)B () HA () E* () HA (%)), (3.101)

where vZ = 72 o v¥ and generically,

T01.--0n (7;3’ ey 7;’;)5’1}(HA(7§1 )Eal (:1:1)HA(’Y:12)
o HA(Z )E™(z.)Ha(12)),  (3.102)

where y =75t o...095 .

Notice that if the loop has multiple points the quantities depend on
what sort of partition of the loop one performs and care should be taken
to keep track of these dependences.
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We see that the quantities T'(vy) are our well known Wilson loops and
the other T's consist of “breaking up” the holonomy at points z;, inserting
an electric field and continuing the holonomy until back at the basepoint.
It can be checked that these quantities are gauge invariant, i.e., they
commute with the Gauss law. Generically we will speak of the T's with &
electric fields inserted as “T’*”. The T*s behave as multivector densities
on the indices aq,...,a; at the points of the manifold zi,...,z;. They
were first introduced by Gambini and Trias [34] (in their notation they
were called W's, naturally extending the notation of the Wilson loops,
although we have favored here the notation that has become standard
among relativists, introduced by Rovelli and Smolin [38]).

As we argued before, the Wilson loops contain enough information to
construct any gauge invariant function of the connection. By introducing
T's of higher order the expectation is that one would be able to construct
any quantity depending on the electric fields, and therefore have an al-
gebra of classical quantities which is sufficiently general to express any
quantity of physical interest in terms of them. We have already shown
examples of how to construct quantities of physical interest in terms of
the Wilson loops, for instance,

Bap(15)WA(Y) = Tr(Fap(z) HA (77))- (3.103)

So we see we can retrieve information about the F?,. One can also
retrieve information about momentum dependent quantities from the T's
of higher order, for instance, a trace of two electric fields,

Tr(E*(2)E" (2) = lim T*(v)(z, y), (3.104)

where by lim,_,; we mean the limit in which we shrink the loop to a point
at = (and consequently the point y tends to z). In terms of the Ashtekar
new variables for general relativity this trace plays the role of the spatial
metric.

We will not by any means prove here that one could reconstruct any
quantity of physical relevance in terms of these quantities. It suffices to
realize that most quantities that one is usually interested in can be written
as limits of the T's and that therefore they seem to span the classical phase
space of the theory of interest.

An interesting point is that the T%s with the T''s close an algebra, the
“small T algebra”. Let us compute it in an explicit fashion for an SU(N)
Yang-Mills theory. Because the Poisson bracket of A, with itself is zero
it is immediate that

{T(),T(n)} =0. (3.105)

In order to obtain the Poisson bracket of T' with T we compute, start-
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82 3 The loop representation
ing from the canonical brackets (3.21),

{Ha(7)"5,E%(z)} = i(Xj)CDHA(”y;”)AcHA('V;’)DB}{dy“é(rc — ),

(3.106)
where the indices A, B, ... refer to the fundamental representation of
SU(N) and run from 1 to N, and (X7)4p, j =1,...,N2—1 are the
generators of the algebra satisfying (3.8). Combining this equation with
the following identity for the generators of SU(N),

N2-1

> (X)*p(X)p = 69p6%p ~ 648D, (3.107)
=1

we get

(T°02), T} =~ (TOF 0n2) = FTOT)) X=(),  (3.108)

where X*(n) is the multitangent of order one. Notice that the Poisson
bracket vanishes if n and -y do not have a common point.
Similarly, for two T's,

(T2, )} = i (T80 042 0 1) = FTOITY(7E) ) X=(o) +
+i (10 01 00F) = FTOIT(R) ) XW(). (3109

In the general SU(N) case, in the right-hand side of the Poisson brack-
ets we have products of the elements of the non-canonical algebra. It
is only for the case of SU(2) that we can rearrange these terms as lin-
ear superpositions of elements of the non-canonical algebra. This means
that if one wants to find a quantum representation, one needs to consider
a non-canonical algebra incorporating products of the T's. As a conse-
quence, wavefunctions in the loop representation so constructed will have
to depend on more than one loop. We will return to these issues in the
next section.

For the SU(2) case the algebra can be written in a very compact fashion.
The Poisson brackets of the T”s are a linear combination of T’s evaluated
on loops obtained from the original ones through very simple rules of
fusion and rerouting through the intersection of the loops. The result
is zero if the loops do not intersect. The action can be understoon in a
simple fashion through a graphical representation as shown in figure 3.1.
The explicit form of the algebra is,

1

(T2, T0) = 5 Y eX**m)T(y o) (3.110)

e=—1
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3.5 Loop representation 83

Fig. 3.1. The graphical representation of the commutator between T and T°.
The commutator is zero if the “hand” (the point at which one inserted the triad)
of the loop 7 does not “grab” the loop 5. The figure shows the two reroutings
that arise in the two terms that result from the commutator.

{T°(7), T* ()} = —5 Z eX¥(MT"(my o (vz) o )

e——l

+ Z eX (T (WY o () 0nE), (3.111)
e——l
where 7 represents either 1 or n~1.

If one wants to consider higher order T's, one needs T's of arbitrarily
large order in order to close the algebra, so strictly speaking it is not
closed or only closes in a completion. For instance, for the SU(2) case,
the Poisson brackets are schematically

{T", T™} ~ T"t™"1, (3.112)

The detailed commutation relations can be seen in reference [38].

The need to consider the infinite family of T's to attain closure is just
another manifestation of the overcompleteness of the loop basis. Although
we know that we have “too many” loops, we are forced to include them
all to span the classical phase space of the theory. It is tempting to try
to construct a quantum theory by only representing the “small” algebra
of T and T'. Unfortunately it is not clear if these quantities are enough
to span the classical phase space of gauge theories. There is a certain
sense in which they do, though technicalities arise for the case of non-
compact groups([68]. Even if they did in some particular cases, they are
not very convenient for expressing some quantities of physical relevance,
such as the Hamiltonian of Yang-Mills theories (and general relativity).
Therefore from a practical point of view one resorts to the higher T's to
express quantities of interest.

Let us now sketch the quantization of this non-canonical algebra for
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84 8 The loop representation

the SU(2) case. The idea is that we have now completed step one of the
Dirac quantization procedure introduced in section 3.2.2: we have picked
a (non-canonical) algebra of classical quantities that (modulo subtleties)
spans the classical phase space of the theory. We now move on to the
second step of the quantization program: to find a representation of this
algebra in terms of operators acting on a space of wavefunctions. We pick
wavefunctions of loops ¥(vy) and we represent the T operators by

T(n)¥(Y) =¥(noy) +T(noy™), (3.113)
1
T(n)(z)(y) =~ D eX®(1)T(yon). (3.114)
e=—1

These kinds of expressions face regularization difficulties. They could
be regularized by considering, for instance, “thickened out” loops and
defining a regularized T! operator via a two parameter congruence of

loops. A discussion of this can be found in references (2, 69].

Similar expressions for the quantum representation of the higher order
T's can be seen in reference [39]. One can check that these quantum
operators satisfy quantum commutation relations that in the limit A — 0
(the T™s have a prefactor of A" if one does not set i to one as we have been
doing) reproduce the classical commutation relations mentioned above.
All this is discussed in reference [39].

The resulting quantum theory is the loop representation that we intro-
duced before. One can check all this — at least heuristically given the
various ill-defined constructions that are involved — by formally using the
transform. One can represent the T operators in the connection represen-
tation (using an appropriate factor ordering) and then transform them
into operators in the loop representation. One immediately finds that
the representation introduced above corresponds to ordering the electric
fields to the left in the connection representation.

Is it preferable to introduce the loop representation via a quantization
of a non-canonical algebra or via a transform? At this moment this is
largely a matter of choice. Both definitions, as we have seen, face var-
ious points where ill-defined mathematical operations are rampant. In
fact, it is not difficult to see that many of these difficulties are somewhat
connected. The important point that we have shown in this section is
that there is nothing “strange” about the loop representation. It is a
quantum representation that can be obtained directly, applying the tra-
ditional Dirac quantization procedure. It is by no means “subordinated”
to the connection representation and has an existence on the same foot-
ing as any other quantum representation. The main difference between
the loop representation and other more traditional ones is the use of an
overcomplete non-canonical set of operators.
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3.5.83 Wavefunctions in the loop representation

Now that we have introduced the loop representation, what about the
wavefunctions in such a representation. Will any function of a loop do as
a wavefunction or are there other requirements to be met?

As we discussed in section 3.5.1 wavefunctions in the loop representa-
tion can be thought of as transforms of functionals of connections weighed
by products of Wilson loops,

U, s) = [dAWA() -+ WA (1) PIA] (3.115)

An immediate property that follows from the fact that the Wilson loops
appear in the transform as a product is that wavefunctions are symmetric
under interchange of arguments,

U1,y Viree s Ygree s M) = UV, e oy Yjoe ooy Vi o3 n)- (3.116)

Wavefunctions in the loop representation will inherit a series of prop-
erties of Wilson loops. To begin with, they are functions with domain in
the group of loops L,. Since the Wilson loops are traces of holonomies,
they are actually functions of conjugacy classes of the group of loops; for
example, for a function of a single loop,

U(y) =T(noyon ') Vn (3.117)

For functions of multiloops a similar expression holds at each entry. It
is immediate from the previous expression that

U(yon)="T(non). (3.118)

It is here that the machinery introduced in chapter 1 and 2 will be-
come useful, since we will all the time be operating on functions of the
group of loops. In previous approaches wavefunctions in the loop rep-
resentation were considered as functionals of parametrized curves with
additional restrictions and functional derivatives played the role of differ-
ential operators. The consistency of this approach is delicate since one
must ensure that the application of differential operators preserves the
conditions imposed on the functional space. These issues are automati-
cally taken care of by considering functions on the group of loops and the
corresponding differential operators discussed in chapter 1.

Another important property is that wavefunctions inherit the Mandel-
stam identities among Wilson loops that we discussed in section 3.4.1.

To begin with, the Mandelstam identities relate products of Wilson
loops of different orders. In particular for any group of N x N matrices,
this allows us to express a product of Wilson loops in terms of expressions
involving at most N factors and consequently to reduce any wavefunction
to one depending on at most N loops.
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86 8 The loop representation

Let us now discuss in detail the implications of the Mandelstam iden-
tities for the case of two-dimensional special groups (such as SU(2),
SL(2,C), etc). In this case, the fundamental identity reads

\IJ(’YI""a’Y‘i"Yj,---a’Yn) :\I}(Wla"',’Yio’Yj’---,’Yn)
+P(y,. %0 ). (3.119)

An important consequence of this identity is that it will make it possible
to express any functional of an arbitrary number of loops in terms of a
functional of a single loop. That is, in these cases one can construct a
loop representation considering functions of a single loop.

That wavefunctions depend on a single loop does not imply that they
are unconstrained, since many identities for wavefunctions of single loops
can be derived from (3.119). Consider expression (3.119) for the case of
two entries and put v; = ¢ and ; = 1. Then

U(n,t) =2¥(n), (3.120)
which implies, considering (3.119) with ; = ¢, v; = 5, that
T(n) =T(n~"). (3.121)
Finally applying (3.119) to
U(yon,B) =¥ (ner,BH), (3.122)

we get

U(yonofB)+U(yonoB)=T(noyof)+¥(noyoBt). (3.123)

Given this set of identities one can reconstruct the identities for multi-
loops.

On a practical note, although these identities are fundamental in the
sense that any other can be derived from them, they can imply very non-
trivial relations between wavefunctions even at the single loop level.

Apart from these identities, as we mentioned in section 3.4.1 there are
inequalities in terms of holonomies that reflect properties of the group (for
instance that tell us if the group is SU(2) rather than SU(1,1)). At the
moment the treatment of these inequalities is unclear. For instance, it is
not established if they imply any restrictions on the wavefunctions. They
imply restrictions on the quantities that one quantizes. This would not be
the first time that a quantization was attempted in terms of variables that
satisfy inequalities. For instance, usual quantizations of gravity based on
metric variables have to deal with the fact that the metric of space must
have a Euclidean signature. Or in a more simplified situation, consider
the quantization of the hydrogen atom in the position representation in
spherical coordinates, where the radial variable has to be positive defi-
nite. Dealing with the detailed problems posed by the fact that one is
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quantizing in a representation where variables satisfy inequalities requires
a degree of sophistication of the theory that has not yet been attained.
For a deeper discussion of the problems of inequalities and quantization
see reference [41].

3.6 Conclusions

In this chapter we introduced several physical techniques for the analysis
of gauge theories. In terms of these, many of the notions of loops that
we introduced in the first two chapters find a natural application. We
introduced the loop representation and have shown that wavefunctions
in the loop representation are simply functions of the group of loops. To
develop in some detail the relationships known at present between the loop
techniques of chapters one and two and the physical theories of chapter
three is the subject of the rest of this book. In chapter 4, 5 and 6 of the
book we will apply these techniques to gauge theories. In chapters 7-11
we will apply them to general relativity in terms of Ashtekar’s variables.
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4
Maxwell theory

In this chapter we will study the quantization of the free Maxwell theory.
Admittedly, this is a simple problem that certainly could be tackled with
more economical techniques, and this was historically the case. However,
it will prove to be a very convenient testing ground to gain intuitive
feelings for results in the language of loops. It will also highlight the
fact that the loop techniques actually produce the usual results of more
familiar quantization techniques and guide us in the interpretation of the
loop results.

We will perform the loop quantization in terms of real and Bargmann
[70] coordinates. The reason for considering the complex Bargmann co-
ordinatization is that it shares many features with the Ashtekar one for
general relativity. It also provides a concrete realization of the introduc-
tion of an inner product purely as a consequence of reality conditions, a
feature that is expected to be useful in the gravitational case.

The Maxwell field was first formulated in the language of loops by
Gambini and Trias [62]. The vacuum and other properties are discussed
in reference [63] and multiphoton states are discussed in referece [64]. The
loop representation in terms of Bargmann coordinates was first discussed
by Ashtekar and Rovelli [65].

The organization of this chapter is as follows: in section 4.1 we will first
detail some convenient results of Abelian loop theory, which will simplify
the discussion of Maxwell theory and will highlight the role that Abelian
theories play in the language of loops. In section 4.2 we will discuss the
classical theory. We will discuss the Fock representation in section 4.3.
We will then discuss in section 4.4 the quantization of the Maxwell theory
in terms of real loop variables. We will recover the usual Fock space
and the photon states in terms of loops, and study the interpretation
of loop observables in terms of familiar notions of field theory. We will
introduce an inner product and an interpretation of the wavefunctions in

88
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4.1 The Abelian group of loops 89

terms of loops. In section 4.5 we will summarize the loop quantization
of Maxwell theory in terms of the Bargmann representation and see how
this quantization leads, perhaps more naturally, to the same results as the
previous section. This will also serve as the motivation and background
for the discussion of the gravitational case. Finally, we will discuss in
section 4.6 the quantization in the extended loop representation in terms
of loop coordinates. We will show how one can reconstruct a classical
canonical theory in terms of loops, the quantization of which leads to the
loop representation. We will see that the loop representation is directly
related to the canonical quantization in the electric field representation.

4.1 The Abelian group of loops

Although one could formulate Maxwell theory in terms of the full group
of loops, it turns out that a subgroup of it is all that is needed due to the
Abelian nature of the theory. We find it convenient to discuss in some
detail the properties of this subgroup since they will help us to simplify
the treatment of Maxwell theory.

Let us start by considering the elements of the group of loops of the
following nature:

1

K=nvonoy lon L. (4.1)

Generically, v and 1 could be composed of an arbitrary number of loops
Y=70...09,, 7 ="n10...07,. These kinds of loops are usually called
commutators. It is easy to check that the set of all such loops and their
products form a subgroup of the group of loops. We will denote it by
Lcomm- One can immediately see that it forms a normal subgroup, i.e.,
given any element x of Leomm,

yokoy € Leomm Vy € L. (4.2)

Whenever one has a normal subgroup, one can define the quotient
group. In order to do this we introduce an equivalence relation,

vy~ = yon =k € Leomm. (4.3)

The reader can check that the relation is reflexive, symmetric and tran-
sitive. We denote the quotient group Lapet = L/Lecomm- Its elements are
the equivalence classes determined by the relation (4.3). Again it can be
readily checked that the product of equivalence classes is independent of
the representative element of the class chosen to perform the calculation.

The intuitive interpretation of the equivalence relation defined is that
we have identified the commutators in the group of loops with the identity.
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Therefore, if y; and 7, belong to £ apel,

Y1072 = Y201, (4.4)

and L gpe; is an Abelian group.

As we saw in chapter 1, gauge theories are simply representations of the
group of loops. Let us consider representations of the Abelian subgroup
that we constructed. We therefore need matrices H(7), such that

H(v1)H(v2) = H(m072) = H(y2om) = H(v2)H(m) (4.5)

for any pair of loops 7, 2. If one wishes to consider unitary repre-
sentations of the group of loops, equation (4.5) can only hold if H is a
unimodular complex number, i.e., an element of U(1).

As we saw in section 1.4, any representation (sufficiently regular) of the
group of loops can be written locally as

Ha(7) = exp (i ¢ ayAa0)) (4.6)

where A, (y) is just a real number for the Abelian case we are considering
and therefore

Ha(y) = Wa(y). (4.7)

W4 () depends on the loop -y only through the circulation of A,. This
can be written using only the simplest of the loop coordinates introduced
in chapter 2, the coordinate of order one,

§ dy* Aaly) = [ dP2Aa(@) X (). (4.8)
4

An interesting point is that the representation depends only on the
information of the loop contained in the first order loop coordinate. This
implies some strong differences with the general case. For instance, W (n¥o
Yy © Ty 0 ng) = W(vyy o n), where -y is any loop basepointed at y and 7%
is an arbitrary path and 7 is a loop basepointed at z. This implies that
for an infinitesimal deformation

W (7% o 6ubvbiés o w0 o v) = W (§ubvéubv o 7). (4.9)

Therefore loop derivatives are no longer path dependent but just point
dependent,

Aay(%) — Agy(z) Yl (4.10)

o

As a consequence, loop derivatives in the Abelian case commute,

[Ac(z), Aca(y)] = 0, (4.11)
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4.2 Classical theory 91

and the Bianchi identities can be expressed in terms of ordinary deriva-
tives,
a[aAbc] (z) =0. (4.12)
We will now study the classical Maxwell theory and the relation of the
classical theory to quantities in terms of loops.

4.2 Classical theory

The classical canonical Maxwell theory can be expressed in terms of the
canonical pair E%(z), Ap(y),

{A(y), E*(2)} = §8(z — y). (4.13)
The only constraint of the theory is the Abelian Gauss law,
8,E*=0. (4.14)

The Hamiltonian of the theory is the sum of the squares of the electric
and magnetic fields, integrated over space,

H= / d*zing(E*E® + B°BY), (4.15)

where B¢ = ﬁ“chbc. Here 7,y is a flat Euclidean three-dimensional metric
and from now on we will assume all indices are raised and lowered with
it. The commutator of the electric field and the connection with the
Hamiltonian gives the time evolution of the fields. These plus the Gauss
law are equivalent to the usual four-dimensional Maxwell equations.

The Gauss law can be solved by considering only transverse electric
fields, E’%(w) The canonical theory can be reformulated entirely in terms
of transverse fields (the transverse connection AL (z) is defined in terms
of the fixed flat background metric), the canonical pair is then given in
terms of Dirac brackets by

{A7 (), Bf(2)} = 65 (2 — ), (4.16)
where the “transverse Dirac delta” is defined by
br5(z —y) = 656(z —y) — AT'3°%6° (z — y), (4.17)

where A~! is the inverse of the Laplacian of the background metric on
the three-manifold.
A usual simpliﬁcation is to consider momentum space variables,

AL(@) = G [ ke D@l + wBAD], @18

-

B (a) = 2:)3 [ rexp(=ik - 2)lp! Res (F) + 22 B)es (R, (4.19)
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92 4 Mazwell theory

where e4(k),e2(k) are transverse vectors and their dual one-forms in

momentum space are normalized such that k%4 = 0, ej(E)ef(E) = 6%,
eq (k) = (ef(k))* = ef(=k); also q(—k) = ¢*(k) and p(=k) = p*(k).
These relations can be inverted to yield

ga(F) = )3/2 / &z exp(—ik - #)e4 (F) AT (z,) (4.20)

pA(F) = 273)3/2 / Pz exp(ik - £)el (F) B2 (), (4.21)

with A =1,2.

The ga(k),p(K) capture the two degrees of freedom of the electro-
magnetic field and describe the radiative modes corresponding to the two
possible helicities of the photon. One can reformulate the theory in terms
of these variables. The Poisson brackets are

{qa(k),p® (K)} = 6563k + 7). (4.22)

The Hamiltonian, written in terms of these basic variables, adopts the
form of an infinite collection of harmonic oscillators, one for each k,

=1 [ @K (pa®IA B + PaaBI(-B) . (@23)

Let us now introduce the two quantities,

(k) =%(\/—QA PA(k)) (4.24)
a4 (k) = (f lga(~ k, (—E)), (4.25)

with Poisson brackets

{aa(k),al(K)} = —ibapb(k — k'), (4.26)
in terms of which the classical Hamiltonian reads ’
H= / Bk|klas (B)aC (F). (4.27)

4.3 Fock quantization

The Fock quantization arises by considering the number representation
for each harmonic oscillator of the Hamiltonian (4.23). Since there is a
continuous infinite number of oscillators, one for each E, it is convenient
to consider quantization in a finite region of space (“a box”) in order to

have a countable infinity of modes Ei. Then, the canonical commutation
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4.8 Fock quantization 93

relations become
{aa(F:),ap (k;)} = —ibi;.88 (4.28)

The Hamiltonian becomes
oo
H =" |k ag(ki)a® (k:). (4.29)
i=1

One can introduce the Fock representation directly by considering the
quantum representation of the algebra (4.28) in a space of functions of
infinite pairs of integer variables ®(...,n;,...). Each variable represents
the state of each harmonic oscillator for a given I;i and a given polariza-
tion. The representation of the algebra is as follows:

(i*c(i(?j)@(. <y D,y .. )= N (... yN§,D — dcDy-- ), (4.30)
ac(k;)®(...,nic,...) =/njc+18(..,njp+6cp,...), (4.31)

where the wavefunctions vanish if any of their arguments are negative
numbers.
The commutation relations can be immediately derived:

~

[aB(K:), a* 5(k;)] = 6:;64B. (4.32)

The next step in the quantization program is to introduce an inner
product. This can be readily done:

< DT >=

0o oo 00 oo

Z Z Z Z ...<I>(n1,1,n1’2,...,nj,l,nj,g,...)* X
ny1=1n12=1 nj,1=1 nj2=1

X\I’(nl,l, n1,2,---,715,1,M152,.. ) (4.33)

In terms of this inner product the operators dC(Ej) and J*C(Ej) satisfy
the relations

al(k;) = a*c(k)), (4.34)

where  means adjoint in the operatorial sense. One can now define the
Hermitian operator N(k;,C) by

N(E;,C) = ak(k)ac(k) (4.35)

with no summation over C.
The explicit action of the operator N(k;, A) is given by

]V(kj, A)\Il(nl,l, n1,2,-.-,M1,12,-- ) =
nj,A\Il(m,l, ’nl,z, . e ,nl,l, nl’g, .. ) (4.36)
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94 4 Mazwell theory

The reader can immediately notice the resemblance with the usual har-
monic oscillator: @ and &' are annihilation and creation operators and N
is the number operator, and we have one of each per momentum Ej and
polarization C. The usual commutation relations follow:

[N (k;, C), als (kj)) = 8i6cpak (Kj), (4.37)
[N (k:, C),ap(k;)] = —8i6cpap (k;). (4.38)

Let us now introduce the quantum Hamiltonian. Rewriting (4.23) in
terms of creation and annihilation operators, one gets

H= %Z a(k;)a® (k;) + 3) (4:39)

and it should be realized that this corresponds to a different factor order-
ing than the natural one that we would have inferred from the classical
expression (4.27). This expression is divergent even for the case we are
considering (a finite box) since we are summing the zero point energy
for each of the infinite excited modes. In order to make this expression
finite, it is usual to subtract the zero modes through the procedure called
“normal ordering” (denoted by enclosing expressions in colons) consisting
in ordering the at to the left,

L H = 15 1kl (al (j)aC (K5)). (4.40)

J=1

(S
&;

Since H commutes with N (Ei, C), Vi,C, both operators could be di-
agonalized simultaneously. In the representation we are considering, this
can be accomplished straightforwardly by determining the vacuum state.
This is the state with minimal energy and it can be checked that such a
state ®( satisfies

-

ac(kj)®o =0 VE,C. (4.41)

Once this state is given, the whole space of “excited” states can be
spanned by applying the “creation” operator a!. One can interpret this
construction in terms of particles: the application of the operator &E(Ei)
creates a photon with polarization C' and three-momentum k;. This can
be verlﬁed by computing the normal-ordered momentum operator B, =
f dszE Fab . in this state. It can be checked that : H2 — B,P® := 0 and
therefore the photon is massless.

To diagonalize the Hamiltonian and number operators we introduce a
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4.8 Fock quantization 95

basis of states labeled |n1,1,712,...,751,n;2,... >, defined by

2
1 b
Inl,l,nl’g,...,nj,l,nj,z,... >= H H . (ac(kj)) J'Cl(),...,O >,
j=1C=1 V4,C
(4.42)
where |0,...,0 > is the vacuum. Therefore
H |n1,1,n1,2, cey NG 1,2y D=
oo 2 .
Z Z njc kil In1,1,n12,--.5,151,152,... >, (4.43)
j=1C=1
N(kj, C) |n1,1, 1,2y« -3 M5,1, 75,2y« - - >=
nj’c|n1’1, 1,250+ 9T5,1, M52y oo > (4.44)
and this is what is usually called the Fock basis.
It is useful to introduce a dual Fock basis through the relation,
<MN11,M125- -5 T5,1, 15,2y« - - |m1’1,m1,2, cey M1, MG 2y D=
oo 2
II II émjcimsc (4.45)
j=1C=1

and this relation leads naturally to the inner product (4.33).

The Fock basis describes naturally states with a definite number of
incoherent photons of definite energy and momentum. These states have
vanishing expectation values for the field operators E¢ and A.. They
therefore present a description of electromagnetism that is not naturally
associated with the classical one. To be able to make contact with the
classical limit more easily it is convenient to introduce a basis of states
in terms of which the expectation values of both E¢ and A, are non-
vanishing. The elements of this basis are called the coherent states.

The coherent states form a basis labeled by arbitrary complex numbers
@ ¢, associated with each mode. Their definition is

dc(kj)lal,l,al,g, e ,aj,l, Olj,g, ce.>= a]-,clal,l,am, e ,ozj,l, aj,z, e >
(4.46)
and can be written in terms of the vacuum as

|a1,1, Q12,5 Q51,0520 .. >=
oo 2 o
[T IT exp(~}laic?) exp(3ascab(®)I0, ..., 0 > . (4.47)
1=1C=1
It should be noticed that the states introduced do not strictly belong
to the Fock space but to its closure, due to the infinite summation. It can
be checked that these states minimize the uncertainty in both the electric
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96 4 Mazwell theory

field and the connection and are therefore the closest to a “classical”
configuration one can get.

Since we did not impose any restrictions on the eigenvalues of annihi-
lation and creation operators while defining the coherent basis, it follows
that the basis is overcomplete. A given state can be expanded in terms of
this basis in infinitely many different ways. We will see later a connection
between this overcompleteness and that of Wilson loops.

4.4 Loop representation

In order to introduce the loop representation let us first remind the reader
of some aspects of the usual connection representation of the Maxwell the-
ory. We can particularize the steps we presented in the previous chapter
for the canonical quantization of Yang—Mills theories to the Maxwell case.

The connection representation is the most natural quantization since it
is based on the straightforward quantization of the canonical algebra of
connections and electric fields, taking a polarization based on wavefunc-
tionals of the configuration variables.

Let us therefore start by picking a polarization in which wavefunctions
are functionals of the connection ¥[A] and promote the connection and
electric field to quantum operators,

E w[A] = —i%q}m], (4.48)

A U[A] = A, [A] (4.49)

Notice that we are considering functionals of the full (non-transverse)
connection, so we will have to enforce the Gauss law as a quantum con-
straint,

o
54,

which tells us that U[A] has to be a gauge invariant function of A. We
are imposing gauge invariance at a quantum level. This is different from
what we did in the previous section where we solved the constraints at
a classical level (reduced phase space quantization). Therefore there is
potential for these two procedures to be inequivalent.

We can now formally write the quantum Hamiltonian,

GU[A] = 8,——T[A] = 0, (4.50)

6 6 1

3 ab ab, cd

= — = FocFpq | Y[A 4.51

HY[A] /dw(n 6a6a+2'r]n ac bd) (4], (4.51)
though it is clear that a detailed discussion of the first term requires a

regularization.
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4.4 Loop representation 97

One can solve the eigenvalue problem for this Hamiltonian (in terms of
gauge invariant functions in order to satisfy the Gauss law) and determine
the ground and excited states of the theory [63]. We will return to these
issues in terms of other representations.

Let us now proceed to construct the loop representation. As described
in the previous chapter one can introduce a loop representation either in
terms of a non-canonical algebra of classical quantities or via a transform.

In the Abelian case one can immediately find a non-canonical algebra
of gauge invariant operators in terms of which one can write all physical
quantities by simply considering the Wilson loop and the electric field. In
order to keep the construction as close as possible to that which we will
later perform for the non-Abelian cases, let us introduce the operators

T(n) =W(n), (4.52)
T%(nz) = E*(z)W (n), (4.53)
which satisfy the non-canonical algebra
{T(n),T(y)} =0, (4.54)
{T"(% T(n)} =—iX“ (W (n o), (4.55)

{T*(42), T (¥)} =—iX** ()T’ (y o ) + i X" (7)T*(n o). (4.56)

A quantum realization of this algebra in a space of loop-dependent
functions is

T(n)¥(y) =T(n" o), (4.57)
T(n2)T(7) = X (7)¥(n~! o), (4.58)

and the reader can check that this realizes correctly the Poisson algebra
in terms of quantum commutators. A choice of factor ordering with the
functional derivatives to the right has been made.

The loop transform is given by

- / DAexp (—i / dszX‘”('y)Aa(z)) U4l (459)

and due to the Abelian nature of the connection the integral can be rig-
orously defined [65].

If one considers operators T'(7y), T%(vZ) in the connection representation
defined by

7)U[A] = Wa(y)T[A], (4.60)
( )‘I’[A] )WA(’)’)‘I’[A], (4.61)

one can check that applying the transform (4.59) one obtains the operators
introduced in (4.57),(4.58).
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98 4 Mazwell theory

In terms of the non-canonical algebra one can express the electric field
and the field tensor in the following way:

A~

Ii'ab(-'l:) = —ia(Z)T(Y)|y=c, (4.62)
E () =T*(¥%)ly=s, (4.63)

where ¢ is the identity loop. This allows a loop representation to be found
naturally through equations (4.57),(4.58),

ng(z)w) = —ilg(2)T(v), (4.64)
Eo(2)¥(v) = X (7)T(). (4.65)

Therefore there is a natural interpretation of loops as lines of electric flux
in this representation.

One could arrive at these expressions by using the loop transform (4.59),
integrating by parts and considering the action of the fields on Wilson
loops in the connection representation,

Fup(2)W (7) = Fap(2)W (7) = ~iBas(2)W (v), (4.66)
Es(z)W(7) = X (7)W(y) = ]g dy*é(z —y)W(v).  (4.67)

The last expression ensures that the Gauss law is automatically satisfied
in the loop representation (due to the transverse nature of the first order
multitangent X%*()). This is a natural consequence of the fact that
the loop representation is based on the quantization of an algebra of
gauge invariant objects. Only gauge invariant quantities can be realized
naturally in the loop representation. Gauge dependent objects could be
introduced by means of the connection derivative defined in chapter 1.
The gauge dependence is introduced through the path prescription used
in the definition of the connection derivative.

The commutation relation of E and F,

[Fra(y), B (2)] = —i63846(z — v), (4.68)

finds its natural counterpart in the expression of the action of the loop
derivative on the loop coordinate that we introduced in chapter 2,

Aca(y)X**(7) = 6.0a6(z — y). (4.69)

One can now realize the Hamiltonian in terms of loops. The magnetic
field portion of it is given simply in terms of loop derivatives,

nasB (@) B (2)¥(7) = — 30 n¥ Ay (2) Acal2) T (7). (4.70)

The electric field portion is given in terms of two loop integrals, which

Downloaded from https://www.cambridge.org/core. IP address: 18.119.132.218, on 21 May 2024 at 01:36:56, subject to the Cambridge Core terms of
use, available at https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/51705C8DABA59C31E846CEO8FOF7FFDD


https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/51705C8DABA59C31E846CE08F0F7FFDD
https://www.cambridge.org/core
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can be reexpressed as

~

B (2)E (@)T(7) = 12X (1) X* (1) (7). (4.71)

The Hamiltonian eigenvalue equation then reads

= / &z —ln“n”dAab(z)Acd(w) + 31X (1) X" (7)) ¥()
_ Uy (4.72)

The second term can be suggestively rewritten as
[ dax= )X = § dy* § a6y -y, (@47
v gl

which is proportional (through a divergent factor that needs to be reg-
ularized) to the length of the loop. Therefore the eigenvalue equation
can be qualitatively interpreted as a “Laplacian” in terms of the double
loop derivative and a “quadratic potential” given by the length of the
loop. Notice that the other term, involving the loop derivatives, is also
potentially ill defined. If one considers wavefunctions such that their loop
derivative is distributional a regularization may be needed. We will not
discuss the details here since for the particular case of Maxwell theory
the extended representation discussed in section 4.6 furnishes a natural
setting to regularize the theory.

Let us now study the vacuum and excited states of this system. One
possible avenue is to take this analogy with the Hamiltonian of a harmonic
oscillator seriously and propose a “Gaussian” state of the form

Po(y) = exp (—% fv dy* j{ dy’ Koy (y — y’)) (4.74)

= exp (—1X°(7) X" (1) Kaz by) (4.75)

and insert this expression in the eigenvalue equation for the Hamiltonian
to determine K,,. This course has actually been pursued in reference
[63]. Here, however, we will find the vacuum by introducing the cre-
ation and annihilation operators in the loop representation and finding
the state annihilated by the annihilation operator. It will turn out that
this construction yields the same vacuum as that of reference [63].

Both the creation and annihilation operators can be readily realized in
loop space. To intlzoduce them we need to realize the ¢ and p operators,
and therefore the AT operator. To do so we use the relation in the classical
theory

3°Fy = AAT, (4.76)

where A is the three-dimensional Laplacian, and realize this expression
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100 4 Mazwell theory

in terms of the loop derivative. Then,

AT(@)U(y) = i Bay(z) V(). (4.77)

In terms of this expression, the operator ch(E) is,

o L b
P B8 = iz [ Frop(—F- DB A ¥ (@78)

The operator ﬁl(E) can be realized immediately,
PRV = e [ PaeFRABXTTG). @)

Therefore the creation and annihilation operators in the loop represen-
tation have the forms

- - b
o = g [ 2 (o0l DB o Ao
Z|E|11  exp(~iF z)eaA(E)X“z(v)), (4.80)
- . b
1) = Gy [ &'z (exp(—zk QAT
+i |E|11 7 exp(—ik - 5)e,,A(E)X“(7)> . (4.81)

We now apply (4.81) to (4.74). The application of the first term in a
yields,

on 3/2/d3:1:exp —ik - £)e% (k)\/|k| X% (v ) Kazby¥o(y).  (4.82)

We must now determine K,;py so that this terms cancels the second
one. It can be straightforwardly checked that if one takes,

1 d’q -
Kusty = myaya | T &0 (i (=) (4.83)

the two terms actually cancel. The expression for K is that of the homo-
geneous symmetric propagator of Maxwell theory.

It is now immediate to find the excited states, simply by operating with
at on the vacuum. The first excited state is given by

o) (y) = xp(—ik - )ean (F) X% (7) Lo (7). (4.84)

1
d3
(2 )3/2 / |k|1/2
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4.4 Loop representation 101

This expression can be more compactly written in k space. Introducing
the Fourier transform of the multitangent,

1 o
X%(y) = W/d% exp(—ik - T) X** (), (4.85)
the first excited state is
- 1 N
P () = ———equ(B) X g (v). (4.86)
|k‘|1/2

This state corresponds to a photon of momentum k and polarization
A. The objects X% (y) are usually called “form factors” of the loop. The
form factors are transverse,

k. X% () = 0. (4.87)

and therefore their only relevant components are the projections on the
polarization vectors.
The n-photon state is given by,

- = 1 7
\IJSLAI ,klr--;Anvk") (fy) = <WEGA1 (kl)Xakl

L
|kn |1/2

An appealing fact is the form of the coherent states in this representa-
tion. They are given by

(@ (y) = W(y, A)To(y), (4.89)

where W (+y, A) is the Wilson loop along the loop v of a given connection
A. Tt can be readily checked that these states are eigenvectors of the
annihilation operator. When one operates with (4.81) on the state the
first term (involving the loop derivative) acts both on the Wilson loop
and on ¥y(y). The action on ¥y(y) cancels the contribution from the
second term of (4.81) as we observed when deriving the vacuum. The
action of the loop derivative on the Wilson loop gives the field tensor F,
of the given connection, as we showed in chapter 1. The eigenvalue « is
therefore given in terms of the connection as

eaAn(En)X“k") o(y). (4.88)

4 a (1 1.b
a= WeA(k)k Fop (k). (4.90)
The field tensor so introduced actually has a physical meaning. It
corresponds to the expectation value of the spatial part of the Maxwell
field tensor in the coherent state in question.
Up to now we have operated with the Hamiltonian in a formal fashion,
ignoring the issues of regularization. As a result, the eigenfunctions we
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102 4 Mazwell theory

find are really ill defined. This can be readily seen from the expression
of the vacuum (4.74) since the propagator diverges quadratically when
T —Yy.

A suitable regularization for the second term of the Hamiltonian is to
replace the delta function by a function fc(y — %') such that

lim fe(y —¢') = 8(y —¢/). (4.91)
Explicitly,
Fily=1) = Gy [ Parladoentd- G-7),  @92)

where the function r is defined such that

o0
/ r(z)dz =0 (4.93)
0
and explicit examples of such a function are
r(z) = (1 — z) exp(—1z), (4.94)
r(z) = (1 - $2)O(1 — z). (4.95)

If one now repeats the procedure that led to the vacuum taking into
account the regularization, one finds that the vacuum of the regularized
Hamiltonian is also given by a Gaussian,

o(y) = exp (——fdy fdy”’K‘b T — )) : (4.96)

where the regularized propagator is given by

1 (e =
ab(ZT —Y) = bab TAEE /d3 (I |‘|’|) exp(—iq- (F—v')), (4.97)
where r(z) is the function that we introduced while regularizing the
Hamiltonian. Other regularizations for this same problem have been con-
sidered in reference [64].

Finally, we can introduce an inner product. We define a normalized
form factor as

1
|]'€’|1/2

co(k) = X (), (4.98)

in terms of which we introduce an inner product,
< &, (7)|®a(y / DCDC* &1(C, C*)®3(C, C*). (4.99)

The integrals on C' and its complex conjugate are functional integrals.
Note that the functional integrals defined above can only be computed in
practice if one assumes that the normalized multitangents are arbitrary
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4.5 Bargmann representation 103

transverse fields, not necessarily associated with a loop. Therefore one
is really going to an extension of the representation in order to perform
it. We will return to these issues when we discuss the extended loop
representation in section 4.6. The vacuum (4.74) is normalized with this
inner product,

/ dCdCTy(C)* To(C) = / DCDC* exp (— / d%C*“(E)C”(E)(Sab) -1,
(4.100)

Because in this representation excited states are proportional to the
vacuum, the factor exp (— J d3kC*“(E)Cb(E)6ab) acts as a Gaussian mea-
sure in the inner product and the vacuum is simply represented as a
constant and the excited states by the projections of form factors on the

polarization vectors. We will see that a similar feature arises naturally in
the Bargmann representation.

4.5 Bargmann representation

In 1962 Bargmann introduced a complex coordinatization for the har-
monic oscillator. It is based on using as canonical coordinates z = ¢ + ip
and z*, its complex conjugate. The resulting formulation is very elegant,
wavefunctions are holomorphic, and the inner product is determined, fix-
ing the reality of the relevant operators. This formulation has several anal-
ogous elements to Ashtekar’s formulation of general relativity in which one
of the canonical coordinates is complex and the other real. The hope is
that similar analytic properties will help determine the inner product of
quantum gravity. In this section we will present a Bargmann-like formu-
lation of Maxwell theory in terms of both traditional variables and loops.
This formulation naturally fixes the inner product to be the complex mea-
sure introduced a bit arbitrarily in the previous section. This treatment
follows closely that of Ashtekar and Rovelli [65].

4.5.1 The harmonic oscillator

The canonical formulation of the harmonic oscillator is given in terms of
coordinates g,p and the Hamiltonian is H = p? + w?q?. Quantization is
achieved through wavefunctions ¥(q) and the eigenvalue equation for the
Hamiltonian is (—9%/0¢? + w?q?)¥(q) = E¥(q). The eigenstates of the
system are given by a Gaussian in ¢ times the Hermite polynomials.
Normally, as mentioned above, the Bargmann representation involves
both real and complex coordinates. Discussion of the harmonic oscilla-
tor in those coordinates can be seen in reference [2] and in Bargmann’s
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104 4 Mazwell theory

original paper [70]. Here, however, we will explore a fully complex rep-
resentation which is better geared for comparison with what was done
in reference [65] for the Maxwell case. One could also treat the Maxwell
case in a mixed polarization and then it would more resemble Bargmann’s
original treatment.

Assume now that a complex coordinatization given by the variables
and z = \/ii(wq —ip) and 2* = %(wq + ip) is introduced. The Poisson
bracket is {z,z*} = iw. The variables satisfy reality conditions that say
that they are complex conjugates of each other. One can then construct
a representation of the canonical algebra on holomorphic functions ¥(z),

2U(2) = 29(2), (4.101)
2U(2) = wd‘zf:) . (4.102)

An inner product is introduced that translates the reality conditions
into operatorial relations:

21 = 7%, (4.103)
- (4.104)

We will now use these relations to determine the inner product. Let us
start with a generic inner product,

< B >= / dz / dzpu(z, 2)8(2) T (2), (4.105)

and if one now requires that the operatorial relations be satisfied this fixes
the measure uniquely to be

u(z, Z) = exp(—2z2). (4.106)

In terms of these variables the quantum Hamiltonian of the harmonic

oscillator is

HU(z) = lw (za% + 1) ¥ (2) (4.107)
where we have chosen a symmetric factor ordering in z and z*. This
ordering corresponds in the traditional variables to H = p? + w?§. The
vacuum is simply ¥y(z) = 1 and the excited states are polynomials in z.
With the given measure, polynomial states are normalizable.

This is attractive because just by requiring the reality of the classical
operators the inner product is uniquely fixed. Since Maxwell theory is
just a collection of harmonic oscillators, it is immediate to construct a
Bargmann representation. Since the reality conditions are a structure
that is present in other theories (e.g. gravity) where other structures
that one could use to build an inner product (e.g. Lorentz invariance)

Downloaded from https://www.cambridge.org/core. IP address: 18.119.132.218, on 21 May 2024 at 01:36:56, subject to the Cambridge Core terms of
use, available at https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/51705C8DABA59C31E846CEO8FOF7FFDD


https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/51705C8DABA59C31E846CE08F0F7FFDD
https://www.cambridge.org/core

4.5 Bargmann representation 105

are absent, this gives some hope that a similar construction could yield
the inner product for those theories. It is certainly reassuring that this
construction at least yields the correct result for Maxwell theory as we
will discuss in the next section.

4.5.2 Mazwell-Bargmann quantization in terms of loops

For the kind of calculation that we will perform in this section, it is
convenient to introduce circular polarization. We express the fields as

AT @)= 13/2 / &k exp(ik - 7) (¢ (Fyma (k) + ¢ (Fym(K)), (4.108)

B(«) = Grm / @k exp(ik - 2) (p1 (F)yme (E) + p) (Fym™(F) ), (4.100)
where the complex polarization vectors satisfy*
kemq(k) =0, me(k)mg(k) =0, (4.110)
ma(—k) = —m**(k), m®(k)mi(k) = 1. (4.111)

Given a conjugate pair AL and E% of Maxwell theory, one could de-
compose it into positive and negative frequency (for instance, by evolv-
ing it and decomposing the resulting spacetime solution). Examining
the canonical commutation relations one finds that the positive frequency
connection and the negative frequency electric field form a conjugate pair,
given by,

A (z) = —=(AL (z) +iA7V2(Br)’nas)

EH

—.———3 7 ¢ ¢ = -
= / (2;)1372|k| exp(ik-&) (C1(k)ma(k) + Ca(k)mi (K)), (4.112)

8 1 - . .
E'(z) = W(E%(m) +iA2ATn™)

i g = -,
—/ dl;/z p(ik-&) (] (=k)mq (k) + ¢ (—k)m(k)){4.113)

where ¢ (k); = |k|q(c)( k) — ngc)(l_c')) The definition of the (s embodies
exactly the same construction that we performed for the harmonic oscil-
lator. The true degrees of freedom of the Maxwell field are now embodied
in the two complex ( fields. They provide a complex coordinatization on

* If one transla,tes back to the language we used in section 4.2 by considering that the vector
ma (k) = (ea(k)+ze (K)) one finds that el (k) = —el(—k) as before but e2(k) = e2(—k).
These conventlons are also used by Bjorken and Drell [71].
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106 4 Mazwell theory

the phase space of Maxwell theory. The canonical commutation relations
for the (s are

{¢B(K), ¢ (RN} = ilk|pcd(k — k) (4.114)

and we see the close relation between the ( variables and the a, a* variables
that were introduced for the Fock representation.

Let us now quantize the theory by promoting the variables to quantum

operators:
Ca(k)¥ (<)—<B(”) (), (4.115)
S v (<)
Cpk)T(C) =k léCB() (4.116)

where the wavefunctions to be holomorphic functionals of the arguments.

One would like the fact that ¢ and ¢* are conjugate to each other
translate itself into an operatorial relation of the kind

LK) = ¢, (4.117)

where by T we mean the operatorial adjoint under a suitable inner product.
This relation implies that explicitly in terms of the inner product

< ®|¢p(k)T >= |k| <5<§(E)¢|\P> . (4.118)

To find an inner product that satisfies this condition, one can simply
propose an explicit expression

< U@ >= [ dedGiu¢,¢)E (OB, (4119)

where p(¢,(*) is the measure to be determined. It is easy to check that
the condition (4.118) uniquely implies [70],

* d’k 2 |2
n(¢,¢*) = exp (- ] (G E) + |G (k)] )) : (4.120)

So we again get a Gaussian measure. Since the wavefunctions we are
considering are holomorphic, we immediately conclude that this repre-
sentation is essentially the same at the level of inner product and wave-
functions as the real connection representation that we introduced before.
Again, we should notice that we found the Gaussian measure without any
reference to Lorentz invariance. This therefore makes the method attrac-
tive for tackling cases in which such invariances are not present, such as
in gravity.
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4.5 Bargmann representation 107

In this representation, the normal ordered Hamiltonian is

= /d3k| |ZCB 543( 1 (4.121)

The ground state, ¥(¢) = 1 is equivalent to the Fock vacuum. A one-
photon state with given polarization and momentum ko is given by a linear
function ¥ = ¢ (ko) A generic one-photon state with given polarization
is given by a superposition in momenta,

d*k
N0 = [ T EGE (4122)
with obvious generalizations for the n-photon states.

We now proceed to construct the loop representation. As usual we
could proceed by quantizing an algebra of non-canonical loop-based gauge
invariant quantities or via a loop transform. Since we have given examples
of the first kind of construction before and in this particular case it leads
to the same results, we will simply proceed with the transform. This will
also allow us t¢' show how the transform is explicitly defined for an Abelian
theory. As we' said before, for the Maxwell case the loop transform is well
defined. In terms of the Bargmann coordinates, it reads

() = | T P¢sDG exp (— / LT )exp (¢ dy“A+) ¥(¢p).

|K|
(4.123)
Notice that in the definition of the loop transform introduced in chapter
3 the complex conjugate of the Wilson loop appears. For the real case
which we considered before this amounts to a change of sign due to the
1 that appears in the definition of the holonomy. Here it implies the
complex conjugate of the connection,

a dsk 7 4 ak\* N (T ak\*
Fayea;= | ] (G Fyma(BYX) + o Byms (B) (X 7*)7)
3
=/‘Tk’|“ E (R (4.124)
where
Xi* = 2m) " 2mg (B)(X™)",  X3* = (2m)/2m3(R)(X™)".  (4.125)

Also, as we said in chapter 3, the introduction of a loop transform
requires the introduction of an inner product in terms of connections.
Since we have the Gaussian inner product given by the reality conditions,
we use it in the definition of the transform.

Downloaded from https://www.cambridge.org/core. IP address: 18.119.132.218, on 21 May 2024 at 01:36:56, subject to the Cambridge Core terms of
use, available at https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/51705C8DABA59C31E846CEO8FOF7FFDD


https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/51705C8DABA59C31E846CE08F0F7FFDD
https://www.cambridge.org/core

108 4 Mazwell theory

Therefore the expression for the loop transform for this particular case

is given by
d3k -
=/1;ID§BDC1’§ exp (—-/ 7 [9:10] )

3
X exp (/ d’k Z (5(k ) (). (4.126)

Let us now evaluate this exp11c1tly for some states. Generically the
n-photon states are going to be polynomials in (. It is easy to transform
such states. Simply expand the exponential exp((;Xp) and note that
the ¢"/v/n! are an orthonormal basis with the Gaussian measure. Then
the loop transform of any state U({) = >, Cr(¢)" is simply given by
U(y) = ¥, Cu(X)™ with immediate generalizations for states depending
on several (gs. The vacuum, in particular, is ¥(y) = 1 and the one-photon
state with helicity B and momentum k given by

U1 (y) = XB(v)- (4.127)

With this we end the discussion of this representation. Let us now
compare the results obtained with the loop representation constructed
from real variables. The first thing to notice is that the use of the reality
conditions in the Bargmann case fixes a non-trivial inner product in terms
of connections and therefore a non-trivial measure in the loop transform.
Historically, this was not done with the real loop representation since
the intention was to recover the Fock space structure (which, in turn, is
determined by Poincaré invariance). However, it is very easy to check that
if one constructs a connection representation for the real case in terms of
g and p and requires the quantum operators § and p to be real, the inner
product given by the trivial measure in q,p appears as a result. This, in
turn, implies the trivial measure in tle As which is the one we used in
section 4.4 to compute the loop transform.

The appearance in the Bargmann case of a non-trivial measure in the
inner product and the loop transform implies certain important differ-
ences in the two representations. To start with, the vacuum is just a
constant. The Gaussian factor that appeared in the real representation is
“absorbed in the non-trivial measure”. Although one may consider this
point irrelevant from a practical point of view, it has implications in the
rigorous definition of the space of states. In fact, while in the real case
we needed the introduction of a regularization to have a well defined vac-
uum and space of states, in the Bargmann case the states are well defined
without the introduction of a regularization.

Have we gained something from nothing? That is, can we forget the
regularization issues altogether by considering a non-trivial measure in
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4.6 Extended loop representation 109

the loop transform? The answer is negative. If one wishes to complete
the quantization in the loop representation, one would like to introduce an
inner product in terms of loops, as was done in section (4.4). If one does
so in the Bargmann case, one notices that now a non-trivial Gaussian
measure in the F's appears in the loop representation. This measure
coincides exactly with the expression of the vacuum in the real case. If
one wants to define an inner product only in terms of loops, the expression
of the measure is illdefined. If one wants to proceed as in section 4.4 and
“extend” the inner product to all X's then the difficulties disappear at the
price of extending the notion of loops.
Let us now study the extended representation.

4.6 Extended loop representation

We will now explore the consequences of introducing an “extended loop
representation”, a representation based on the loop coordinates intro-
duced in chapter 2. We will immediately see that such a representation
presents computational economy, technical cleanliness and also allows us
to view in a conceptually different way the problem of loop quantization.
We will see that regularization difficulties are better dealt with in terms of
loop coordinates. We will also see that we are also able to determine the
classical canonical theory that underlies the loop representation. In the
particular case of Maxwell theory we will see that the extended loop rep-
resentation coincides with the electric field representation. This, however,
does not generalize to non-Abelian fields and in those cases the extended
loop representation is a new representation that contains the loop repre-
sentation as a limiting case. As a bonus we will find a way of writing the
action for electromagnetism purely in terms of loops. This version of the
action is amenable to lattice Monte Carlo techniques and has the poten-
tial to offer new insights into non-perturbative QED problems. The fact
that so much is gained in the Maxwell case by going to an extended loop
representation clearly suggests that a similar avenue should be pursued
in the non-Abelian cases and especially gravity.

Let us start by replacing in our formalism the usual loop holonomy by
its extended counterpart in terms of the loop coordinates,

Ha(y) — Ha(X) = exp (z / B Ans X‘”) . (4.128)

Because of the Abelian nature of the theory we only need the first
order multitensor, which can be simply viewed as a divergence-free vector
density on the three-manifold,

Bus X = 0. (4.129)
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110 4 Mazwell theory

One can now introduce a loop coordinate representation by means of
the transform

T(X) = / DAU[A] exp (—ig / d3an(m)X‘”) . (4.130)

In this representation, wavefunctions are functionals of the smooth vec-
tor density X. In terms of this representation we can realize the operators

Fy, E’az and the Wilson loop W4 (X) through
Wa(Xo) ¥(X) = ¥(X - Xo), (4.131)
E¥ ¥ (X) = X*U(X), (4.132)

Fo(z) U(X) =1 a[aéXLb]z U (X). (4.133)

As a consequence, the quantum Hamiltonian reads

AY(X) = / d3z [%X‘”X‘” + i(a[aﬁb]m)z ¥(X), (4.134)
where
By =1 X (4.135)
From these equations, one realizes, making the identifications
Byy — Ay, (4.136)
X% — E% (4.137)

that the representation we have just introduced is nothing but the electric
field representation of electromagnetism, and the vector density X is just
the electric field. This is in agreement with the picture that we introduced
before in which the loops played the role of lines of electric flux.

A remarkable fact is that one can go back to the loop representation
through the substitution X% — X% (~y). For instance, if one finds a phys-
ical state in the extended representation one can find a physical state in
the loop representation by evaluating it on multitangents (since it is a
function of multitensors, it has a definite value for multitangents). Care
should be exercised in general since multitangents are distributional and
limits could be ill defined. For the particular case of Maxwell theory it can
easily be checked that the converse property also holds: if one replaces
multitangents by multitensors in the physical states of the loop represen-
tation, one obtains the physical states for the extended representation.
This does not, in general, hold for non-Abelian fields.

Using this correspondence we can immediately write the expression for
the vacuum in the extended loop representation,

U(X) = exp (—% / d3z / dByX®XYD, (x — y)> : (4.138)
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4.6 Eaxtended loop representation 111

Here we observe a crucial feature of the extended representation. While
the vacuum in terms of loops is, as we pointed out, a singular divergent
quantity that only makes sense after a regularization procedure has been
introduced, the vacuum in the extended representation is automatically
well defined. It is an analogous situation to the one that appears in clas-
sical electrostatics: if one tries to formulate the theory in terms of point
charges one needs to regularize it, whereas the theory is automatically
well defined if one considers smooth charge distributions. It is natural to
expect that a similar behavior will appear in non-Abelian theories and
quantum gravity. This is one of the main features that make the ex-
tended representation attractive. The loop representation only appears
as a singular limit, in the same spirit as the electrostatics of point charges
appears through a limiting procedure from the electrostatics of smooth
charge distributions.

The existence of the extended loop representation is an illustration of a
property pointed out by Ashtekar and Isham [73]: that there exist possibly
non-equivalent representations of quantum theories. One can introduce
an inner product in the loop representation in terms of extended loop
coordinates that allows a Fock interpretation as we did in section 4.4.
This is the natural inner product in the extended representation and
corresponds exactly to the inner product one introduces in the connection
representation to implement the reality conditions of the theory. One can
also introduce a representation in terms of usual loops and a discrete
inner product which seems to describe naturally the states of a Type 11
superconductor [73].

Since we have a theory written in terms of usual smooth tensorial
quantities with a well defined Hamiltonian it is immediate (in this sim-
ple Abelian case) to introduce a classical action in terms of which one
can formulate the theory. This is by no means trivial. Whereas usually
the loop representation has been viewed as a “mysterious” construction
that either arises indirectly via a transform or through an unusual non-
canonical quantization, the extended representation teaches us that one
can actually find a canonical classical theory in terms of which a straight-
forward quantization leads to the loop representation. This construction
can actually be generalized to the non-Abelian cases, although it presents
more subtleties than the Abelian case we are examining here.

Let us therefore write the classical action which yields the quantum
theory corresponding to the extended loop representation,

S= fa{ P - [Exomxm s L @um] onxz). oo

We immediately recognize the action for classical electromagnetism if
we identify the loop coordinate with the electric field and the momentum
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with the connection as we did before.
This action could be rewritten in terms of loops,

s= [ at{ [ adow) + [ 2R Fule)

+ [ dy* [ dyfely —) } (4.140)
" "

where f is a regularization of the delta function and the loops ; be-
long to the surface t = constant. This action could also be presented in
second order form (modulo regularization difficulties). It could also be
regularized by considering the theory on a lattice. This has been pur-
sued in detail in reference [72] and it has been found to lead to the usual
Kogut—Susskind formulation [74].

4.7 Conclusions

The example discussed in this chapter, due to its simplicity, allows us
to illustrate in an explicit fashion several properties that are important
for the program of quantization of the gravitational field and cannot be
proved for that case.

We have shown that the language of loops is adequate to describe the
free quantum Maxwell field. We have shown that the use of loops is
inherently associated with regularization difficulties which can be cured
by considering the extended loop representation. The loop representation
is totally equivalent in this case to the traditional Fock quantization. The
Wilson loop functional appears as naturally related to coherent states.
The loop transform in this case is rigorously defined through the inner
product in the connection representation. This inner product can be
determined through the reality conditions of the theory, as we proved for
the Bargmann case. We also showed that the loop representation can also
be constructed for a complex coordinatization of phase space similar to
the one that the Ashtekar variables introduce for gravity.

In the next chapter we will discuss the quantization in terms of loops
of non-Abelian fields.
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o
Yang—Mills theories

5.1 Introduction

Since the unification of the electromagnetic and weak interactions through
the Glashow—Salam—Weinberg model [75], Yang-Mills theories [76] have
been widely accepted as correctly describing elementary particle physics.
This belief was reinforced when they proved to be renormalizable [77,
78]. Moreover, the discovery of color symmetry as the underlying gauge
invariance associated with strong interactions raised the possibility that
all interactions of nature could possibly be cast as Yang-Mills theories.
This spawned interest in grand unified models and some partial successes
were achieved in this direction.

A crucial ingredient in the description of elementary particle physics
through gauge theories is the maintenance of the gauge invariance of phys-
ical results and the underlying theory and this is also crucial in order to
be able to prove renormalizability.

The success of the electroweak model is yet to be achieved by the quark
model of strong interactions. The reason is that perturbative techniques,
which were adequate for the electroweak model, are only appropriate in
the high energy regime of strong interactions. This motivated the inter-
est in non-perturbative techniques, especially to prove the existence of a
confining phase. A great effort took place in the late 1970s and suggestive
arguments were put forward but a rigorous proof of quark confinement is
still lacking.

In several of these attempts the use of loops played an important role.
Loops were used in a variety of contexts and approaches including the one
we are focusing on in this book, the loop representation. In this chapter
we will also briefly highlight some of the aspects of other approaches which
seem of most interest for gravitational physicists. We are forced to omit,
for reasons of space, many other valuable constructions.

113
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114 5 Yang-Mills theories

The first gauge invariant, path dependent formulation of a gauge theory
was Mandelstam’s reformulation of QED [8]. Mandelstam later extended
his formulation to the Yang-Mills case and applied it to the development
of Feynman diagrammatic rules [9]. This was the first time the Feynman
rules for non-Abelian gauge theories had been found through canonical
quantization. They had been established in the S-matrix approach by
Feynman [79] and DeWitt [80] and in the functional approach by Fadeev
and Popov [81]. The main feature of the Mandelstam approach was to
avoid using gauge dependent quantities, introducing instead path depen-
dent field variables F,;(P) for the field where P is a path going from a
basepoint to the point of interest: translating to the language introduced
in chapter 1

Fuy(m) = lim Aoy (73) Hy[A4]. (5.1)

These quantities satisfy the identities induced by those of the loop
derivative that we introduced in chapter 1 and the Yang-Mills equation
of motion, D,F%(P) = 0, where D® is the Mandelstam covariant deriva-
tive. Notice that the aim of this approach was to develop a perturbative
formulation and in that respect it was successful.

Another approach was that of Polyakov [83, 82]. This was based on
the hope that holonomies for Yang—-Mills theories could satisfy equations
similar to those of non-linear ¢ models, which, in turn, are integrable.
This is based on what happens in 2 + 1 dimensions. The basic variable is
a derivative of the holonomy

6H,[A
Fulo:n) = Gy By A 5:2)

and the formalism assumes a parametrization has been picked for the loop
and extra equations are added to impose invariance under reparametriza-
tions. The equations of motion are

6FIJ'(S,’Y) _ 6Fﬂ(ta7)

5’}’”(1;) 5’)"’(8) + [Fﬂ(sa')'), Fu(t,’)’)] = 0, (5.3)
H(s
D) B (s, =0, (5.4
6FM(S77) _
S = (5.5)

The first equation is the usual vanishing of a curvature that appears
in non-linear 0 models. The second equation is related with the invari-
ance under reparametrizations of the holonomy and the last equation is
a consequence of the Yang-Mills dynamical equation.

This approach had several difficulties. Even in the three-dimensional
case, the equations presented are not exactly the same as those of a tra-
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5.2 Equations for the loop average in QCD 115

ditional non-linear o model. In a traditional non-linear o model, the first
equation would involve a partial derivative with respect to a coordinate.
In the present case, this means that one is really dealing with an infi-
nite number of components, one per each point in parameter space, as
is expected in loop space. The third equation, which in the usual case
is a divergence, should be summed over all components (integrated over
s), but then, it is not true that the Yang-Mills equations follow. This
difficulty was recognized by Polyakov [84]. Moreover the situation be-
comes more complicated if one considers the four-dimensional case, since
in that case it is not even clear how to reformulate the fields as o models.
Other technical difficulties appear, mainly related to the parametrization
dependence [85]. In particular it was shown that when the equations
are rewritten in a parametrization independent way (using the techniques
discussed in chapter 1) extra terms appear, which break the resemblance
with the o model.

The plan of this chapter is as follows. We will discuss in some detail in
the next section an alternative approach, due to Polyakov and Migdal. We
then devote a section to the loop representation of Yang-Mills theories,
discussing the SU(2) and SU(N) cases. We end with a section on some
ideas relating loops to confinement.

5.2 Equations for the loop average in QCD

The approach we are about to discuss originated in an idea of Polyakov
[82] and was later developed by Makeenko and Migdal {12, 86]. We only
present a sketch of the main ideas here, in part because we will use similar
techniques in the context of Chern-Simons theory in chapter 10. We refer
the reader to the review article by Migdal [11].

The basic idea is as follows. The expectation value of the Wilson loop
functional in (Euclidean) four dimensions (i.e, the loop exists in a four-
dimensional space) operates as a generating functional of the Green func-
tions of the theory, as can be simply seen by considering its successive
loop derivatives at different points,

Ay (T5)- - B (157) <KW (1) >==<Tx[Fyp, (21) - - - Fupv, (wn)(] > )
5.6
Notice that to write the right-hand side as point dependent a prescription
for the paths m has been chosen (as we discussed at the end of chapter 1).
The right-hand side of expression (5.6) is the n-point function of the
theory. This was the insight of Polyakov. Now consider the action of the
field equations on the expectation value of the Wilson loop functional,

D#A(3) < W) > = [ DA exp(=Sya) DA Wa(2)
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116 5 Yang-Mills theories

:/DA exp(—SyM)Tl‘[D“F;iu(x)inA(’Y:)]

=_/DA 6 exp(—SYM)Tr[XiUA(’Yi)]

54

= [ DA exp(=Sya0) 51 XV 2)

= / DA exp(—Sy ) f{, dyt8*(z — y)
XTe[X*Ua (W) XU A(12)] (5.7)

where Sy is the Yang-Mills action } [ d*zTr[F,,F#] and X’ are the
generators of the group.

Let us now particularize the gauge group to SU(N). This allows us to
use the identity

4sX&p = (6ap6BC — 3 6ABSCD) (5.8)
and to reexpress the above result as

DEA L (7)) <W (7)> =

§ i@ )W ODW07)> — 5 <W(1)>).(69
Notice that this equation couples the expectation value of the Wil-
son loop functional with the expectation value of products of Wilson
loops. In general one would therefore need to consider similar equations
for < W(m)...W(yn) >. However, in the particular case of SU(2) or
limy_,00 SU(N) it is enough to consider only the expectation value of
one Wilson loop functional. In the SU(2) case this is justified since one
can reexpress any product of Wilson loop functionals in terms of a single
Wilson loop. In the N — oo case it can be shown [12] that,

<Wm) ... W) >=< W(m) > ... < W(ym) > +0(N7?), (5.10)

due to the fact that the leading Born terms correspond to the sum of all
planar diagrams [87]. The Makeenko-Migdal equation can be rewritten
for this particular case as

DM (7)) = ;ﬁ dy84(z — y) ()P (12), (5.11)
where

$(y) =<W(7)>. (5.12)

This equation is reminiscent of that of a A¢? scalar field theory. Notice
that the equation is only non-trivial if one considers intersecting loops.
For smooth loops the right-hand side of the equation becomes ¢(y) and the
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5.2 Egquations for the loop average in QCD 117

solution to the equation can be found and coincides with the vacuum state
of Maxwell theory in terms of loops that we introduced in the previous
chapter. That is, the non-Abelian character of the theory is lost if one
does not consider intersecting loops, a fact we will also see reflected in
the Hamiltonian case.

It can be shown [88] that the Makeenko-Migdal equations generate
all planar diagrams in perturbation theory in a regularized fashion (if
one regularizes the equation), although they are not renormalized and no
concrete proposal has been found for an equation that could take care of
the renormalization.

This approach offered the promise of reformulating QCD entirely in
terms of free color fields, which raised the hope that confinement could
be understood. Moreover, it makes it possible to express the expectation
values of the observables through integrals in loop space. The diagrams
are automatically free of infrared catastrophes since one works only with
gauge invariant quantities. Finally, Migdal [12] gave a heuristic argument
that showed that the behavior of the Wilson loop is consistent with the
asymptotic area law typical of confinement.

Several obstacles hampered further development of this approach. To
begin with, the expectation values considered are divergent and need to be
renormalized, as can be seen from their perturbative study [88]. The equa-
tion was initially written [12] in terms of a functional derivative, which
led to some technical problems, though a later more geometric reformu-
lation was accomplished [89]. Historically, for a long time the structure
and completeness of Mandelstam identities were not understood for the
different gauge groups. Although the conceptual simplicity introduced by
expressing observables as integrals in loop space was appealing, it is also
the case that one does not know how to compute such integrals.

But the main obstacle in this approach is the fact that not a single
solution of the Makeenko—Migdal equation has ever been found in four
dimensions. Progress has been made in the two-dimensional case [91, 90,
93] and also with variational techniques [92]. It would be interesting to
test whether the ideas of the extended representation we present in this
book can be used to tackle this problem. Another interesting aspect is
that relations have been found between the Makeenko-Migdal equation
in the large N limit and equations for string theory [94].

Most of the advantages and disadvantages of Migdal’s approach are
shared by other loop formulations. The appeal of the loop representation,
which is the main theme of this book, lies elsewhere. On the one hand,
loop representations based on Hamiltonian approaches deal with three-
dimensional loop equations in a realistic case instead of four-dimensional
ones as in the Migdal construction. Moreover, they are better suited
for a canonical description of quantum gravity. In particular one can
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118 5 Yang-Mills theories

solve the diffeomorphism constraint rather easily, as we will see in chapter
8. We will also see in chapter 10 that by applying exactly the same
construction that we presented here for the Yang—Mills case to the Chern—
Simons action, one can find the connection between the expectation value
of a Wilson loop and the Jones polynomial of knot theory.

5.3 The loop representation

Constructing a loop representation for a Yang-Mills theory is a straight-
forward matter with the concepts introduced in chapter 3.

We will first discuss the SU(2) case as an illustration of the quantiza-
tion of a non-canonical algebra. We then discuss the SU(N) case via a
transform.

5.3.1 SU(2) Yang-Mills theories

Let us construct the quantum theory for SU(2) through the quantization
of a non-canonical algebra of loop dependent operators. A quantization
could be achieved (formally) using the loop transform, leading to the same
quantum theory.

Let us consider a gauge theory with SU(2) gauge group. The connec-
tions are group-valued A, = A2 X® where the Xs are elements of the su(2)
algebra. We define the following quantities

T0(3) = TU )] = Tr | Pexp (ig ¢ ayal)|, (5.13)

T%(v3) = THU () E* (2)U (42)]; (5.14)

in the same spirit as those defined in chapter 3, except that we are making
explicit the dependence on the coupling constant g of the theory.

Classically, these quantities satisfy an algebra under Poisson brackets,
which we discussed in chapter 3,

.1
]

{T%(vg), T(n)} = 3 > X ()T (yons), (5.15)
} e=-—1
{T°(), T ()} = —3 Z eX*(n o (¥2)¢ o n¥),
e_—l
+ Z eXM(YT* (WY o () 0 y),  (5.16)
e——l

where 7€ represents either n or 1.
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5.8 The loop representation 119

The best picture of these relations can be obtained by considering the
T%(4Z) to be represented by a loop with a “hand” at the point z. Then
the commutators are only non-zero when the hand on one of the loops
grabs the other loop (which implies the loops must intersect). The ef-
fect of “grabbing” one loop with the hand of the other is to insert the
accompanying loop at the point of intersection.

This algebra is closed, as seen above, but it is insufficient in the sense
that one cannot express all observables of interest in Yang—Mills theories
in terms of it, in particular, the Hamiltonian. Therefore one cannot base
a quantum theory simply on finding a representation of this algebra. One
should consider a larger algebra including the objects with n insertions
defined by formula (3.102) that were discussed in chapter 3. The algebra
of T? and T has for this reason been called the “small algebra” [38]. A
generic Poisson bracket between higher order T's is given by

. 1
1
{Tbl"'b"(’)’:f, o ,’)’i},),Tm"'“m(ng?, . ,m?j'ln)} = —2- Z

e=—1

m
{_ Z € X bk Tk (n)Tbl...b'k...bm,al...an ("lgf, o ,n;c:_l 0(7:,15)607}%:7 o ’ng:n)
k=1

n
+ Z € X %k Yk (,,’)Ta1...tik...an,b1...bm (7:12’ . ’711{,;—1 o(ng:)eo,},;::, . ’7;871”)} ,
k=1

(5.17)
where §; means that the index is not present.

The Hamiltonian for a Yang-Mills theory was introduced in chapter 3,
and is given by

= / B Tr(L(BBny, + BoBy,)). (5.18)

The two terms in this expression have different properties. The B2
term can actually be written in terms of a T%(y) as

Tr(B%(2)B"(2))ap = — 3 lm 0" Ay (75) Aca(n5)T(v),  (5.19)

i.e., by taking a double loop derivative and then shrinking the loop de-
pendence to a point. The right-hand side of this formula does not depend
on the path choice, as can be seen explicitly by considering

Aab(m§) Dea(m3)T° (7) = TeU () Fap (y)U (my)U (n5) Fap (2)U (W;’)U( ?%]O)

and taking the limit in which z — y and the limit of « shrinking to a
point giving,

Aab(15) Dcd(m)TO(Y) y—i= Tr[Fap() Fea()], (5.21)
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120 5 Yang-Mills theories

which is independent of the path prescription.
The term involving two electric fields cannot be written in terms of 70
or T, one needs a T®. Classically this can be seen from

Tr(E®(2)E*(2))ap = lim 1T (7Y, 7)) (5.22)

and in the limit v — ¢ the points z and y coincide.

We now proceed to propose a quantization of the classical non-canonical
algebra. We consider a space of wavefunctions of loops ¥(v) as discussed
in section 3.5.3 and define the action of the operators as

TO(n)T(y) = T(yon) + T(yon™t), (5.23)

1
Tem)u(y)=-1 3 e 74 &6z —y)U(yorf).  (5.24)

e=-—1

The action of the T2 is defined as [39]

T (Y, nZ) U (y) = 1 X% (7) X% (1) [T (Y 0 7Z,7E o 7Y)
+U(YZ o ny, vy 0 1Y) + U(VY o fiy 0 ¥ omy) + W(yy o 7Y 0 7y o nY)].
(5.25)

This last expression could be rearranged in terms of wavefunctions of a
single loop using the Mandelstam identity (3.119).

This representation for the T' operators yields a quantum commutator
algebra that reproduces, to first order in %, the classical Poisson algebra
of the T operators that we introduced in chapter 3*.

We are now in a position to give a quantum representation of the Hamil-
tonian of the theory. We have written the Hamiltonian of the theory (5.18)
and it is the sum of two terms, one electric and one magnetic. The electric
portion was given as a limit of a 72, so we can now find the corresponding
quantum representation, by taking the limit in equation (5.25) in which
we shrink the loop 7 to a point. We will study the action of this operator
at a point in the loop -y where there is an intersection (of arbitrary order).
The action on a regular point of 7y can be obtained as a limit (or by direct
calculation). The result is

lim T (non) B(y) = 2X° (1) X% () (10 (1¥0Z) + U (1207Y)). (5.26)

In the case of an intersection, the points =z and y lie on any “petal”
of the loop and therefore the portions 7} and 7y refer to the various
combinations of petals contained between z and y. For the case of a

* We are taking i = 1. The orders of i can be restored by noting that momenta are first
order in h, for instance, T1 = O(h), T? = O(h?), etc.
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5.8 The loop representation 121

regular point of the loop, one simply takes the loop and shrinks the points
T to y and therefore 7 — 7 and 7y — ¢. The result then is

Hm T (1 o n%)nas T (7) = $X°%(y) X% (7)T(y). (5.27)

n—i

We also see that smooth loops are eigenstates of the electric part of the
Yang—-Mills Hamiltonian. This allows us to think of Wilson loops as lines
of electric flux.

The complete Hamiltonian for an SU(2) Yang-Mills theory in the loop
representation is given by

7:(\11(7) = [_%/dgm”acnbdAab(m)Acd(:v)
Ld du® d d 1b 8y — o' U
+ 3 ¢ dy Y na0” (y — ') | T(7)
Y Y
+3 ]{ dy* f dy"na(y —y)T(VY o 7%).  (5.28)
Y Y

The path dependence of the loop derivatives has been dropped since we
showed above that they are prescription independent. Notice that if the
loop v does not have intersections, the last term is equal to the second
one and the equation is identical (up to constants) to the one obtained
for Maxwell theory (4.72). Therefore it is clear that wavefunctions must
have support on intersecting loops if the theory is to capture the full
non-Abelian nature of the fields.

As in the case of Maxwell theory, the Hamiltonian is singular and needs
to be regularized and renormalized. As we pointed out in the case of
Maxwell theory, in principle all terms in the Hamiltonian require a reg-
ularization. In the case of Maxwell theory we knew how to compute the
vacuum and this suggested a suitable regularization of wavefunctions and
operators. In the non-Abelian case, unfortunately, we do not know a
single solution of the Hamiltonian eigenvalue equation and the issue of
regularization and renormalization is largely unexplored. The eigenvalue
equation has been extensively studied in the lattice in different approxima-
tions, leading to results for the energy density, gluon mass spectrum and
other observables which coincide with those obtained with more standard
methods. We will return to the lattice treatment in the next chapter.

5.8.2 SU(N) Yang-Mills theories

The loop representation for SU(NN) Yang-Mills theories can be built along
similar lines to the ones we followed in the previous section for the SU(2)
case. We will see that the main difference consists in the fact that one
needs to consider wavefunctions of multiloops. The classical “small” al-
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122 5 Yang-Mills theories

gebra of T° and T can be readily generalized to the SU(N) case,

{T°(7),T°(n)} =0, (5.29)
(), T(05)} =g § dy"(y — 2)
Y
x (T°(y4 ong 0 79) = XT°(MT°(n)),  (5.30)
{T*(92), T (1)} = —ig § dz"6(z — )
n
x (T*(n 0 o 0 1) — T (T ()
1 2°6(z —
+ig § d2'o(z )
x (T om0 %) = FT°(T*(4D)) - (5.31)

Up to now, representations of the large algebra have not been studied
for SU(N) with N > 2. The approach we will take will be to consider
the representation of the elements of the small algebra with the addition
of a T, which is sufficient to write the Hamiltonian. This is clearly not
enough: the Poisson bracket of a T% with a T°¢ gives rise to T%¢s. A
quantization of the full algebra can always be performed such that this
Poisson bracket is represented by a correct commutation relation. A direct
constructive procedure to obtain such an algebra would be to perform a
usual canonical quantization in terms of Es and As and to consider the
Ts as derived quantities. The resulting quantum algebra will coincide
with Poisson bracket algebra up to factor ordering differences. We should
remind the reader that in the quantization process Poisson brackets are
replaced by ¢ times h and the factor ordering ambiguities are of order
h? or higher. Since the T algebra for SU(N) has not been explicitly
computed up to now, we will proceed with the constructive technique
we just outlined. It would be interesting to check explicitly that this
technique yields the same result as consideration of the full T' algebra.

We will choose the following ordering prescription for the T'! operator
in terms of the canonical operators,

7(2) = (HODE') (5.32)

The operator algebra of 71 and T° reproduces the same classical Pois-
son algebra described above, where the brackets are replaced by % times
the commutators.

We now represent this algebra in terms of loop-based operators and
wavefunctions, giving rise to the loop representation. As we mentioned in
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section 3, we need to consider functions of multiloops, via the transform

U, ym) = [AAWR(n) - WAGWTIAL  (533)

It turns out to be convenient to consider a certain combination of prod-
ucts of Wilson loops in the transform which is slightly different than the
one presented in equation (5.33). We will consider the following trans-
form:

Ty sm) = [ dAMZ (- 1) UIA) (5.39)

where the functionals My(vy1,...,vn) were introduced in section 3.4.1.
This does not imply any loss of generality since the product of N Wilson
loops can be reconstructed from the Ms.

We now define the action of the T operator, which is given by,

TOYT (.- ,n) = (T oM,y M) + U1, 7 0 N2y -, 1N)
+\IJ("71v"'a'7°nN)- (535)

Notice that this expression only involves wavefunctions of N entries,
since due to the Mandelstam identities (3.39) My+; = 0 and consequently
U(m1,...,Mn+1) vanishes identically. The fact that we are dealing with a
special group (determinant equal 1) implies that

U(non,mong,...,nonn) = Y(n,...,Nn) (5.36)

and therefore by considering 7 = 7; one immediately concludes that the
wavefunctions are really only functions of N — 1 loops. We will continue
using wavefunctions with NV entries for convenience.

We complete the small T' algebra by representing the T operator,

N
T*(v)¥(m,...,nn) = 3 ¢ dy*6°(z —y)
k=1""k
x[T(m,..., (k)Y o vE o (k)9 n) — #T()T(n, ..., 0n)]-

(5.37)

To represent the Hamiltonian, we first recall that the magnetic part is
given by equation (5.20). Using the formula for 7°(y), (5.35), one can
immediately realize the action of the magnetic part of the Hamiltonian,

YT (N1, yn) =

B
3y [ oo al@aQ@¥m, . m), (538)
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124 5 Yang-Mills theories

where the loop derivatives Afl? (z) are path independent and act only on
the ith entry of the loop.
For the electric part, we need to study the action of the operator

3 2azb
/ BT (E B )ng (5.39)

on the functionals My in the connection representation. To perform this
calculation it is useful to consider the following identity,

N-1
EP%m) x ... x TOnw) = 3 {T%m) x ... [€,70(m)] ... x T°(nw)

=1

+ Tm) x ... x Ty -1)ET0(nw) }
(5.40)

and recalling that the commutator of the electric part of the Hamiltonian
with 70 is

[ 2T BB s, 2] = — f T (s
0
+3 ]{ dy® ]{ dy*nas8® (y — )T (4 )T (v%) — £T°(7)](5.41)
Y Y
and
ET°0) = } § d* § dynut®ly )0 NT0Y) ~ FT°)). (5.42)
Y

one can construct explicitly the action of the Hamiltonian constraint in
the SU(NN) case. Very little is known about this operator in the continuum
though some progress has been made in the SU(3) case in the lattice [95]
and in the SU(N) case in 1 + 1 dimensions [96].

Representations in terms of multiloops also appear in the context of
general relativity coupled to gauge fields [97].

5.4 Wilson loops and some ideas about confinement

In his pioneering work, which stimulated most of the interest in the use
of loop variables in the treatment of non-Abelian gauge theories, Wilson
[48] introduced the idea that the trace of the holonomy could act as an
order variable for the theory and could therefore be used to study phase
transitions.

The intuitive picture behind this is the following. Consider a Yang—
Mills theory coupled to fermions (quarks) and consider the creation and
subsequent annihilation of a quark—antiquark pair. Assuming the usual
interaction term in the Hamiltonian of the type J- A, and neglecting
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5.4 Wilson loops and some ideas about confinement 125

Fig. 5.1. Creation of quark—antiquark pairs viewed as Wilson loops. Creation
of a free pair is suppressed if the expectation value of the Wilson loop is a
decreasing function of the area of the loop

vacuum polarization effects, one expects such a process to have a weight
proportional to the holonomy of the connection A, along the closed path
formed by the quark—antiquark creation and annihilation process. There
are other weight factors independent of the connection and also a weight
factor given by the free action of the field.

In order that quarks exist as separate final-state particles it must be
possible to consider quark-antiquark processes in which the quark and
antiquark lines are well separated, at least when the points of creation
and annihilation are far apart. The behavior of the expectation value of
the Wilson loop under the separation of the quark—antiquark lines will
therefore determine if it is possible for quarks to exist as final states.

For instance, if the expectation value of the Wilson loop turns out to
go as exp(—l), where [ is the length of the loop (perturbative and lattice
calculations suggest this result for non-confining theories) one sees that
one could separate the quark and antiquark lines at will without increasing
the length of the loop. This implies that creating well separated quark—
antiquark pairs is as likely as creating pairs close together. Therefore the
theory is not confining. For instance, for QED an explicit calculation can
be performed and < W >= exp[— §, dy* § dz” D, (y — )] where the loop
7 is four-dimensional and D,,, is the free propagator of the theory. If one
regularizes the calculation one can see that this is proportional to exp(—!)
with [ the length of the loop (for details of the regularization see reference
(62]).

On the other hand, if < W >~ exp(—a), where a is the area of the
loop, a process with the quark-antiquark lines shown in figure 5.1 far
away from each other is suppressed with respect to one in which the lines
are close together and therefore the theory exhibits confinement.
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126 5 Yang-Mills theories

These qualitative considerations have been extensively verified in the
lattice. It is immediate to confirm them in strong coupling expansions [48,
74, 98], in Monte Carlo simulations [98] and in perturbative calculations.

We therefore see that quark confinement can be thought of as the ap-
pearance of confinement of Wilson loops. Since we have extensively ar-
gued that Wilson loops can be thought of as lines of electric flux, this gives
an image of quark confinement in which lines of electric flux are confined.
This is reminiscent of what happens in superconductivity, except that in
that case, the confinement refers to lines of magnetic flux. It seems there-
fore that a system can have two possible confining regimes, one electric
and the other magnetic. Each confining regime will be characterized by
an order parameter. We argued above that the Wilson loop acted as an
order parameter for electric confinement. What could such a parameter
be for magnetic confinement? We will now discuss a proposal by t’Hooft
for such a parameter and its implications for the loop representation.

t’Hooft [99] introduced a quantity that can be viewed as an order (ac-
tually he refers to it as a disorder) parameter for a Yang-Mills theory.
The idea can be illustrated by means of the following example in (2 +1)
dimensions.

Consider an SU(N) Yang-Mills theory in 2 + 1 dimensions coupled to
an SU(N) Higgs field such that the gauge symmetry is spontaneously
and completely broken. Both the Yang-Mills connection A, and the
Higgs field H(z) are invariant under gauge transformations generated by
the center of the group SU(N), Z(N). A generic element of Z(N) is
given by exp(2min/N) with n an integer. A system like this admits a
classical solitonic solution of the following kind. Consider a region R in
two-dimensional space surrounded by a region B. In region B symmetry
is spontaneously broken, the Higgs field having acquired a “constant”
non-zero value. Being an element of the group, “constant” means that
there exists a gauge transformation at each point that relates the value
of the fields to a certain fixed value, Hq(z) = Q(z)HoQ(z)~!. Consider
a closed curve in B that surrounds R. Since B is not simply connected,
it could happen that by going around the curve, {2 becomes multivalued,
i.e., Qor = exp(i27n/N). We say that the field has a winding number
n in such a configuration. The presence of this multivaluedness in the
field implies that the configuration is stable. If it were not, it could be
radiated away, the final configuration would have n = 0 and this could
not be achieved from a state with given n in a continuous fashion.

Let us now consider an operator that, starting from a regular field
configuration a configuration (such that there exists everywhere a single-
valued gauge transformation that maps the field to a constant), will create
a configuration like the one we discussed above. To simplify, we will shrink
the region R to a single point, at which the gauge transformation mapping
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5.4 Wilson loops and some ideas about confinement 127

the field to a constant is singular. Let us call such a point zg.
We now define an operator ¢(zp) that materializes a singular gauge
transformation that changes the winding number of the fields,

$(z0) ¥[A, H] = ¥[Aq(0), Ha(zo)], (5.43)

where (zo) the gauge transformation singular at z( such that for every
oriented curve ¢(@) that surrounds zo once

Qzo)o=2r = Q(z0)g=0 exp(2mi/N). (5.44)

Let us now consider a state in the physical space of states ¥p,(A, H).
Such states are gauge invariant under regular gauge transformations. Un-
der the singular transformations we are considering here

B(2)p(y) Upn[A, H) = ¢(y)d(z)Tpn[A, H]. (5.45)

This statement is self-evident: the resulting gauge transformation only
depends on the singularity structure. If one takes a curve surrounding z it
will detect the multivaluedness induced by ¢(z) and similarly for a curve
surrounding y. A curve that surrounds both singularities will detect the
combined winding number. All this is independent of the order in which
the singularities were added.

The point of this construction was to introduce the operator ¢(z). We
will now show that this operator plays the role we wanted: that of a
“disorder” parameter for the theory. In order to see this, let us study the
commutation relation of this operator with the Wilson loop. Acting on a
physical state

$(z)W,[AV[A, H] = W, [Aqa(2)]¥[Aq(z), Ha(e)] (5.46)

and noting that W, [Aq(z)] = exp(27in(y)/N)W,[A], where n(vy) is the
number of times -y winds around zy, and ¥[Aq(z), Ha(z)] = ¢é(z)¥V[A, H]
we get

$(z)W, [A] = exp(2min(y)/N)W,[Ald(z). (5.47)

Let us now consider a basis |¢ > in which the operator ¢(z) is diagonal.
In such a basis, the operator W, [A] introduces a jump of magnitude
exp(2min(y)/N) in the operator ¢(z) if the point z is within v. This
implies that the Wilson loop acts as a creation operator for a domain
inside of which the operator ¢(z) has a different value. Using the natural
association of Wilson loops with lines of electric field one can view the
domain in which ¢(z) jumps in value as delimited by a closed line of
electric field.

This argument can be extended to the case of a theory coupled to
fermions (quarks) and in this case one should consider an operator built
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128 & Yang-Mills theories

with a holonomy along an open path with quarks at the ends. By reason-
ing analogous to that above one can view this open path as a confined line
of electric field joining the quark-antiquark pair. Trying to separate the
pair requires that the line of confined electric flux be stretched and since
the flux is constant, the energy needed to separate the pair is proportional
to the distance between the particles. This is a signal of confinement in
the theory.

Let us now outline how to generalize the above reasoning to 3 + 1 di-
mensions. In this case the point zg at which the gauge transformation was
singular becomes a closed line 7. Any gauge transformation along a curve
v that is linked with  will be multivalued. The order of multivaluedness
is related to the linking number of both curves.

The commutation relation in three dimensions between the Wilson loop
and the generalization of ¢(zy) to three dimensions (which is usually
referred to as the t’Hooft operator B(n) is

2me
W, B, = B,W, exp (WGL(fy,n)) (5.48)

where GL(v,n) is the Gauss linking number of the two curves. The Bs
commute among themselves.

The physical results that arise from this picture are that either W
or B can exhibit behavior dependent on the area or the length of the
loop. According to the possible combinations, four different phases can
be identified for the theory. A physical discussion of the four phases in
the context of QCD can be found in reference [99], where it is argued that
the only relevant phases in the case of pure gauge theories (no fermions)
are either electric or magnetic confinement.

The phase in which electric field lines are confined is called the confin-
ing phase. From an energetic point of view, this phase is characterized
by a degeneracy of the vacuum. This is due to the fact that the Hamilto-
nian commutes with the operator B and therefore it does not cost extra
energy to add magnetic field lines. Electric field lines carry an energy
proportional to their length.

The explicit form of the B operator in the connection representation
is complicated. t’Hooft [99] was able to find an explicit form for this
operator in the lattice and Mandelstam [100] discussed its form in the
continuum case. It is remarkable that in the loop representation these
operators can be realized in a rather straightforward manner [13].

Recalling the action of the Wilson loop on a state of an SU(N) Yang—
Mills theory in the loop representation,

TN,y an) = CF oM, -y m) + C(1, 7 0 25 - - -, 7N)
+\IJ(7]17 .. a’? o nN)a (549)
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5.4 Wilson loops and some ideas about confinement 129

we can define the operator B(v),

3(7)

A 2 o

B(fY)\Il(nlaa'r}N = exp < ZGL 71”1‘:) (771,---"'7N), (550)
k=1

where

— 1 a b (ZE —_ y)c
GL(v,m) = yp ]idw }ik dy’€abe P (5.51)

is the Gauss linking number of v and 7. This topological invariant mea-
sures how many times the loop 7, “threads through” the loop +y (for more
details see chapter 10).

It is straightforward to study the commutation relations of this operator
with the Yang-Mills Hamiltonian. Because the Gauss linking number is
a topological invariant, it commutes with the portion of the Hamiltonian
with two loop derivatives, since adding an infinitesimal loop does not
change the value of the topological invariant. This point really requires
a regularization since the Hamiltonian adds an infinitesimal loop at all
points in the manifold and could introduce divergences. The electric part
of the Hamiltonian also commutes with the B operator. This can be
seen by recalling that the effect of the electric part of the Hamiltonian
on a wavefunction of N loops is to produce a wavefunction with N + 1
loops produced by fissions of loops at their self-intersections, as shown
in equations (5.28),(5.42). Computing the linking number before or after
the fission gives the same result and the operators commute. The reader
may be interested in what happens if one characterizes the action of the
Hamiltonian purely in terms of N loops using the Mandelstam identity, as
we did in the SU(2) case, equation (5.28). In this case some portions of the
loop are rerouted and some of the linking numbers — which depend on the
orientation — may change sign. However, the result remains unchanged,
because the operator B takes values on Z(N) and this makes the operator
compatible with the Mandelstam identities.

So we see that the operator B commutes with the Hamiltonian. We
will now study the commutation relation of the Wilson loop with the
Hamiltonian. In the loop representation the Wilson loop becomes the
TO('y) operator and let us assume that we are considering loops 7 that
are smooth. Consider the commutator of the T°(y) operator with the
electric part of the Hamiltonian, equation (5.42). Its action on a state in
the loop representation can be computed using (5.35),(5.37). From (5.42)
one can see that there are two terms. The first one is proportional to the
length of the loop (double integral along 7) and the second one, taking
into account (5.37), involves an integral along 7 and another integral
along the loop that appears in the argument of the wavefunction. If one
considers long loops, the first term (proportional to the length) dominates
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the other term, which involves intersections of v with the argument of the
wavefunction. The commutator of 7°(y) with the magnetic part of the
Hamiltonian vanishes, which can immediately be seen from (5.38) since
the loop derivatives act specifically on the arguments of the wavefunction
and the loop dependence of the 70 is transparent.

We therefore see that it is simple to prove that the loop representation
naturally describes the confining phase of Yang-Mills theory. There is
a natural representation of the disorder operator B and adding an elec-
tric field line has an energetic cost proportional to the length of the line
being added, which is one of the signs of confinement. It should be re-
marked that these arguments show that there exists a confining phase in
which it is energetically expensive to create Wilson loops. However, one
could conceive different phases, where the distribution of loops is dense in
space and then the dominating term in the expressions considered above,
instead of being that of the length of the loop could be the one involv-
ing intersections. However, the fact that B always commutes with the
Hamiltonian suggests that Yang-Mills is always in a confining phase.

5.5 Conclusions

We have considered various loop-based approaches to Yang-Mills theo-
ries. We have emphasized the use of Hamiltonian techniques and the loop
representation, which we constructed explicitly for SU(2) and SU(N)
Yang—Mills theories. As the reader may have perceived, the treatment of
Yang-Mills theories in the language of loops in the continuum has only
a formal character and little progress has actually been made towards
understanding the non-perturbative physics of QCD. Only qualitative ar-
guments, like the ones we introduced in the previous section, shed some
light on the various physical processes of non-Abelian gauge theories. On
the other hand, the gauge invariant description of Yang-Mills theories
based on holonomies has found application in attempts to set the theory
in a more mathematically rigorous basis. For instance, it may be possi-
ble to define an infinite-dimensional measure rigorously in the space of
connections modulo gauge transformations in terms of the loop algebra
[40]. Progress in this respect has also been made in lower dimensions
[96, 102, 103]. In this chapter we have concentrated on pure Yang-Mills
theories. Coupling to fermions and Higgs fields can be introduced in the
loop representation but again most results are only formal. In the next
chapter we will return to the issue of matter couplings in Yang-Mills
theories.
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6

Lattice techniques

6.1 Introduction

As we mentioned in the previous chapter, the definition of Yang-Mills
theories in the continuum in terms of lgpops requires a regularization and
the resulting eigenvalue equations are, in the non-Abelian case, quite in-
volved. Lattice techniques appear to be a natural way to deal with both
these difficulties. First of all since on a lattice there is a minimum length
(the lattice spacing), the theory is naturally regularized. An important
point is that this is a gauge invariant regularization technique. Secondly,
formulating a theory on a lattice reduces an infinite-dimensional problem
to a finite-dimensional one. It is set naturally to be analyzed using a
computer.

Apart from these technical advantages, the reader may find interest in
this chapter from another viewpoint. In terms of lattices one can show
explicitly in simple models many of the physical behaviors of Wilson loops
that we could only introduce heuristically in previous chapters.

Lattice gauge theories were first explored in 1971 by Wegner [104]. He
considered a usual Ising model with up and down spins but with a local
symmetry. He associated a spin to each link in the lattice and considered
an action that was invariant under a spin-flip of all the spins associated
with links emanating from a vertex. He noted that this model could
undergo phase transitions, but contrary to what happens with usual Ising
models, his model did not magnetize. The absence of the magnetization
posed him with the problem of distinguishing the phases of the theory.
That lead him to introduce correlation functions associated with loops
(“loop correlation functions”) and to find laws of area and perimeter very
much in the same spirit as the ones introduced in the previous chapter.

In a similar fashion, usual gauge theories can be introduced in the lat-
tice, associating to each link an element of the corresponding gauge group.

131
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132 6 Lattice techniques

Many lattice formulations of a certain theory may be written down. This
is totally analogous to trying to discretize a differential equation in the
sense that many discretized versions of a single equation in the continuum
may exist.

The first application of lattice techniques to Yang—Mills theories is due
to Wilson [48], who showed how to quantize a gauge theory on a lattice
using path integral techniques. Making a Wick rotation to a Euclidean
spacetime, he showed that the computation of the Green functions of
the field theory essentially coincides with the computation of the cor-
relation functions of a Fuclidean four-dimensional statistical mechanics
system. Wilson also noticed that the lattice theory admits a strong cou-
pling regime in which there are no free quarks, i.e., confinement appears
explicitly. The strong coupling expansion is not completely satisfactory
since it does not preserve Lorentz invariance. Kogut and Susskind [49]
were the first to introduce a Hamiltonian formulation for lattice gauge
theories. In this case space is discretized but time is retained as a con-
tinuous variable. They studied the SU(2) theory, which then becomes a
quantum mechanical problem, and they studied the strong coupling ex-
pansion, which becomes the usual time independent perturbation theory.

Exploiting the connection pointed out above between gauge theories
and four-dimensional statistical mechanical problems has allowed the in-
troduction of Monte Carlo techniques for the covariant description of lat-
tice field theories. These computational techniques were developed in the
1950s and a widely used practical implementation is due to Metropolis
et al. [105]. In the context of lattice gauge theories these techniques
were first applied by Wilson [106] and further developed by Creutz [107].
The application of these methods has allowed a concrete prediction of
the mass spectra of the physical excitations of the theory and has been
implemented on supercomputers yielding values of elementary excitations
within 10% error of experimental measurements.

The main limitation of lattice approaches is that the number of degrees
of freedom increases very rapidly with lattice size. The situation is worse
in higher dimensions and when the theory is coupled to fermions. Progress
in lattice approaches to gauge theories is therefore more dependent on the
development of new analytical techniques and the identification of the rel-
evant degrees of freedom than on the development of faster computers.
We have argued in previous sections that loops are natural objects for
describing gauge theories in a gauge invariant fashion. This raises hopes
that the loop representation could be a useful tool for addressing some
of the difficulties that arise in lattice formulations. The lattice context is
very useful for putting in a concrete and rigorous setting many of the for-
mal results discussed in the previous chapters and for gaining an intuitive
feel for the loop representation. Loop representations on the lattice have
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6.2 Lattice gauge theories: the Z(2) example 133

been developed for the Z(2) model [108] and more recently some progress
has been made for non-Abelian gauge theories. Concrete calculations in
2 4+ 1 dimensions have been performed for SU(2) [109, 110] and SU(3)
[95].

One is usually interested in the continuum limit of a lattice gauge the-
ory. This involves shrinking the separation between lattice points to zero
and increasing the number of lattice points to infinity in such a way that
distances are conserved. The theory on the lattice involves interactions
between the variables in different lattice sites. These interactions give
rise to correlations. If the correlations are short range with respect to
sites, when taking the continuum limit the correlations vanish for non-
vanishing lengths. Therefore, in order to have a non-trivial continuum
limit, a lattice model needs to allow a regime (at least for some value
of the coupling constants) such that the system becomes scale-free and
long range correlations appear. These regimes correspond to second class
phase transitions in the statistical mechanics sense, and it is in this regime
that the continuum limit is usually taken.

The organization of this chapter is as follows. In the following section
we discuss as a toy model the Z(2) model on the lattice. We analyze it
in the covariant and Hamiltonian versions in terms of the usual variables
and then study the loop representation. In the following section we repeat
the analysis for SU(2) and in the last section we discuss the inclusion of
fermions in an open-path representation.

6.2 Lattice gauge theories: the Z(2) example

Wegner [104] introduced the Ising lattice gauge theories in 1971. He was
interested in building a model similar to the Ising model but which did
not exhibit spontaneous magnetization and which had a non-trivial phase
structure. He wanted to study how to characterize the phases of a model
without local order parameters.

The treatment of this section will follow closely the presentation due
to Kogut [74], to which we refer the reader for further details.

6.2.1 Covariant lattice theory

Consider a cubic lattice in a three-dimensional Euclidean spacetime. We
label the lattice sites by a triplet of integers n and the unit vectors on the
lattice which we characterize by unit vectors along the lattice directions.
The lattice is oriented and the unit vectors will have a 4 or — sign in front
according to their orientations. Notice that each link corresponds to two
possible arrangements of (n, ), since (n,p) = (n + p, —u). At each link
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Fig. 6.1. The local gauge transformations of the Wegner Z(2) model.

we associate an Ising spin o = +1 and therefore each configuration of the
system is associated with an assignment of a spin orientation to each link
of the lattice.

Consider now a transformation (which we will call “a local gauge trans-
formation”) such that it flips all the spins connected with one site in the
lattice. An example is shown in figure 6.1.

We now consider the following action for the model

S(o)=-p4 Z o(n,p)o(n+ p,v)o(n+p+v,—p)o(n+p,—v), (6.1)
n, U,V
given by the sum of the products of all spins around each elementary
plaquette of the lattice. B is the coupling constant of the model. This
action is invariant under the gauge transformations introduced above.
This can be readily checked noticing that a gauge transformation at n
simultaneously changes the sign of o(n, ) and o(n + p, —v). Notice that
any product of spins around any loop on the lattice will be invariant. We
readily see how for this simple model the ideas of loop and holonomy play
an important role.

If one attempts to define an order parameter for this model in the same
spirit as the one defined for the Ising model — the magnetization — one
finds that the statistical mean value of such an order parameter identically
vanishes. This is a particular case of the result due to Elitzur [111] that
states that taking the statistical mean value of a local gauge dependent
quantity averages it over the gauge orbits. For a compact Lie group (or
a discrete group like Z(2)) this means that the mean value vanishes.

Wegner proposed the idea of considering as an order parameter for the
model the gauge invariant quantity

W, =[] o), (6.2)
ley

which represents the product of all the spins situated at the links [ that
compose the closed loop v on the lattice. This idea appears natural
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in view of what we discussed in the previous chapter, but it should be
remembered that historically it appeared before Wilson’s proposal. It was
the first time that a “Wilson loop” was proposed as an order parameter
for a gauge theory.

The statistical mean value of the operator W, is given by

< W, >= %Z W, exp(—S(a)), (6.3)

where Z = 3, exp(—S(0)) is the partition function. The summations
on o7 above mean summing over all possible spin configurations on the
lattice (i.e., assignments of spin values to the links). Notice that in this
context one can reinterpret 3 as the inverse temperature in a statistical
model. Wegner proved that at small values of § (high temperatures),
< W, >~ exp(—area(y)). At low temperatures — large values of the
coupling constant — it decreases as ~ exp(—length(-y)) and therefore the
expectation value of this operator allows us to distinguish the high and
low temperature phases.

Let us discuss the proof of the area behavior via a high temperature
expansion. We start by considering the identity

exp(—S(0)) =exp(Boooo)
= cosh(8) + 0 0 0 o sinh(f) (6.4)
= (1 + 0 0 0 o tanh(f)) cosh(f), (6.5)

valid for o € Z(2). Therefore

Yo lo(1 + 000 0tanh(B)) [Iie, o ()
>0, [Ia(1 + 0o oo tanh(B)) ’

where symbolically the product of four sigmas represents a product along
a plaquette like the one considered in equation (6.3). The product over
O means over all plaquettes in the lattice.

In order to evaluate the above expression one should recall that,

Zor =0, 202 = 2. (6.7)
o] o]

Therefore the only contributions that survive in the numerator are those
in which each link is traversed at least twice, in particular the links of
the loop . This means that the interior of the loop has to be filled by
the plaquettes in the product. This ensures that each link in the loop
and all links in the internal plaquettes are traversed twice. Notice that
in three dimensions this could be accomplished by many configurations
of plaquettes, not just planar ones. Similarly in a compact lattice the
same effect could be achieved in the exterior of the loop. We will see
immediately that all those possibilities are suppressed and the minimal

<Wy>=

(6.6)
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area surrounded by the loop gives the dominant term. In order to see
this, recall that tanh(3) <« 1 and therefore the leading contribution to
the numerator will be of order (tanh )"V where N is the minimal number
of plaquettes that fill the loop v and, therefore, to leading order

< W, >= (tanh(B))" + - -- = exp(N In(tanh(3))) + - - - . (6.8)

Since the minimal area inside the loop is given by N times the area of
the elementary plaquette we get the area law

< W, >=exp(—f(B)area), (6.9)

where the leading term in the expansion of f(3) is — In(tanh(3)).

A similar perturbative expansion for the behavior at low temperature
gives a dependence proportional to the length of the loop. We refer the
reader to reference [74] for details.

6.2.2 The transfer matriz method

A lattice Hamiltonian version of a quantum gauge theory can be intro-
duced in two different ways. One would be simply to consider the theory
in a Hamiltonian fashion in the continuum and to propose a discretization
on a lattice. There is another method, which is commonly used, in which
one discretizes the covariant theory on a Euclidean spacetime lattice and
then takes the continuum limit in the time direction to end with a Hamil-
tonian formulation. This procedure is called the transfer matrix formalism
and was introduced by Schulz et al. [113]. Why would one proceed in this
way? It turns out that for several theories it is more immediate to write
a discretized version of the covariant theory and it exhibits in a clearer
fashion the symmetries of the theory. For statistical models that do not
come from a discretization of a continuum theory (like the example we
are considering), the transfer matrix method is the only way to construct
a Hamiltonian theory from the covariant one. The Hamiltonian version
of a statistical theory can only agree with the covariant version at critical
points since it is a partial continuum limit (in the time direction) of the
latter.

To illustrate the transfer matrix method, let us consider it for a simple
mechanical system, a particle in a potential. We follow the treatment due
to Creutz [112]. The transfer matrix method is based on the close analogy
between the Euclidean path integral formulation of quantum mechanics
and statistical mechanics. The idea is the following. One starts with a
theory, the covariant lattice version of it giving a statistical mechanical
system with a discretized time. One then writes the partition function
in terms of a product of elements of a certain matrix. This matrix is
then reinterpreted, in the limit in which the discrete time intervals go to
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6.2 Lattice gauge theories: the Z(2) example 137

zero, as the matrix elements of the evolution operator of a Hamiltonian
quantum theory. The vacuum energy of this theory may be identified
with the free energy of the statistical mechanical system. The propagator
can be identified with the correlation functions and the mass gap with
the inverse of the correlation length.

We will now prove for the simplified case of a particle in a potential
the relation between the partition function and the energy of a quantum
Hamiltonian. Let us consider the Lagrangian of a particle in a potential

V(z)
L =1imi® +V(z), (6.10)

where the + sign is due to the Euclidianization. Then the path integral
is given by

Z= /Da:(t) exp(—S), (6.11)

where the integral is over all possible trajectories z(¢) from an initial
configuration at ¢y to a configuration at ¢ty. We will perform this integral
in a lattice in which space is continuous but time is discrete, divided into
intervals spaced by a = (ty —t9)/N. The discretized version of the action
is

S = azi: Bm (u)z + V(mi)] . (6.12)

a

The functional integral is now precisely defined as a multiple integral,

N-1
Z =/ ];[ dz; exp(—S). (6.13)

Notice that if one considers periodic boundary conditions in time and
sums for all z(¢9) = z(tn), Z becomes the partition function of a statis-
tical mechanic system.

We will now see that evaluating this partition function is equivalent to
solving a quantum mechanical Hamiltonian system. To see this, let us
write the partition function

N
Z = / 11 dzi T(zis1, 73), (6.14)
i=1
where T'(z,z') are the elements of the transfer matrix, given by,
T(z,z') = exp (—;n—a(a: —z')2 — %(V(m') + V(a:))) . (6.15)

Consider now a Hilbert space ¥(z) with the usual inner product, in
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which we define the position and translation operators,

¥ (z) = z¥(x), (6.16)
exp(ibp)¥(z) = ¥U(z + b). (6.17)

We wish to identify the elements of the transfer matrix as the matrix
element of an operator in the position representation,

T(z,z') =< z|T|z’ > . (6.18)

It can be seen that the operator,

T = /db exp (— aV2(§:)> exp (__b;f:n — ibf)) exp (_aVz(:i)) (6.19)
= Wexp (_a_Vz(a”c_)) exp (—g%) exp (— aV2(§:)) (6.20)

gives the desired result. In the limit in which the lattice spacing is small,
one can rewrite the operator as

T= \/%ﬂexp(—aﬁﬁ—(?(aQ)), (6.21)

and one recognizes the usual Hamiltonian operator,

N ik
H=:—+V(%). (6.22)

In terms of the T operator, the partition function can be written as
Z = Tr(TV) = Tr(exp(—H (tn — to)))- (6.23)

It is immediate to establish the relation between the partition func-
tion and the vacuum energy of the associated Hamiltonian formulation.
Suppose we are in a basis that diagonalizes H with eigenvalues F;. Then,

Z =7 exp(=E;(tn — to)), (6.24)
J

and in the limit in which the time interval is large, the dominant term is
given by exp(—Eyt).

6.2.3 Hamiltonian lattice theory

Let us now apply the transfer matrix method to the Z(2) theory. For
this purpose we consider an asymmetric lattice with time spacing 7 and
spatial spacing a. Let 3; be the coupling constant of the plaquettes that
contain time-like links O; and (3 the constant associated with the purely
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spatial plaquettes O;. The action can be split into two types of terms

S=—,3720000—,320000. (6.25)
O 0,

We now fix the gauge in such a way that the spins associated with all
the temporal links take the value +1 (this is called the “temporal gauge”
and is analogous to Ag = 0 in a gauge theory). The contribution of the
plaquettes that include time-like links can then be rewritten as

B Y o, woln+ 7, 1), (6.26)
n,Kh

where the sum is over all the spatial links, i.e., u is a space-like unit
vector of the lattice. This can be immediately rewritten — apart from an
irrelevant additive constant — as

S=%,3.,Z( (n+T,p0)— ﬁZaaaa (6.27)

n,p

If we now denote by o! the spatial spins associated with the spatial
surface t = t;, the partition function can be rewritten

Z= Y Hexp( > z*’1(1)—ai(l))2+ﬂ2:aaaa).

spatial spin
configurations

S

(6.28)
We can write the partition function as

Z= Xk: HT(km, ki), (6.29)

where k; is a spatial configuration of spins and T is the transfer matrix.
If the lattice has @ spatial links at t = t; there will be 29 different config-
urations and therefore the transfer matrix will be of dimension 29 x 29.
Following the procedure outlined in the previous subsection, we can intro-
duce a Hilbert space of functions that depend on the spin configurations
on a given spatial surface ¥(k;) = ¥(o?,..., aé?). The inner product is
given by < 9|¢p >= >, ¢*(k)¢(k). The product of two given configura-
tions is < k|k' >= 6,, o ---600’%.

Let us now write the diagonal matrix elements of the transfer matrix
among the configurations at time ¢; and the configurations at time ¢;4;.
We denote the diagonal elements as “zero flip”, meaning that all the spins
are unchanged,

T (0flips) = T'(ki, ki), = exp ( Zaaoa) (6.30)
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140 6 Lattice techniques

where we see that all the terms of the first summation of the action (6.29)
vanish since the configurations are the same.

Let us consider the contribution when the configuration at ¢; differs by
one spin from that at ¢;,;, which we denote as “one flip”,

T'(11lip) = exp (—2,37' + ﬁz 0000) . (6.31)

We see that only one term contributes to the first summation in the
action, the one corresponding to the lattice site where the spin has been
flipped. In general,

T (nflips) = exp (—2nﬂ7’ + B Z coo or) . (6.32)
O,

We would now like to adjust the parameters § and 7 such that in the
limit ¢;41 —t; — 0, the transfer matrix becomes exp(7H) ~ 1—7H with H
the Hamiltonian. This immediately leads us to the following conclusions
(in the limit),

B~, (6.33)
exp(—207) ~ 7, (6.34)
which leads us to identify 8 = \exp(—2047), where ) is a constant. There-

fore from the expression of the elements of the transition matrix we can
infer the elements of the quantum Hamiltonian,

H(0flips) = H (ki, k;) ()\Zaaaa) (6.35)

whereas
H(11lips) = 1+ O(t?). (6.36)

Let us give a representation for the action of the Hamiltonian opera-
tor. We represent an upward pointing spin by the two-dimensional vector
(1,0) and the downward pointing spin by (0,1). The operator that pro-
0 1
10
operator in this basis is o3 = diag(1, —1). Therefore the Hamiltonian can
be written as

duces a spin-flip is the Pauli matrix o7 = , whereas the diagonal

= —ZO’l —)\203030303. (6.37)
ls

Os

The operator that materializes the gauge transformations in this model
can be written as

n) = [[ o1, (6.38)
ln
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where [,, are the spatial links that emanate from the lattice site n. It can
be readily checked that this operator commutes with the Hamiltonian.

We see that via the transfer matrix method we have obtained from a
(d + 1)-dimensional covariant theory a quantum Hamiltonian theory in d
dimensions. We will now show that one can build a loop representation
for such a theory.

6.2.4 Loop representation

In the same spirit as we discussed in the section of Yang—Mills theory, we
introduce a set of operators that are gauge invariant and that are based
on loops,

T(y) = [[ ¥, (6.39)
ley
where -y is a loop on the lattice. We only need to consider loops without
repeated links, since (03)? = diag(1,1), and therefore the repeated links
do not contribute to the product. Also note that T°(y) = T%(y~!). These
identities reflect the fact that the group in question is Z(2) and could be
viewed as “Mandelstam identities” for this simple case.
The second invariant operator is

TY() = o1, (6.40)

where we see that the operator T depends on a particular link. Notice
the similarity with the construction for Maxwell theory, where we could
have taken as operators the Wilson loop and the electric field. There
we decided to multiply the electric field by the holonomy to keep the
similarity with the non-Abelian case. Here we decide to make the variable
T loop independent. The commutator of the two operators is

[T (1), T°(m)] = 2T (DT’ () D uwr- (6.41)
ey
Defining X;(y) as 3"y ¢, 611 (a lattice analogue of the first rank multitensor
X% () in the continuum) we get the T" algebra

[T°(y),T°(m)] =0, (6.42)
[Tl (l),Tl (l)] = 0’ (643)
[T (1), T°(n)] = 2Xy ()T ()T (). (6.44)

Notice that one could define in analogy with Maxwell theory an “electric
field operator” E(1),

E()=1-1T'(). (6.45)

As in the case of Maxwell theory, where we defined a special group of
loops to reflect the symmetries of the theory, one can define an Abelian
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142 6 Lattice techniques

group of loops that reflects the symmetries of Z(2). In order to do this,
one starts from the Abelian group of loops defined in section 4.1 and
identifies the squares of loops with the identity. The elements of this
group therefore satisfy

Y1072 =72°71, (6.46)
yoy=1, (6.47)
Mn=mom?>=m. (6.48)

We now give a representation of the 7" algebra in terms of a space of
wavefunctions dependent on loops ¥ (%)

T(n)¥(7) = ¥(yomn), (6.49)
THDT(y) = (1 - 2X(7) (). (6.50)

The electric field has the usual action for an Abelian theory,
E0)¥(y) = Xi(7)¥(). (6.51)

The Hamiltonian in this representation can be written in terms of the
elementary operators,

HU(y) = =AY T°(0,) = 3 TH(), (6.52)
Os ls

and is called the Wegner Hamiltonian. To make contact with usual gauge
theories it is common to define a Hamiltonian which differs from Wegner’s
by a constant, H = A1 (Hwegner + A) where A is the product of the
number of sites in the lattice and the dimension of the space. The modified
Hamiltonian then reads

HY(y) =uZE(l) —Zaaaa, (6.53)
l O,
where 4 = —2/X and we see the appearance of an “electric” and a “mag-
netic” piece. This is clarified by studying the action on a state,
HY(y) ==Y ¥(0509) + ul(1)¥(v), (6.54)
DS

where [(«y) is the length of the loop. Usually one would expect a length
squared in the term arising from the electric part. However, for the Z(2)
case loops are only traversed once.

This Hamiltonian can be put on a computer and used to study the
vacuum energy, observables and mass spectra of the theory [114] and
the results can be compared with those obtained with other methods.
There is a great wealth of knowledge about this model because — in
three dimensions — it is the dual of the Ising model. Duality in this
context means that one can associate to the lattice a dual lattice in which
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to each cube one associates a lattice site and to each plaquette a link and
rewrite the action of the Wegner model as the action of an Ising model
on the dual lattice [74]. This allows us to import all the knowledge about
the Ising model to the Wegner model.

Let us now sketch one of the approximation techniques that appear nat-
urally in the loop representation on the lattice. It is called the collective
variables technique. ;

Given the known behavior at long lengths of the Wilson loop, the length
and area of a loop appear as natural variables with which to study the the-
ory. The length and area of loops are two examples of possible collective
variables that characterize loops in the asymptotic region of large loop
lengths. One could refine this picture by introducing other variables that
give additional information about the loop, such as information about
corners [114].

Let us therefore propose a description of the model in which we consider
wavefunctions that are a function of the length of the loop, the area of
the loop and a variable ¢ that codes the information about the number
and kinds of corners of the loop ¥(l, A4, c¢).

The Hamiltonian in terms of these variables can be constructed from
the action of the Hamiltonian in the loop representation (6.52). The
action of the electric part is trivial, it just multiplies the wavefunction
and the value of the length. The magnetic part adds a plaquette. The
effect of this will depend on where the Hamiltonian is acting. If the
plaquette is completely exterior to the loop, the area is increased by one
unit, the length is increased by four units and four corners are added.
If the plaquette is completely inside the loop, the area decreases by one
unit, and the length and number of corners increase by four units. In
the case where the plaquette shares a link with the loop and there are
no corners adjacent the length increases by two units, the area by (plus
or minus) one and the number of corners by four units. All actions are
weighted by a factor that states how many plaquettes with the action of
interest are possible. The action of the Hamiltonian is therefore coded in
a finite difference equation involving the three variables of the problem
and the total number of plaquettes in the lattice.

One can search for solutions of the finite difference equation minimiz-
ing the energy per plaquette. Since one is aware of possible exponential
behaviors with length and area — as we argued in the previous chapter —
one can propose a solution ¥(l, A,c) = YAX'Z¢ with X,Y, Z constants.
The typical behaviors of the energy and the Y constant as a function of
the coupling constant p is shown in figure 6.2. Notice that between p =0
and a certain critical value (weak coupling regime) the constant ¥ = 1
and therefore the wavefunction does not depend on the area. For p > ug
the variable Y < 1 and therefore the wavefunction decreases exponen-
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Fig. 6.2. Dependence of the energy per plaquette and the variable Y as a
function of the coupling constant x in the Wegner model.

tially with the area. For the energy we show two curves, the one in the
weak coupling regime was obtained as discussed in the text, the one in
the strong coupling regime was obtained by a Mellin transform method
[108, 114]. Notice that there is a discontinuity suggesting a second order
phase transition for the value p = 0.68 which agrees to within 2% of the
value observed with other methods.

So we see that the use of the loop representation allows a very natural
and intuitive action for the Hamiltonian constraint. Collective variables
representing qualitative properties of the loop allow an understanding of
the phase structure and the observables of the theory with small comput-
ing power. Unlike statistical methods, such as Monte Carlo simulations,
they produce analytic results. The results can be plotted with a computer
as we chose to do, but they are available in analytic form.

These initial results should act as an encouragement for further work
on the use of collective variables on the lattice and the development of
other approximation methods in the loop representation.

6.3 The SU(2) theory

We will now discuss a more realistic lattice gauge theory, related to a
continuum theory. Many of the techniques developed here are also appli-
cable to other cases of direct physical interest, such as QED and QCD.
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Let us start by setting up a lattice version of the connection representa-
tion. We assign to each link in the lattice an element of the SU(2) gauge
group U(l). This element is the parallel transport operator along the
link. Notice the parallel with Wegner’s model. Each link variable U(l) is
not gauge invariant, the gauge transformations act at each site. We will
be able to construct gauge invariant quantities by taking the product of
link variables along closed contours. Notice that the variables U(l) are
just the natural counterparts of the holonomies along open paths that we
discussed in chapter 1. A point to notice is that in the continuum descrip-
tions of gauge theories one usually takes variables defined on the algebra
of the gauge group whereas the fundamental variables on the lattice take
values in the group.

6.3.1 Hamiltonian lattice formulation

A field configuration is determined by an assignment of SU(2) matrices
to each link on the lattice. The assignment depends on an orientation
of the lattice: if the link [ has associated with it the matrix U(l), the
reversed link has U(l)~!. We denote by A(l) the element of the algebra
associated with U(l) = exp(iagA(l)) where a is the lattice spacing and g
is the coupling constant of the theory. We want to introduce a variable
canonically conjugate to U that in the limit of zero lattice spacing plays
the role of the electric field and that in general has the same transforma-
tion properties under gauge transformations that the electric field has in
the continuum case. We introduce the variable E(l) which takes values
in the SU(2) algebra and which has Poisson brackets,

{U51), U8} =0, (6.55)
{E;(1), U5(1")} = —ib, v (X;)§UB(), (6.56)
{E;(1), Ex (1)} = V2€tmEm )6y 1, (6.57)

where as usual the indices j refer to components in a basis of generators
of the algebra, (X;)5, l and I' are in the positive orientation and &, y = 1
if I =1’ and zero otherwise.

The continuum limit of these variables (when the lattice spacing a goes
to zero) is defined as

liII(l] Al = liII(I) A(n, up) = Ap(n), (6.58)
a— a—
lim U() = lim(1 + iaA(l)) = 1, (6.59)
a—0 a—0
lim E;(I) = lim E;(n, ) = lim a’Ej(n), (6.60)

where A (n, up) is the value of the field at the lattice position n where the
link ! starts and in the direction of the vector u, along the link [ (the us
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were a triad of vectors along the lattice directions and b is a triad index).
With this definition we can check that the Poisson brackets correspond
to the usual canonical brackets of Yang—Mills theory,

.1 R | ,
21_1}(1) E{Ej(na Hb), U(n” Nc)} =t (},I—I}(l) g‘sn ,n'ébCX]’ (661)
and in the limit,

(El(z), Ac(z')} = —6(z — &')6p X7, (6.62)

where z and z' are the coordinate positions of the lattice sites n and
n' respectively. Following a similar calculation one can show that the
Poisson bracket of the E variables leads to the usual vanishing Poisson
bracket of electric fields.

We now write the Gauss law and the Hamiltonian for the classical
theory. The Gauss law is

Gi(n) =Y E;j(l.) =0, (6.63)
In

where [, are all the links emanating from the site n. In the limit of
vanishing lattice spacing it can be checked that this equation gives rise
to the usual divergence of E. To perform this limit the reader should
be aware of the commutation relation of E;(I) where [ is the link [ with
a reversed orientation. This Poisson bracket is derived from the ones
introduced above and recalling that U(l) = U~! = U'(l) where 1 is the
conjugate transpose matrix. The result is

{E;(1), U5 (")} = —i&, UG (1)(X;)&. (6.64)

It is possible to show that the Gauss law generates infinitesimal canon-
ical transformations associated with gauge transformations on the lattice,

U(n, p) = V(n)U(n, w)Vim + p), (6.65)
E;(n,pu) = V(n)E;(n, p)Vin). (6.66)
The Hamiltonian is
2
H = % SE;(OE; (1) - &Y. T (U(D)), (6.67)
>0 o

where [ > 0 means all the positive oriented links of the lattice and U(D)
is the product of the four U variables associated with the links of the
elementary plaquettes over which the sum runs. We have set a =1 as is
customary in the lattice. If not, the electric part would be altered by a
factor 1/a and the magnetic part by a factor a. In the continuum limit, the
electric piece immediately reproduces the continuum electric field squared.
The magnetic part is more complicated. In order to recover the usual
magnetic part one should subtract a negative constant proportional to
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the number of plaquettes. The Hamiltonian that we consider is therefore
bounded from below but is not positive-definite.

To construct a quantum theory in the U representation we introduce
wavefunctions ¥(U) where U denotes a configuration of the system that
assigns to each element on the lattice an SU(2) matrix. The variables
U and E become multiplicative and purely derivative operators in this
space. This space is endowed with a natural inner product

<U® >= /H dUU*(U) T (U). (6.68)
>0

The measure is, for every lattice link, the Haar measure associated with
SU(2) [98]. In this space the operators associated with U and E have the
following action:

UEvw)=umiv), (6.69)

. 0

Bi0)2(U) =—(X;)AU05 5720, (6.70)
U()4

and the quantum expressions for the Hamiltonian and Gauss law can be

constructed straightforwardly.

6.3.2 Loop representation in the lattice

Following the same steps that we used when discussing the Wegner model,
it is immediate to introduce gauge invariant variables for the SU(2) theory
on the lattice. Loop representations on the lattice have been considered
by several authors [115, 110, 109]. In this section we will follow closely
the treatment of reference [110].

Let us consider an algebra of classical gauge invariant quantities on the
lattice defined by*:

T%(y) = 3Tx [H U(l)} = 3T [U()], (6.71)
ley
T} (y) = 3T [U(m)E()], (6.72)

where as usual [ = (n,u) and U(7]}) denotes the product of U(l) with [
links in v starting at n and ending at n. The Poisson algebra is

{T°(7), T°(n)} =0, (6.73)

* Our conventions in this chapter for the T variables differ from those in the rest of the book

by a factor % We do this in order to facilitate the comparison with the particle physics

literature which usually includes that factor in the definition of the Wilson loops.
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T, T )} = 2o X by [T07 o) ~T°T()] . (6.74)
l'ey

i " !
(T (), TH ()} = 59 - b [TH (o 9 0 i) = T° (VT3 ()]
l”E’)’

29X b [T ot o) ~ T(m)T ()]
l”e"]

(6.75)

where 6§; p = +1 if [ and !’ are the same link, the sign depending on the
orientation of links, and being zero otherwise.

We now proceed to quantize the theory. We need to realize the algebra
of classical quantities that we just introduced on a space of functions of
loops on the lattice. As we argued in chapter 3, for the case of SU(2) it
is sufficient to consider wavefunctions of a single loop. This was due to
the fact that the Mandelstam identities (for SU(2)) allow us to express
any product of Wilson loops as a linear combination of Wilson loops.
In this chapter however, we will not take advantage of this fact and we
will consider a representation in terms of wavefunctions of multiloops
(“clusters” in lattice notation).

The reason for this is that the use of multiloops will lead us naturally
to calculational techniques that are more economical and efficient from
the point of view of the lattice. In short we will trade aesthetics (having a
single loop) for calculational efficiency. For instance, we may consider the
action of the magnetic term of the Yang-Mills Hamiltonian in the loop
representation. In terms of a representation based on multiloops its action
is to add a plaquette to the loops in the argument of the wavefunction. In
terms of functions of a single loop, one obtains reroutings at intersections
(as is typical of the use of the Mandelstam identities).

As we discussed in chapter 5, in order to represent the Hamiltonian
of Yang-Mills theory, it is not enough to consider the “small” T algebra
formed by T° and T!. As in the discussion of SU(N) in the continuum,
we will not study the representation of the “large” T algebra but just
of the T° and T! supplemented with the Hamiltonian constraint. As
we argued in the continuum, one can always find a representation of the
large T' algebra such that the representation we introduce for the T°, T
and Hamiltonian is reproduced simply by considering the expression of
the T's in terms of F and U and choosing a factor ordering (E to the
right in this particular case). The action of the operators on the space of
wavefunctions of multiloops is

T T (11, .., ) =T, - - > ), (6.76)
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j\wll(n)\p(71’>7n —g Z Z 611

2= 1Uen
X (1m0 (s 5 7m) = UM, -, 7)) (6.77)

To realize the electric part of the Hamiltonian we proceed in the same
way as in chapter 5, recalling the commutation relation of the electric
part of the Hamiltonian,

A 2 ~ A
€= BB, (6.78)
>0
with the Wilson loop (which can be derived in the U representation)
[S,TO( ]_g E 01 l’[TO 711, )TO(’Yn’)—_ gz’Tl : 679
ll'ey ley

From here we can read off the realization of the electric part of the
Hamiltonian on a wavefunction, which consists of four distinct contribu-
tions £ = &1 + & + &3 + &4, given by

n
E1V(Y1y- - 5Yn) =g2ZL(7j)\II(71,...,'yn), (6.80)
2 n
EV (Y154 57n) =—94— > AT, - Tm),s (6.81)
1,j=1

where L(v) is the number of links in the loop v, A(7,7) = X1y Ziey 610
(sometimes called the “quadratic length” in the case v = 7),

E3U(V1y. .-, m) = Z SN b

k<] liew Vey;

X\I’('Yl; <oy Vi1, (7’6)11, ° (7j)n" sy Y=Ly Y415 - 7n),(682)
n
Es¥ (M, i) =62, Y b

j=1ll'ey;
X‘I’(7la <oy Yj-1, (’Yj)zl’ (’Yj)Z’v’Yi-I-l, ey 'Yn)' (683)
The magnetic part of the Hamiltonian,
1 A
7 ZD:’I‘r(U(El)), (6.84)

has also a very simple action,

. 1
B‘I‘(’)’l, ,711. = _2 Z D » V1, - ,'Y'n)’ (685)
u]
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and the loop could have been inserted in any entry. The order of loops in
the multiloop is irrelevant.

We therefore see that the Hamiltonian in the lattice has a beautifully
simple geometric action. The term &£ measures the length of the loop, the
term &£ measures “overlapping” and quadratic effects in the length. The
term &3 fuses two loops if they have an intersecting point and &, takes any
loop with a self-intersection and produces a fission. The magnetic terms
simply add a loop. For the case SU(N) the action of the Hamiltonian is
exactly the same (apart from factors dependent on the dimensionality of
the group) [110].

We will now discuss methods for treating the Hamiltonian on the lattice.

6.3.3 Approzimate loop techniques

The cluster approximation techniques we are to describe are based on the
combination of strong coupling expansions and collective variables. Let
us therefore start with a brief discussion of the strong coupling expansion
in terms of loops. If one takes the limit g — oo, the magnetic term in the
Hamiltonian of Yang-Mills theory drops out and the Hamiltonian eigen-
value problem can be solved exactly. Remembering that all the terms in
the electric part of the Hamiltonian are proportional to loop lengths, it
is immediate to realize that the vacuum is a ket with zero loops |0 >.
The energy of the vacuum vanishes. The first excited state is given by a
plaquette excitation |O >. The second involves at most two plaquettes
and so on. In this approximation the magnetic term is considered a per-
turbation of the electric term. The effect of the magnetic term is to add a
plaquette. Therefore, in the perturbative expression of the vacuum in the
strong coupling regime, terms involving many plaquettes are suppressed
by a power of 1/g%.

A cluster is a set of loops in a finite region of space. The quantum
states we will consider will be based on sets of clusters, which we assume
to be far apart from each other.

Examples of clusters are:

e a single plaquette,

e two plaquettes nearby,

e a rectangle,

e a plaquette traversed twice.

The idea of this approximation is based on the action of the Hamilto-
nian we described above. Since the clusters are assumed to be far away
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(] N EN

Fig. 6.3. The three clusters considered in the example

from each other, the Hamiltonian never connects them. The approxima-
tion is based on truncating the basis of all possible states (all possible
clusters) and considering a finite number of clusters and the action of the
Hamiltonian in the truncated basis.

Let us consider a concrete example of the action of the Hamiltonian
of SU(2) theory in 2 + 1 dimensions on a particular set of clusters. We
truncate the basis of clusters to only three types of cluster. This is clearly
a toy model only and later we will give a procedure for constructing
approximations to any desired order.

Cluster type 1 is a plaquette. Cluster type 2 is a plaquette traversed
twice and type 3 consists of two plaquettes with a common link in a plane,
as shown in figure 6.3. The three elements of the cluster basis considered

are
typel : T°(0)|0 >, (6.86)
type?2 : T%(0)T°(O)[0 >, (6.87)
type3 : T°(@)T°(0")|0 >, (6.88)

where O’ has a common link with O. The states spanned by this basis
are denoted by

[n1,n2,n3 >, (6.89)

where n; indicates the number of clusters of type ¢ present. The lattice
position of the clusters is immaterial (as long as the clusters are far apart)
since the action of the Hamiltonian is local and sums over all clusters.

Let us study the action of the Hamiltonian. For convenience we rescale
it by a factor g/2. The magnetic term adds a plaquette. Its action can
be written as

g2I§|n1,n2,n3 >= n1|n1 —1,ny+1,n3 >
+4ny|n; — 1,n9,n3 + 1 > +5ng|ni,ng — 1,n3 >
+8|n1,n2,n3 -1> +(P —5n1 — bng — 8n3)|n1 + 1,n9,n3 >,(6.90)

where P is the number of plaquettes in the lattice. The first term corre-
sponds to the addition of a plaquette on top of one of the single plaquettes
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and therefore producing a cluster of type 2. The second term introduces
a plaquette adjacent to one of the clusters of type 1, forming a cluster of
type 3. The third and fourth terms destroy clusters of type 2 and type
3 respectively and produce a state rigorously out of the basis of clusters
considered. The last term corresponds to the addition of a plaquette with-
out contact with any of the existing clusters. We see that the action of
the magnetic part of the Hamiltonian does not leave the basis invariant.
There are two possibilities: either one ignores this fact and the calculation
becomes valid only in the strong coupling limit, or one tries to encode the
missing information in an extra set of variables (collective variables).

The electric part of the Hamiltonian gives a diagonal contribution that
can be written as

4
&+ 52|n1,n2,n3 >= -92—(3711 +4ng + %)|n1,n2,n3 > . (6.91)

The remaining terms are the fission and fusion terms. The fission
terms do not contribute because we are not considering loops with self-
intersections at this order of approximation. The fusion terms give a
non-diagonal contribution,

4

£3|n1,n2,n3 > = %(4’”2[71,1,’!12,713 > —2n2|n1,n2 — 1,TL3 >

—%n3!n1,n2,n3 —-1>). (6.92)
The first and second term originate in the action of the fusion terms on
a cluster of type 2; this leads to a 7°(0 o O) which can be rearranged
using the Mandelstam identities into a linear combination of a cluster of
type 2 and the vacuum. The last term comes from the fusion of the two
plaquettes present in the clusters of type 3 and leads to a rectangle, which
does not appear at the present order.

We are now in a position to cast the problem of finding the vacuum
and the excited states of SU(2) Yang-Mills theory in terms of a finite
difference equation. We start from

< \II|H|n1,n2,n3 >=F < \Il|n1,n2,n3 >, (6.93)
and get
n1[5¥(n1 + 1,n2,n3) — ¥(n1 — 1,n2 + 1,n3)
_4\11(”1 —1,ng,n3 + 1) + %94\11(”17”2’”3)]
n2[5\1,(n1 + 1,”2, n3) - 5\11(”17“'2 - 1*)’”’3)
+4g4\11(n1’ na, n3) - g4‘I,(n1a ng — 1, ’I’lg)]
n3[8¥(n1 + 1,n2,n3) — 8¥(n1,nz,n3 — 1)
+12g*W(n1,n2,n3) — $9*¥(n1,n2,n3 — 1)] =
P[¥(n; +1, ng,n3) + €¥(ny,ng, n3)], (6.94)
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where P is the number of plaquettes and ¢ = E/P is the energy per

plaquette.
We now propose a power-law solution for the vacuum (as discussed
above),
Uo(n1,ng,n3) =z x52z53, (6.95)
with z; constants, that leads to a system of non-linear equations,
(521 + 3g")z1 — 79 — 473 =0, (6.96)
(521 + 491z — g —5 =0, (6.97)
4
(801 + Lg*)zs - Z- 8 =0, (6.98)
and the relation ¢g = —z;. Note that in spite of the fact that one started

from a strong-coupling approximation, if one takes ¢ = 0, then z; =
9 = x3 = 1, which corresponds to the exact solution of the system when
g = 0. This last fact can be better seen in the U representation. In such
a representation the magnetic part is just a multiplication by —7°(0),
which has a minimum at —1, and this implies that 70 is 1 and therefore
it corresponds to a configuration in which each link has associated the
element U = 1 (up to gauge). This implies that the vacuum in the loop
representation is ¥(y) = 1 for any y in the weak coupling limit, which is
the result we found above.
The excited states are found by trial of ansitze of the form

(1 + a1ny + agng + aznz)z]zh?zy®, (6.99)

which resemble the kind of polynomial construction we performed for the
excited states of Maxwell theory.

We now return to the general discussion of the cluster approximation
technique. A generic state will be characterized by a list of clusters,
|ng,...,nk,... >. We now propose a recursive ordering among clusters.
This idea of order is associated with the different orders in the strong
coupling approximation. The zeroth order will be the vanishing loop, the
first order is a single plaquette. The nth order is obtained from the (n —
1)th one through the action of the Hamiltonian on the basis of (n — 1)th
clusters. We restrict the action of the Hamiltonian to the addition of a
plaquette immediately adjacent to the existing one. The combined action
of the electric and magnetic terms will give rise to loops of large area and
disconnected (but close). It is simple to see that through this procedure
one can obtain any loop on the lattice. Therefore, there exists a natural
approximation scheme that consists in considering clusters up to a certain
order. In particular, the previous example is an approximation of order 2.
This proposal for the construction of a basis of clusters has the drawback
that one may consider clusters that are equivalent under the Mandelstam
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identities, that in the conventions used in this section read (in the loop
representation)

29(.. ., Y, Y --) =P(..,mov, - ) +¥(.., 10 95,...).  (6.100)

An interesting point is that if one is only interested in the energy spec-
trum of the Hamiltonian, one can ignore completely the Mandelstam iden-
tities. The only consequence (apart from the obvious one of working on
a larger set of states) is that the level of degeneracy of each energy eigen-
state is increased (since one is considering as independent states that are
not). But the point is that the energy levels are unchanged. This state-
ment is an exact one as long as one does not truncate the basis. With
a truncation one should be careful because clusters apparently of higher
order could be Mandelstam rearranged to a lower order. An explicit cal-
culation for the SU(2) case in 2 + 1 dimensions taking into account the
complete set of Mandelstam identities [109] shows no appreciable differ-
ence in the energy levels from those in which the Mandelstam identities
were taken into account only partially [110], as we shall discuss later.

Although it is difficult to exhaust entirely the content of the Man-
delstam identities to reduce the set of states, it is possible to use them
partially in a simple way to curb the number of states considerably. The
Mandelstam identity for two adjacent loops sharing a common link with
the same orientation implies that the state can be completely rewritten in
terms of loops in which the link appears to be traversed only once. This
means that one can automatically eliminate from the set of states those
which include links traversed twice or more in the same direction.

A technique that considerably improves the performance of the cluster
approximation is the use of collective variables. The idea is to supplement
the information one has about the clusters with the use of certain vari-
ables, similar to the ones we discussed for the Wegner model. An example
of a collective variable is the length of a loop L. The value of a collective
variable @ for a certain configuration of clusters |nj,...,ng > is given
by Q = Ele n;@Q; where the coefficients (); are the values of the collec-
tive variable for the cluster ¢ (for instance, it could be the length of the
cluster 7). One usually normalizes the variables such that Q; = 1. The
wavefunctions ¥(ny,...,n,) can be reexpressed as ¥'(Q, na, . ..,nk), and
therefore to search for the vacuum one chooses the ansatz z2yJ? ...yt
with z1,ys, ..., Yy, are constants. In spite of the fact that this description
may seem quite similar to the one presented before, the use of the col-
lective variable Q allows us to take into account when the action of the
Hamiltonian goes out of the space of clusters considered. Note that in
searching for the vacuum one solves a system of non-linear equations. It
can be seen that the equations associated with the collective variables are
non-linear and that all the others are linear.
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Fig. 6.4. Energy of the first excited state minus the vacuum energy (mass gap)
as a function of the coupling constant. The calculation was performed using
clusters up to order five and one collective variable.

The use of collective variables allows the approximation to remain
meaningful to a certain extent in the weak coupling regime, as can be
seen in figure 6.4. This figure corresponds to the use of a single col-
lective variable, appropriately chosen to fit the analytic behavior of the
energy in the weak coupling regime. The collective variable considered is
Q@ = ((N +1)L — A)/4N, where N is the order of the approximation, L
the length and A the quadratic length.

In the figure one can see the transition between strong and weak cou-
pling regimes around g? = 1. If one does not use collective variables, the
approximation breaks down around g% = 2 ([109] figure 8). In the weak
coupling regime the mass gap should go to zero as g — 0 linearly in g? (as
can be seen in perturbation theory [116]). We see that there are signs of
convergence to the expected behavior for the higher cluster orders. The
slope for the best approximation (fifth order) is 4.03 [110], whereas strong
coupling calculations predict a value of 4.4 +0.5[117, 118] and the Monte
Carlo result is 4.06 0.6 [119].
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156 6 Lattice techniques

6.4 Inclusion of fermions

Yang-Mills theories arise in nature as the theories of the vector bosons
that mediate the interactions of fermionic matter fields. An example
would be the photons that allow particles with electric charge to interact.
Another example could be the interaction of colored particles, such as
quarks, via the exchange of SU(3) gluons. In all these examples the
particles that interact via the Yang-Mills fields are charged fermions.
Therefore to study interactions of gauge theories with matter we need to
incorporate fermions in the discussion. We have already mentioned that
fermions give rise to open paths in the language of loops both in chapter
1 and in the discussion of the ideas about confinement. We are also
going to present a discussion of the interaction of fermions with gravity
in chapter 9. In this section we do not intend to develop in great detail
the discussion of gauge theories interacting with fermions in the loop
representation. We simply want to introduce very briefly some techniques
that have been developed to deal with fermions interacting with gauge
fields. These techniques are formulated on the lattice and that is the
rationale for including the discussion of fermions in this chapter.

The action of a gauge field interacting with a charged fermion is given
by

S = SFree + 1/7(6}’7“(3u - ig(Au){))l/’Ja (6-101)

where 1 is a group-valued four-component Dirac spinor. We have omit-
ted the Dirac indices, as is usually done. 7, are the four Dirac matrices
and ¢ = (41)140 where (17)! is the complex conjugate of the transpose
of ¢ viewed as a four-component vector. The indices I, J are those of a
representation of the gauge group.

If one constructs the Hamiltonian theory of this action one finds that
the canonical variables are 17 and its canonically conjugate momentum is
(41)t. From here one can quantize and arrive at a “connection represen-
tation” in which wavefunctions are labeled by the Yang-Mills connection
and the spinor field ¢y, ¥[A, ]

One would like to find an analogue of the loop representation. In order
to do this, one wants to introduce a transform in which one expands the
wavefunctions of the connection representation in terms of a basis of gauge
invariant quantities. The natural quantities that arise in this context are
holonomies along open paths with fermions at their ends,

W (%) = (") H(n%){4p,, (6.102)

where we have used the letter W to stress the analogy with the Wilson
loop. Notice that W has two Dirac indices which we omit, since we do not
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6.4 Inclusion of fermions 157

assume a contraction between (1/!)T and 4 on the Dirac indices, which
would be too restrictive.

Notice that we immediately face a difficulty in the sense that the above
quantity depends on both the configuration variable and its conjugate
momentum. We therefore cannot use it to expand the wavefunctions
in the connection representation in terms of it. There do not exist, in
general, natural invariants associated with a single open path that are
functions only of the configuration variables. For example, in the Abelian
case (QED) the only gauge invariant quantity has the form (6.102).

For particular gauge groups there are different alternatives for tackling
this problem. For instance, one can make contractions (if the gauge group
is special, like in SU(N)) with the Levi-Civita symbol in the gauge group
and obtain gauge invariant quantities that only depend on the config-
uration variables. For example, for SU(2) one can construct an object
depending on a single path

W (n%) = r(z)e’ H(x%) Sk () (6.103)

and we will see in chapter 10 a detailed discussion of the resulting repre-
sentation in the case of fermions interacting with gravity.

Unfortunately for SU(N) with N > 2 the Levi-Civita symbol has more
than two indices and one is forced to consider more than a single path in
order to construct an invariant. For instance, for SU(3),

W (i, 1, 7Y) = ennan H(n8) L H(mE) i H () Kb () (2o (w).
(6.104)

The above object corresponds naturally to physical excitations of the
theory in the confining phase. It represents a baryon constructed as three
quarks at the ends of three gluon lines that join at the point z.

Evidently, constructing a representation in terms of the above objects is
more complicated than we expected. It also leads to completely different
representations, even at the most basic kinematical level, for the different
gauge groups. Notice also that the above construction does not work for
the simplest case, that of a U(1) gauge theory.

A possibility for solving this problem, which has not been explored,
would be to decompose the Dirac spinors in their up and down compo-
nents and construct a representation with wavefunctions that are func-
tionals of the connection, (’(,b{lp)T and Yryown- One can then construct
gauge invariants that only depend on the configuration variables that are
based on a single open path.

All this has led to the use of a different approach for the inclusion of
fermions in the loop representation of gauge theories, inspired by the last
observation about decomposing the Dirac spinor into its different com-
ponents [121, 122]. The resulting procedure makes use of the staggered
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158 6 Lattice techniques

fermion technique introduced by Susskind in the context of lattice gauge
theories [120]. This technique arose as a solution of the “fermion dou-
bling” problem that is present in lattice gauge theories.

We will only present a discussion of this technique in a simplified con-
text, that of a free theory in one spatial dimension. In that case, Dirac
spinors have only two components (11,12). The spinors can be group-
valued, but since we are not considering interactions this does not play
any role, so we drop the group index in the subsequent discussion. The
Dirac matrices in one dimension are given by 7% = 03 and a = 7%y! = 0y,
where o; are the Pauli matrices and the (massless) Dirac equation is

 __ o
ot~ Yoz

If one now considers a one-dimensional lattice of spacing a the dis-
cretized equation is

(6.105)

$(n) = —2- (P +1) = p(n - 1)). (6.106)
The solution of the continuum equation is given by plane waves of
the form exp(ikiz — kot), which lead to the eigenvalue problem kg =
kaw. The solution of the eigenvalue problem leads to a dispersion relation
ko = *k;. The discrete equation, on the other hand, has solutions of
the form exp(ikina — kot). In this case k; takes a discrete set of values
|k1] = mm/Na where N is the number of lattice sites and m < N. This
corresponds to a Brillouin zone of |k| < m/a. The resulting eigenvalue
problem is

sin(ka)

ko = P, (6.107)
which leads to a dispersion relation kg = *sin(k;a)/a.

There are two values of kja that lead to a continuum limit, k1a = 0 and
kia = £m. For a given value of kg close to zero, there are two values of k;
allowed by the dispersion relation, each close to the two values of k;a that
lead to continuum limits. In one case the corresponding k; is positive and
in the other negative. This is the root of the fermion doubling problem
in the lattice: in the continuum limit one gets two fermions moving in
opposite directions.

The staggered fermion technique consists in putting the different com-
ponents of the Dirac spinor in different lattice positions. For the one-
dimensional case we are considering this amounts to putting the two com-
ponents in alternating positions in the lattice. In 3 + 1 dimensions it is
considerably more complicated, since one has to double each dimension of
the lattice and therefore there is an eight-fold increase in the components.
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6.5 Conclusions 159

The end result is that the up components lie at the even sites and the
down components at the odd sites. See reference [120] for more details.

After staggering the lattice position of the two components of the Dirac
fermion, the discretized Dirac equation reads in components,

$(n) = o (a(n+ 1) = gln — 1)), (6.108)
Yaln) = 5= (n +1) g (n — 1)) (6.109)
We now introduce a field ¢(n) defined by
6) = { o) Tor o, (6.110)
in terms of which we can rewrite the Dirac equation as
Hn) = 5-((n+1) = gn — 1), (6.111)

We therefore see that the resulting equation (6.111) is equivalent to the
original Dirac equation but with a double lattice spacing. This translates
in terms of the momentum space into a reduction of the Brillouin zone to
half its original size, i.e, |k| < 7/(2a). This excises from the dispersion
relation the second continuum limit point.

With this idea in hand, we are now in a position to return to the
main argument which was to define gauge invariant quantities depénding
only on configuration variables to introduce a geometric formulation for
Yang-Mills theories interacting with fermions. To do that one considers
as configuration variables the Dirac fields 9(yoqq) at the odd sites and
their conjugate momenta 1(Teven)’ at the even sites. One introduces the
following quantities:

W(Wg) = ¢(meven)TH(7T?mj)¢(yodd), (6.112)

in terms of which one can define a transform to a representation purely
in terms of paths. In this representation one can now realize the ac-
tion of physical excitations, such as the baryonic excitation (6.104). New
Mandelstam identities arise relating baryonic excitations and open-path
mesonic excitations. We will not present the details here, the reader is
referred to reference [121].

6.5 Conclusions

We have seen several examples of the formulation of gauge theories in the
lattice in terms of loop representations. It was shown that practical calcu-
lations of excitation energies and observables are feasible in the language
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160 6 Lattice technigues

of loops. The main advantage is that the formulation is gauge invariant
and the action of the operators admits very simple geometric formulations
in the lattice. In the case of the inclusion of fermions through the use of
open paths one does not need to introduce Grassmann variables, which
leads to computational economies. The main drawback is that the basis
of loops grows very rapidly with the lattice size and since the description
is Hamiltonian one does not have at hand statistical methods, like the
Monte Carlo techniques, to deal efficiently with a large number of degrees
of freedom. The use of cluster techniques, as we have seen, allows us with
relative simplicity to obtain a complete approximate description of the
phase diagram of theories, although it is not a systematic approximation
procedure.

Downloaded from https://www.cambridge.org/core. IP address: 18.119.132.218, on 21 May 2024 at 01:36:56, subject to the Cambridge Core terms of
use, available at https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/51705C8DABA59C31E846CEO8FOF7FFDD


https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/51705C8DABA59C31E846CE08F0F7FFDD
https://www.cambridge.org/core

7

Quantum gravity

7.1 Introduction

There have been many different attempts to provide a quantum descrip-
tion of gravitational phenomena. Although there is at present no immedi-
ate experimental evidence of quantum effects of the gravitational field, it
is expected on general grounds that at sufficiently high energies quantum
effects may be relevant. The fact that quantum field theories in general
involve virtual processes of arbitrarily high energies may suggest that an
understanding of quantum gravity may be needed to provide a complete
picture of quantum fields. Ultraviolet divergences arise as a consequence
of an idealization in which one expects the field theory in question to be
applicable up to arbitrarily high energies. It is generally accepted that
for high energies gravitational corrections could play a role. On the other
hand, classical general relativity predicts in very general settings the ap-
pearance of singularities in which energies, fields and densities become
intense enough to suggest the need for quantum gravitational corrections.

In spite of the many efforts invested over the years in trying to apply the
rules of quantum mechanics to the gravitational field, most attempts have
remained largely incomplete due to conceptual and technical difficulties.
There are good reasons why the merger of quantum mechanics and gravity
as we understand them at present is a difficult enterprise. We now present
a brief and incomplete list of the issues involved. The reader should
realize that every one of these problems is to some extent currently being
actively investigated by several groups and some of these difficulties could
eventually be overcome.

e It is not clear which theory of gravity to start from at a classical
level. The fact that general relativity is the simplest viable theory does
not necessarily mean it is appropriate for quantization. Some people
argue that a successful theory of gravity should also incorporate all other

161
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162 7 Quantum gravity

interactions in nature in a unified fashion.

e The rules of quantum mechanics, as we know them at present, may
not be applicable to systems without a defined notion of time, as is the
case for generally covariant theories of gravity.

e It is not clear that a continuous description of spacetime and fields
will be enough to provide a framework to quantize gravity. It may be that
the description provided by general relativity is an “effective” macroscopic
theory with an underlying, more fundamental theory. As in the case of
the Fermi model, quantizing the effective theory can be misleading.

e There is a tendency to incorporate into quantum descriptions of the
gravitational field issues related to the quantization of the universe as a
whole (“quantum cosmology”). As a consequence it is not clear what the
measurement process exactly is and how to define observers and measur-
able quantities for the theory.

As well as these more fundamental problems, several attempts to quan-
tize the gravitational field have encountered more specific difficulties.
Again, we present just a brief list and many of these difficulties are cur-
rently being studied by several researchers.

e Attempts based on perturbation theory, in which one starts with a
fixed background metric and quantizes deviations from it have led to non-
renormalizable theories. This has sometimes been perceived as a pathol-
ogy of the classical theory of gravity chosen, and has motivated the study
of quantizations of theories other than Einstein’s, most notably higher
order theories, supersymmetric theories and theories based on strings.
Another point of view is to notice that these attempts ignore the rich
non-linear, geometric and topological nature of general relativity. This
suggests that from the beginning they offered little hope of dealing ap-
propriately with the fundamental difficulties listed above. It is therefore
not entirely surprising that they encounter difficulties at some point.

e In recent years there has been great interest in considering string
theories as the fundamental theory of particles and gravity. Apart from
possibly being able to unify all interactions, string theory was expected to
be perturbatively much better behaved than regular field theories based
on point particles. In spite of this better behavior, which makes each
term in the perturbation expansion finite, the series diverges rather badly.
Again one could view this as a failure of perturbative techniques and it
is still possible that a non-perturbative theory of strings could yield the
correct quantum theory of gravity.

e The use of path integral quantization techniques has been advocated
for gravity since it is naturally covariant and allows us to consider in a
dynamical fashion the geometric and topological nature of gravity. With
the exception of some mini-superspace examples, several technical dif-
ficulties have prevented the application of these techniques to gravity.
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7.1 Introduction 163

Among them is the lack of understanding of the appropriate gauge in-
variant measure of integration in the path integral, the unboundedness
of the Einstein action and the inapplicability of Wick rotation techniques
without a notion of time.

e Canonical techniques have been applied to quantum gravity for quite
some time. All the discussion in this book will be focused on this kind
of approach and we will discuss in detail some of the difficulties that
appear. Among the difficulties is the choice of a natural time variable in
the theory, the construction of gauge invariant observables, the imposition
of an appropriate Hilbert space structure compatible with regularized
constraints enforcing gauge invariance and the fact that the spacetime
topology is fixed.

e Other more radical approaches try to start from theories that are fun-
damentally different from general relativity or other field theories, usually
with some degree of discreteness, and try to recover the usual theories in
some limit. The main difficulty is that they are faced with the burden of
checking that all desirable features of the usual field theories are repro-
duced and that no unexpected behaviors are introduced.

In this book we will concentrate on a very specific approach to quan-
tum gravity: we will apply canonical quantization techniques to general
relativity.

The use of canonical quantization techniques is suggested by the results
on Yang—Mills theories that we introduced in chapter 5. As we saw,
one can obtain considerable progress in the canonical formulation using
loop variables. Although there has been recent progress on the use of
loop techniques at a covariant level, most of the emphasis up to now has
been on canonical approaches. The choice of general relativity (in four
spacetime dimensions) as the theory of gravity to be quantized is based
on the fact that it is the simplest purely geometric theory available and
it should serve well as a testbed for quantization techniques, even if it
ultimately is superseded by another theory.

The canonical approach to quantum general relativity had been con-
sidered extensively in the past and had several complications. As we will
see, general relativity is a constrained system and the constraint equa-
tions turned out to be unmanageable at a quantum level. The situation
changed a few years ago with the introduction of a new set of variables
that has allowed a significant amount of progress. In particular, the new
variables cast general relativity in a form that is similar to that of a
Yang-Mills theory and is therefore quite suited to the techniques we have
developed in this book.

The outline of this chapter is as follows. In the first section we recall
the traditional Hamiltonian formulation of general relativity. In the next
section we work out the new canonical formulation. In the last section we
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164 7 Quantum gravity

use the new Hamiltonian formulation to quantize canonically the theory as
if it were a Yang—Mills theory, obtaining a connection representation. This
will be the starting point for the development of the loop representation
in the next chapter.

7.2 The traditional Hamiltonian formulation

7.2.1 Lagrangian formalism

General relativity is a theory of gravity in which the gravitational inter-
action is accounted for by a deformation of spacetime. The fundamental
variable for the theory is the spacetime metric g,,. The action for the
theory is given by

S = /d4:c\/—_g-R(gab) + /d4x\/:§£(matter), (7.1)

where ¢ is the determinant of g, R(gas) is the curvature scalar and
we have also included a term to take into account possible couplings to
matter, although we will largely concentrate on the vacuum case. The
equations of motion are obtained by varying the action with respect to
the spacetime metric,

oS
5gab -
and are the well known Einstein equations. The action is invariant under
diffeomorphisms of the spacetime manifold (which can also be viewed

as invariance under coordinate transformations). We will see that this
symmetry is intimately tied into the structure of the Einstein equations.

6S
0 : Rg-— %Rgab = —'flg':%r‘a (72)

7.2.2 The split into space and time

The standard Hamiltonian formulation for general relativity was devel-
oped by Arnowitt, Deser and Misner (ADM) [124]. To cast the theory in a
canonical form, we need to split spacetime into space and time. Without
a notion of time, there is no notion of evolution and therefore no Hamilto-
nian in the traditional sense. This may seem odd at first; one of the main
points of general relativity is to cast space and time on the same footing
and this approach seems to separate them again. We will see that the
issue is more subtle. Although the canonical formalism manifestly breaks
the spacetime covariance of the theory by singling out a particular time
direction, in the end the formalism itself will tell us that it really did not
matter which direction of time we took to begin with. The covariance
is restored by certain relations that appear in the canonical formulation
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7.2 The traditional Hamiltonian formulation 165

and the time picked is a “fiducial” one for construction purposes only.
This is a similar situation to that which one faces when one formulates
the theory of a relativistic particle canonically. We will see more details
of this immediately.

We consider a spacetime 4M with metric g, that has topology 3% x R
where 33 is a space-like surface with respect to g,;. We will assume 3¥ is a
Cauchy surface, i.e., a surface such that the light cones emanating from it
span all the spacetime to the future of 3. Associated with the foliation is
a time-like, future directed, vector t* and a function on spacetime ¢ such
that its level surfaces coincide with the leaves of the foliation 3%; and
such that t*9,t = 1. This vector field can be interpreted as describing
the “flow of time” among the leaves of the foliation, but it should be
realized that it has been introduced fiducially and cannot be connected
with the measurements of any clock until we have a metric appropriately
determined by the Einstein equations. We introduce a unit vector field
n® normal to the foliation. In combination with the spacetime metric this
defines a unique, positive-definite spatial metric on the three-dimensional
slice,

dab ‘= Jab + NaNp. (73)

Notice that since we have a spacetime metric all indices are raised and
lowered with it. The vector field ¢ can be decomposed in components
normal and tangential to 3% as

t¢ = Nn® + N°, (7.4)

where the scalar N is known as the “lapse” and N? is a vector on 3%
and is usually referred to as the “shift” vector. The decomposition can
be seen in figure 7.1. It is clear that the quantities N and N¢ contain in-
formation about the particular foliation rather than information intrinsic
to spacetime.

From the information contained in g5, N* and N one can reconstruct
the spacetime metric,

gab — qab _ nanb, (75)

where n® can be easily constructed from N and N and ¢® is the inverse
of g in the tangent space to *T; (see Wald [123]). In fact, one can
explicitly choose coordinates (¢,z*) such that the metric reads

ds® = —N2dt? + ¢;j(dz* + Nidt)(dz’ + N7dt), (7.6)

where ¢;; and N* are the coordinate components of q,; and N2, We
therefore see that the lapse has the interpretation of the “time time”
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166 7 Quantum gravity

Fig. 7.1. The foliation introduced for the canonical formulation of general
relativity.

component of the metric and the shift represents off-diagonal “time space”
components.

An important quantity in the canonical description is the extrinsic cur-
vature of the surface 3Z. This is defined by

Kap = qSqfVeng, (7.7)

where V is the torsion-free derivative compatible with g,;. The extrinsic
curvature measures the rate of change of the spatial metric along the
congruence defined by n® and therefore gives an idea of the “bending” of
the spatial surfaces in spacetime. One can easily check that

Koy = %Lﬁ‘Qab) (7.8)
and also that
dab := Lyqab = 2N Kop + L Gab- (7.9)

That is, the extrinsic curvature allows us to give a measure of the
variation of the three-dimensional metric with respect to the fiducial time
introduced by the foliation, i.e., K,; essentially contains the information
about the “time derivative” of qgp.

We have introduced up to now a series of quantities defined on the
spatial surface in terms of which we can reconstruct the spacetime metric
and its time derivatives. We now proceed to rewrite the Einstein action
in terms of these variables (see reference [123)),
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S= / dtL, (7.10)
L= / PN JGCR + KopK® — K?), (7.11)

where ¢ is the determinant of gg in a basis adapted to 3% such that
v—9 = N/, ®R is the (intrinsic) curvature of the spatial metric and
K := Kaq®. To achieve this particular form of the action surface terms
have to be added appropriately. In this book we will always deal with
compact three-surfaces (like those that arise in some cosmologies) and
will therefore ignore these issues. If one wants to consider non-compact
spatial slices (as is needed in asymptotically flat spacetimes like those
that describe stars and black holes) one can achieve the same form of the
action by imposing appropriate boundary conditions at infinity. This can
be done in a straightforward manner (see reference [123]).

We now have the action of general relativity in a reasonable form to
allow a canonical formulation. We have it expressed in terms of variables
that are functions of “space” and that “evolve in time”. This is the usual
setup for constructing canonical formulations.

We pick as the canonical variable the three-metric ¢,; and compute its
conjugate momentum,

Trgp := §£ = /q(K*® — Kq*) (7.12)
9ab

and we see that the conjugate momentum to the metric is essentially given

by the extrinsic curvature (“time derivative”).

The variables N and N® have vanishing conjugate momenta, since the
action (7.11) does not contain time derivatives of them. This implies the
canonical formulation will have constraints.

We can now perform the Legendre transform and obtain the Hamilto-
nian of the theory

H(#,q) = / B z(7%qa — L), (7.13)

where £ is the Lagrangian density (L = [ d®zL). Replacing ¢ in terms of
7 one gets

H(#,q) = /d3z(N(—\/6R+ (V@) L (7P — %%2)) —2N°’D,#g, (7.14)

where # = 7%, (and squared has double density weight) and D, is the
torsion-free covariant derivative compatible with ggp.

The variables gg, and 7#® have the straightforward simplectic structure
of conjugate pairs,
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{gas(2), 7 (y)} = 8:656(z — ). (7.15)

7.2.8 Constraints

Having cast the theory in a Hamiltonian form, let us step back a minute
and analyze the formalism that we have built. We started from a four-
dimensional metric ¢g*” and we now have in its place the three-dimensional
q® and the “lapse” and “shift” functions N and N®. We defined a conju-
gate momentum for q,,. However, notice that nowhere in the formalism
does a time derivative of the lapse or shift appear. That means their
conjugate momenta are zero. That is, our theory has constraints. In fact,
if we rewrite the action using the expression for the Hamiltonian given
above, we get

S = / dt / P (Fapd® + N(—qR + (7% — 157)) — 2NPD,78), (7.16)

where the inverse-densitized lapse [V is defined as (1/g)"'N. If we vary

the action with respect to N and N? in order to get their respective
equations of motion, we get four expressions, functions of 7 and g which

should vanish identically, and are usually called C* and H,

éa(ﬂ',q) = 2Db7~'l'3, (717)

H(m,q) = =GR + (7 — 57°). (7.18)

For calculational simplicity, these equations are usually “smoothed out”
with arbitrary test fields on the three-manifold, C(N) = [d3zN°C,,
H(N) = [d*zNH.

These equations are “instantaneous” laws, i.e., they must be satisfied
on each hypersurface. They tell us that if we want to prescribe data for
a gravitational field, not every pair of 7 and ¢ will do; equations (7.17),
(7.18) should be satisfied. The counting of degrees of freedom is done in
the following way: we have a 12-dimensional phase space. In that space
we have four constraints and we can fix four gauge conditions. We are
therefore left with a four-dimensional constraint-free phase space, which
gives two degrees of freedom. (General relativity being a field theory the
previous counting holds per each point of the spatial surface.)

These equations have the same character as the Gauss law has for elec-
tromagnetism, which tells us that not any vector field would necessarily
work as an electric field, it must have vanishing divergence in vacuum.
As is well known, the Gauss law appears as a consequence of the U(1) in-
variance of the Maxwell equations. An analogous situation appears here.
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To understand this, consider the Poisson bracket of any quantity with the
constraint C'(N). It is straightforward to check that (exercise)

{f(#,9),C(N)} = Lgf(7,q). (7.19)

—

Therefore we see that the constraint C(IV) “Lie drags” the function
f(m,q) along the vector N. Technically, it is the infinitesimal generator
of diffeomorphisms of the three-manifold in phase space. As the Gauss
law (in the canonical formulation of Maxwell’s theory) is the infinitesimal
generator of U(1) gauge transformations, the constraint here is the in-
finitesimal generator of spatial diffeomorphisms. This clearly shows why
we have this constraint in the theory: it is the canonical representation
of the fact that the theory is invariant under spatial diffeomorphisms.
The constraint C(JV) is analogously associated with the invariance under
spacetime diffeomorphisms of general relativity, it is related to the time
reparametrization invariance of the theory.

We can now work out the equations of motion of the theory by ei-
ther varying the action with respect to ¢® and 7 or taking the Poisson
bracket of these quantities with the Hamiltonian constraint.

The above system of constraints is first class (for the definition of this
see chapter 3). Computing the Poisson algebra one gets

{C(N),C(M)} =C(LyN), (7.20)
{C(N), H(M)} = H(Lg M), (7.21)
{H(N), H(M)} = C(K), (7.22)

where the vector K is defined by K® = qq“b(],\\[ OpM —MO,N). The reader
should notice, however, that the algebra is not a true Lie algebra, since
one of the structure constants (the one defined by the last equation) is
not a constant but depends on the fields ¢®® (through the definition of
the vector K ). At a quantum mechanical level this will imply that the
fields should appear to the left of the constraint in the appropriate factor
ordering to ensure consistency.

7.2.4 Quantization

Having cast the theory in a canonical form, we can now proceed to a
canonical quantization, following the general quantization scheme out-
lined in chapter 3. One picks as canonical algebra the pair gq; and 7%,
and represents them as quantum operators acting on a set of wavefunc-
tionals ¥[q] in the obvious fashion: §g,; as a multiplicative operator and
7% = —i6/6qqp. One wants the wavefunctions to be invariant under the
symmetries of the theory. As we saw the symmetries are represented in
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this language as constraints. The requirement that the wavefunctions be
annihilated by the constraints (promoted to operatorial equations) imple-
ments the symmetries at the quantum level. The wavefunctionals that are
annihilated by the constraints are the physical states of the theory. Notice
that we do not yet have a Hilbert space. One needs to introduce an inner
product on the space of physical states in order to compute expectation
values and make physical predictions. Only at this point does one have an
actual Hilbert space. How to find this inner product is not prescribed by
standard canonical quantization (we will discuss this in the next section).
Under this inner product the physical states should be normalizable. The
expectation values, by the way, only make sense for quantities that are
invariant under the symmetries of the theory (quantities that classically
have vanishing Poisson brackets with all the constraints). We call them
physical observables. For the gravitational case none is known for com-
pact spacetimes (we will return to this issue later). The observables of the
theory should be self-adjoint operators with respect to the inner product
in order to yield real expectation values.

It is at the level of the constraints that we run into trouble. We have to
promote the constraints we discussed in the last subsection to quantum
operators. This in itself is a troublesome issue, since general relativity be-
ing a field theory, issues of regularization and factor ordering appear. One
can, — at least formally — find factor orderings in which the diffeomor-
phism constraint becomes the infinitesimal generator of diffeomorphisms
on the wavefunctions. Therefore the requirement that a wavefunction be
annihilated by it just translates itself in the fact that the wavefunction
has to be invariant under diffeomorphisms. This is not difficult to ac-
complish (formally!). One simply requires that the wavefunctions be not
actually functionals of the three-metric ¢®®, but of the “three-geometry”
(i.e., meaning the properties of the three-metric invariant under diffeo-
morphisms). Thus, what we are saying is just a restatement of the fact
that the functional should be invariant under diffeomorphisms. One can
come up with several examples of functionals that meet this requirement.
The real trouble appears when we want the wavefunctions to be anni-
hilated by the Hamiltonian constraint. This constraint does not have
a simple geometrical interpretation in terms of three-dimensional quan-
tities (remember that the idea that it represents “time evolution” does
not help here, since we are always talking about equations that hold on
the three-surface without any explicit reference to time). Therefore we
are just forced to proceed directly: to promote the constraint to a wave
equation, use some factor ordering (hopefully with some physical moti-
vation), pick some regularization and try to solve the resulting equation
(the Wheeler-DeWitt equation). It turns out that this task has never
been accomplished in general (it has been in simplified mini-superspace
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examples). One of the difficulties encountered in this direction is the fact
that the constraint is a non-polynomial function of the basic variables
(remember it involves the scalar curvature, a non-polynomial function of
the three-metric).

Therefore the program of canonical quantization stalls here. It could
well be that the constraints do not admit a consistent factor ordering
and the quantum theory may not exist. Having been unable to find the
physical states of the theory we are in a bad position to introduce an inner
product (since we do not know on what space of functionals to act) and
actually make physical predictions. This issue is compounded by the fact
that we do not know any observables for the system, which puts us in a
more clueless situation with respect to the inner product. This state of
affairs had already been reached in the work of DeWitt in the 1960s [125]
and little improvement has been made until recently. We will see in the
next section that the use of a new set of variables improves the situation
with respect to the Hamiltonian constraint, giving hope of maybe allowing
us to attack the problem of the inner product. Moreover, we will see that

the new formulation allows a natural contact with the main ideas of this
book.

7.3 The new Hamiltonian formulation

As we saw in the previous section, the traditional canonical approach to
quantum general relativity faces serious obstructions at a very early stage.
On the other hand, as we saw, the canonical quantization of Yang—Mills
theories has been more successful. For many years efforts were directed
towards casting general relativity in such a way that it resembled a Yang-
Mills theory more with the hope that quantization techniques and ideas
developed for the latter would become applicable to general relativity.
This led to several attempts that started from a gauge theory approach
with the aim of deriving a theory of gravity based on gauging a partic-
ular symmetry group. This, in general, led to new theories of gravity
that involved higher order terms in the Hilbert action [126]. There is
another possible approach: to keep the Einstein equations for the grav-
itational theory but reinterpret them as statements about a connection
instead of a metric. The simplest way to achieve such a reformulation is
to consider the Palatini variational principle. In this, one varies the met-
ric and the spacetime connection as independent variables. One retrieves
the Christoffel definition of the connection as one of the field equations.
Attempts to formulate gravity in terms of connections in this way go
back to Einstein and Dirac in the 1940s. In order to have a formalism
as close as possible to a usual Yang-Mills formulation, one could take
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172 7 Quantum gravity

the Palatini principle based on tetrads and SO(3,1) connections. This
route was studied in some detail by Kijowski [127]. Unfortunately, the
canonical theory based on such connections has second class constraints
(in 3+1 dimensions). When one eliminates these, non-polynomialities are
introduced and one is led back to the traditional Hamiltonian formulation
[61]. It is remarkable that in 2+1 dimensions one actually can formulate
the theory in terms of connections, although historically this was realized
later and through a different construction. We will review the 2+1 case
later.

In 341 dimensions, the only successful attempt to obtain a canonical
theory in terms of a connection that yields first class constraints is that
due to Ashtekar [51]. It is based on the use of self-dual connections. Not
only do the constraints remain first class but they are relatively simple
polynomial functions. The price to be paid is that the self-dual connec-
tions are complex. In the next subsections we will develop this formalism.
The treatment will follow closely the book by Ashtekar [2], we direct the
reader to it for extensive details.

7.8.1 Tetradic general relativity

To introduce the new variables, we first need to introduce the notion
of tetrads. A tetrad is a vector basis in terms of which the metric of
spacetime looks locally flat,

Jab = €Leyniy, (7.23)

where n;; = diag(—1, 1,1, 1) is the Minkowski metric, and equation (7.23)
simply expresses that g.;, when written in terms of the basis e{l, is locally
flat. If spacetime were truly flat, one could perform such a transformation
globally, integrating the basis vectors into a coordinate transformation
el = 9zT/0z'®. In a curved spacetime these equations cannot be inte-
grated and the transformation to a flat space only works locally, the flat
space in question being the “tangent space”. From equation (7.23) it is
immediate to see that given a tetrad, one can reconstruct the metric of
spacetime. One can also see that although g4 has only ten independent
components, the el have sixteen. This is due to the fact that equation
(7.23) is invariant under Lorentz transformations on the indices I,J....
That is, these indices behave as if existing in flat space. In summary,
tetrads have all the information needed to reconstruct the metric of space-
time but there are extra degrees of freedom in them, and this will have a
reflection in the canonical formalism.
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7.8.2 The Palatini action

We now write the Einstein action in terms of tetrads. We introduce a
covariant derivative via Do K = 0, K| + war’ K ;. Here wyr’ is a Lorentz
connection (its associated covariant derivative annihilates the Minkowski
metric). We define a curvature by Q.Y = B[awb]I I + [wq,wp)’, where
[, ] is the commutator in the Lorentz Lie algebra. The Ricci scalar of
this curvature can be expressed as e?e% QL] (indices I, J are raised and
lowered with the Minkowski metric). The Einstein action can be written
as

S(e,w) = /d4:z e e2eb QLT (7.24)

where e is the determinant of the tetrad (equal to v/—g).

We will now derive the Einstein equations by varying this action with
respect to e and w as independent quantities. To take the metric and
connection as independent variables in the action principle was first con-
sidered by Palatini [128].

As a shortcut to performing the calculation (this derivation is taken
from reference [2]), we introduce a (torsion-free) connection compatible
with the tetrad via Ve = 0. The difference between the two connections
we have introduced is a field C,;”7, defined by C,;/Vy = (Dg—V4)Vi. We
can compute the difference between the curvatures (R. is the curvature of
Vo), Qu!? — Ry = V[aC’b]I I C[aI M Cy wm”. The reason for performing
this intermediate calculation is that it is easier to compute the variation
by reexpressing the action in terms of V and C,’’ and then noting that
the variation with respect to w,’” is the same as the variation with respect
to CI/. The action therefore is

S= / d*z e elel(Ray" + ViuCy' + Cla™Cing”). (7.25)

The variation of this action with respect to C,!/ is easy to compute:
the first term simply does not contain C,!’ so it does not contribute.
The second term is a total divergence (notice that V is defined so that it
annihilates the tetrad), the last term yields eg\'}eg],é[l‘[’f 655 CixN. Tt iseasy to
check that the prefactor in this expression is non-degenerate and therefore
the vanishing of this expression is equivalent to the vanishing of Cpx .
So this equation basically tells us that V coincides with D when acting on
objects with only internal indices. Thus the connection D is completely
determined by the tetrad and € coincides with R (some authors refer
to this fact as the vanishing of the torsion of the connection). We now
compute the second equation, straightforwardly varying with respect to
the tetrad. We get (after substituting Q.’’ by R/ as given by the
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previous equation of motion)
B?Rcbl‘] — %RchNeﬁ,[etfvebJ = 0, (7.26)

which, after multiplication by ey, just tells us that the Einstein tensor
Ry — %Rgab of the metric defined by the tetrads vanishes. We have
therefore proved that the Palatini variation of the action in tetradic form
yields the usual Einstein equations.

There is a difference between the first order (Palatini) tetradic form
of the theory and the usual one. One sees that a solution to the Ein-
stein equations we presented above is simply ef’, = (. This solution would
correspond to a vanishing metric and is therefore forbidden in the tradi-
tional formulation since quantities, such as the Ricci or Riemann tensor
are not defined for a vanishing metric. However, the first order action and
equation of motion are well defined for vanishing triads. We therefore see
that strictly speaking the first order tetradic formulation is a “general-
ization” of general relativity that contains the traditional theory in the
case of non-degenerate triads. We will see this subtlety playing a role in
subsequent chapters. It should be noticed that the potential of allowing
vanishing metrics in general relativity offers new possibilities for some old
questions, since one could envisage the formalism “going through”, say,
the formation of singularities. It also allows for topology change [129].

Is there any advantage in this formulation over the traditional one?
The answer is no. If one performs a canonical decomposition of the first
order tetradic action, one finds that the momentum canonically conjugate
to the connection is quadratic in the tetrads. The factorizability of the
momenta leads to new constraints in the theory that turn out to be second
class. If one eliminates them through the Dirac procedure one returns to
the traditional formulation [61].

7.8.83 The self-dual action

Up to now the treatment has been totally traditional. We will now take
a conceptual step that allows the introduction of the Ashtekar variables.
We will reconstruct the tetradic formalism of the previous subsection but
we will introduce a change. Instead of considering the connection wy!’
we will consider its self-dual part with respect to the internal indices
and we will call it 4,77, ie., 14,77 = %GMNIJAQMN. Now, to really be
able to do this, the connection must be complex (or one should work in
an Euclidean signature). Therefore for the time being we will consider
complez general relativity and we will then specify appropriately how to
recover the traditional real theory. The connection now takes values in
the (complex) self-dual subalgebra of the Lie algebra of the Lorentz group.
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We will propose as action,
S(e,A) = /d4:c e eeb Fo 7K, (7.27)

where Fp,”K is the curvature of the self-dual connection and it can be
checked that it corresponds to the self-dual part of the curvature of the
usual connection.

We can now repeat the calculations of the previous subsection for the
self-dual case. When one varies the self-dual action with respect to the
connection A,’’ one obtains that this connection is the self-dual part of a
torsion-free connection that annihilates the triad (if one repeated step by
step the previous subsection argument, the self-dual part of C,’ would
vanish). The variation with respect to the tetrad follows along very sim-
ilar lines except that Qg!Y is everywhere replaced by F,,!’. The final
equation one arrives at again tells us that the Ricci tensor vanishes. Re-
markably, the self-dual action leads to the (complex) Einstein equations.
This essentially can be explained by the fact that the two actions differ
by terms that on-shell are a pure divergence. This implies that the imag-
inary part of the equations of motion identically vanishes. If one works it
out explicitly one finds that this corresponds to the Bianchi identities.

7.8.4 The new canonical variables

As we said before, if one takes the Palatini action principle in terms of
tetrads and performs a canonical decomposition, second class constraints
appear and one is led back to the traditional formulation. A quite different
thing happens if one decomposes the self-dual action. Let us therefore
proceed to do the 3+1 split. As we did before, we introduce a vector
t* = Nn® + N®. Taking the action

S(e, A) = /d4m e edel Fyl’ (7.28)

and defining the vector fields E¢ = gZe} (where g¢ = 6¢ + n®ny is the
projector on the three-surface), which are orthogonal to n?, we have

S(e, A) = /d4:t: (e B$ESFy" — 2 e E¢elngn®FylY). (7.29)

We now define E¢ = v/GE$, which is a density on the three-manifold. The
determinant of the triad can be written as e = N,/q. We also introduce
the vector in the “internal space” induced by n®, defined by n; = e‘}nd.
With these definitions, and exploiting the self-duality of Fy,!/ to write
Fo'/ = —itel? ynFop™V, we get

S(e, A) = / dz (~iNESEL ! pynFap™MY — 2NnbBon Fol?). (7.30)
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176 7 Quantum gravity

The action is now written in canonical form and the conjugate variables
can be read off directly. The configuration variable is the self-dual con-
nection A, . The conjugate momentum is the self-dual part of —iEf}eX,, N

- = -
Tun = Efynny — EE‘I’eﬂ,IN. (7.31)

Now, in terms of the canonical variables the Lagrangian takes the form

/ BrTr(—7LoAg + N7 Fy — (A - t)Dgi® — N7 Fy),  (7.32)
b

where all references to the internal vector n! have disappeared. The
projection of the spacetime connection on the time-like direction (A - ) is
arbitrary and acts as a Lagrange multiplier.

Since ny is not a dynamical variable it can be gauge fixed. We fix
n! = (1,0,0,0) and therefore e//KIln; = /K0 Since AL’ and 7%,
are self-dual, they can be determined by their 0] components. We may
therefore define

AL =AY B = 7g, (7.33)

a )

where internal indices 7, j refer to the SO(3) Lie algebra. In fact, as is
well known the self-dual Lorentz Lie algebra is isomorphic to the (com-
plexified) SO(3) algebra

The new variables satisfy the Poisson bracket relations

{AL(z), Eb(y)} = +i636:6%(z — ). (7.34)

The constraints may be read off from the Lagrangian (7.32) and take
the form

G' = D E*, (7.35)

C.=E’Fi,, (7.36)

H = B ELFY, (7.37)

and the Hamiltonian is again a linear combination of the constraints.

The last four equations correspond to the usual diffeomorphism and
Hamiltonian constraints of canonical general relativity. The first three
equations are extra constraints that stem from our use of triads as funda-
mental variables. These equations, which have exactly the same form as a
Gauss law of an SU(2) Yang—Mills theory, are the generators of infinites-
imal SU(2) transformations. They tell us that the formalism is invariant
under triad rotations, as it should be.

Notice that a dramatic simplification of the constraint equations has oc-
curred. In particular the Hamiltonian constraint is a polynomial function
of the canonical variables, of quadratic order in each variable. Moreover,
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the canonical variables, and the phase space of the theory are exactly those
of a (complex) SU(2) Yang-Mills theory. The reduced phase space is ac-
tually a subspace of the reduced phase space of a (complex) Yang—Mills
theory (the phase space modulo the Gauss law), since general relativity
has four more constraints that further reduce its phase space. This re-
semblance of the formalism to that of a Yang-Mills theory will be the
starting point of all the results we will introduce in the rest of the book.

In terms of the new variables, the structure of the constraints is sim-
ple enough for the reader to be able to compute the constraint algebra
without great effort (this computation can also be carried out with the
traditional variables and the results are the same). We only summarize
the results here. To express them in a simpler form (and to avoid confus-
ing manipulations of distributions while performing the computations),
it is again convenient to smooth out the constraints with arbitrary test
fields and to perform some recombinations. We denote

G(N) = [ doN(DE, (7.38)
C(N) = / PBrNYESF, — G(N®AY), (7.39)
H(N) = [ doNeE2BLFS, (7.40)
and as before the notation is unambiguous. The constraint algebra then
reads
{G(N:),G(N;)} = G([Ni, N;]), (7.41)
{C(N),C(8)} =C(LyN), (7.42)
{C(N),G(I:)} = G(L5]N), (7.43)
{C(N), H(M)} = H(LyM), (7.44)
{G(N:), H(N)} =0, (7.45)
{H(N), (M)} = C(K) - G(4.K?), (7.46)

where the vector K is defined by K® = 2E*EY(NO,M — M3, N). Here
we clearly see that the constraints are first class. The reader should
notice, however, that the algebra is not a true Lie algebra, since one
of the structure constants (the one defined by the last equation) is not
a constant but depends on the fields E{‘ (through the definition of the
vector K).

The new variables are simply related to the traditional Hamiltonian
variables:

AL =T, —iK,  q¢" =E}E}, (7.47)
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where K! = K,,E” and I'! is the spin connection compatible with the
triad.

The evolution equations for the canonical variables are obtained taking
the Poisson brackets of the variables with the Hamiltonian,

Al = —ie"* NES Fopr — N°F, (7.48)
EB; = iel*Dy(NE2EL) — 2Dy (N1 E%), (7.49)

A similar simplification to that introduced in the constraints is evident
in the equations of motion.

As we mentioned above, because of the self-duality used in the definition
of the canonical variables, these are in general complex. The situation is
totally analogous to that introduced when we discussed the harmonic
oscillator and Maxwell theory in the Bargmann representation in section
4.5. If we want to recover the classical theory we must take a “section”
of the phase space that corresponds to the dynamics of real relativity.
This can be done. One gives data on the initial surface that correspond
to a real spacetime and the evolution equations will keep these data real
through the evolution. Now, strictly speaking, this procedure is not really
canonical, since we are imposing these conditions by hand at the end.
That does not mean it is not useful*. In fact, one can eliminate the
reality conditions and have a canonical theory. However, much of the
beauty of the new formulation is lost, in particular the structure of the
resulting constraints is basically that of the traditional formalism.

The issue of the reality conditions acquires a different dimension at the
quantum level. A point of view that is strongly advocated, and may turn
out to be correct, is the following. Start by considering the complex theory
and apply the usual steps towards canonical quantization After the space
of physical states has been found, when one looks for an inner product,
the reality conditions are used in order to choose an inner product that
implements them. That is, the reality conditions can be a guideline to
finding the appropriate inner product of the theory. One simply requires
that the quantities that have to be real according to the reality conditions
of the classical theory become self-adjoint operators under the chosen
inner product. This solves two difficulties at once, since it allows us to
recover the real quantum theory and the appropriate inner product at
the same time. This point of view is strictly speaking a deviation from
standard Dirac quantization, and works successfully for several model
problems [130]. The success or failure in quantum gravity of this approach

* A non-trivial example where it can be worked to the end is the Bianchi II cosmology [132].
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is yet to be tested and is one of the most intriguing and attractive features
of the formalism. (For a critical viewpoint, see reference [131].)
In terms of the basic variables, the reality conditions are

(Equbi)* — E;:J,Ebi, (750)
(HECDABI ) = (FEED(EDE). (1o

This particular form of the reality conditions may be useful to select real
initial data for classical evolutions. However, if one wants to impose the
conditions as adjointness relations of operators with respect to a quantum
inner product, it is clear that one would need to recast the conditions in
terms of physical observables, since these are the only quantities defined
in the space of physical states. In particular equations (7.50),(7.51) are
not well defined in that space.

Up to now we have discussed the theory in vacuum. There is no diffi-
culty in incorporating matter fields in the new variable formulation. The
constraints can be made polynomial in a natural fashion for coupling to
scalar fields, Yang—Mills fields, and fermions. It is remarkable that Dirac
fermions can be introduced only coupled to the self-dual part of the con-
nection. A complete discussion can be found in references {133, 2].

It is immediate to include a cosmological constant in the framework.
In the Einstein action the cosmological constant appears as [ d*z/=—gA.
This action can be immediately canonically decomposed as

Sp = / dt / PrNgA, (7.52)

and this can be written in terms of the new variables noting that the
determinant of the three-metric is given by

= %mbceikagE;?Eg. (7.53)

The only change introduced in the canonical theory is that the Hamil-
tonian constraint gains an extra term,

o A e
H(N) = / d%JNVeUkEgE;?Ff,,Jr—é / d*cNnace " ELEYES.  (7.54)

And again, is a polynomial expression. There is no modification to the
other constraints, since the entire term in the action is proportional to [N.

7.4 Quantum gravity in terms of connections

7.4.1 Formulation
The casting of general relativity as a theory of a connection has important

implications at the quantum mechanical level. One can now proceed to
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180 7 Quantum gravity

quantize the theory exactly like we did in chapter 5, picking a polarization
in which wavefunctions are functionals of a connection

T[A]. (7.55)

The Gauss law will immediately require that these be gauge invari-
ant functions, i.e., functionals in the space of connections modulo gauge
transformations. Notice that this is a significant departure from the tra-
ditional picture where one considered functionals of a three-metric, or if
one imposed the diffeomorphism constraint, of a three-geometry.

As in the Yang-Mills case a representation for the Poisson algebra of
the canonical variables considered can be simply achieved by representing
the connection as a multiplicative operator and the triad as a functional

derivative:
AL W(A) = ALT(A), (7.56)
:a _ P
EfU(A) = 6A3;\IJ(A)' (7.57)

It should be emphasized that a difference with the Yang-Mills case
arises since the connection is complex. The wavefunctions considered
are holomorphic functions of the connection and the functional derivative
treats as independent the connection and its complex conjugate.

We would now like to use this choice in the representation of the canon-
ical algebra to promote the constraint equations to operatorial equations.
Since the constraint equations involve operator products, a regularization
is needed. This is a fundamental point. Most of the issues one faces
when promoting the constraints to wave equations do not have a unique
answer unless one has a precise regularization. There is not a complete
regularized picture of the theory at present. We will introduce some of
the issues in this chapter and will return to them in chapters 8 and 11 as
we develop the quantum theory and some of its consequences.

Ignoring for the time being the regularization issue, one can promote the
constraints formally to operator equations if one picks a factor ordering.
Two factor orderings have been explored: with the triads either to the
right or the left of the connections.

7.4.2 Triads to the right and the Wilson loop

If one orders the triads to the right, the constraints become

5 -p, 0 7.58
g = ama (7.58)
% )

o= Flygzr (7.59)
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H=e*Fl,— —. (7.60)

This ordering was first considered by Jacobson and Smolin [134] because
the Gauss law and the diffeomorphism constraint formally (without a
regularization) generate gauge transformations and diffeomorphisms on
the wavefuctions.

There is a potential problem when one considers the algebra of con-
straints. Remember that it is not a true algebra, but as we discussed,
the commutator of two Hamiltonians has a structure “constant” that de-
pends on one of the canonical variables, the triad. This means that in
this ordering such a “constant” would have to appear to the right of the
resulting commutator, which is not expected. In fact, an explicit calcu-
lation of the formal commutator shows the triads appear to the right.
Therefore, it is not immediate that acting on a solution the commutator
of two Hamiltonians vanishes and it has to be checked explicitly.

The simplest solution to the constraints in this representation is

U[A] = constant. (7.61)

This state is annihilated by all the constraints formally and it is easy to
check that it is also annihilated with simple point-splitting regularizations.
This state is less trivial than one may imagine. It has been explored
in the context of Bianchi models and it has a quite non-trivial form if
transformed into the traditional variables [135].

Jacobson and Smolin set out to find less obvious solutions to the con-
straint equations in this formalism. If one starts by considering the Gauss
law, one would like the wavefunctionals to be invariant under SU(2) gauge
transformations. An example of such functionals is the Wilson loop,

W(A,v) = 'I‘r(Pexp 747 dy“Aa(y)>. (7.62)

In fact, as we have seen any gauge invariant function of a connection
can be expressed as a combination of Wilson loops. In view of this, one
can consider Wilson loops as an infinite family of wavefunctions in the
connection representation parametrized by a loop ¥,(A) = W (v, A) that
forms an (overcomplete) basis of solutions to the quantum Gauss law
constraint.

What happens to the diffeomorphism constraint? Evidently Wilson
loops are not solutions. When a diffeomorphism acts on a Wilson loop,
it gives as a result a Wilson loop with the loop displaced by the diffeo-
morphism performed. Therefore they are not annihilated by the diffeo-
morphism constraint and cannot become candidates for physical states of
quantum gravity. In spite of that, they are worth exploring a bit more.
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182 7 Quantum gravity

Remember they form an overcomplete basis in terms of which any physi-
cal state should be expandable (since any physical state has to be gauge
invariant). We will therefore explore what happens when we act with
the Hamiltonian constraint on them. To perform this calculation we only
need the formula for the action of a triad on a holonomy along an open
path 77,

~a 4 / . /

B@U0)) = comU08) = § a6 — U U ), (769

6Aa. (‘IL‘) 7

where 7¢ are —i1/2/2 times the Pauli matrices.

The reason why we are considering an open path is to avoid ambiguities
when we act with the second derivative. The expression for the action on
the Wilson loop we are interested in is obtained in the limit in which o
and o' coincide. We now act with a second triad,

) )
6Ai(z) 6A(z )U

§ b § detola —y)ola ~ U EDTVGIIUG)

+ ?{ dy }{ d2%6(z — y)8(z — 2)U ()P U(E) U (). (7.64)

We now take the trace and obtain the action of the Hamiltonian,

’Y[A] =

Fa’z z)es [}{7 ﬁdz%(m— Y)b(z — 2)Te(rU (W)U (+2,))

+faf § des@— 1) - ATEVRIUGL)|,  (1.65)
Y 7y

where the notation U(;,) denotes the portion of the loop going from y
to z through the basepoint o.

If the loop has no kinks or intersections, the portion ¥ shrinks to a
point due to the presence of the Dirac delta functions and the action of
the Hamiltonian can be written as

H(z) T, (4]
F& (2)ei [ P ?i d2%8(z — y)8(z — 2)Te(r U (72 )

+ ?ﬂ dy? f d25(x — )8z — 2)Te(rIr U (2,)) =

e |

?{ dy® f d2°6(z — y)8(z — 2)Tx (69U (12,))| , (7.66)
Y Y
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7.4 Quantum gravity in terms of connections 183

where we have extended the second integral along the whole loop, since
no additional contributions are added due to the fact that the loop is
smooth.

Notice that we have a quantity F?,e;jx which is antisymmetric in both
a,b and 1, j contracted with an expression that is symmetric in both a,b
and 1, j. Therefore, the expression vanishes! We have just proved that a
Wilson loop formed with the Ashtekar connection is a (formal) solution of
the Hamiltonian constraint of quantum gravity. This is a remarkable fact.
Notice that up to this discovery no solution of this constraint was known
in a general case (without making mini-superspace approximations). His-
torically, this discovery fostered the interest for loops in this context and
led to the use of the loop representation.

A key to this result was the consideration of smooth non-intersecting
loops. If the loops have intersections or kinks, the proof we presented
above does not work. Moreover, it should be stressed that the result is
formal. The expressions considered involve one-dimensional integrals of
three-dimensional Dirac delta functions. In a particular coordinate sys-
tem they are proportional to 62(0). Therefore we are canceling divergent
terms.

To see if this result holds beyond the formal level, a regularization is
needed. Two different regularizations were considered by Jacobson and
Smolin [134]. The first one is based on “flux tubes”, a process in which
the loops are thickened out. The main drawback of this method is that it
is not gauge invariant. Under this regularization, smooth loops solve the
constraint with suitable prescriptions for limiting procedures. The second
regularization method is based on a point-splitting of the two functional
derivatives of the Hamiltonian constraint. Although point-splitting in
general breaks gauge invariance (since point-split quantities exist at dif-
ferent points of the manifold and transform with different transforma-
tion matrices) one can restore gauge invariance connecting the point-split
quantities with holonomies along paths connecting the split points. Un-
fortunately, under this procedure smooth Wilson loops fail to satisfy the
constraint. An anomaly appears that is proportional to terms that depend
on the curvature of the loops (“acceleration terms”) and is non-vanishing.
We will see that the role of the acceleration terms is different in the loop
representation and there is a sense in which smooth loops correspond to
solutions of the constraints. We will return to these and other regulariza-
tion issues later.

Even ignoring the regularization issues of the Hamiltonian constraint,
there are two main drawbacks to these solutions: they do not solve the dif-
feomorphism constraint and they fail to solve the Hamiltonian constraint
if the loops have intersections.

Why care about loops with intersections? Why not just restrict our-
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184 7 Quantum gravity

selves to smooth loops? The problem appears when we try to get some
sort of understanding of what these wavefunctionals are. The first ques-
tion that comes to mind is what is the metric for such a state. This, in
principle, is a meaningless question, since the metric is not an observable
in the sense of Dirac, but let us ask it anyway to see where it leads. The
metric acting on one of these states gives

zab _ 4 4 — yoaz ybz
T @)W (A) = g (4) = XX (4), (167

Again, this expression needs to be regularized. At a formal level we
see that Wilson loops are eigenstates of the metric operator if the loops
considered are smooth. Notice that the metric only has support distri-
butionally along the direction of the tangent to the loop. Moreover, the
metric has only one non-vanishing component, the one along the loop.
Therefore it is a degenerate metric. Now, this statement is still meaning-
less in a diffeomorphism invariant context, but it actually can be given
a rigorous meaning with a little elaboration. Consider the Hamiltonian
constraint for general relativity with a cosmological constant, given by
expression (7.54). The only difference with the vacuum constraint is the
term involving the determinant of the spatial metric. This term can be
promoted to the connection representation with similar regularization dif-
ficulties as the rest of the constraint. It is easy to see that the additional
term formally annihilates a Wilson loop based on a smooth loop. There-
fore the determinant of the three-metric vanishes for these states, as is
expected for a degenerate metric. Since these states are annihilated by the
vacuum Hamiltonian constraint and the determinant of the three-metric,
this means they are states for an arbitrary value of the cosmological con-
stant! That spells serious trouble. General relativity with and general
relativity without a cosmological constant are very different theories, and
one does not expect them to share a common set of states, except for
special situations, such as for degenerate metrics.

It turns out, one can improve the situation a little using intersections.
One can find some solutions to the Hamiltonian constraint for the in-
tersecting case by considering linear combinations of holonomies in such
a way that the contributions at the intersections cancel [134, 136, 26].
However, unexpectedly, this is not enough to construct non-degenerate
solutions. All the solutions constructed in this fashion, if they satisfy the
Hamiltonian constraint, are also annihilated by the determinant of the
metric [26]. This, plus the fact that they do not satisfy the diffeomor-
phism constraint, shows that these solutions are of little physical use in
this context. They were, however, very important historically as motiva-
tional objects for the study of loops. We will show later how, when one
works in the loop representation, it is possible to generate solutions to
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7.4 Quantum gravity in terms of connections 185

all the constraints that, although still based on loops, do not have this
degeneracy problem.

7.4.8 Triads to the left and the Chern-Simons form

If one orders the constraints with the triads to the left, there is potential
for a problem: as we have said, apparently in this factor ordering the
diffeomorphism constraint fails to generate diffeomorphisms on the wave-
functions. This would be a reason to abandon this ordering altogether.
However, by considering a very generic regularized calculation one can
prove that the diffeomorphism constraint actually generates diffeomor-
phisms, so this is not a problem [137]. Besides, there is the advantage
that when one considers the constraint algebra, one obtains (these are
only formal unregulated results) the correct closure [51].

Let us see how the regularized version of the constraint in this factor
ordering generates diffeomorphisms. We consider a point-split version of
the diffeomorphism constraint,

- 5 .

W) = limy [ odyN*(2) e~ )5 1S Finlw) (7.68)
where lim_,o fe(z — y) = 6(z — y). This expression differs from that
in the factor ordering with triads to the right by the term in which the
functional derivative acts on FY, [d3yfc(z — y)Qng(y)/(SAfl(z). When
the functional derivative acts on the portion of F}, linear in A} one gets
a contribution of the form [d3zN%(z) [ d3y8yé(z — y)fe(z — y). If one
considers a regulator that is symmetric in z,y, fd(z —y) = f(y — z),
this contribution vanishes. The action of the functional derivative on the
term quadratic in the connections vanishes due to the antisymmetry of
the structure constants €% of SU(2). We have therefore proved that the
expression for the constraint with the triads to the left coincides, if one
considers symmetric regulators, with the expression with the triads to
the left. Since the former generates diffeomorphisms on the wavefunc-
tions the latter does so as well. Therefore the diffeomorphism constraint
regains its natural geometric interpretation and can be solved by con-
sidering wavefunctionals of the connection ¥[A] that are invariant under
diffeomorphisms.

In this ordering, Wilson loops do not solve the Hamiltonian constraint.
However, there is a very interesting and rich solution one can construct.
Consider the following state, a function of the Chern-Simons form built
with the Ashtekar connection,

WA[A] = exp (—% / e[ Ao BpAc + %AaAbAc]) : (7.69)
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186 7 Quantum gravity

This functional has the property that the triad equals the magnetic field
constructed from the Ashtekar connection (in the language of Yang—Mills
theory, the electric field equals the magnetic field),

0 3

SAL Upl4] = X“”CF,}'C\I/A[A]. (7.70)

Moreover, it is well known that this functional is invariant under (small)
gauge transformations and diffeomorphisms. One can check that it is
annihilated by the corresponding constraints (with the proviso of the
symmetric regulator in the diffeomorphism constraint introduced above).
What may come as a surprise is that it is actually annihilated by the
Hamiltonian constraint with a cosmological constant. This is easy to see.
Consider the constraint

. 5 6 . A 5 6 6

— : A _,_.F _— y -_— .
H ngk(sAz 5Ai ab 661]k,f\gbc6Az 6Ai (SAICC (7 71)

and notice that the rightmost derivative of the determinant of the metric
reproduces the term on the left when acting on the wavefunction. Notice
that the result holds without even considering the action of the other
derivatives, and therefore is very robust vis a vis regularization. This re-
sult was noticed independently by Ashtekar [53] and Kodama [54]. A nice
feature of this result is that the metric is non-degenerate in the sense that
we discussed in the previous section. The metric is just given by the trace
of the product of two magnetic fields built with the Ashtekar connection.
Such a property holds classically for spaces of constant curvature. This
has led some authors to suggest that this wavefunction is associated with
the DeSitter geometry [55].

The reader may question the relevance of the Chern—Simons state. First
of all, it is only one state. Moreover, a similar state is present in Yang-
Mills theory (this is easy to see, since the Hamiltonian is E? + B2 and
adjusting constants one gets for the corresponding state E = iB) and is
known to be non-physical since it is not normalizable. This is true, but
it is also true that the nature of a theory defined on a fixed background
as a Yang-Mills theory is expected to be radically different from that
of a theory invariant under diffeomorphisms, such as general relativity.
Therefore normalizability under the inner product of one theory does not
necessarily imply or rule out normalizability under the inner product of
the other. The non-normalizability in the Yang-Mills context is under
the Fock inner product, and it is expected that inner products of that
kind will not have any relevance in the context of general relativity. At
the moment, however, the normalizability or not of any state in general
relativity cannot be decided, since we lack an inner product for the theory.

It is remarkable that the Chern-Simons form, which is playing such a
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prominent role in particle physics nowadays, should have such a singular
role in general relativity. It is the only non-trivial state in the connection
representation that we know that may have something to do with a non-
degenerate geometry. We will also see in chapters 10 and 11 that the
state plays a prominent role in the progress made in finding states in the
loop representation and has opened up new connections between general
relativity, topological field theories and knot theory.

There are more things one could say about the connection represen-
tation. There is the compelling work of Ashtekar, Balachandran and Jo
[61] concerning the CP violation problem and the partial success (in the
linearized theory) of Ashtekar [56] in addressing the issue of time. We do
not have space here to do justice to these pieces of work and we refer the
reader to the relevant literature. In particular, a good summary of these
topics appears in the book by Ashtekar [2].

7.5 Conclusions

We have formulated gravity canonically and discussed the general fea-
tures of its canonical quantization. We have discussed the difficulties
associated with the traditional metric variables and introduced a new
set of variables that allows some progress in the definition of the quan-
tum constraint equations and their solutions. We have discussed some
of the factor ordering and regularization issues and set the stage for the
introduction of a loop representation, which we will do in the following
chapter.
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8

The loop representation
of quantum gravity

8.1 Introduction

Having cast general relativity as a Hamiltonian theory of a connection, we
are now in a position to apply the same techniques we used to construct
a loop representation of Yang-Mills theories to the gravitational case.
We should recall that we are dealing with a complex SU(2) connection.
However, we can use exactly the same formulae that we developed in
chapter 5 since few of them depend on the reality of the connections.
Whenever the presence of a complex connection introduces changes, we
will discuss this explicitly .

As we have seen, we can introduce a loop representation either through
a transform or through the quantization of a non-canonical algebra. The
initial steps are exactly the same as those in the SU(2) Yang-Mills case.
The differences arise when we want to write the constraint equations. In
the Yang-Mills case the only constraint was the Gauss law and one had
to represent the Hamiltonian in terms of loops. In the case of gravity one
has to impose the diffeomorphism and Hamiltonian constraints in terms
of loops. In order to do so one can either use the transform or write them
as suitable limits of the operators in the T" algebra. We will outline both
derivations for the sake of comparison. As we argued in the Yang-Mills
case both derivations are formal and in a sense equivalent, although the
difficulties are highlighted in slightly different ways in the two derivations.

The space of states of an SU(2) theory in terms of the loop representa-
tion has been discussed in detail in chapter 3. It is formed by wavefunc-
tions with support on the group of loops,

Z(v), (8.1)
that satisfy the basic Mandelstam identities,
U(y) =T(v7h), (8.2)
188
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U(yon) =¥(nov), (8.3)
U(yonoB)+¥(yonoBt)="¥(noyon)+U(noyopBr), (8.4)

and by combination of these identities one can find an infinite number of
linear relations among the wavefunctions.

In many papers on the subject, multiloops have been used to build
the loop representation. As we discussed in chapter 3, for the SU(2)
case all expressions in terms of multiloops can be rewritten as single-loop
expressions via Mandelstam identities. We will therefore restrict ourselves
here to single-loop wavefunctions.

The outline of this chapter is as follows. In the next two sections we
will derive the expression of the constraints of quantum gravity in the
loop representation both as a limit of the T' algebra and via the loop
transform. We will then discuss the regularization of the Hamiltonian in
terms of loops and briefly discuss the solution space. We will return to
the issue of solution to the constraints in chapters 10 and 11.

8.2 Constraints in terms of the T algebra

We need to write the classical diffeomorphism and Hamiltonian con-
straints in terms of the T operators. It is quite simple to write the
diffeomorphism constra,mt as a limit of a T operator. Consider a one-
parameter family 'y .(z) of closed curves in the @b coordinate plane base-
pointed at the pomt z such that in the limit § — 0 the loops shrink to a
point. The area element of the loop is given by

o%(yl;) = 626557, (8.5)
The diffeomorphism constraint is given by the limit

C(N) = lim = / PN ()T (1, ()). (8.6)

To prove this, notice that in this limit the holonomy is given by

lim H(’Yab(ﬁv)) =1+ 50%(7,3())Fea(2)- (8.7)

When one takes the trace to construct the 7!, the contribution from the
identity drops out because of the tracelessness of the triad and the lead-
ing contributions is Tr(E®(z)Fq(z)), which corresponds with the usual
expression of the vector constraint.

A remarkable fact is that the constraint algebra is consistently repro-
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190 8 The loop representation of quantum gravity

duced in the limit

Co(N) — {C*(N),C%(M)}
) 41 ) (8.8)
C(N) — {C(N),C(M)}

i.e., computing the Poisson bracket of two T''s and shrinking the loops
yields the same results as shrinking the loops and computing the Poisson
algebra of the constraints [139].

To obtain the Hamiltonian constraint we will introduce a double lim-
iting procedure, which in what follows will be useful as a regularization
procedure for the quantum calculation. We will consider the point-split
classical Hamiltonian,

C(N) = lm C(N) = lim [ Bzp (= / Byf.(z —y)
X Tr(B*(y)H (1) E® (z) Fap (z) H (1)), (8.9)

where we have introduced an arbitrary infinitesimal path uj. The intro-
duction of this path is needed in order to have a gauge invariant point-split
Hamiltonian. Since the T' variables are gauge invariant it would be im-
possible to retrieve a non-invariant quantity from them. The contribution
from the holonomy H(ujy) reduces to the identity in the limit.

We will present a shrinking loop procedure that will yield the split
constraint C*(N), and from there one recovers the usual constraint in the
limit ¢ — 0. We introduce a one-parameter family of shrinking loops as
before 725(:1:). The Hamiltonian constraint is given by

1 il g
CW) = lim = [ P2l (@) [ Pyfle - )T WL, i3 0955 (@)- (8.10)

The proof follows similar lines as before: in the shrinking limit the
holonomy yields two contributions; the one proportional to the identity
vanishes due to the antisymmetrization in the ab indices (if not one would
get the metric 'I‘r(E“E”) as leading contribution) and the term propor-
tional to F,; yields the constraint.

We therefore have classical expressions relating the constraints and the
T operators. This allows us to find expressions for the constraints as
quantum mechanical operators by promoting their definitions in terms of
the T' quantities to quantum mechanical operators. The quantum me-
chanical expressions for the T' operators were introduced in chapter 5,
choosing a factor ordering with the triads to the right. We recall here
their expression

T(n)¥(y) = U(yon) + U(yont), (8.11)
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8.2 Constraints in terms of the T algebra 191

DS e §dys(z - )Wy o) (8.12)

e=—1

T (¥, mZ) T () = X (7) X (7)[¥(VY 0 7E,¥E o 7Y)
+¥ (v omy, vy o) + ¥U(vE oy 0 7Y omy)
+¥(vy o5 0y o n¥)]- (8.13)

We now promote the relation (8.6) to an operatorial equation,

CW () =lim = [ N @) T (2) 2)
3 b
Slim — [ doN Gz 6_2_:1 e § dyo(o — 1) T(y o (1)),
(8.14)
and we notice that the introduction of the infinitesimal loop 'y‘ ) with

the two possible orientations given by the power € correspon(bis to the
action of the loop derivative. Since the loop derivative along the reversed
loop introduces a minus sign the two contributions € = +1 add up to give

CWB) = - [ daN(o) § dyPs(c - AT (B15)

and we see that the diffeomorphism constraint in the loop representation
can be obtained in the limit of shrinking loops from the T operator. As
the derivation shows, the loop derivative arises because the action of the
T! operator corresponds to the introduction of a small loop of precisely
the same form as in the loop derivative.

The Hamiltonian constraint can be obtained through manipulations
that are very similar to those of the diffeomorphism constraint. Since the
final expression coincides exactly with the one we will obtain in the next
section via the loop transform we do not give the explicit calculation.
For details see reference [139]. We will just outline the first steps of the
calculation to facilitate the comparison with the expression that we derive
in the next secion. We need to compute

T (Y, % 0 ¥° 4 (7)) T(7) = X% (7) X (7)[T(1¥ o N?K‘ng(ﬂ:) o uf oy)
+O (VY 0 p oy (3), BYYE) + T(VY 0 pf 0 7Y o pf 0 0 4y (2))
+T (Y 0 32(x) 0 p¥ 0 7Z 0 pY)] (8.16)

and using the Mandelstam identities and recalling that we are only inter-
ested in the antisymmetric part of 7% we get

CE(N hm—/dszN /d3yf T — y) X% () X0 ()
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192 8 The loop representation of quantum gravity

x [20(1° g5 (@) 0 7Y 0 5 0 Y 0 pif)
+20 (1 gy (w) 0 Fa¥ o 5 0 7Y 0 )| (8.17)

which, taking into account the definition of the loop derivative, yields a
regularized expression for the Hamiltonian constraint that we will present
in an explicit fashion in the next section.

8.3 Constraints via the loop transform

To obtain the quantum version of the constraints via the loop transform,
we proceed in the same way as we did for an SU(2) Yang-Mills theory
in chapter 6. There is a difference, however, due to the fact that the
connection in the general relativity case is complex. In principle, its com-
plex conjugate is a complicated expression given by the reality conditions.
Therefore we cannot quite write for the transform as we did in chapter 6,

U(y) = / dAW,[A]* (4] (8.18)

since the expression for W, [A]* would, in principle, be a complicated non-
polynomial expression in terms of A. Moreover, as we argued before, it is
not clear that one wants to implement the reality conditions at this level.
One may want to impose them later as relations among observables of the
theory.

In order to be able to proceed we will assume in the following manip-
ulations that A is real. This is not unjustified, since the manipulations
in terms of real As yield operator expressions in the loop representation
that have exactly the same commutation relations as their counterparts
in the connection representation. In this sense the loop transform is a
very useful heuristic device for finding appropriate loop counterparts to
operators in the connection representation. The reader should be aware
that the following calculations are heuristic and not meant to be precise
derivations. It is remarkable that through this procedure one can recover
exactly the same expression for the constraints as we did in the previous
section. This suggests that a measure may exist such that the manipu-
lations can be made rigorous taking into account the complex nature of
the connections.

We therefore define

OU(y) = / dAW,[A|OV[4] = / dAO'W, [A]¥[A], (8.19)
where by O' we mean the operator O but with a reverse factor ordering.

Therefore the practical calculation of transforming an operator consists
in evaluating its action on a Wilson loop as if it were a calculation in the
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8.3 Constraints via the loop transform 193

connection representation and rearranging the result as a manipulation
purely in terms of loops. One should remember that when considering the
action on the Wilson loop one should choose for the operator one wishes
to transform the opposite factor ordering to the one chosen for its action
on wavefunctions U[A].

We start with the vector constraint. Its action on a Wilson loop is
given by

. 5 .
Fip(e) it oy W) = Finle) § oy — ) Te(EL ) L)

= f dy5(y — z)Tr(H(12)FuH(12).  (8.20)

Recalling the action of a loop derivative on a Wilson loop introduced
in chapter 1 we get

@) S oA = § o= D AODW AL (2)

and therefore we can write for the diffeomorphism constraint in the loop
representation

Ny = / BN (z) ]{ dy*6(z — y)Das(12). (8.22)

This is exactly the expression we introduced in the first chapter as the
generator of diffeomorphisms on functions of the group of loops and we
checked in that chapter that it satisfied the correct algebra of diffeomor-
phisms,

[C(N), C(M)] = C(LgM). (8.23)

Sometimes one may use the shorthand notation
O = [ daN* @)X (7)Aab(13), (8.24)

where X%%(«y) is the first order multitangent to the loop, but care should
be exercised if the loop has multiple points (intersections).

The reader may appreciate the remarkable fact that a formalism so
heuristic in nature manages to yield the expected result. We started with
the action of the diffeomorphism constraint in the connection representa-
tion and by the most direct and obvious manipulation we end up with an
expression with the desired geometric action in terms of loops. Encour-
aged by this result we will follow the same procedure for the Hamiltonian
constraint.

The calculations for the Hamiltonian constraint are of the same nature,
the only care to be taken is the presence of a second functional derivative,
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194 8 The loop representation of quantum gravity

which requires a regularization. We will perform here only a formal cal-
culation in order to simplify the presentation, we postpone the discussion
of regularization issues to the next section. In fact, at the formal level we
have already performed the required calculation in the previous chapter,

. . 5§ 6
_ gk
H(z)W,[A] = € Fab(z)&Aﬁ 54F
= Fiy@ein § dif § dz*6(@ = y)8(z — AT HONIHES,)
v Yo

+Fh@ese § dy § do"8(a — 4)6(z - Tr(HOZ) T HOL,)),
2 Yy

(8.25)
We now rearrange this expression using the identity,

™ Ty (1™ AT"B) = Tr(r'A)Tr(B) — Tr(A)Tr(7'B), (8.26)
where A, B are SU(2) matrices. The integrands can then be rewritten as

TP Tr(r H (1Y) T H(v},)) = Te(r*H(+Y)) Tr(H(v;,))
~Te(H())Tx(*H(v5,)),  (8:27)

T (rH(7) T H(7,)) = Te(r*H(vY,)) Tr(H(+;))
~Te(H(v¥,)Tx(T*H(7})),  (8.28)

and noticing that

Tr(H(vy,)) = Te(H(7Z,)), (8.29)
Te(r*H(vY)) = —Te(r*H(x;)), (8.30)

we get for the action of the Hamiltonian,

’F((w)W,Y[A] = Fakb(a;)(?g dy® ¢ dz® + fydyb}’{y dz*)6(z — y)b(z — 2)

x Tr(r*H(7¥,)) Tr(H) — Tr(HY,)Tx(r*H(yZ)).  (8.31)

The two sets of integrals can be combined into a single one, and insert-
ing the F}, in the holonomies we get,

H(z)W,[A] = fydyb }i dz%6(z — y)oé(z — z)
X Tr(F o5 () H(v{,)) Tr(H(vy) — Tr(HY,) Tr(Fas () H(7y))-
(8.32)

We now rearrange the products of holonomies into a single one using the
generalization of the Mandelstam identities when elements of the algebra
are involved. One could have left the expression as it was and then the
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8.3 Constraints via the loop transform 195

action of the Hamiltonian constraint on a wavefunction of a single loop
would be a function of a multiloop. This has been the approach taken
in some papers [138]. Here, as we said before, we reexpress everything in
terms of single loops. The identity needed is

Tr(r*A)Tr(B) = Tr(7'(AB + AB™!)) = Tr(7(BA + B"'A)), (8.33)

where A B are again elements of the SU(2) group. Rearranging terms
with this identity, we get

H(z)W,[A] = ?{/dy[b}idza](?(m —)0(z — 2)
X Tr(Fap () [H(vy)H(vy,) + H(vy ) H(vy)]), (8.34)

We can rearrange this expression in terms of loop derivatives,

Fi(z)W, [A] = }i dylt }i d28(z — v)6(z — 2)
X Aab(75) Tr(H(vy 0 v50) + H(vgo0 7)), (8:35)

from which we can read off the expression of the Hamiltonian constraint
in the loop representation,

HEO) = [ dap(@) § ay® § dzo@ ~y)ota - 2)

xDab(V)[¥ (g ©750) + ¥ (g0 73] (8.36)

It should be pointed out that the notation in the above two expressions
for the loop derivative precisely means

Aas(15) ¥ (1y ©Vy0) = Bas(B5)¥(B)la=ry;0v;, (8.37)

and similarly for the action of the loop derivative on the holonomy. From
now on we will use this notation whenever the Hamiltonian constraint is
involved. Again, this expression coincides with the one introduced in the
previous section directly obtained as a limit of the T operators. We see
that the two approaches yield the same constraints.

One can perform another rearrangement that simplifies the expression
of the Hamiltonian constraint even further. Going back to the expres-
sion in terms of ng (8.34), there are two terms in the expression of the
Hamiltonian. Each of them is a trace of an element of the algebra times
elements of the group. Such traces are equal to minus the trace of the
inverse argument. If one replaces the argument of the second trace by its
inverse, one obtains exactly the same expression as the argument of the
first trace, with y and z exchanged. One can relabel y and z in the second
term (one gains an additional minus sign from the antisymmetrization in
dyledz") and one gets back (in the limit in which the regulator is re-
moved) the same term as the first one. Continuing with the derivation as
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196 8 The loop representation of quantum gravity

presented above one gets for the final action of the Hamiltonian
HY)¥() =2 [z () § dyP § deo(a — )6z - 2)
] v
X Aab(5) ¥ (7 © Yyo)- (8.38)

Because the equality presented only holds in the limit in which the
regulator is removed, the above expression can be thought of as a different
regularization of the Hamiltonian constraint introduced before.

It is remarkable that such a compact expression embodies all the infor-
mation of the time evolution of the Einstein equations in the language of
loops.

The constraint algebra involving the Hamiltonian constraint that we
derived above has been computed at the formal level in reference [141]
and it reproduces the classical algebra. Care should be exercised when
computing the constraint algebra, since the problem necessarily requires
a regularization, as has been emphasized in the papers by Tsamis and
Woodard[142] and Friedman and Jack [143]. The formal computation of
the constraints is useful, however, to illustrate a series of computational
techniques in loop space and to clarify the meaning of the expressions of
the constraints in the loop representation.

8.4 Physical states and regularization

In the previous section we found expressions for the Hamiltonian and dif-
feomorphism constraints of quantum gravity in the loop representation.
In this section we will discuss the construction of solutions to these con-
straints. We will start with the diffeomorphism constraint and then we
will analyze the Hamiltonian. We will elaborate further on the Hamil-
tonian constraint in chapters 9, 10 and 11. In order to operate properly
with the quantum constraints on wavefunctions we will be required to
study the regularization of the constraints.

8.4.1 Diffeomorphism constraint

Let us start with the diffeomorphism constraint. In section 1.3.4 we
showed that the diffeomorphism constraint acts on functions of loops by
infinitesimally deforming the loop argument along a vector N. The de-
formation is the same that the loop would suffer if it existed in a spa-
tial manifold on which a diffeomorphism is performed along a vector N.
Therefore if a wavefunction ¥(vy) in the loop representation is to be an-
nihilated by the diffeomorphism constraint it should be invariant under
deformations of the loop argument. Such functions are known as knot
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8.4 Physical states and regularization 197

invariants. Another way of putting this is to say that the function only
depends on the knot class of the loop. The knot class of a loop is given
by the orbit of the diffeomorphism group in loop space that contains the
given loop.

Therefore by considering such functions of loops one immediately solves
the diffeomorphism constraint. The diffeomorphism invariance of gen-
eral relativity therefore is very elegantly coded into knot invariance in
the loop representation. There is an abundant literature on the study
of knot invariants, and we will return in more detail to issues of knot
theory in the next chapter. Notice that the situation is qualitatively dif-
ferent from that in the traditional variables for quantum gravity. There
one considered functionals of a spatial metric ¥[g]. The invariance un-
der diffeomorphisms implied that one was dealing with functionals of the
“geometry” (or more precisely its diffeomorphism invariant properties)
rather than functionals of a metric. The situation is also qualitatively
different from that in the connection representation that we discussed in
the previous chapter. Again, there one had to consider functions of a
connection that were invariant under diffeomorphisms ¥[A]. Although
some isolated examples of these can be given, it is quite evident that one
can construct many more examples of functions of loops invariant under
diffeomorphisms. For instance, functions that depend on the number of
intersections of a loop or the number of corners or kinks in the loops are
examples of functions that are invariant under diffeomorphisms. So are
the “characteristic functions” in loop space: functions that give 1 if the
argument is in a certain knot class and zero otherwise. Although we have
seen that the use of loops played a role in the connection representation,
we see that the shift in point of view offered by the loop representation is
very important in the task of finding the physical states that are annihi-
lated by the constraints. We will find many solutions to the constraints
in the loop representation of which the counterpart in terms of connec-
tions is either not known and is expected to be quite complicated or ill
defined. Knot theory captures in a natural way the non-local, topological
properties of a theory invariant under diffeomorphisms. The connection
between knot theory and quantum gravity was first noticed by Rovelli
and Smolin [38].

8.4.2 Hamiltonian constraint: formal calculations

In order to discuss the solutions to the Hamiltonian constraint one needs
to introduce a regularization. The issue of the regularization of the Hamil-
tonian constraint is the subject of intense investigations at present. Basi-
cally the problem is that all known regularization procedures are difficult
to make compatible with diffeomorphism invariance and typically intro-
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198 8 The loop representation of quantum gravity

duce conflicts or ambiguities in the resulting regularized theory. We will
first introduce a point-splitting regularization in loop space and discuss
the action of the Hamiltonian constraint on a generic function of loop
U(vy). We will not at the moment assume that the function is invariant
under deformations of the loops, i.e., the state will not, in general, be
annihilated by the diffeomorphism constraint. This is the most natural
thing to do, since the Hamiltonian constraint is an operator that is not in-
variant under diffeomorphisms and therefore its action is not well defined
on the space of knot invariants. In general the action of the Hamiltonian
on a knot invariant will produce as a result a function of a loop that is
not invariant under diffeomorphisms.

There is a second motivation for considering the action of the Hamil-
tonian on all function of loops, related to the details of the definitions we
give for the constraints. This is due to the fact that the loop derivative
that we defined in chapter 1 is not, in general, well defined on functions
that are invariant under diffeomorphisms. This can be readily seen. The
notion of a loop derivative involves, in general, a change of topology in
the loop. Therefore in its definition,

(ngobyondoy) = (14 30®(z)Au(nZ))T(y), (8.39)

it could happen that the loop argument of ¥ in the left-hand side is in
a different knot class that that of the right-hand side. The addition of
the infinitesimal loop would therefore not amount to a small change in
the loop function and the limit involved in the derivative is not well de-
fined. The situation is the loop analog of the derivative of the Heaviside
theta function at the origin in elementary calculus. The usual way to deal
with this problem (that leads to the calculus of distributions) is to con-
sider the Heaviside function as a limit of a set of differentiable functions.
Similarly here we would like to regard the functions invariant under dif-
feomorphisms as suitable limits of non-invariant functions that are loop
differentiable. The action of the Hamiltonian constraint on a diffeomor-
phism invariant function will also be defined in a limiting process.

There have been several proposals for the Hamiltonian constraint in the
loop representation [39, 138, 139, 16, 140]. Some of them do not involve
the use of loop derivatives or use derivatives that are different from the
one we introduce in this book. All of them, however, are based on the
idea of appending an infinitesimal loop to the knot and therefore do not
have a clear and unambiguous topological action in terms of knots.

We consider the Hamiltonian introduced in the last section

N)\I' /d3xN ]idy[b}{/dz“]&(x —y)b(z — 2)
XAab(15) ¥ (15 ©Vy0)- (8.40)
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As we pointed out before, the above expression is formal and a regu-
larization is needed for its proper definition. Before discussing the regu-
larization let us qualitatively study the action of the formal constraint on
a function of a loop. Taking the results from the connection representa-
tion as a guide, we know that the action of the Hamiltonian constraint
is different if loops with and without intersections are involved. In the
loop representation wavefunctions must take values for all piecewise dif-
ferentiable loops. We will therefore study separately the action of the
Hamiltonian constraint on a generic loop function ¥ assuming that the
argument is a smooth loop, a loop with a kink or a loop with intersections.

The action of the formal Hamiltonian on a function of a loop ¥(v) is
very simple in the case in which the argument is a smooth non-intersecting
loop at the point where the Hamiltonian acts. In that case, in the for-
mal expression of the Hamiltonian there is a single contribution per point
z belonging to the loop . The contribution is proportional (through a
divergent factor) to the double contraction of the tangent to the loop at
the point with the loop derivative ¥%4°A,,¥(7y) (where 4° is the tangent
vector to the loop in a certain parametrization). Since one is contract-
ing a symmetric tensor with an antisymmetric one the result vanishes.
This is the counterpart in the loop representation of the same result
that we found in the connection representation at the formal level: non-
intersecting smooth loops yield solutions of the Hamiltonian constraint.
In general, the action of the Hamiltonian involves a splitting and rerout-
ing of the argument of the wavefunction. For the case of non-intersecting
loops or kinks, the contribution gives back the same loop as the original
one since y; — 7 and v;, — ¢ in the limit (or vice-versa depending on
the order of y and z along the loop). The rerouting is non-trivial only at
intersections. At the formal level of this discussion, the Hamiltonian has
a non-vanishing contribution at intersections and kinks but not at points
where the loops are smooth.

The fact that the Hamiltonian constraint has a (formally) vanishing
action at points where loops are smooth and non-intersecting led [38,
39] to the construction of a historically very important set of “physical
states” of quantum gravity by simply considering wavefunctions ¥ (vy) with
support only on smooth non-intersecting loops, i.e.,

LG if v is smooth and non-intersecting,
T(y) = { o) ity g (8.41)

0 otherwise,

where Wy(v) is any knot invariant. Formally the Hamiltonian has van-
ishing action on this state since it gives no contribution if the loop 7 is
either smooth (for the reasons explained above) or intersecting (since the
state vanishes for such loops). This state has the appearance of a “step
function” in loop space. The reader may question the applicability of a
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200 8 The loop representation of quantum gravity

Fig. 8.1. The loop used in the Mandelstam identity that is not satisfied by the
naive states

differential operator in loop space to such a state. In principle, the action
could be well defined since the Hamiltonian in this case does not change
the number of intersections of the loop and therefore has a separate ac-
tion in the two regions into which the definition of the state partitions
the loop space.

Unfortunately, there is a serious objection to these kinds of naive states.
This was noticed by Rovelli and Smolin ([39] page 135). The problem is
that, as we emphasized at the beginning of this chapter and throughout
this book, a state in the loop representation is not any function of a
loop, but has to satisfy several properties, among them the Mandelstam
identities. The Mandelstam identities imply relations among the values
that a wavefunction takes when evaluated on loops with and without
intersection. It is easy to check that the above proposed wavefunctions
do not satisfy the appropriate relations. For instance, consider a non-
intersecting loop 7y obtained by the composition of loops 71, v2 and 3 as
shown in the figure 8.1, and apply the Mandelstam identity

T(y11072073) + ¥ (vi072075 ) = U(y2071073) + U(y20m1 075 0). (8.42)

The first term in the left-hand side is ¥(v) and all the other terms in-
volve intersections (and multiple lines) between the different components.
Therefore the state has vanishing value on all the terms in the expression
except on the first where it is ¥y(y) and one is led to the contradiction:
Po(y) =0.

One could think of constructing a set of states motivated by the non-
intersecting ones by assigning proper values to loops with intersections
via the Mandelstam identity. This was suggested in reference[39]. Very
recently, the introduction of the spin-network [146] ideas gave a concrete
meaning to this construction. There is rapid development at present in
trying to exploit these states for physical purposes [144].
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There is another way in which states based on non-intersecting loops
can be thought of as generating genuine solutions to the Hamiltonian
constraint, using the notions of bras and kets. Consider the space of kets
|¥ > and let us assume that we know an inner product in loop space
such that the Hamiltonian is a self-adjoint operator (notice that the inner
product is not on the physical space but on all states). We define the bra
< af by

¥(a) =< a|¥ >. (8.43)

Notice that the bras, from their definition, satisfy the Mandelstam iden-
tities, for instance < a| =< a™1|, etc.
By definition, the action of the Hamiltonian on ¥(«) is

HU(a) =< o|H|T >, (8.44)

from which one can immediately read off the action of the Hamiltonian on
a bra < a/, being given by the usual expression in the loop representation.
If one now considers a bra < a| with o a smooth loop then < o|H| =
0. Making use of the assumption that the Hamiltonian is a self-adjoint
operator one has that H|o >= 0 and therefore

<v|H|la >= H¥,(v) = 0. (8.45)

That is, if one knows the inner product in the space of loops under which
the Hamiltonian is a self-adjoint operator, one can construct a family
of functions of loops ¥, (y) (where the smooth non-intersecting loop «
plays the role of a parameter) that are annihilated by the Hamiltonian
constraint simply by taking the inner product < 7|a >. These states
satisfy the Mandelstam constraint. Notice that the wavefunctions depend
on a loop 7 that can have arbitrary intersections and kinks. Though this
construction constitutes an interesting observation, the fact that it relies
on the introduction of an inner product in loop space under which the
Hamiltonian is self-adjoint makes it of little use in practice.

There is a chance that one could modify the definition of the naive
states in order make them compatible with the Mandelstam constraints.
In particular, Smolin[145] has a proposal based on the use of an area
operator; however, it is not clear whether under the proposed modification
one still manages to solve the Hamiltonian constraint.

Let us now discuss the regularized action of the Hamiltonian constraint.

8.4.3 Hamiltonian constraint: reqularized calculations

We again consider the Hamiltonian introduced in the last section,

AW = [ (@) § P § de (e~ )6l - 2)
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XAab('Y:)‘II(’)'; 0750)7 (846)

but we point split one of the Dirac delta functions,

F(N)¥) = [ Eap@) § g § dzo@ — )y~ 2
XAab(’Yg)‘Il(’Y; o ’Y;O)’ (847)

where fc(y — z) is a usual symmetric regulator. For the sake of concrete-
ness, we can consider a family of Gaussians,

€

Y —-3/2 —|z—y|2
fe(z —y) = (me) ™ “exp | ———— | . (8.48)

One can consider other families of regulators, like families of Heaviside
functions fe(z,y) = Oc(z,y)/e3 where O(z,y) = 3/4r if |z — y| < € and
zero otherwise. The background metric enters in all cases since one has
to compute the distance between z and y.

Notice that there are several possibilities to regularize and the regular-
ized expressions will, in general, be different and coincide only in the limit.
For instance, we could have split the other delta function that appears in
the definition of the Hamiltonian.

The introduction of the point-splitting implies that the paths that ap-
pear in the expression of the regularized constraint do not close a loop.
This is equivalent to the introduction of a non-gauge invariant point-
splitting in the connection representation, the breaking of gauge invari-
ance being manifest in the loop representation in the appearance of open
paths. When the regulators are removed, the open ends of paths coincide
and one recovers closed loops and gauge invariance. One could simply
choose to work in a regularized framework with open loops and recover
gauge invariance only as a limit after regularization. Another procedure
is to close the loops by adding arbitrary small paths and restore gauge
invariance in the regularized expressions. In the limit, the contributions
from the added paths drop out. In the connection representation one does
not have any privileged paths to restore gauge invariance in the point-
splitting. In the loop representation one can always choose to close the
loops through their original trajectory before reroutings and splittings,
as was done in references [138, 139], or through other prescribed paths
[16, 39]. Notice that these constructions hide implicit assumptions about
the behavior of the wavefunctions of loops ¥(vy). It is not true that for all
functions the contributions of the infinitesimal added paths drop out in
the limit. These kinds of statements imply a certain notion of continuity
of the functions in loop space that at the moment is not well understood.

Let us now redo the calculation of the action of the Hamiltonian con-
straint acting on a function of loops in the case in which it acts on a point
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of the loop that has no kinks nor intersections. To make the calculation
as explicit as possible we introduce a parametrization for the loop y(s)?
with s € [0, 1] and we rewrite the Hamiltonian (8.47),

A = [ ds [ a6 NG

X fe(v(s) — (t))Aab(%)‘I’(vﬁ ©Veo)- (8.49)
We now split the integral in ¢,

Ao = ([ ds [arr [ s [at) s
XN (7(8)) fe(v(s) = ¥(£)) Aas (1) T (2} 0 7L ,). (8.50)

The above expression involves open loops, as we discussed. One needs
to close them appending infinitesimal loops going from s to ¢ in one of
the terms and from ¢ to s in the other. Since we assume the point of
action is smooth, there is no ambiguity in the closing process and one
gets Yt oyt, — v~ ! whent > sand y.ovl, — v when t < s.

If we now replace, in the limit € — 0, ¥%(¢) — %(s) + ¥*(s)(t — s)
and v%(s) —y%(t) — ¥%(s)(s —t), the terms involving two tangent vectors
cancel out, exactly as they did in the formal calculation. Introducing the
variable u, defined as t — s for the first integral and s — ¢ for the second,
one is left with

H(N)T(y) = 2 / / dsduui®(s)57) ()N (7(5)) fe (4 7(5)) Aas (1) T (7)

(8.51)
and noticing that with the Gaussian regulator

ﬁfﬁaufe(uﬁ(é’)) = —ufe(ui(s)), (8.52)

we get for the leading action of the Hamiltonian,

) . [b ..a]
AU = ~ g7z [ a5 NG9 Ansrg)¥a). (859

We see that the action of the Hamiltonian is divergent. This will be
the case for all kinds of loops and points in the loop and we will be forced
to define a renormalized Hamiltonian as the regulated operator that has
a finite limit for € — 0, i.e.,

H= lim VeHEe. (8.54)
€—

We see that the action of the Hamiltonian constraint on a smooth point
of a loop, after the constraint is appropriately regularized and renormal-
ized, is non-vanishing, contrary to what the naive calculation suggested.
The resulting terms depend on higher derivatives of the loop and are
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204 8 The loop representation of quantum gravity

usually referred to as “acceleration terms” [134]. The result (8.53) is in-
variant under reparametrization of the loops but depends explicitly on a
background metric through |¥(s)|?, reflecting the fact that the regulator
we took is not invariant under diffeomorphisms.

Notice that the expression (8.53) can be reinterpreted as the action on
a loop state of a diffeomorphism along the vector field 4 (s)5% (s)/|7(s)|?.
This is not a standard diffeomorphism along a fixed external vector field,
but the vector field is defined by the loop. If the loop has intersections,
then this vector field is not well defined. If the loop is smooth, however,
one could construct smooth vector ﬁelds N on the manifold such that on
the loop take the same value as 4(s)5%(s)/|7(s)|? and the wavefunction
should be annihilated by them (if it is invariant under diffeomorphisms).
Therefore we see that the contribution from the acceleration terms van-
ishes if one considers wavefunctions of smooth loops that are invariant un-
der diffeomorphisms and one can solve the Hamiltonian constraint. This
is an improvement on the situation in the connection representation. As
we pointed out in the previous chapter, there one also finds acceleration
terms when one regulates using point-splitting and that means that the
Wilson loops do not satisfy the Hamiltonian constraint. In the loop rep-
resentation, since we can deal with diffeomorphism invariant states, one
can make the contributions from the acceleration terms vanish. There-
fore we see that — ignoring the objections already stated concerning the
Mandelstam constraints — the naive states based on loops without inter-
sections also solve the constraints when a proper regularization is taken
into account.

Let us now consider the action of the Hamiltonian at a point where the
loop has a kink [138], i.e., a discontinuity in the tangent vector to the
curve, but there is only one line going in and out of the point, i.e., there
are no intersections. Such a situation is illustrated in the figure 8.2. In
the expression of the Hamiltonian there is now a contribution of lower
order than in the previous case, stemming from the fact that at the point
of the kink sy there are two possible values for the tangent to the loop
which we denote ¥4 and ¥2. Therefore, in the formal computation one
gains a term ¥4 ¥2 Ag that does not vanish. The regularized calculation
gives as result

7[ 7_]N
1y S
H(N)U(y) = 231225 / / ds dt

7T(:' 3/2

( s2 2 4 2ty -7
xexp | —
€

) Aas(1Z) (), (8:55)

where z; is the point at which the kink lies. If there were more than one
kink in the loop, the expression would be the same for each of them and a
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Fig. 8.2. A loop with a kink. Notice the convention for the tangent vectors ¥%.

discrete sum along all the kinks should be introduced. In this expression
we have assumed that a parametrization was chosen such that |y4|? = 1.

The integral can be explicitly computed, giving

) .[b.a] N(z;
RN ¥() = 2=t E)
1- (3, -5-)2 (79

.

Again, we see this contribution from the Hamiltonian has to be renor-
malized with a factor /e to obtain a finite contribution. We also see
that the expression is background dependent through the angle that the
two tangents to the loop at the kink form measured with the background
metric. The expression of the action of the Hamiltonian on a kink can be
rewritten in terms of a quantity called the normalized area element,

-

_ %ﬁr_—l) Awp(15)¥(7).  (8.56)

-[b-a]
o) = —2—— (8.57)
1= (¥4 -9-)?

The word normalized is used in the sense that the norm of the vector
dual to the area element is independent of the angle of the tangent vec-
tors of the loop and therefore is independent of the background metric
introduced for the regularization. The normalized area element is ill de-
fined when the two tangent vectors coincide. However the product that
appears in the action of the Hamiltonian on a kink,

oR () (i - @%ﬁ) , (8.58)
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206 8 The loop representation of quantum gravity

is well defined. It vanishes in the limit in which the two tangent vectors
are the same and therefore the loop is smooth. This agrees with the result
that we derived before in which the tangent-tangent contribution to the
Hamiltonian at smooth points vanished, the leading order being given by
the acceleration terms. We will notice a different behavior in the case of
intersections.

It is remarkable that much like in the case of the acceleration terms, the
action of the Hamiltonian on a kink can be reduced to a diffeomorphism.
Consider the usual expression for the diffeomorphism constraint,

CE) = [ daN*(z) § dfola - n)Aul)¥m) (859

and consider the particular vector field

No(z) = f " exp (-"‘—"ﬁ) : (8.60)

€

It is immediate to see that,

M) = lim —C(FT (). (8.61)

Therefore we see that the action of this particular diffeomorphism on
the loop state is exactly the same as that of the Hamiltonian in the reg-
ularized limit if the loop is smooth with at most a finite number of kinks
and no intersections. We therefore see another difference with the connec-
tion representation, where Wilson loops with kinks simply failed to solve
the Hamiltonian constraint. In the loop representation, if one considers
states that have support on loops with kinks and are diffeomorphism in-
variant, they automatically solve the Hamiltonian constraint (again there
can be a conflict with the Mandelstam identities that prevents us from
considering such functions as true states of the gravitational field).

We finally discuss the case of a loop with intersections. We will fo-
cus our attention on double intersections but higher order ones are a
straightforward generalization. The calculation is very similar to the one
we performed for the case of kinks, except that now there are four possible
contributions coming from taking the four lines adjacent to the intersec-
tion in groups of two. The contribution per pair is exactly the same as
that of a single kink (8.56) with the difference that the argument of the
wavefunction is not the loop <y in the regularized limit but a rerouting
of the loop at the intersection takes place. The vectors ¥% in this case
correspond to the two tangent vectors in the particular pair of lines con-
sidered. An orientation convention has to be determined a priori as was
done in the case of the kinks in figure 8.2.
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(@ (b)

Fig. 8.3. Three different possibilities at a double intersection: (a) a straight-
through intersection; (b) intersection with a kink; (c) intersection with more
than two tangent vectors. Cases (b) and (c) are usually referred to as cases with
“kinks at the intersection”

At a double intersection there are several different possibilities, illus-
trated in figre 8.3. The case of a straight-through intersection gives a
qualitatively different result than the cases with kinks at the intersection.
In the former case, the four contributions coming from taking the lines
in pairs add up in such a way that the arcsin(¥ + -4_) terms in (8.56) all
drop out and we get
N (z:)

(o)1 Aab(15°) T (Vg: ©Vgio)- (8.62)

H)E(0) = 20800

It is remarkable that the expression depends on the tangent vectors
only through the normalized area element and therefore it is independent
of the background metric used for the regularization. This result was
first noticed by Rovelli and Smolin [140]. Unfortunately, the resulting
expression is ill defined in the limit in which the tangent vectors coincide,
as opposed to the case of a single kink.

If there are kinks at the intersection, the above cancellation of the
arcsin(y 4 4_) terms does not happen and one is left with a background
dependent result. Several terms appear, some having the same rerouting
effect as in the straight-through intersection but others having as the
argument of the wavefunction the loop v, as happened at a kink.

The action of the Hamiltonian on an intersection cannot be rewritten
as a genuine diffeomorphism as was the case of the action on a kink or
the acceleration terms. Attempts have been made to interpret the Hamil-
tonian at intersections in this way (“shift operator”) [39, 139] but they
all amount to a reinterpretation of the terms we have derived, without
a genuine connection with diffeomorphisms. These reinterpretations may
help to visualize the action of the Hamiltonian at intersections. At a
smooth point in the loop the action of the Hamiltonian can be viewed as
a diffeomorphism along the tangent to the loop.
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208 8 The loop representation of quantum gravity

As can be concluded from this section, the action of the regularized
Hamiltonian in loop space is only non-trivial at points where the loops
have intersections. The resulting action of the Hamiltonian at such points
is relatively simple, it amounts to the sum of terms consisting of a straight-
forward rerouting of the argument of the wavefunction acted upon by a
loop derivative contracted with the normalized area element of the loop
at the intersection point.

At this point it is worthwhile pondering whether the point-splitting
procedure introduced has been enough to produce well defined expressions
for the constraints in the loop representation. The answer is positive if one
makes certain assumptions about the wavefunctions considered. A strong
assumption is the existence of a loop derivative of the wavefunctions. As
was mentioned above, the loop derivative is ill defined for wavefunctions
that are diffeomorphism invariant. In general, the action of appending
an infinitesimal loop does not preserve the knot class of a given loop.
Moreover, the particular way in which the infinitesimal loop is added can
influence the final result. The way in which this conflict may be resolved
is through the use of suitable limiting procedures for the definition of
the wavefunctions, such that they are diffeomorphism invariant in the
limit. Outside the limit, the loop derivative is well defined. A practical
implementation of this proposal is the use of extended loops, to which we
will return in chapter 11. Another proposal is to take the limits involved
in a different way such that loop derivatives do not explicitly appear. We
refer the reader to reference [140] for more details.

8.5 Conclusions

We have applied the loop representation ideas to the quantization of gen-
eral relativity based on the Ashtekar new variables formulation. We in-
troduced explicit expressions for the constraint equations at a formal and
regularized level. We discussed some general issues concerning the space
of states of the theory. In the following chapters we will discuss applica-
tions of these ideas. In the next chapter we will discuss the inclusion of
matter and the use of approximations. In chapter 10 we will elaborate
on the connections with knot theory. In chapter 11 we will discuss a reg-
ularization that gives rise to a new representation in terms of extended
loops.
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9

Loop representation:
further developments

9.1 Introduction

In the previous chapter we discussed the basics of the loop representation
for quantum gravity. We obtained expressions for the constraints at both
a formal and a regularized level and discussed generalities about the phys-
ical states of the theory. In this chapter we would like to discuss several
developments that are based on the loop representation. We will first dis-
cuss the coupling of fields of various kinds: fermions using an open path
formalism, Maxwell fields in a unified fashion and antisymmetric fields
with the introduction of surfaces. These examples illustrate the various
possibilities that matter couplings offer in terms of loops. We then present
a discussion of various ideas for extracting approximate physical predic-
tions from the loop representation of quantum gravity. We discuss the
semi-classical approximation in terms of weaves and the introduction of
a time variable using matter fields and the resulting perturbation theory.
We end with a discussion of the loop representation of 2 + 1 gravity as a
toy model for several issues in the 3 + 1 theory.

9.2 Inclusion of matter: Weyl fermions

As we did for the Yang-Mills case, we now show that the loop repre-
sentation for quantum gravity naturally accommodates the inclusion of
matter. In the Yang-Mills case, in order to accommodate particles with
Yang-Mills charge one needed to couple the theory to four-component
Dirac spinors. A Dirac spinor is composed of two two-component spinors
that transform under inequivalent representations of the group. This
made the addition of matter complicated and one had to resort to the
staggered fermion techniques. Although one could couple Dirac fermions
to gravity, in the gravitational case the simplest and most natural kind

209
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of matter to couple would be uncharged spinning particles. These are
described by two-component Weyl fermions. From a particle point of
view we will be studying the coupling of neutrinos to general relativity,
which is described by the Einstein—-Weyl fermion theory. The first dis-
cussion of this system in terms of the new variable formulation is due to
Morales-Técotl and Rovelli [149].

In order to describe Weyl fermions we need to use two-component
spinors. We recall some basic definitions of these mathematical objects,
a more complete treatment is in the appendix of reference [2]. Consider a
two-dimensional complex vector space. Consider a two-form in that space
eap and its inverse €48, defined by e 4pe¢BC = 6 4C. The linear mappings
L A€ which preserve the two-form €4p must have unit determinant, i.e.,
they are elements of SL(2,C). The two-forms € provide an isomorphism
between the two-dimensional vector space and its dual, which we can de-
note by raising and lowering of indices with the following conventions (care
should be exercised because of the antisymmetry of e4p): 74 = eABnp
and ng = neap. Since the elements of this vector space are complex,
a natural notion arises of the vector space of the complex conjugate ele-
ments and its dual. A vector in the complex conjugate space is denoted
by a prime in its index 7 or nu if it is in its dual. Primed indices are
raised and lowered with the matrix é¥' B and €4 .

In terms of two spinors one can define a vector space V' of objects of the
form B44’ such that 344 = —BA44" 1t is straightforward to check that
this has the structure of a four-dimensional real vector space equipped
with a natural metric e4pe 4 p of signature (—, +,+,+). Consider now a
four-dimensional spacetime and a fiber bundle over it with fibers isomor-
phic to the two-dimensional vector space introduced above. It is natural
to identify the tangent space at each point of the spacetime with V|

o4 = p° (9.1)

in such a way that the metric of V' is mapped to the metric of spacetime,
g* = oha 0?3 B eABeA'B’ If 5 exists globally on the spacetime we say that
it admits an SL(2, C) spinor structure. Objects of the form n# are called
unprimed spinors and those of the form nAl primed spinors; the matrices o
are called soldering forms. The role of the soldering forms is the analogue
in spinor language of the role of the tetrad fields in tetradic language.
Both entities carry enough information to reconstruct the spacetime met-
ric and they are determined by the metric up to local transformations
(S0(3,1) in the case of the tetrads, SL(2,C) in the case of the soldering
forms). Their relation can be explicitly written 0% g, = e} 4 5 Where the
ol 4p Matrices are constant SL(2,C) matrices. A basis of such matrices
is given by o! = (1,7%), where 7% are i1/2/2 times the Pauli matrices
(148].
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9.2 Inclusion of matter: Weyl fermions 211

The Lagrangian for general relativity coupled to Weyl fermions in terms
of self-dual first order variables was independently introduced by Jacobson
[147] and Ashtekar, Romano and Tate [133]. It is given by

S(e, A, ) = /d4 eeleb F +\/§eeIUOAA,1,I) Daz,/)A] (9.2)

where the notation is the same as in section 7.3. The fields /4 and 4’
are Grassmann-valued (anticommuting) SL(2,C) spinors. The covariant
derivative on spinors is defined as Doy = 9,9* + A, 4P and the self-
dual connection is defined in terms of the connection defined in section
7.3.3 by AuAp = Aarsol 0ol 4.

One can perform a canonical decomposition of this action along the
same lines as that performed in chapter 7 for pure gravity. We will not
give the details here (they are discussed in reference [2]). The main point
is that the introduction of the unit normal n® introduces an isomorphism
in the spinor space that casts the formalism in terms of SU(2) spinors.

SU (2) spinors are defined in the same fashion as SL(2, C) spinors but
one introduces an additional structure, a Hermitian inner product among
spinors defined by < ¥|¢ >= sz'GA, 49 with Gaar = Gua. Tt fol-
lows that the transformations that leave invariant both e4p and G 44+ are
SU(2) transformations. The metric G defines an operation “{” relating
the primed and unprimed spinors (34)t = —eABG g B4'. If one now con-
siders the space H of objects 34 such that 84 4, = 0 and (8')4 5 = 45,
it turns out that it has the structure of a three-dimensional vector space
equipped with a positive definite metric (3,17) = —3457% 4. It can then
be made isomorphic to the tangent space of a curved three-manifold with
metric g% = —0%4go®B 4, the matrices o again are called soldering forms
and are related to the (undensitized triads) by o%4p = E27% with 7% as
defined above.

Continuing with the discussion of the canonical decomposition of the
action, the introduction of the unit normal n® and its associated SL(2, C)
spinor n44" = iv/2n% A4 gives the matrix GA4' that implements the
Hermitian inner product that introduces the SU(2) spinors in the for-
malism. The three- and four- dimensional soldering forms are related
by aag = qgafA'G aB. The canonical variables end up being A% and
¥4 and the corresponding canonically conjugate momenta are E{‘ and
74 = —ie(y4)!. The theory has the same constraints as usual gen-
eral relativity (the theory is invariant under the same symmetries) but
the constraints are appropriately modified to generate the corresponding
transformations in the fermionic variables. The constraints are given by

. o i .
G' = D E% — EWAM)BUO’AB, (9.3)
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- i
Co=E}Fg + EWADMPA, (9.4)
H = e B EVF, — 2E27 4 Dot (00)*45. (9.5)

The Weyl field is Grassmann-valued, so the canonical Poisson bracket
between 74 and %® has a + sign.

We now define an algebra of gauge invariant operators for the theory.
Apart from the usual T variables constructed with the connection A% one
can define the following variables, based on open paths such as the ones
defined in chapter 1:

Z(n¥) = ¢ (@)UAB (m¥)¥s(y), (9.6)
Y (n¥) = #*(z)Ua® (%) (y). (9.7)

These objects form a closed algebra under Poisson brackets with the
T variables. One could define two other variables, one by considering
¥ and 7 in the reverse order in Y and another with two 7s at the ends.
Although one does not need these variables to write the Hamiltonian they
are needed to write other gauge invariant quantities.

The open path variables satisfy a series of identities; first of all notice
that the dependence is on a path, in the sense of chapter 1, so retraced
portions do not contribute. Moreover, they satisfy the relations

Z(ny) = Z(n%), (9.8)
Z(mE o B)T°(V) =Z(nYoyoB) + Z(nkoy o), (9.9
Z(n3*)Z(n¥*)Z(n3®) =0. (9.10)

The first identity (retracing) stems from the fact that the spinor fields

are Grassmanian and as a consequence U(y)4p = U(y~1) BA and also
U(v)ap = U(y )ap. The second identity is the Mandelstam identity
for open paths. In that identity the loop 7 is connected by a tree to the
point y to connect with the open path. The third identity, which is also
valid for three open paths ending at the same point comes from the fact
that the spinor fields are Grassmanian and being two-component objects
one cannot have more than two at a given point. These identities are the
same as those we found in chapter 6 for Yang—Mills theories coupled to
fermions, with the exception of the retracing identity, which was absent
in that case.
The algebra of these quantities is

{Z(n2), Z(v;)} =0, (9.11)
(Y1), Z(77)} = b(x — w)Z (v o n) + 6(z — 2)Z (v, o %), (9.12)
{Y(1%),Y(7y)} = 8(z —w)Y (7 on¥) + 6(y — 2)Y (n¥ 0 vy), (9.13)

and their commutators with the T" variables can be seen in reference [149]

Downloaded from https://www.cambridge.org/core. IP address: 18.119.132.218, on 21 May 2024 at 01:36:56, subject to the Cambridge Core terms of
use, available at https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/51705C8DABA59C31E846CEO8FOF7FFDD


https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/51705C8DABA59C31E846CE08F0F7FFDD
https://www.cambridge.org/core

9.2 Inclusion of matter: Weyl fermions 213

but are similar to the commutators of the T variables with 79 since the
fermionic parts do not contribute. The algebra of the Z and Y operators
can be viewed, as in the Yang-Mills case, as a set of rules of fusion and
splitting of paths.

The diffeomorphism and Hamiltonian constraint can be written purely
in terms of the T variables and the Y variable but we will not present a
detailed derivation here.

A quantum representation of this algebra can be obtained in terms of
operators that act on a space of wavefunctions of loops and open paths.
One can reduce the loop dependence, using Mandelstam identities, to a
single loop and a series of open paths 831, . Bg;. The quantum repre-
sentation is given by

Z(n3)V(BL, ..., B, ) = U(nL, B, ), (9.14)
( IBa7)_ZZ[ :z;—xk)\Il :szoﬂ-y )7)

+6(z — yR) (..., B o mL,...,y)] . (9.15)

The operator Z simply appends the open path it has as argument to
the wavefunction. The operator Y appends its open path argument at
the beginning and at the end of each of the open paths on which the
wavefunction depends.

The quantum constraints can be written in a straightforward fashion.
We will not discuss in detail the realization of the diffeomorphism con-
straint. The effect is the expected geometric one: the loops and paths
are deformed along the diffeomorphism flow. The additional terms in
the constraint take care of moving the end points of the open paths. It
is immediate to construct the solution space to that constraint in a ge-
ometric fashion, much in the same spirit as in the purely gravitational
case. The solution space is composed of wavefunctions of the generalized
knot classes, the sets of knots and open paths that are related by the
orbits of the diffeomorphism group. The concept of knotting when open
paths are involved is non-trivial due almost only to the possible presence
of intersections. If no intersections (or self-intersections) are present, all
open paths are equivalent under diffeomorphisms. The “almost only”
counts for the fact that configurations with non-intersecting paths can be
diffeomorphism inequivalent if the number of paths is different.

We will not present in an exhaustive fashion the general action of the
Hamiltonian on a wavefunction of a multipath with arbitrary intersections
and self-intersections, since it resembles very closely the case of pure grav-
ity when written in terms of multiloops [138]. The action of the operator
can be found by writing it in terms of the algebra of gauge invariant

Downloaded from https://www.cambridge.org/core. IP address: 18.119.132.218, on 21 May 2024 at 01:36:56, subject to the Cambridge Core terms of
use, available at https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/51705C8DABA59C31E846CEO8FOF7FFDD


https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/51705C8DABA59C31E846CE08F0F7FFDD
https://www.cambridge.org/core
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operators that we introduced above or in terms of the loop transform,

VAL, B = [ dA [ dpu(ABZ(EL) x -+ x Z(BE)TO).
(9.16)
We would, however, like to illustrate the new contributions that arise
due to the fermionic parts by considering the action of the Hamiltonian
on a state dependent.on a single, possibly self-intersecting, path. In or-
der to compute this, we consider the action of the fermionic part of the
Hamiltonian on one of the Zs that appear in the loop transform,

Hweyi(2) Z(nY) = —2E; (2)% a(2) Dath (2) (00) AP Z (n)

. 5 6
= -—2Da’(/)B(Z)(O'0) ABW&IJ)A(Z) Z('ﬂ'g) (917)

The result is
Hweyi(2) Z(nY) = 2(6(z—2) X** (1) D3 —6(2—y) XY (m) DY) Z (%), (9.18)

where DY is the Mandelstam covariant derivative we introduced in chapter
1, with the generalization that it acts not only at the end point of the
open path but also at the beginning. From this result we can read off
the action of the Weyl part of the Hamiltonian on a state dependent on
a single open path,

Hyey (2) ¥ (73, 7) = 2(6(z — 2)X**(m) Dy — 6(z — y) X* () DY) ¥ (2, 7).
(9.19)
The geometric meaning of the Weyl part of the Hamiltonian is to trans-
late the ends of the open paths in the direction of the tangent vector at
those points. It is remarkable that the action of the purely gravitational
Hamiltonian we discussed in the previous section on non-intersecting loops
has a rather similar effect, in the sense that it can be interpreted as a dif-
feomorphism along the loop. In this sense, if one considers the purely
gravitational Hamiltonian in terms of loops and extends naturally its
action to open paths one is automatically left with the Einstein—Weyl
fermion theory, without the need to input details about the Weyl Hamil-
tonian. In this sense the loop representation of quantum gravity naturally
“predicts” the Dirac equation for fermions [149].

As in the previous section, one must regularize and renormalize the
operators; the techniques involved are similar so we omit a detailed dis-
cussion. Morales Técotl and Rovelli [149] study the issue in detail using
regularization ideas that we will discuss in section 9.5.1 in the context of
pure gravity using a matter clock.
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9.8 Inclusion of matter: Einstein—-Mazwell and unification 215

9.3 Inclusion of matter: Einstein—-Maxwell and unification

Once a theory is cast in terms of a connection we can build a loop rep-
resentation for it. We have done so for Yang-Mills theories and also for
general relativity. What happens when one couples such theories? The
obvious answer is to consider a mixed loop representation with some loops
associated with the connection of a certain theory and others to the other.
Such an approach can be pursued for all gauge fields that are coupled in
gauge invariant fashion, as are all Yang-Mills fields coupled to gravity. In
essence, the resulting description is faithful to the spirit of this book in
which each gauge field has been treated as quantizable in its own right.
For many years, however, the trend in particle physics has been towards
viewing the different gauge fields as different low energy manifestations
of a single unified theory that is apparent only at high energies. The
question therefore arises: are loop descriptions estranged from unification
ideas or can they be made compatible to a certain extent? Such a subject
is largely unexplored at present. What we would like to show in this sec-
tion is that the seeds for a unified description of gauge fields in terms of
loops may be present. We will illustrate the idea with the simplest possi-
ble example, that of Einstein—-Maxwell theory. However, we will see that
the idea goes through largely unchanged if one replaces Maxwell theory
with a Yang-Mills field.

The Einstein—-Maxwell theory in the canonical formulation based on
Ashtekar’s new variables is described in terms of the usual variables for
the gravitational part plus a U(1) vector potential a,, its associated field
tensor fop = Ojeap and the electric field &%. The constraint equations are

8,6 =0, (9.20)
D,E* =0, (9.21)
E2Fy +i%2& fo, =0, (9.22)

plus a Hamiltonian constraint. The first equation is the U(1) Gauss law
of Maxwell theory, the second set is the gravitational Gauss law and the
third set is the diffeomorphism constraint. Due to the fact that the Gauss
laws for both gauge groups appear separately one could build, as argued
above, a loop representation based on two separate sets of loops, one
associated with the U(1) invariance and other with the SU(2) invariance.
In that loop representation, each set of loops would operate independently
and be subject to separate Mandelstam identities.

We now show that the above gauge symmetries can be cast in a unified
fashion, suitable for the introduction of a loop representation based on a
single kind of loop that still captures the information of the two interacting
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216 9 Loop representation: further developments

theories. Let us introduce a U(2) connection A, in the following way,
Ao = AT +ia,l, (9.23)

where 7; are the Pauli matrices with our usual conventions and 1 is the
identity matrix in two dimensions. One can similarly introduce a U(2)
electric field £* and from the U(2) connection build a field tensor F,; and
a covariant derivative D,.

The remarkable fact is that the constraints we wrote above can now be
written

D,E% =0, (9.24)
Tr(£°Fa) =0, (9.25)

and the Hamiltonian constraint can also be written in terms of these
variables, though we will not need its particular expression here. We
refer the reader to reference [97] for more details. The point is that at the
kinematical level, the theory looks ezactly the same as vacuum general
relativity but with an enlarged gauge group, U(2) instead of SU(2). This
construction can also be carried out for general relativity coupled to a
Yang-Mills field with gauge group G¥ M, the resulting group is SU(2) x
GYM [150].

Therefore one can now construct a loop representation based on a single
kind of loop for the U(2) symmetry. In such a representation the unified
Gauss law (9.24) is automatically solved. The wavefunctions are functions
of multiloops subject to the U(2) Mandelstam constraints,

U(y1072) =¥(y20m), (9.26)
U(v1,72,73) = ¥(711 0272,73) + ¥(72 0 v3,71) + ¥ (73 ©71,72)
—VU(y10720793) — ¥(y1073072). (9-27)

Two comments are in order. First notice that there is no retracing
identity, ¥(y) # ¥(y~!). Second, notice that the second Mandelstam
identity is considerably different from that of SU(2). In the SU(2) case
the second Mandelstam identity allowed us to express a wavefunction of
n loops as a combination of wavefunctions of n — 1 loops and could be
used recursively to reduce any wavefunction of a multiloop to a single-
loop wavefunction. In the present case, the identity allows us to reduce
a wavefunction of n loops to a combination of wavefunctions of n — 1
and n — 2 loops. This implies in particular that one can only reduce a
wavefunction of an arbitrary multiloop to a wavefunction of two loops.

Remarkable we therefore come to the conclusion that wavefunctions in
the unified loop representation depend on two loops, exactly as if we had
built two independent representations for gravity and electromagnetism.
There is an important difference: in the unified case there is no distinction
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9.3 Inclusion of matter: Einstein—-Mazwell and unification 217

between the two loops and the Mandelstam identities for both of them are
the same. We therefore see that a unified setting arises as a consequence
of going to the language of loops. Similar considerations hold for the case
in which the group is not U(2) but SU(2) x G¥M though the minimum
number of loops involved is higher.

There are several aspects of this unification that are interesting enough
to merit investigation. We will only briefly discuss them here since the
subject is largely unexplored. By inspection we can tell what the diffeo-
morphism constraint of the unified theory implies in the loop represen-
tation. Since it has exactly the same form as the usual diffeomorphism
constraint of general relativity, we know it will require that the wavefunc-
tions be invariant under smooth deformations of the loops. Therefore we
know how to solve that constraint: we just need to consider functions of
two loops that are invariant under deformations of the loops. Notice that
if one had pursued a loop representation based on separate loops for both
gauge invariances, the action of this constraint would be considerably less
geometrical and more involved. Some of the results we introduced in the
connection representation for gravity in the previous chapter apply to
the unified model. For instance, if one constructs a state based on the
exponential of the Chern—Simons form of the unified connection, such a
state solves all the constraints of the theory with cosmological constant.
As we will see in chapters 10 and 11, such a state has importance in the
loop representation, being related to the Jones polynomial. The same
relationship appears for the unified model. If one considers the inclusion
of fermions in the unified model, one would have to proceed as in the pre-
vious section by introducing open paths. However, in the unified model,
opening the loops implies introducing not only a charge at the level of the
gravitational Gauss law (spin) but also one for the Maxwell Gauss law
(electric charge). This means that the most natural form of matter in the
unified model has an electric charge if it has spin.

Finally, what happens with the Hamiltonian? The Hamiltonian of
Einstein—-Maxwell can be written in terms of the unified variables but
its form is slightly cumbersome (it still is polynomial) and differs from
that of vacuum gravity. There is nothing to prevent us from realizing it
in the loop representation and studying its solutions, though this issue
is as yet unexplored. In an interesting development Chakraborty and
Pelddn [150] have noticed that one can write a Hamiltonian in terms of
the unified variables that looks quite similar to that of vacuum gravity.
The resulting theory is not Einstein-Maxwell but reduces to it in the weak
field limit. The loop representation of such a model could appear quite
naturally and lead to new insights of the unified theory.

Downloaded from https://www.cambridge.org/core. IP address: 18.119.132.218, on 21 May 2024 at 01:36:56, subject to the Cambridge Core terms of
use, available at https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/51705C8DABA59C31E846CEO8FOF7FFDD


https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/51705C8DABA59C31E846CE08F0F7FFDD
https://www.cambridge.org/core
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9.4 Kalb—Ramond fields and surfaces

Kalb-Ramond fields [171] are antisymmetric second rank tensor gauge
fields. They found physical application in the field theories that arise as
low energy limits of string theory [151] and as models of dark cosmological
matter[152]. We will discuss Abelian Kalb-Ramond fields here because
they couple very simply to gravity and because their gauge symmetry
makes them associated with surfaces which are a natural higher dimen-
sional generalization of loops. They are suited to a geometric quantum
formulation completely analogous to the loop representation for usual
gauge symmetries, but based on surfaces instead of loops. These surfaces
can later be used in quantum gravity to measure properties of the metric,
as was argued by Smolin [172] and which we will see in section 9.5.1. The
first analysis of antisymmetric tensor fields in terms of surfaces was dis-
cussed by Arias, Di Bartolo, Fustero, Gambini and Trias [155]. Although
non-Abelian antisymmetric tensor fields have been considered [154], it has
not been possible to give them a geometric formulation.

Let us start with a brief discussion of the properties of the Abelian

group of surfaces and then relate it to the loop representation of an
Abelian Kalb-Ramond field.

9.4.1 The Abelian group of surfaces

Consider the set S of closed two-dimensional oriented surfaces in R3. For
each surface s we denote by 5 the reverse-oriented surface. We define the
following product,

$10 89 = 81 U 89, 81,82 € S, (9.28)

which is associative and commutative, but lacks an inverse element. In
order to define this we introduce, in the same spirit as for loops, the notion
of a tree. We define as trees all elements of S such that the integral of all
scalar functions on them is zero. We introduce an equivalence relation in
S by identifying two elements if their composition is a tree. The quotient
set is an Abelian group. We denote it by ¥ and its elements by o;. This
structure is easily generalizable to the set A of surfaces with boundary.
One can naturally view the group of closed surfaces without boundary
as the group of deformations of surfaces with boundaries, very much as
loops can be viewed as deformations of paths. We will not discuss open
surfaces here, details can be seen in references [155, 172]. We will see that
from these group structures we can recover all the kinematical content of
a Kalb-Ramond theory, in the same sense as the group of loops contained
all kinematical information of usual gauge theories. In order to unravel
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9.4 Kalb-Ramond fields and surfaces 219

this connection we proceed as we did for gauge theories, by introducing
the infinitesimal generators of the group.

Consider the following two infinitesimal elements in S. The first one
which we call éo(z,4,v,w) is an infinitesimal three-dimensional paral-
lelepiped with vertex at the point z and sides along the three vectors
@, U, W. The second element which we call o (72,4, v) is defined by an
mﬁmte31mal parallelogram similar to the one we used to define the loop
derivative in chapter 1 attached to a path going from a basepoint to the
point z.

Consider now a representation of the Abelian group that associates to
each element o; a complex number U (o;), acting on a space of functions
on the group of surfaces ¥(o;),

U(o)¥(o')=¥(o00'), (9.29)
U(oy003) =U(01)U(02), (9.30)

and we fix U(op) = 1 with op the identity element in 3.
To find the infinitesimal generators of the group we assume the repre-
sentation is differentiable in the sense that the following expansions exist:
(60 (2, @, 7, W) 0 o) = (1 + u®v’w°A(2) ) ¥(0), (9.31)
(6o (n?,d,7) 0 0) = (1 — uv®6(n%) ) ¥ (o). (9.32)
As in the case of loops, we now have differential operators and we
would like to find relations among them. Exactly like when we proved
the Bianchi identity for loop derivatives, we start from an identity in the

space of surfaces,
bo(z,u,v,w) = bo(ny,u,v) o bo(ny, U, w) 6 (w3, 0, W)
odo (m ’H'“ u')','v) o o (n*t i, ) o bo (7=, 7, i),

(9.33)
simply stating that the parallelepiped can be obtained by joining together

six parallelograms. Introducing the parallel derivative acting on the path
dependence of functions,

(u?00)8(n3) = &(ng ™) — 6(n3), (9.34)
the geometric identity (9.33) implies
Agpe(2) = 0abbe(m5) + Opbea(my) + Ocbap(mg)- (9.35)

This relation is the analogue for surfaces of the identity between the
connection and the loop derivatives that we proved in chapter 1. As in
that case, we have an identity that relates path dependent objects with
path independent ones. If one seeks a description that is path indepen-
dent, one must associate with each point = a prescription of a fiducial
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path 7%, with which we can identify 6(z) — 6(n%). Modifications of the
fiducial path. prescription amount to gauge transformations.
Representations of the Abelian group of surfaces in U (1) yield as a result
the kinematical structure of the Kalb—-Ramond fields. The two derivatives
Agpe and 8,45 become the field tensor and antisymmetric tensor potential.
Let us now discuss the usual formulation of a Kalb—-Ramond field to make
explicit contact with the ideas that we have introduced in this subsection.

9.4.2 Kalb—Ramond fields and surface representation

An Abelian Kalb-Ramond field is a two-form A, = —A,,. Its field
strength is a three-form Fype = OjqApg- The action for these fields is
defined in analogy with the Maxwell action,

Skr = / d*z\/=gF,. F*, (9.36)

where indices are raised with a spacetime metric g% that defines the
coupling to gravity. The action is invariant under gauge transformations

Ay — A;b = Agp + 8[aAb]. (9.37)

It is easy to introduce a Hamiltonian formulation of the theory. The
canonical variables are the pull-back to the three-surface of the Kalb-
Ramond field Ay, and its canonically conjugate momentum #%. The
theory has a Gauss law constraint associated with the gauge symmetry

3,7 =0, (9.38)

and the coupling to gravity is achieved by adding the following terms to
the usual Hamiltonian and diffeomorphism constraints of vacuum general
relativity:

C, = egpcTE % F e, 9.39)
~g
H = L(E% Fape)? + L% e . (9.40)

One can build a quantum representation for the joint Einstein—Kalb—
Ramond system coordinatized by loops and surfaces. We start by con-
structing a non-canonical algebra of quantities associated with the Kalb-
Ramond field, to supplement the usual T algebra for gravity. To each
surface we associate the gauge invariant quantity,

U(o) = exp (z /a dQS“”Aab> , (9.41)

which is the analogue of the Wilson loop for Kalb-Ramond fields and
materializes the representation of the group of surfaces we discussed in
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the previous subsection. This object forms an algebra with the gauge
invariant quantity 7

{U(), 7} =i [ &5%@)8(z - y)U(o) (9.42)

One can construct a representation of this non-canonical algebra in
terms of functions of the group of surfaces ¥(o); it is given by

W(a')\Il(a) U(o' o a) (9.43)
/ d25% (4)6(z — y) (o). (9.44)

A joint representation for gravity and Kalb—Ramond fields can be ob-
tained by considering states that are functions of loops and surfaces
U(y,0). We will see in the next section how to build diffeomorphism
invariant quantum observables for such a system. Finally, the formalism
involving open surfaces is useful for representing the coupling of Kalb—
Ramond fields to matter, in particular to Abelian one-form fields. Details
can be seen in references [155, 172, 156]. It is a complete analogue of what
happened with usual gauge theories and coupling to fermions, which was
achieved through the introduction of open paths on which loops acted as
deformations.

9.5 Physical operators and weaves

In canonical quantization, as we outlined in chapter 3, after finding the
space of physical states one needs to introduce an inner product under
which the observables are self-adjoint operators. One can then compute
expectation values and make measurable physical predictions.

Several difficulties prevent us from completing these steps for general
relativity. Although we discussed some possible solutions to the con-
straints and in the next two chapters we will introduce further ones, one
is far from knowing at present the space of all solutions to the constraints.
On the other hand, for general relativity on compact spatial manifolds,
we do not know at present a single observable in the Dirac sense. As a
consequence, we are far from knowing a suitable inner product. In spite
of these drawbacks, one would like to know if the structures that we have
developed in these chapters have any connection, even at a kinematical
or formal level, with possible physical ideas. An example of this was the
argument presented in chapter 7 concerning the value of the determinant
of the metric operator on the space of loops without intersections. This
was not an argument based on a Dirac observable and yet it allowed us to
draw conclusions about the space of states discussed. A further motiva-
tion for this kind of studies is that by discussing the action of operators
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222 9 Loop representation: further developments

in loop space one gains knowledge that may be useful whenever operators
that commute with the constraints are found. Apart from this, one is,
in general, interested in making a connection between the quantum de-
scription of gravity in terms of loops and the classical picture of general
relativity as a theory of a metric.

All these considerations lead us to discuss in some detail some operators
in the space of loop states. These operators will not commute with the
constraints and therefore are not observables. We will see, however, that
some of them could be related to observables (or at least commute with
some of the constraints) if matter sources are introduced. They will allow
us to give a notion of classical geometry associated with a certain set of
loop states that play the role of “semi-classical states”. We will see the
crucial role that diffeomorphism invariance plays in the regularization of
these operators.

9.5.1 Measuring the geometry of space in terms of loops

Consider the metric in terms of the new variables
i = EeE?. (9.45)

It would be easy using the technology introduced in chapters 7 and 8 to
promote this to an operator in loop space. One can regularize and renor-
malize the expression but it will depend on the particular details of the
background metric introduced in order to regularize it. This is a general
result. One regularizes expressions that involve products of Dirac delta
functions, as the metric operator does. The renormalization procedure
always amounts to replacing the product of two delta functions by a sin-
gle one. The problem is that the Dirac delta function §(z — y) is not only
a distribution but also a density*. Therefore any procedure that converts
the product of two deltas into one has to supply a factor with appropriate
density weight. Since there are no natural scalar densities defined in a
manifold without a metric, one is forced to introduce a density weight
constructed with an external metric structure. Therefore renormalized
expressions will always depend on a background metric.

There is a way out of this general objection that is based on the defini-
tion of operators that, unlike the metric, are well defined via a regulariza-
tion procedure but without a renormalization. Let us give an example of
such an operator, first introduced by Ashtekar, Rovelli and Smolin [167].

* In reference [153] this is emphasized by writing it as §(z, y) since the expression §(z — y)
only makes sense when a background metric is defined. Then §(z, y) is a density in one of
its arguments.
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Consider the classical expression

Qw) = / &2/ B2 (2) B (z)wa (2)wp(z), (9.46)

where w is an arbitrary smooth one-form. This quantity associates a real
number to any one-form and it evidently contains information about the
spatial metric in the sense that one can reconstruct the spatial metric from
knowledge of Q(w) Yw. To construct the quantum version of this operator
we regulate the classical expression, Q(w) = lim._,o Q¢(w), where

QW= [ d3m\/ [ @y [ @255,9) 10,2 B @) Bl waly)en(2).

(9.47)

We now promote the quantity under the square root to an operator in

the loop representation. This is accomplished in a straightforward fashion
using the calculational techniques of the previous chapter. The result is

~

[ K X ACR A ACPA OO IO
2 [y [ @21@,9)1da, Doavun(2)

X jidv“ %y dw’8(z — v)6(y — w) [2T(Y? 0 y2) + T(7)]. (9.48)

Notice that this operator, when acting on a state ¥(vy) with support
on loops without intersections like the ones we discussed in the previ-
ous chapter, returns a contribution proportional to ¥(y). Therefore the
square root is well defined, as we shall see. If the wavefunction has sup-
port on loops with intersections, the definition of the square root is more
involved. It turns out that one can ignore the intersections in the defini-
tion of the operator. To see this, notice that the argument of the square
root is a function of x that coincides with its value on loops without inter-
sections at all s except at a finite number of z;s, the intersection points.
Therefore if one assumes that the value of the square root at those points
is finite, one can ignore their contribution to the integral defining the
operator Q(w).

Therefore at points without intersections one can explicitly compute
the square root that appears in the definition of @Q(w). The result is, in
the limit in which ¢ — 0,

\Jé f dy* oz, y)wa(y)| T(7) + O(), (9.49)

which gives for the operator Q(w), after noting that it is the integral of a
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positive quantity with support along the loop,
Q)T = V6 § ldswa(@) T(). (9:50)
2]

The operator so defined is finite and independent of the background
structure that was used to define the regulator. No renormalization was
needed in its definition.

Let us now define another quantity in the same spirit as the previous
one, also suggested by Ashtekar, Rovelli and Smolin [167]. This quantity
is associated with a surface S with normal vector n®. Its infinitesimal
element of area is given by dA = d25%+/hn®eq, where h = éa ngnp. From
here we can give a polynomial expression in terms of the new variables
for the square of the infinitesimal area element,

dA(S) = dSPdS*Ue peecar ELE! . (9.51)

Additional comments on this formula for the area can be seen in refer-
ence [166]. From the above expression one can compute the area of the
surface partitioning it into a countable number N of small area elements

and writing
= 1\}1—1»11002 \/ approx (9'52)

where the quantity
Aprrox / d2sab / szCd )eabefcdfT f("lx, ny) (9.53)

approximates the infinitesimal element of area in the limit in which S;
shrinks to a point and therefore the points z and y coincide and 7 (a loop
contained in S; that passes through z and y) shrinks to a point as well.
Recall that when the loop 7 shrinks to a point 7% (n¥, ny) — E¢(z)E} ().

We could have also proceeded as for the Q operator and introduced the
limit in a gauge non-invariant fashion. We do it here in terms of the T2
for illustration purposes.

The above expression for Aapprox(Si) is immediately promoted to a
quantum operator in the loop representation replacing the T' by its cor-
responding quantum operator, which we introduced in formula (8.13).
Assuming we act on a wavefunction ¥(vy) of a loop <y without intersec-
tions on the surface S; the action of 72 gives four terms that in the limit
in which S; shrinks to a point are, after Mandelstam rearrangements,
identical,

lim T (0%, 1y )T () = 6X°F (1) X" (7) ¥ (7). (9.54)

and in the limit  — ¢ the point x — y.
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9.5 Physical operators and weaves 225

On the other hand, the integral [ d?8%(x)eqpe X ¥ (7y) gives as a result
the intersection number of the surface S; and the loop 7, I[S;, 7], meaning
that it counts the (oriented) number of times the loop =y pierces the surface
S;. As a result, we can write for the approximate area element in the limit
in which it shrinks to a point,

Approx(S:) ¥ (v) = 61[S;, 1> ¥ (). (9.55)
We can therefore write as a result the expression for the area operator,
A(8)¥(y) = VBIT[S,7]T(v), (9.56)

where IT[S,~] is the unoriented intersection number of the loop v and
the surface S. That is, the area operator counts the (unoriented) number
of times the loop pierces the surface S.

In contrast to the case of the Q operator, one cannot simply ignore
intersections in the definition of the A operator. If the wavefunction on
which it acts has support on intersecting loops, it is no longer an eigen-
state of A2 and the square root cannot be taken. Smolin [145] proposed
an extension of the A(S) operator to the intersecting case using a con-
structive procedure. This is based on the application of the Mandelstam
identity to infer the value of A(S) on loops with intersections. Some sim-
ple examples are given in reference [145] but a complete definition can
only be introduced through the use of spin network states [146].

Rovelli and Smolin[146] have introduced a regularized definition of the
volume element along the same lines as the operators we have intro-
duced here. In that case the relevant states on which the operator is
non-vanishing have intersections with three independent tangents. The
attractive feature of this is that as a consequence its eigenstates can be
naturally described by spin networks. Spin networks also seem to simplify
the definition of A(S) for intersecting loops. Further discussion of the Q
and A operators can be found in the Les Houches lectures of Ashtekar 3]
as well as in the previously quoted references.

In both the Q and A operators we saw that in order to define the
square roots it was simpler if the states on which they operated had
support on loops without intersections. As we discussed in chapter 8 it is
apparently inconsistent with the Mandelstam identities to consider such
states. Therefore it is useful to introduce the notation of bras, in terms
of which it is well defined to say that

< o|Ow) = V6 i |dz®wa(z)| < al, (9.57)

< a|A(S) =17[S,a] < a, (9.58)

if the loop « is smooth and non-intersecting.
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226 9 Loop representation: further developments

A few comments are in order about the above expressions. The integrals
that appear in the right-hand side of these equations are, prima facie, not
well defined as functions of loops, in the sense of chapter 1. If one adds a
tree to the loop 7y their value changes. In the first integral this is due to
the absolute value and in the second one it is due to the fact that we are
considering the unoriented intersection number (which can be arbitrarily
changed adding trees that pierce the surface). In both cases the problem
can be traced back to the definition of an operator as the square root of a
square, which introduces a sign ambiguity. This difficulty can be remedied
by defining the operators in the following way. Consider the action of the
operator on a loop y. Then define a curve p obtained by stripping all
trees from a representative curve of v and compute the integrals in the
right-hand side of the definitions of the operators using the curve p. The
result is a function of loops. R

As we mentioned above the definition introduced for A(S) is only valid
for smooth non-intersecting loops and a more elaborate one is needed for
intersections. It seemed that the definition of () was free of these kinds of
complications since intersections only constituted a set of measure zero in
the integral on the loop that appeared in the definition of the operator.
This, however, assumes that intersections only appear at isolated points.
If one considers loops with lines traversed several times each of them
would contribute a non-negligible amount to the integral and in those
cases the operator that appears inside the square root is no longer in an
eigenstate. It is possible that this complication can be handled in the
same fashion as for the A operator with the use of spin networks. Loops
with multiple lines are inevitable in any formulation that preserves the
Mandelstam identities as we discussed in chapter 8, figure 8.1.

The idea of considering operators that are naturally densities of order
one through the introduction of a square root in order to define them
without renormalization is a general one. It could be applied to any
operator with those characteristics. An interesting point would be to
apply this idea to the Hamiltonian constraint as a means to overcome
the regularization ambiguities and background dependences discussed in
chapter 8. The Hamiltonian constraint is naturally a density of weight
two. Its square root is a density of weight one and its integral on the three-
manifold is likely to be well defined without the introduction of additional
background structures. The trouble is that the canonical formulation of
vacuum general relativity requires that the constraint vanish point by
point and not only as an integral.

There is a context, however, in which the integral of the square root
of the Hamiltonian constraint arises naturally. This has been explored
by Rovelli and Smolin [140]. Suppose one couples general relativity to a
massless minimally coupled scalar field T'(z). In the canonical formulation
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9.5 Physical operators and weaves 227

a new canonical pair arises: T'(z) and Pr. The constraints are

C.(z) = C%(z) + Pr(z)8,T(z) = 0, (9.59)
H(z) = H(z) + P} + 1EE20,T(z)0,T (z) = 0, (9.60)

where we have used a zero superscript to denote the usual diffeomorphism
and Hamiltonian constraints of general relativity.

One can now use the scalar field to keep track of time in this problem
by considering a foliation of spacetime defined by leaves in which T'(z) is
constant. Such a foliation, in general, only exists locally but the approach
is to explore the resulting quantum theory as long as such a foliation is
acceptable. In that case the terms involving gradients of the fields drop
out from the constraints and one can solve the Hamiltonian constraint for

Pr classically,
Pr = /d%,/—H(z), (9.61)

where we have kept the same notation for Pr though it is now a constant
due to the gauge fixing for the field T'.

We therefore see that the square root of the integral of the Hamiltonian
appears naturally in this context. One can now construct a quantum
theory in which states are functions of loops parametrized by the “time”
T, ¥(~,T), and satisfying a Schrodinger-like equation,

i%\IJ('y,T) - / By —H(z)U(y, T), (9.62)

in which the integral of the square root of the usual Hamiltonian con-
straint in the loop representation which we discussed in chapter 8 arises
naturally. Rovelli and Smolin [140] studied this operator and found that
it can be defined without the introduction of a background metric for
smooth and intersecting loops without kinks at the intersections or else-
where. The resulting Hamiltonian for the theory, being background inde-
pendent, can be purely formulated as a set of topological operations on
the space of knots. This requires setting a prescription for how one adds
the infinitesimal loop that arises in the definition of the usual Hamiltonian
constraint. There is an infinite-fold ambiguity on how to add the infinites-
imal loop in the space of knots with intersections. Also, the definition of
the addition of an infinitesimal loop is problematic in the space of knots,
since the addition of the infinitesimal loop changes the knot character and
therefore may lead to discontinuities unless one requires special properties
of the wavefunctions. It is not even clear that there exists, in general, a
diffeomorphism invariant assignment of a small loop. Moreover, viewing
the Hamiltonian as the square root of a matrix may be problematic since
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228 9 Loop representation: further developments

the basis of knots with intersections is, in general, not a countable basis'.

This approach has recently led to an important amount of activity
with the introduction of topological Feynman rules for the interaction
of gravity and matter, when combined with the formulation of fermions
of Morales-Técotl and Rovelli that we discussed at the beginning of this
chapter.

9.5.2 Semi-classical states: the weave

Usually, in a quantum theory, in order to extract physical information it
is necessary to make some kind of correspondence with classical physics.
This is accomplished through a semi-classical limit. This implies picking
a preferred set of states that “approximate” the classical behavior with
“small” quantum corrections. Typically what is meant by “approximate”
and “small” refers to quantum fluctuations, which implies considering
expectation values of observable quantities. Evidently, we cannot take
this route here since we do not have an inner product or observables to
compute such expectation values.

Ashtekar, Rovelli and Smolin [167] have suggested a different strategy.
They consider a set of loop states based on collections of loops character-
ized by a certain (macroscopic) length scale L and a (microscopic) length
scale [, associated with a classical geometry h. We will consider the oper-
ators introduced in the previous subsection and study their eigenvalues.
We will see that if one considers the functions that parametrize the oper-
ators (wg and the surface S) as smoothly varying with respect to L there
is a unique value of the parameter [ for which the eigenvalues coincide
with the classical value of the quantities @ and A as calculated in the
classical geometry determined by h.

The states that we will consider are constructed in the following way.
Given the three-geometry h to which one wants to associate a state, sprin-
kle in a region of it a randomly distributed number of points N with a
density n = N/L3, where L is a certain (macroscopic) length scale. At
each point draw a circle of radius [ = (1/n)/? with a random orientation.
This results in a set of curves which we can consider a representative
element of a multiloop < A|. For the moment we consider multiloops
without intersections, for simplicity, though the circles involved can be
linked. One then considers, for instance, the action of the Q(w) operator
on such a state with w a fixed one-form that is smooth on the scales de-

t An intuitive way of seeing that it is not countable is to consider quintuple intersections.
In the extension of the braid group to intersections one needs to consider a two-parameter
family of new elements with quintuple intersections, parametrized by the angles one of the
tangents forms with the other three.
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termined by L and smaller. Applying the results of the previous section
we get

N
<AQw) =Vv6Y 7( |dy®wa| < Al, (9.63)
i=17%
where ¢; is the circle located at the ith point.
Since w,, is slowly varying the integral at each circle can be computed,
and averaging over all possible directions, we get

< AlO(w) = (\/f‘sw (1—12-) Q(w)[h] + O (%)) <A (9.64)

where Q(w)[h] is the value of the quantity Q evaluated for the one-form
w, on the classical three-geometry h, which we have assumed to be flat
for the particular form of the result presented. We therefore see that for
the eigenvalue of the operator @) to approximate its classical value on the
three geometry that we want to associate with the state < A| to order [/L
we need the separation of the loops to be fixed to a value of order unity
(12 = V/6r), in natural units. That is, the loops need to be separated by
a length approximately equal to the Planck length.

This result is remarkable in the sense that we have derived a natu-
ral cutoff scale in quantum gravity in order to recover classical physics.
The a priori feeling would have been that the weave would have approx-
imated the classical geometry better as the separation of the loops was
smaller. The detailed calculation shows that this is true until one reaches
scales of the order of the Planck scale. Then, beyond a certain value,
the approximation is worse the finer the weave is. The appearance of a
natural cutoff in a detailed calculation of quantum gravity opens up the
possibility that the theory could be made finite by its own dynamics and
shows a significant departure from the usual behavior of quantum field
theories. It is also remarkable that the Planck length appears naturally
as the cutoff, especially since the theory is a diffeomorphism invariant one
and one has the expectation that no scales would be privileged in such
theories. Natural cutoffs appear in various contexts in quantum gravity.
For a discussion see the paper by Garay [173].

To consider that we have approximated a classical geometry because
a single quantity — which does not commute with the constraints —
approximates its classical value is clearly insufficient. One can repeat the
above construction for the area operator, but it is clear that these kinds
of calculations are at the moment only indicative of the kind of physics
one should expect when one is able to perform similar calculations with
genuine observables of the theory.

It is possible that this kind of calculation could be performed for gen-
eral relativity coupled to matter, where one can construct quantities that
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commute with (at least some of) the constraints. For instance, Smolin
[172] has considered general relativity coupled to Kalb-Ramond fields in
a surface formulation similar to the one we discussed in section 9.4.2. In
that context he can use the surfaces that characterize the Kalb-Ramond
field to construct with the gravitational variables an operator similar to
A(S). The difference now is that the surface S is determined by the fields
of the theory, i.e., it is dynamical. As a consequence the operator defined
is invariant under diffeomorphisms. A similar construction of diffeomor-
phism invariant quantities was performed for the Maxwell field by Husain
[169], and for topological field theories by Rovelli [170].

A very important result is that of Iwasaki and Rovelli [168] who have
carried this analysis one step further. They studied in detail the corre-
spondence between the theory offered by the weave and its perturbations
with the quantized theory of gravitational perturbations of a classical
background (the usual linearized quantum gravity). They found a cor-
respondence between sectors of the space of states of both theories such
that now gravitons can be viewed as a particular family of perturbations
of the weave.

9.6 241 gravity

General relativity in two spatial and one temporal dimensions offers a
remarkable laboratory to test ideas of loop quantization. Because in three
dimensions the Ricci tensor completely determines the Riemann tensor,
the vacuum Einstein equations in three dimensions,

R, =0, (9.65)

imply that spacetime is locally flat. The only non-triviality of the Einstein
theory in three spacetime dimensions comes from the topology of space-
time. The theory therefore does not have any local degrees of freedom.
It has a finite number of topological degrees of freedom. Therefore the
theory is exempt from the difficulties associated with the infinite number
of degrees of freedom of field theories and yet it shares several features
with the 3 4+ 1 theory, foremost among which is the invariance under
diffeomorphisms.

The Einstein action in 2 + 1 dimensions is, written in first order form
[157],

S(e, A) = / Breey Fi (9.66)

where e,; is a set of triads, Afl is the spin connection compatible with the

triad and F}, is the curvature. The indices 4, j and k are SO(2,1) indices
in the tangent space to the three-dimensional spacetime. Notice that this
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9.6 2+1 gravity 231

is just the Palatini action for the theory and all the variables are real.
The equations of motion resulting from the variation with respect to the
triad and the connection are

6

FAL 3Digey) = 0, (9.67)
) .
g F;.b = 0 (968)
a

The first equation tells us that A’ is the torsion free covariant deriva-
tive that annihilates the metric constructed with the triad. The second
equation tells us that the curvature of the connection is zero and therefore
spacetime is flat.

One can immediately perform a canonical decomposition of the action.
The details can be seen in reference [153]. The resulting phase space
consists of the pull-back of the connection A} to the two-dimensional
surface and the canonically conjugate momentum is the pull-back of the
cotriad Ef = é%e,;, where € is the Levi-Civita density on the two-
dimensional spatial surface. The other variables are Lagrange multipliers
whose variation enforces the constraints,

D.E2 =0, (9.69)
Fi, =0, (9.70)
which can be obtained by pulling back to the spatial slice the equations

of motion.

The first equation is the usual Gauss law that tells us that the theory is
invariant under SO(2, 1) triad rotations in the tangent space. The second
equation contains in a joint form the diffeomorphism and Hamiltonian
constraint of the 2 + 1 theory. This form of the constraints was first in-
troduced (in a slightly different way) by Witten [46]. The relationship
with the usual form of the (3+1)-dimensional Ashtekar constraints can
be made explicit [158] by contracting the second equation with E for the
diffeomorphism and with fijkEfE;-’, where f;; are the structure constants
of SO(2,1). With these projections the form of the constraints becomes
exactly the same as those in the 3 + 1 theory (with the exception that
the spatial indices run from 1 to 2 and the internal indices are SO(2,1)).
One could choose either form of the constraints to study the theory, but
it should be made clear that the two forms are inequivalent. The pro-
jections introduced to obtain the Ashtekar constraints from the Witten
ones can become degenerate and therefore the former admit many more
solutions. This inequivalence is far from academic. It can be shown that
the Ashtekar form of the constraints classically allows configurations with
an infinite number of degrees of freedom whereas the Witten one does not
[159].
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Counting the degrees of freedom, we have twelve variables in phase
space and six first class constraints. The system has no local degrees of
freedom. The constraints are either linear in momenta or independent of
momenta. The situation is considerably simpler than in the 3 + 1 theory.
In particular we can find observables for the theory, i.e., quantities that
commute with all the constraints, something we were unable to do in the
3+ 1 theory. It is easy to see that the T and T! quantities constructed
with the canonical variables have vanishing Poisson brackets with the
constraints (in the 241 literature it is customary to integrate the T! along
a loop using T' = [ dy®e, Tr(E(y)U (7)), we adopt this nomenclature
for the rest of this section). These observables are closely related to those
introduced by Martin [160] in the Witten language. Another difference
with the 341 case was that there the higher order T variables were needed
to express in a convenient fashion physical quantities of interest, such as
the Hamiltonian constraint. Here we can write the constraints exclusively
in terms of the small T" algebra. In order to gain an intuitive feeling for the
meaning of the observables introduced, it is worthwhile mentioning that
in three-dimensional gravity in the asymptotically flat case the metric of
a point particle corresponds to a cone. The deficit angle of the cone is
proportional to the mass of the particle. The T° measures that quantity.
If the particle is spinning, the T measures the rate of spin.

It may appear surprising that in a diffeomorphism invariant theory the
T variables are observables. After all, they are not in the 3 4+ 1 theory.
The key to this difference lies in the flatness of the connection. For a
flat connection, a loop and the same loop shifted by a diffeomorphism
yield the same holonomy. Therefore quantities based on holonomies, in
spite of their dependence on an external structure — the loop —, can be
diffeomorphism invariant. Because the connection is flat, two homotopic
loops lead to the same holonomy. If the loops are homotopic to the
identity, the holonomy is the identity. That implies that the only loops
that yield non-trivial holonomies are those that wrap around topologically
non-contractible paths.

We can now proceed to the quantization of the theory following the
same steps as for the 3+ 1 theory. Let us start in the connection represen-
tation. We pick wavefunctionals of the connection ¥[A]. The constraints
are easily promoted in an unambiguous fashion to quantum operators.
The Gauss law simply requires that we consider wavefunctions that are
gauge invariant. The constraint F% U[A] = 0 simply requires that the
wavefunctions have support on flat connections. Together they demand
that the wavefunctions considered be wavefunctions on the moduli space
of flat connections. This space can be endowed with a simplectic struc-
ture, and an inner product that makes the T' operators self-adjoint [2].

Consider now the loop representation. We can find a representation of
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the T operators in terms of loops in exactly the same fashion as we did
for the 3 + 1 theory (the formulae differ slightly since the gauge group
is SO(2,1) instead of SO(3)). If one wants to make more progress it
is convenient to pick a particular spatial topology. Let us consider the
simplest non-trivial example: that in which the spatial manifold has the
topology of a two-torus.

There are two possible avenues one could take to construct the loop
representation. One is to promote the constraint equations to operators
in loop space and study the space of solutions. The other one is to take
advantage of the knowledge that the physical states in the connection
representation have support on the moduli space of flat connections and
directly build a loop representation for the flat connection.

If we take the latter approach let us start by characterizing the moduli
space of flat connections on a torus. In this case any flat connection can
be characterized by the value a;, a2 of its holonomy along two preferred
families of loops 1, 772, the loops that encircle the two generatrices of the
torus. As we discussed above, homotopically equivalent loops yield the
same holonomy when the connection is flat, so the holonomies are really
functions of the homotopy classes of loops. Since the homotopy group of
the torus is Abelian, the holonomies along the two different families of
loops commute. That is, they correspond to SO(2,1) rotations around
the same axis. Depending on the null, time-like or spatial character of
this axis in the SO(2,1) manifold one has three distinct sectors of the
theory.

Let us discuss in detail the time-like sector. For this case, the two
non-trivial holonomies can be written,

U(ap) = exp(2apt'ns),  b=1,2, (9.71)

where t¢ is the time-like rotation axis in the internal space, a; are the
rotation parameters and 7; are the SO(2,1) matrices. From here it is
immediate to compute the value of the T quantities,

TO(71) = 2 cos(fi o @), (9.72)
TY(7) = 2sin(7i o @)7 x P, (9.73)

where 71 = (nq,n9) and 7 o @ = nja; + neag, @ X P = njaz + nqai, and p
are the variables canonically conjugate to the a.

We now consider a quantum representation of this algebra on a space
of functions ¥(a,az2). This space can be endowed with an inner product
such that @ and p are self-adjoint operators. The measure is simply given
by dajdas. The T operators are [157]

TO(7)¥ (a1, az) = 2cos(7 o @) ¥(ay,az), (9.74)

Downloaded from https://www.cambridge.org/core. IP address: 18.119.132.218, on 21 May 2024 at 01:36:56, subject to the Cambridge Core terms of
use, available at https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/51705C8DABA59C31E846CEO8FOF7FFDD


https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/51705C8DABA59C31E846CE08F0F7FFDD
https://www.cambridge.org/core

234 9 Loop representation: further developments

() U (a1, ap) = 2i sin(fi 0 )7 x %lll(al,az), (9.75)

and with the inner product introduced above the T's become self-adjoint
operators.

Let us now build a loop representation from this “connection represen-
tation”. Recalling the expression for the T° variable, the loop transform
then reads

1 1
\Il(nl,nz) = /1/1da1da2 cos((n1a1+n2a2))\11(a1,a2), (976)

and we see that it reduces to a familiar Fourier transform.
Wavefunctions in the loop representation are given by functions of
two integers n; and ng. The only Mandelstam identity left (because
of the Abelian nature of the homotopy group of the torus) is given by
\Il(nl,nz) = \Il(—nl, —’ng).
In this space of wavefunctions one can particularize the usual expres-
sions for the action of the T operators,

T(n)¥(y) = ¥(yon) + ¥(yon™), (9.77)

1
T2 U(1) =i 3 ¢ § dba -y T(yons),  (978)

e=—1

to the following expressions for the basic operators associated with 7,

TO(m ) ¥ (ny,ng) = ¥(ny + 1,n3) + ¥(ny — 1,ny), (9.79)
THm ) ¥ (ny,ng) =ing(¥(ny + 1,n) — U(ny —1,mp)),  (9.80)

which are Hermitian in terms of the inner product

< ‘I/lq) >= i \iJ(nl,ng)@(nl,ng). (981)

n1,2=—00

The loop transform (9.76) is symmetric in a;2. Therefore antisym-
metric functions are mapped to zero. The transform defines an isomor-
phism between the space of symmetric functions of a;2 and the loop
representation?.

Up to now we have considered the case of holonomies that are SO(2, 1)
rotations around a time-like internal vector. Let us now briefly consider
the case of space-like rotations. In that case, the holonomy is again given
by (9.71), which particularized to the space-like sector of SO(2,1) (where

t As we mentioned in chapter 3, we are disregarding symmetries that are not generated by
constraints. Peldan [161] discusses the role that large diffeomorphisms play in this sector
of 2+1 gravity.
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9.6 2+1 gravity 235

the 7 matrices are anti-Hermitic) gives

T () = 2 cosh(7i o @), (9.82)
T(f) = 2sinh(7 o @)7 x p. (9.83)

Notice that the topology of the phase space is different from that in the
time-like case: |@| is now unbounded.

From here on one could construct a loop representation in exactly the
same fashion as in the time-like case. The quantum T algebras are exactly
the same and the inner product is the same.

It should be emphasized that the T' algebras can be completely real-
ized in terms of either the space-like or the time sectors of the phase
space (the null sector has also been considered in detail in references
[19, 162]). Therefore these sectors correspond to separate — in principle,
inequivalent — quantum theories. In fact, the theories are quite inequiv-
alent. As pointed out before, for the time-like case the T operator was
bounded as a classical quantity, and being a multiplicative quantum op-
erator, its eigenvalues are bounded. This is not the case for the space-like
holonomies. Moreover, it is the space-like sector that is equivalent to the
ADM quantization [162].

This leads to a disquieting picture: both the space-like and the time-
like cases in the connection representation seem to give rise to the same
loop representation; however, at the level of connections they are quite
distinct. How could it be that two inequivalent representations in terms
of connections give rise to the same loop representation?

The answer lies in the precise relationship between the connection and
loop representations. For the time-like case we saw that the loop rep-
resentation was isomorphic to the symmetric connection representation.
We will see that for the space-like case it is not. This solves the contra-
diction. Let us discuss the situation in some detail. The loop transform
for the spatial case reads

0o poo
\Il(nl,nQ) = / / daiday cosh((n1a1 + n2a2))\I/(a1,a2), (984)
—o00 J—o00

and using the symmetries of the connections in the spatial sector which
imply ¥(a@) = ¥(—a), we can reduce it to a two-sided Laplace transform,

0o poo
\Il(nl, ’ng) = / / daidas exp((n1a1 + ngag))\Il(al, ag). (985)
—00 J—00

The problem is that this would be a usual Laplace transform if the
parameters n, and ns were real numbers. Being integers, one immediately
finds that the transform is not an isomorphism. It turns out that it
has a large non-trivial kernel. To give an intuitive idea of the problem
it is instructive to construct one of the elements of the kernel of the
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transform. Simply consider a function f(s, s2) with s1 2 € R such that it
vanishes for s; 2 integer. Such a function is mapped by the inverse Laplace
transform to a non-trivial element in the connection representation that
has a vanishing image in the loop representation.

One may ask if this problem is just a technicality or if it is a serious
drawback. It turns out that the kernel we found is dense in the space of
connections [19]. That means that any wavefunction in terms of connec-
tions can be obtained as a limit of a sequence of elements that are all in
the kernel. This is a serious problem: the sector of the theory which corre-
sponds to usual geometrodynamic quantization is not properly described
by the loop representation we introduced.

Does this example imply that loop representations are inadequate to
describe theories based on non-compact gauge groups? At least it should
be viewed as a warning. It turns out that the problem is not fatal and one
can deal with it if proper care is exercised. Up to now, two solutions have
been proposed: the use of a non-trivial measure in the transform and the
use of extended loops. In a sense, this difficulty can be seen as added
motivation for the consideration of such ideas in the case of gravity.

Ashtekar and Loll [163] pointed out that if one introduces a non-trivial
measure in the space of connections, the resulting loop transform does not
have a non-trivial kernel. The explicit construction of the measure has
been found for surfaces of lower genus and it implies a non-trivial change
in the quantum realization of the T operators. This just corresponds to
one of the many different choices one has when quantizing a field theory.
For the case of the torus the non-trivial measure is

dp[A] = exp(—c[T°(m) + T°(n2))) (9.86)

where ¢ is a positive constant and 7; and 7 are two fixed loops be-
longing to independent homotopy classes. The measure depends quite
non-trivially on the genus and apparently cannot be derived from any
general principle in the loop representation. One has to know that the
difficulty arises and then carefully examine the correspondence between
the loop and the connection representation to construct a measure that
solves it. This is somewhat discouraging since one does not hope to have
all that information available in more complicated cases.

Another solution that has been proposed by Marolf [19] is the use of
extended loops. From the point of view that is presented in this book,
this would be a very satisfactory solution since it uses the same general
principles that are advocated for use in the non-trivial theories. The
idea has not been analyzed in great detail, but the basic concept is very
simple: if one considers extended loops, the holonomies of a connection
in the torus are labeled by two real numbers instead of integers. If one
writes the extended loop transform in the spatial case it corresponds to
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(9.85) but with n; 5 real numbers, which defines an isomorphism between
the spaces.

Many other issues have been explored in the (2+1)-dimensional theory.
Our intention here was not to be exhaustive but to show that the program
in general lines can be carried along in a theory in which one has control
over the mathematical issues. We encountered expected difficulties that
can be resolved with ideas that are being applied in more complicated
cases. For more details see the reviews by Carlip [164] and Ashtekar [165]
and the papers by Marolf and Louko [19, 162].

9.7 Conclusions

We have discussed several applications of the loop representation of gen-
eral relativity coupled to matter fields and the definition of physically
meaningful quantities in terms of loops. We have shown how to define
regularized operators that could be used through matter couplings to
give an idealized picture of the measurement process in quantum gravity.
Evidently there is a long way to go before we can make actual physical
predictions in quantum gravity. In particular it is expected that cur-
rently unknown approximation techniques will be crucially needed due to
the complexity of the Einstein equations. The hope is that the ideas pre-
sented in this chapter may act as building blocks of such a measurement
theory. We ended this chapter by discussing a rather disjoint applica-
tion: general relativity in 2 + 1 dimensions, which plays the important
role of showing that the ideas being advocated in this book can actually
be applied to a theory of quantum gravity in a simplified setting. The
ideas in this chapter were mainly built either at a kinematical level or
heuristically implemented in the space of smooth non-intersecting loops.
In the following chapter we will be concerned with the dynamics of quan-
tum gravity and therefore we will make progress towards finding physical
states of the theory. Many, though not all, of the ideas of this present
chapter go through for the intersecting solutions that we will present in
the next two chapters. Some others will need a revision. We expect that
in the next few years progress will be made in this direction.
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10

Knot theory and physical
states of quantum gravity

10.1 Introduction

In the previous two chapters we developed several aspects of the loop
representation of quantum gravity. One of the main consequences of these
developments is a radically new description of one of the symmetries of
the theory: because of diffeomorphism invariance wavefunctions in the
loop representation must be invariant under deformations of the loops,
they have to be knot invariants. This statement is much more than a
semantical note. Knot invariants have been studied by mathematicians
for a considerable time and recently there has been a surge in interest in
knot theory. Behind this surge of interest is the discovery of connections
between knot theory and various areas of physics, among them topological
field theories. We will see in this chapter that such connections seem to
play a crucial role in the structure of the space of states of quantum
gravity in the loop representation. As a consequence we will discover a
link between quantum gravity and particle physics that was completely
unexpected and that involves in an explicit way the non-trivial dynamics
of the Einstein equation. Such a link could be an accident or could be
the first hint of a complete new sets of relationships between quantum
gravity, topological field theories and knot theory.

We will start this chapter with a general introduction to the ideas of
knot theory. We will then develop the notions of knot polynomials and the
braid group. In the third section we will discuss the connection between
knot theory and topological field theories, through the Chern—-Simons
theory. In section 10.4 we will show how to use the previous notions to
construct states of quantum gravity in the loop representation related to
the Kauffman and Jones polynomials. In the last section we will present
a simple explanation for the existence of the Jones polynomial state and
a discussion on the possibility of generating new solutions.

238
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10.2 Knot theory 239

10.2 Knot theory

The study of invariants of closed curves under smooth deformations is
quite old. One of the first examples was the introduction by Gauss (1820)
of the linking number. The linking number is an invariant of two closed
curves that measures the number of times one of the curves winds around
the other. This is obviously an invariant since the only way to change that
number is to cut one of the closed curves and therefore it is not a smooth
deformation. Although such an invariant may appear quite trivial, we will
see it plays an important role in topological field theories and quantum
gravity. In particular, it admits an integral expression, as we discussed in
chapter 3,

c

1 a b ((L‘ - y)
Lim,m) = o }i da® § dyPeaer (10.1)

Such an expression was considered by Maxwell [174] in connection with
electromagnetic theory. If one builds a thin solenoid with the shape of
each loop the above integral measures the magnetic flux produced by
each solenoid across the other [175] in appropriate units. In particular
Maxwell gives a good explanation for why that expression gives one or
zero as result. It measures the solid angle that one of the loops subtends
from the point of view of the other as one traverses along the latter.
Therefore the result is either an integer multiple of 47 or 0 depending
on how the loops are linked. Notice that the expression we give for the
linking number depends explicitly on a background metric and yet the
result is diffeomorphism invariant.

It is evident that there is much more to knot theory than the linking
number as can be illustrated by the Borromean rings which we show in
figure 10.1.

This example illustrates a usual difficulty with trying to distinguish
knots through the values of a particular knot invariant. Every time one
introduces an invariant it is able to detect up to a certain degree of knot-
ting. For each invariant one can construct complicated links or knots such
that the invariant does not detect the linking.

The fundamental problem of knot theory is the classification of knots
and links*. The main question is how to tell apart two knots that are not
smoothly deformable to each other.

Historically, there was a surge of interest in knot theory towards the end

* Usually “knot” refers to a single curve and “link” to many curves. We will loosely use
them indistinguishably whenever the context allows. We will also use the word “loop”
in the precise sense introduced in chapter 1 whenever applicable. For instance the Gauss
linking number is a genuine function of loops.
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Na%

Fig. 10.1. The Borromean rings. An example of loops that have a non-trivial
linking but zero linking number if taken in pairs.

of last century due to a failed theory of atoms of James Clerk Maxwell,
Lord Kelvin and Peter Guthrie Tait [176]. After the discovery of the
complete theory of electromagnetic phenomena, the outstanding unsolved
problem in physics was the explanation of atomic spectra. In the proposed
theory atoms were depicted as knotted lines of aether (this predated spe-
cial relativity and quantum mechanics). The theory had several attractive
features, among which it associated the stability of atoms with the topo-
logical nature of knots. The main lasting impact of it, however, was that
through its development many of the central issues of modern knot theory
were brought to the forefront. Among these was the classification of knots
and their representations. It is remarkable that 100 years later, although
the physical motivations are quite different, the interest in knot theory
remains basically the same.

The typical depiction of a knot is through its projection on a plane,
as we did when depicting the Borromean rings. This adds an additional
complication in the sense that a single knot admits a number of different
projections. Smooth deformations of knots in three-dimensional space
translate themselves in a series of motions in terms of the projections.
Such motions are known as Reidemeister moves. There are three types
of Reidemeister moves, which are depicted in figure 10.2. If two knot
projections can be mapped into each other through a finite number of
Reidemeister moves, they are projections of the same knot.

In the knot theory literature two knots that are connected through a
finite number of Reidemeister moves are called ambient isotopic. Strictly
from our point of view, it is this kind of equivalence that we are interested
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Fig. 10.2. Reidemeister moves.

in, since it corresponds to the usual diffeomorphism invariance. For sev-
eral reasons that we will discuss shortly it will be useful to consider quan-
tities invariant under a slightly different set of transformations leading to
a notion called regular isotopy. Two knots are called regular isotopic to
each other if they can be connected through a finite set of Reidemeister
moves of types (ii) and (iii). Such an idea is important in the following
context. Suppose instead of dealing with knots made of strings of zero
width we were considering knots made of ribbons. It is clear that the
first Reidemeister move does not correspond to a smooth deformation of
a ribbon, since the elimination of a “curl” can only be attained through
the introduction of a twist, as shown in figure 10.3. The justification for
the consideration of regular isotopy in quantum gravity will be related
to regularization issues. As we have done in previous chapters, in many
contexts one needs to point-split expressions and in such splitting the re-
sulting objects resemble ribbons rather than loops. We will give details
in chapter 11.

At this point the reader may be wondering what is the connection with
quantum gravity. To put it in a different way: one knows that the wave-
functions of quantum gravity are knot invariants. Which of all the possible
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Fig. 10.3. Reidemeister moves of type (i) do not leave invariant functions of
ribbons.

knot invariants are of interest for quantum gravity? At the moment the
answer is quite open. We will later introduce some invariants that solve
the Hamiltonian constraint. Previous to that there are three main points
to be remembered: (a) any knot invariant of interest to quantum grav-
ity has to be a function of the group of loops rather than a function of
curves; (b) it should satisfy the Mandelstam identities; (c) it has to be a
well defined function of intersecting loops.

Very little needs to be said about points (a) and (b); since one is in-
terested in a loop representation that is obtained via a loop transform
from the connection representation only functions of the group of loops
that satisfy the Mandelstam identities should be allowed. Point (c) stems
from the discussion in chapter 8. As we saw there, the Mandelstam iden-
tities related the value of the function on loops with intersections with
the value on loops without. Therefore for consistency one has to consider
loops with intersections. Furthermore we saw that non-intersecting loops
solved the constraints for all values of the cosmological constant: they
corresponded to degenerate geometries.

Intersecting knot theory is a quite novel subject. A surge of interest
has arisen as a consequence of the theory of Vassiliev invariants [188,
189]. Most of the studies of knot invariants, however, were done for
non-intersecting, smooth curves. It turns out several ideas can be easily
generalized. We will do so in section 10.3.4.

10.3 Knot polynomials

As we mentioned above, the main problem in knot theory is to classify
knots. The obvious solution to this problem is to try to generate a large
number of knot invariants. The hope is that through the computation of
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their values one could distinguish knots, since knots with different values
of their invariants are necessarily different. This program is at present
incomplete. Though we know a large number of knot invariants they are
not enough to classify knots. An important step towards the generation
of knot invariants was the construction of certain polynomials associated
with knots. In this section we will sketch some ideas of the theory of
knot polynomials. We start with a discussion of the braid group. We
then construct polynomials and their skein relations. We end with a
discussion of the extension of these ideas to intersecting loops. There are
many good references on the subject of knot polynomials and braids and
we many passages of this chapter are modeled after these ideas. As an
example we can cite the books by Kauffman [177, 178] and the review
article by Guadagnini [179] and his book [180]. A more elementary but
very readable treatment is given in the books by Adams [182] and Baez
and Muniain [181].

10.3.1 The Artin braid group

A useful way to represent knots and links is through the braid group,
B,,. Consider a set of n vertical strings starting and ending in two rows
of n horizontally aligned points. The lines can cross each other an arbi-
trary number of times, forming a braid. Now arrange the lines in such
a way that at each horizontal level there is only one crossing at the ith
strand, which we denote g;. One can describe such a braid by a sequence
9ig;jgk - ... Such an ordered sequence states that if one follows the braid
from the top to bottom (or vice-versa) one encounters a twist of the strings
at the ith and (¢ + 1)th positions followed by a twist of the strings at the
jth and (j + 1)th positions and so on, as shown in figure 10.4. Each twist
has two possible orientations, denoted by g; and g; L

The twists g; form a group structure, called the Artin braid group. For

n strings B, has n — 1 generators g, ...,g,—1 that satisfy the relations
9i9; = 959 li -3l >1, (10.2)
9iGi+19i = Gi+19i9i+1,  i<n-—1, (10.3)

which can be easily checked by drawing n strings and applying the twists.

The strings involved in the braid group can be thought of as the space-
time trajectory of particles in 2 + 1 dimensions as they orbit around
each other. This suggests an immediate connection between the braid
group and (2+ 1)-dimensional physics. This connection has been explored
in several contexts, including particle [190] and solid state physics. In
particular it is the root of unusual statistics in 2+ 1 dimensions connected
with the idea of anyons [191, 192, 193].
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Fig. 10.4. Graphical representation of g; and g 95 L

What is the relation with knots? One simply obtains a knot or a link
by gluing together the ends of a braid in an order preserving manner
(this is called a closure of the braid). Conversely, one can associate to
each knot a braid. Therefore several properties of knots can be coded
in the language of braids. The first question that arises is: given two
braids, what are the conditions for their closure to yield the same knot
or link up to ambient isotopy? For knot diagrams the answer is given
by the Reidemeister moves. In terms of braids they translate themselves
into a set of moves called the Markov moves. Reidemeister moves of type
(iii) are already included in the braid group relation (10.3). Reidemeister
moves of type (ii) are almost included in the relation (10.2), except for
the fact that g1 # g29195 ! whereas both g; and 929199 ! yield the same
link under closure. The message is that to implement fully the second
Reidemeister move in terms of braids, one has to identify elements that
are conjugate under the adjoint action of the braid group. Two elements
of the braid group that are conjugate are said to be related by a Markov
move of type 1. Reidemeister moves of type (i) imply that a link diagram
associated with the closure of a certain braid b € B,, and the closure of
the braid bgf! € B, are equivalent. These two elements are said to be
related by a Markov move of type 2.

The advantage of the description of links in terms of braids is that
one can present several properties of link diagrams in terms of algebraic
notions. One can define link invariants as functionals of the elements of
the braid group that are invariant under Markov moves. This implies the
introduction of representations of the braid group. The closure of braids is
represented by taking traces of expressions in terms of the group. We will
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explicitly use this kind of construction to derive expressions for some of the
knot polynomials of relevance for quantum gravity. Before going into the
details, we will discuss some general notions related to knot polynomials.

10.3.2 Skein relations, ambient and regular isotopies

A knot (or link) polynomial is an assignment of a finite set of numbers
to a knot (or link) that is invariant under ambient or regular isotopies.
Given a knot 7 one gets a polynomialf P(7)4 in an arbitrary variable g
such that all the coefficients p;(y) of the polynomial are knot invariants.
An important point is that for each knot the polynomial is of a finite
order, but the order depends on the particular knot. An intuitive picture
is that the lower coefficients of the polynomial represent “more naive”
knot invariants that sense the simpler kinds of knottings whereas the
higher coeflicients are sensitive to more sophisticated kinds of knottings.
Therefore for a simple kind of knot the lower coeflicients of the polynomial
are non-zero and the higher ones vanish. For more complicated knottings
the lower coefficients fail to “see” the knottiness and the higher coefficients
are the ones that sense it up to a certain order where again the knottiness
is perceived as “trivial” by the more sophisticated higher coefficients.
Therefore the order of a knot polynomial is finite and depends on the
particular knot considered.

Why are these objects interesting? The reason is they are an ordered
way of assigning an unlimited number of invariants to knots according
to their complexity. There is therefore the expectation that they could
constitute a systematic procedure for classifying knots. Moreover, some
of the polynomials are defined by quite succinct recursion relations called
the skein relations. The price for all this is high: there are only a handful
of polynomials explicitly known at present.

The first polynomial was introduced in the 1920s by Alexander [197].
We present here a modification of that polynomial due to Conway [198]
known as the Alexander-Conway polynomial C(7),. It is defined by the
skein relations,

CU)g=1, (10.4)
C(L4)q — C(L-)qg =qC(Lo)g, (10.5)

where U is the unknot (a knot isotopic to a circle) and Ly, Lj refer to the
crossings shown in figure 10.5.

t In general they are Laurent polynomials. Sometimes it is convenient to write them as
functions of a certain fractionary power of a variable, as we will see. Some polynomials
may depend on several variables.
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L, L. L,

Fig. 10.5. The crossings Ly and Lg.

The way in which the skein relations are to be interpreted is the fol-
lowing. The first one is simply a normalization condition that states that
the polynomial evaluated for the unknot is 1. To read the second rela-
tion consider a specific knot and focus on a point where there is a line
crossing. Excise a ball around the crossing so as to leave four incoming
strands. The relation (10.5) states that if one evaluates the polynomial
for the knot where the crossing we excised is replaced by the crossing
L, and subtracts from it the polynomial evaluated for the same crossing
replaced by L_ one gets as a result ¢ (the polynomial variable) times
the polynomial evaluated for the crossing replaced by Lg. The resulting
equation is a relationship between the polynomials associated with three
different knots. The strategy is to apply the relationship recursively com-
bined with the Reidemeister moves until one gets a system of equations
for the coefficients with a unique solution.

For a particular set of relations it is very difficult to prove that they
determine the value of the polynomial for all knots unless one generates
the skein relation in such a way as to guarantee it. The same considera-
tion is true with respect to the diffeomorphism invariance of the objects
constructed. The skein relations are relations between projections of the
knots and it is quite non-trivial that the polynomial they define is inde-
pendent of the projection.

Another important polynomial is the one due to Jones [199], J(v)4-
The skein relations that define it are

JWU)g=1, (10.6)

qJ(Ly)g = ¢ I (L-)g = (4% = 72 I (Lo)g- (10.7)

The Jones polynomial is more “selective” than the Alexander-Conway
one. However, there exist non-isotopic knots that have associated the
same Jones polynomial, i.e., it fails to provide a classification for knots.

There are other known polynomials, such as the HOMFLY [200] polyno-
mial, which are slightly more general and contain Jones and Alexander—
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>

Fig. 10.6. Crossings for the skein relations of regular isotopic invariants.

Conway polynomials as particular cases. However, no polynomial known
at present is sufficient to distinguish all knots.

Let us now concentrate on regular isotopy invariants. As we mentioned
before, these are invariants that are sensitive to the first Reidemeister
move, i.e., they “see” the additions of curls in the knots. Another way
to put it is that they are invariants of (oriented) ribbons rather than
of curves. Knot polynomials that are regular invariants can be defined.
Their definition requires the introduction of a new set of crossings in their
skein relations, fz:t,o, as shown in figure 10.6.

As an example of a regular invariant polynomial let us consider the
Kauffman bracket, which can be viewed as a regular generalization of the
Jones polynomial. The skein relations that define it are

K({U), =1, (10.8)

¢*K(Ly)g— ¢ V' K(L-)g= ("2 — g /P K(Lo)g,  (10.9)
K(f/+)q = ‘13/4K(f’0)qv (10.10)
K(L-)g=q**K(Lo)q- (10.11)

Regular isotopic invariants of curves can be associated with ambient
isotopic invariants of oriented ribbons if one gives a prescription to asso-
ciate a ribbon to each curve. Such prescriptions are called “framings”.
Technically they correspond to an assignment of a vector to each point of
the curve, such that one obtains a second curve by infinitesimally shifting
the original one along the vector.

We now introduce some concepts that are useful in the discussion of
regular isotopic invariants. The first of them is the writhe of a knot
diagram, w(vy), defined by

w(y) = Z e(crossing), (10.12)
crossings

where €(L1) = £1. This quantity measures the number of “curls” in the
diagram. It is clearly not invariant under Reidemeister moves of type (i)
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O

Fig. 10.7. A twist can be exchanged by a curl through a Reidemeister (i) move

D G G —

but it is a regular isotopic invariant.

Another regular invariant, in this case of bands, is the twist. Assume
one paints the two sides of the band with different colors. The twist
measures how many times the color changes as seen from the planar pro-
jection. It can also be defined in terms of an analytic expression, but
we will not discuss this here [196]. It is evident that if one performs a
Reidemeister move of type (i) one can exchange a twist in a band by a
curl, as shown in figure 10.7.

Using the fact that Reidemeister moves of type (i) exchange curls and
twists in bands, one can combine the previous two quantities into an
ambient isotopic invariant of the two curves that form the band. The
resulting invariant is given by their linking number, which now can be
viewed as a quantity associated with the knot diagram through a framing
procedure. To reflect that association it is usually called the “self-linking”
number of a knot diagram. One can summarize this result in a formula
called White’s theorem [194],

SL(y) = T(y) + w(v), (10.13)

where SL(vy) stands for self-linking number of the knot diagram. Explicit
expressions for all the terms in White’s theorem can be given. For the
Gauss linking number, apart from the integral formula we have already
discussed, a definition can be introduced terms of the plane projection of
two curves. This is given by

L(v,72) = 3 > €(crossing), (10.14)

crossings(1 ,yy2)

where the summation is only over the crossings of one curve with the
other. The reader can check that this expression gives the usual result
for the linking of two curves. White’s theorem has found important ap-
plications in biology, where one has to count the twists of DNA struc-
tures through the plane projections one gets when viewing it through a
microscope [195] and also in Polyakov’s description of the Fermi-Bose
transmutation in the context of anyons [196].

There are many prescriptions for framing. One of them is the “vertical
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framing”, in which the twist of the ribbon is set to zero, i.e., all twists
are converted to curls. Due to White’s theorem, in this framing the
linking number coincides with the writhe. This is also called “blackboard
framing” [178] since it corresponds to considering the projection of the
knot and drawing a parallel knot along it. The resulting ribbon has
no twist. Another common framing is the “standard” or “canonical”
framing. This is defined by setting the self-linking number to zero. This
is a “natural” framing in the sense that it does not depend on particular
projections.

The value of the self-linking number in different framings differs by
an integer corresponding to the number of twists introduced in the band
associated with the loop by the framing procedure. The existence of the
natural framing may appear as reassuring since it would seem to restore
diffeomorphism invariance to the discussion. Unfortunately, the natural
framing only exists in certain manifolds, e.g., S manifolds, since in other
cases the linking number may be ill defined or be a non-integer number
[45].

The explicit relation between the Kauffman and Jones polynomials is
given by

K(7)q = q7°MJ(7),, (10.15)

and we will offer a proof of this in the next section. It is remarkable that
all the framing dependence of the Kauffman bracket is concentrated in
the prefactor involving the writhe.

10.3.3 Knot polynomials from representations of the braid group

At present a complete classification of the irreducible representations of
the braid group is not known. Finding representations for the braid group
is a non-trivial matter. We will present here a construction that yields
the representation that gives rise to the Jones polynomial. This repre-
sentation is the simplest one of the family that can be constructed with
a method called the R matrix approach [201, 202].

Assume that a two-dimensional linear space V; is associated with the
ith string so that the total linear space associated with the n strings is
given by the tensor product V(n) = V1 ® V2 ® --- V,,. In each space V;
introduce a basis e{‘, A = 1,2. Each generator is represented by a 2™ x 2™
matrix of the form

Gi=¢"*I®..9R®..9I), (10.16)

where ¢ is an arbitrary complex number, I is the 2 x 2 identity matrix
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and the matrix R, which acts on V; ® V1, is given by

1 0 0 0
_ [0 1-¢g1 g2 0
0 0 0 1

in the basis of V; ® Vi1 given by {ejel,,ele?, |, e?el, |, e2e? }.

It is a straightforward calculation to show that the relations defining the
braid group (10.2),(10.3) are satisfied by the matrices G; and their cor-
responding inverses. Therefore they define a representation of the braid
group on the vector space V (n).

In order to construct knot polynomials starting from a representation of
the braid group we need to construct quantities that are invariant under
Markov moves. As we discussed in section 10.3.1 by taking traces of
the representation one constructs invariants under Reidemeister moves of
types (ii) and (iii), i.e., regular isotopic invariants. In order to implement
invariance under type (i) moves we will introduce a matrix in V' (n) called
“enhancement matrix”. This is defined by

pr = ® ... Q pn, (10.18)

where
—1/2
q 0

The enhancement matrix has two main properties. First, it commutes
with all the generators of the braid group G;. To introduce the second
property we recall that in a tensor product of spaces one can introduce
a partial trace operation on one of the factor spaces. For instance, if one
considers the trace in V;;; of a tensor product V; ® ... ® V11 one gets
as a result an element of V; ® ... ® V;. Taking this into account one can
check that for the enhancement matrix

TrIVi+1 (R au'i-i-l) = q1/21|Vi7 (10.20)

where the product Ru;y; is defined in the space V; ® V;41 as R times
1|y; ® pit+1. A similar result holds for the inverse,

Tr|v;,, (R piz) = ¢ 21y (10.21)

We can use this property to construct quantities that are invariant un-
der all Reidemeister moves. Consider a matrix B representing an arbitrary
element b of the braid group B,, and define the quantity

F(B) = ¢~ *OTx|y(y (Bu™), (10.22)
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where b is the link obtained as a closure of the element b and w(b) is its
writhe. We will now prove that this quantity is a link invariant under
ambient isotopy associated with the closure b of the braid b. We prove
this by showing that it is invariant under Markov moves. Since y" com-
mutes with all the generators of the braid group, it is immediate to show
that F(B;'B;B;) = F(B;). Moreover, if B; and B, are the matrices
representing the elements b; € B, and b, = b; g,:fl € By in the spaces
V(n) and V(n + 1) we have

F(By) = ¢~ G|y 41y (Bou™ )

—3.0(b 3
= ¢ O gFiTr|y gy, (BIGE L™ ® piny1)
= ¢~ $UOUTY|y o (B
— F(B)) (10.23)

which can be straightforwardly checked relating the trace operation in
V(n + 1) with that in V(n). The writhes of b; and b, differ by a factor
+1 since G! introduces an additional curl in the loop. The extra power
of g this introduces exactly cancels a factor that arises when relating the
traces in V(n + 1) and V(n).

Therefore F is associated with an ambient isotopic invariant. To see
which invariant it is we compute its skein relations. One can check that
the matrix G; satisfies the relation

¢\/*G; — ¢ V4G ~ (¢ — VAL = 0, (10.24)
which combined with the definition of the invariant F' gives
qF(BG;) —q 'F(BG;") = (¢/* — g7/} F(B), (10.25)

which is the skein relation for the Jones polynomial.

Equation (10.24) yields, multiplying by x" and taking traces, the skein
relation for the Kauffman bracket polynomial. As a consequence we imme-
diately have that the Kauffman bracket polynomial is a regular isotopy
invariant and is related to the Jones polynomial by expression (10.15)
which we introduced in the previous section (they only differ by a fac-
tor depending on the writhe). This will have important consequences in
quantum gravity.

10.3.4 Intersecting knots

Up to now we have studied the construction of knot polynomials based
on smooth loops without intersections. As we have argued before, in
the case of gravity we need to consider knots with intersections, because
the Mandelstam identities naturally introduce them and because they
are associated with non-degenerate metrics. There is no fundamental
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Fig. 10.8. The additional element needed in the braid group to generate invari-
ants of links with double intersections.

r% k\

Fig. 10.9. The relations satisfied by the intersecting element of the braid group.

difficulty in adding intersections to the constructions of the braid group
and the Jones polynomial we introduced.

The main idea is to extend the braid group with the introduction of
an additional element that represents the crossing of two strands. The
resulting structure is not a group but an algebra. If one wants to con-
sider intersections of more than two lines additional elements need to
be added. Though technically more complicated, the generalization is
straightforward [189, 183]. The additional element needed to include dou-
ble intersections is denoted a; and we depict it in figure 10.8. It satisfies
the relations

aigi = giai, (10.26)
gi_l Qi+1 9i = Gi+1 @4 gi__,_ll, (10.27)

and
[9i,aj]=0  [as,ai]=0  [|i—j|>1, (10.28)

and the graphical representation of equations (10.26),(10.27) is given in
figure 10.9.

The element a; has no inverse (one cannot remove intersections) and
that is the reason why the resulting structure of extending the braid group
to intersections is not a group but an algebra.
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A matrix representation including the intersecting elements is given by
the 2" x 2™ matrices [183],

Ai=I®.04A®..01, (10.29)
where A is given by the matrix acting on V; ® V;;:
1 0 0 0
_ 0 a (1-a)g’?2 0
A= 0 (1—a)g? 1-(1-a)g 0 |’ (10.30)
0 0 0 1

where a is another complex parameter. We see that the generalization of
a polynomial to (double) intersections requires the introduction of a new
variable in the polynomial. The skein relations for the new matrix are

A; = ¢"*(1 - a)G! + al;, (10.31)

and we see that the extension of a polynomial to intersecting loops pre-
serves the usual skein relations for the polynomial but requires additional
skein relations that involve intersections. For the Kauffman bracket poly-
nomial the additional skein relation derived from the above expression
is

K(L1)ga = g/*(1 — a)K(L-)q + aK(Lo), - (10.32)

For triple intersections a generalization of the braid group can also be
given in terms of an algebra. There are three new added elements cor-
responding to triple intersections since different (unrelated by diffeomor-
phisms) spatial orientations of the incoming strands are possible. A gen-
eralization of the HOMFLY polynomial to this case was given by Armand-
Ugon, Gambini and Mora [183] and it coincides with the construction we
gave for the doubly intersecting case. The generalized polynomials depend
on a number of extra variables due to the presence of intersections.

It should be emphasized that there exist many non-equivalent exten-
sions of a given polynomial to intersecting knots. General expressions
taking into account this fact are present in reference [183]. The extension
that we presented above is a particular one, corresponding to the use of
R matrix techniques. It is remarkable that this particular extension turns
out to be connected with the knot polynomials that appear in topological
field theories, as we will discuss in the next section.

10.4 Topological field theories and knots

The previous derivations concerning the Artin braid group and the knot
polynomials, as attractive as they may appear in their own right, seem to
have little connection with the rest of this book. Throughout this book
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254 10 Knot theory and physical states of quantum gravity

we have always considered functions of curves defined through explicit
analytic expressions. In this chapter dependences on loops have up to
this point been implicit and the resulting formulation seems ill suited to
be mixed with the loop calculus developed in chapter 1. The missing link
is provided in this section.

Topological field theories are field theories that do not require the intro-
duction of a background structure (in particular, no background metric)
for their definition. They are therefore naturally diffeomorphism invari-
ant. If one formulates these theories in terms of loops, the resulting
quantities should be knot invariants. This may not appear to be a great
surprise or advantage: after all the wavefunctions of quantum gravity
are diffeomorphism invariant as well. There is, however, an important
difference in the case of topological field theories. Most of these theo-
ries have only a finite number of topological degrees of freedom and as
a consequence are exactly solvable. As a result they provide concrete
computable expressions that are invariants of knots.

This was precisely the insight of Witten [45] who noticed that com-
puting expectation values of loop dependent quantities in Chern-Simons
and other topological theories one could come up with explicit, analytic,
expressions for knot invariants. In the following section we will exploit
these results to construct explicit quantum states of the gravitational
field. Here we discuss the connection between Chern-Simons theory and
the Jones polynomial in some detail.

10.4.1 Chern—Simons theory and the skein relations of the Jones
polynomial

A Chern-Simons theory is a gauge theory in 2 + 1 dimensions where the
action is given by the Chern-Simons form of a connection,

k R
Sos = 7= [ PETr (A, + FAcAbAl), (10.33)

where k is the coupling constant of the theory.

In contrast to the usual Yang-Mills action, the Chern-Simons action
does not require the introduction of a metric or any other background
structure for its definition. The Chern-Simons action is invariant under
diffeomorphisms and (small) gauge transformations [59]. It is not invari-
ant under large gauge transformations (not connected with the identity).
Moreover, the integral is crucial in providing the gauge invariance: the
integrand itself is not invariant. The classical equations of motion of this
action require that the connection be flat and the theory be gauge invari-
ant. The Chern-Simons action can be written for an arbitrary compact
simple gauge group; however, we will restrict our attention to the SU(2)

Downloaded from https://www.cambridge.org/core. IP address: 18.119.132.218, on 21 May 2024 at 01:36:56, subject to the Cambridge Core terms of
use, available at https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/51705C8DABA59C31E846CEO8FOF7FFDD


https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/51705C8DABA59C31E846CE08F0F7FFDD
https://www.cambridge.org/core

10.4 Topological field theories and knots 255

case.

We can now proceed and perform a computation similar to the one we
did for Yang—Mills theory in chapter 5, where we computed the value of
the Wilson loop average. We recall that the Wilson loop average was
identified as the generating functional of the Green functions of the the-
ory. The main difference is that in the present case we will be able to
perform the computation explicitly. Because the system does not depend
on any external structure the result for the Wilson loop average will be a
topological invariant. Notice that we are talking about a Euclidean for-
mulation and the loops will exist in three dimensions. The expectation
value of a Wilson loop is given by

<W(y) >= / DA exp (iScs) Wa(7). (10.34)

This quantity is a knot invariant since Scg is invariant under diffeomor-
phisms and we assume the measure DA has been chosen to be invariant
as well. Which knot invariant is it? We will show it satisfies the ‘skein
relations of the Kauffman bracket polynomial. The proof goes along the
same lines as in the Makeenko-Migdal formulation of gauge theories that
we introduced in chapter 5.

In order to check the skein relations satisfied by the expectation value
of the Wilson loop we will consider its change under the addition of an
infinitesimal loop. If one considers a straight strand Lo in the notation
of the previous section and one adds a loop one obtains a crossing f/i,
the plus or minus sign being determined by the orientation of the loop
added. Similar considerations apply to the other types of crossings; upper
and under crossings are related through the addition of a loop to an
intersection. We are well equipped to study the change of expressions
that are functions of loops under the addition of an infinitesimal loop,
so we will do the calculation in this limit. If one wants to consider the
addition of a finite loop, a resummation of all orders of perturbation can
be formally done, as is discussed in reference [184].

The change of the expectation value of a loop under the addition of a
small loop can be computed simply by evaluating the loop derivative. A
derivation along these lines was first introduced (for the non-intersecting
case) by Cotta-Ramusino, Guadagnini, Martellini and Mintchev [185].
For the intersecting case it was generalized in reference [137]. Smolin
[186] introduced a slightly different perturbative derivation. The first
proof of the skein relation was introduced by Witten [45] using rational
conformal field theory techniques.

We now consider the variation of the expectation value of a Wilson
loop when a small loop of area 0% is appended to the loop 7. Let us first
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256 10 Knot theory and physical states of quantum gravity

consider the case without intersections. We get

0 Bap(z) <W(7) >=1i [ dA o™ Fly(@)Te(rU(12)) expliSos),

(10.35)
where A, is the loop derivative and we have used

Aap(2)Tr(U (7)) = iFk(z)Tr(v* U (72)), (10.36)

in which ~f is a loop with origin at the point z.
The exponential of the Chern—Simons action has the property that the
quantum electric field acting on it is equal to the magnetic field,

~a . ) k - .
E, exp (i1Scs) = 6Ak exp (i1Scs) = 4_7rB;: exp (iScs) - (10.37)
Using this relation and integrating by parts, one obtains

4 .
= [ 440 e [ dyfs(a - )T UGV () expliScs).

(10.38)
The integral is proportional to the volume factor

Uabeabcdyc6($ - ), (10.39)
which, depending on the relative orientation of the two-surface £ and
the differential dy¢ (which is tangent to 7), can lead to £1 or zero. (This
expression is only formal, a regularization is needed. We have absorbed
appropriate divergent factors in the definition of the coupling constant
in order to normalize the volume to *1, see reference [184] for details.)
Consequently, depending on the value of the volume, there are three pos-
sibilities

6 <Wi(y)>=0, (10.40)

b<W(y)>= ;i;:—z <W(x)>. (10.41)

These equations can be interpreted diagrammatically in the following way,
<W(Ly) > — < W(L) >= q:% < W(Lo) >, (10.42)

and when the volume element vanishes it corresponds to a variation that
does not change the topology of the crossing.

We therefore see that, to first order in the area of the added loop, the
expectation value of a loop in Chern—Simons theory satisfies one of the
skein relations of the Kauffman bracket polynomial. This is a quite non-
trivial result that is the root of the renewed interest in knot theory in the
past decade.

What about intersections? We introduced in the previous section skein
relations for knot polynomials with intersections. Is Chern—Simons theory
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10.4 Topological field theories and knots 257

Fig. 10.10. The addition of a small loop at an intersection in the derivation of
the skein relation

associated with knot invariants for intersections as well? The answer is
yes. It is quite remarkable that of the many possible extensions of knot
invariants to intersecting loops, the one that is most naturally picked by
Chern—Simons theory coincides with the one we introduced in the previous
section.

In order to derive the skein relation for intersections we consider as
before an infinitesimal deformation of the loop consisting of the addition
of a small closed loop, in this case at the point of intersection (see figure
10.10),

4r
o Bauy) < W) >= 7 [ dAo™eaaTr(r U (1) Un (1))

0
.Scs).- 10.43
<SR O 5s) (10.43)

Again, integrating by parts and choosing the element of area ¢® parallel
to the segment 1-2 so that the contribution of the functional derivative
corresponding to the action on the segment 1-2 vanishes (since the volume
element is zero) we get

“bAb<W( 4m/dAo ,\qbc/dvé —v)
X 'I‘r(TkUgg('yy)TkU41 (7)) exp(iScs). (10.44)

Making use of the Fierz identity for the usual SU(2) matrices (the
convention for 7 differs by a factor i/v/2 from the ones considered in
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258 10 Knot theory and physical states of quantum gravity
chapter 8),
4Tk = —5D50 ~ Z‘S 465, (10.45)
one finally gets
oDy < W(y) >

_zm 25 [ da o / dv°8(y — v)Tr(Us(v)) Tr(Us: (41)) exp(iScs)

- / dA 0% [ dv8(y — o) Tr(Uns (1)U (4}) exp(iScs), (10.46)

where we have called U;;(v5?) the holonomy from point z; to z; traversing
through lines ¢ and j.

These relations can be interpreted as the following skein relation for
the intersection:

<W(Ls)>= (1 + %’) <W(Lp) > q:-zzk—"’ < W(Lo) >, (10.47)
<W(is)> (1 + %’i) < W(ko) > . (10.48)

In order to make a comparison with the link polynomials we must first
notice that the results we have obtained correspond to a linear approxi-
mation, since we have only considered an infinitesimal deformation of the
link. In order to consider a finite deformation we would have to consider
higher order derivatives of the wavefunction.

It is convenient to rewrite the relations obtained in such a way that
the correspondence with those of the Kauffman bracket polynomial in
the intersecting case is manifest. To do this we notice that the factor
(1 — 37i/k) plays the role of ¢34 in the usual skein relation and therefore
in the linearized case if we define ¢ as ¢ = exp(—4ni/k). Inverting relation
(10.47) we get

k

which allows us to recognize that the value of the variable a of the gener-
alized Kauffman bracket polynomial is up to first order a = —27i/k.

The expression relating < W(L4) > and < W(L-) > can be obtained
in this case by combining equations (10.49). Again we emphasize that
the above proofs are only to first order in the area of the loop; in order to
prove the skein relations for the addition of a finite loop one can formally
sum the perturbative series and confirm for the finite case the result we
found infinitesimally. A detailed discussion of this is presented in the
paper by Briigmann [184].

<W(Ljy) >= (1 F %) <W(Ly)> i& < W(Lo) >, (10.49)
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10.4 Topological field theories and knots 259

So we see that the generalized Kauffman bracket, introduced in the
last section for loops with double self-intersections from the R matrix
representation of the braid group, is actually the loop transforms of a
physical non-degenerate quantum state of the gravitational field defined
by values of ¢ and a that to first order in perturbation theory coincide
with the ones presented above.

It should be noticed that in order to recover exactly the expression for
the polynomials introduced in the previous section we should normalize
our results in such a way as to ensure that the value of the polynomials for
the unknot is equal to one. This can easily be accomplished by dividing
the above expressions by < W (unknot) >. This does not affect the skein
relations and ensures the normalization condition.

At this point the reader may be confused. Our promise was to produce
via Chern-Simons theory explicit expressions for knot invariants. As a
result of our construction we almost obtained this objective, except for
the fact that the resulting polynomial is not a genuine knot invariant,
but rather a regular knot invariant. Why is the resulting expression not
invariant under Reidemeister moves of type (i)?

The difficulty already arises if one considers the expectation value of
a Wilson loop in the case of a U(1) Chern—Simons theory. In that case
the integral is a Gaussian and the result is the exponential of the self-
linking number. The self-linking number is a quantity that involves a
0/0 indeterminacy, which can be removed by considering a limit. The
problem is that the limit is metric dependent. A way to view this is that
the limit is a (metric dependent) regularization procedure and the result
of it is not metric independent. Another way of viewing it is to consider
a point-splitting regularization of the loop. In that case the final result is
metric independent (it is the linking number of the split components of
the loop) but depends on the particular way the loop is split.

Another difficulty is added in the non-Abelian case. Since the Chern—
Simons form is not invariant under large gauge transformations and the
Wilson loop is, the resulting integral is not expected to be invariant under
large gauge transformations. Therefore, strictly speaking it cannot be a
function only of a loop. How this problem relates to the framing ambiguity
is not clear. However, it should be stressed that this problem does not
arise in the Abelian case (in which all the transformations are small)
but the framing ambiguity still persists. The fact that the non-Abelian
Chern-Simons form is not invariant under large gauge transformations
poses difficulties to doing computation in the non-Abelian case using the
rigorous integration techniques of Ashtekar and collaborators [203].

The framing ambiguity issue completely disappears in the extended
loop representation, since the extended holonomy is not invariant under
large gauge transformations. This issue lies at the crux of the problem of
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260 10 Knot theory and physical states of quantum gravity

how much is it needed to extend the group of loops to account for these
kinds of issues. Is the extension to framed loops enough, as the Chern—
Simons integral seems to suggest or does one really need to consider the
full extended group of loops? These issues are at present not settled.

10.4.2 Perturbative calculation and ezplicit expressions for the
coefficients

The original intention in connecting knot theory and topological field
theories was that in this way one would obtain explicit expressions for
knot invariants. Through the calculations of the last section we now
know that there is an explicit connection between the expectation value
of the Wilson loop in a Chern-Simons theory and the Kauffman bracket.
Because Chern—Simons theories are perturbatively renormalizable, one
can compute an explicit expression for the expectation value of the Wilson
loop in terms of Feynman diagrams. Such an expression we know is equal
to the Kauffman bracket. This equality will allow us to give explicit
expressions for each of the coefficients of the Kauffman bracket.

We therefore consider the expression of the expectation value of the
Wilson loop in a Chern—Simons theory,

<W(n) >= [ DAexp(iSos)Wal), (10.50)

and expand it in powers of the coupling constant k. In order to do this,
we write the Wilson loop explicitly,
o0
WA('Y) = 2 D Gt (7)TY(Aa1 3 Aai m.’)a (10'51)
1=0
and get as the result,
o0
<W(y) >=) X3 %%i(y) < Tr(Agy 2, - Agya) >+ (10.52)
i=0
Therefore by evaluating the n-point functions < Tr(Ag, z, - - Ag;z;) >
perturbatively we can get the expression we were seeking. In order to
perform the perturbative expansion one needs to introduce a background
metric in order to fix the gauge?.
The expression for the propagator is finally given by [187]

< AL () Al(y) >= L6 e, EZYE 1 0(1/KY) (10.53)
a b k avc |.’l: _ y|3 ’

¥ It can be seen that the background metric enters into the gauge fixed action as a commu-
tator of an arbitrary gauge fixing function with the BRST charge and therefore drops out
from expressions involving physical states since the BRST charge annihilates such states.
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10.4 Topological field theories and knots 261

2+@ A @ @ v

Fig. 10.11. The diagrammatic expansion of the expectation value of the Wilson
loop. The circles with insertions correspond to the multitangents of order equal
to the number of insertions. The wavy lines are the Chern—Simons propagators,
which may be joined in triple vertices. The constant A = 37i/k is related in the
gravitational case to the cosmological constant

where O(1/k*) may be vanishing but has not been carefully studied. We
will not need explicit expressions at that order for our calculations. From
it we define the quantity

Gaz by = E_; < AZ(SU)A?;(Z/) >, (10'54)

which we have already encountered in chapter 2 as the coordinate ex-
pression of the naturally defined metric in the space of transverse vector

densities.
The vertex for the theory is given by
ik
Z;eabceijk, (10.55)

which contracted with three propagators gives rise to the quantity,

47\ 2
<E) haz bycz — /d3w9az dw39by ewYcz fwedef + O(l/kz)' (10'56)

We can now proceed to write perturbatively an expansion for the poly-
nomial (shown diagrammatically in figure 10.11),

) = o) + 1) 2 — a0 2 — a5 T+ 01/8%), (1057)

where
ao(y) =2, (10.58)
a1(7) = X Wgaz by, (10.59)
as(y) = 3a1(7)* — A7), (10.60)
a3(7) = §a1(7)* + 31 (1) A2(7) + §43(7), (10.61)

and

A2(7) = Raz by 2 X% + Gag c2Gby dw X W =W, (10.62)
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262 10 Knot theory and physical states of quantum gravity

As(7) = =2 {(h“”‘?agaﬂh#amﬂ = s psa G Pugpgp) X121

Bl B3 A ps
+ 9(urps huzuws)c X

+ (2gulﬂ4gu2usg#3u6 + ~21_g(ll11139ﬂ2ﬂ5gﬂ4#6)c) Xulﬂwamusus] )

(10.63)

where as usual greek indices correspond to a pair of spatial index and a
point in the manifold. Actually, if v were a multiloop, ag(y) would be
two raised to the number of connected components of the loop. a;(y) is
the self-linking number of the loop that we have already discussed. Az ()
is an ambient isotopic invariant associated with the second coefficient of
the Alexander-Conway knot polynomial (the precise expression is given
by 1(A2 + %)) and is also related to the classical Arf and Casson knot
invariants.  This explicit expression was first obtained by Guadagnini,
Martellini and Mintchev [205]. The third contribution has been obtained
by Di Bartolo and Griego [47]. Central to finding the explicit form of
the third order contribution has been the clear identification of the rela-
tions satisfied by the loop multitangents (algebraic constraints) which we
discussed in chapter 2.

One could continue giving explicit expressions for higher order coeffi-
cients. However, one would need refined expressions for the propagators
which consider the higher order contributions of ghosts in the diagram-
matic expansion.

To summarize, we see that the use of the diagrammatic expansions
allows us to construct explicit analytic expressions for the coefficients of
the knot polynomials. These expressions provide the completion of the
ideas we introduced in chapter 2 in which we suggested that the use of
the loop coordinates was good for discussing knot invariants. At that
point we were not able to construct the invariants explicitly due to the
lack of a natural metric in the space of multitangents (the only natural
structure was the kernel used to construct the linking number). We see
that through the use of Chern—Simons theory we can construct quantities
that contracted with the multitangents yield the knot invariants that we
were intending to construct. We will see in the next section how to make
use of these invariants to construct physical states of quantum gravity.

Let us end this section with a discussion of framing in the context of the
perturbative expansions. In the previous section we showed that the ex-
pectation value of the Wilson loop gave rise to the Kauffman bracket. We
also saw that the Kauffman bracket was related to the Jones polynomial
through a framing dependent prefactor that condensed all the framing
dependence of the Kauffman bracket. The prefactor was equal to the
exponential of the writhe. Recall that in the vertical framing the writhe
coincides with the self-linking number. In the perturbative context, we see
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10.4 Topological field theories and knots 263

that the self-linking number arises in all the coefficients of the expansion
of the Kauffman bracket. From the few coefficients we have computed we
can get a glimpse of how the different contributions precisely combine to
give the prefactor we found in the previous subsection. Explicitly, if one

writes
K(1)g = /10 J(),
T 7['2 ™
(1+%alm ) — E T )
x (14 B + BT+, (10.64)

where we have expanded the exponential of the self-linking number in
powers of k¥ and we have introduced an infinite expansion of the Jones
polynomial (this corresponds to considering g = exp(4ni/k) as the vari-
able in the polynomial and writing it as a Laurent expansion in powers of
k). We have used the fact that the first coefficient of the Jones polynomial
vanishes [177]. From this expression, and comparing with the explicit ex-
pansions we introduced before, we see that Jy(vy), the second coefficient
of the infinite expansion of the Jones polynomial, is proportional to the
As(7) invariant we introduced before. We also see that the presence of
the terms involving the self-linking number in all the coefficients of the
expansion just corresponds to the expansion of the prefactor introduced
in the last subsection.

Notice that we get an expression for the coefficients of the polynomial in
a particular framing (vertical). This is quite reasonable, the polynomials
are defined in a framing independent manner by the skein relations but
if one wants a concrete analytic expression for their coefficients one has
to give it in a definite framing. The particular framing that appears
is determined by the details of the regularization procedure (recall that
when we computed the skein relations for the expectation value of the
Wilson loop we absorbed divergent factors; the correspondence between
that regularization and the one chosen for the perturbative expansion
determines the particular framing).

It is not obvious to see explicitly from the expressions we introduced for
Az(v) that it is an ambient isotopic quantity, as it should be if it is to rep-
resent the second coefficient of the Jones polynomial. The issue has been
discussed (for the non-intersecting case) by Guadagnini, Martellini and
Mintchev [205] and they reach the conclusion that the second coefficient
is framing independent. Similar reasonings apply to the third coefficient,
though the issue has not been studied in detail.

Do these analytic expressions apply for intersecting loops? Almost all
of the expressions are ill defined if the loop has intersections. In order
for them to be valid one has to add a prescription (for instance, a point-
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splitting regularization) at the intersections. The analytic expressions
coincide with the coefficients of the extension of the polynomials to the
intersecting case which we introduced through the extension of the braid
group for some particular prescription for regularization at the intersec-
tions. This has only been analyzed for some simple cases and the issue
deserves further study.

10.5 States of quantum gravity in terms of knot polynomials

We are now prepared to apply the notions of knot theory derived in the
previous sections to the construction of quantum states of the gravita-
tional field.

10.5.1 The Kauffman bracket as a solution of the constraints with
cosmological constant

As we noticed in chapter 8, in the factor ordering in which triads appear
to the left there exists a solution to all the constraints of quantum grav-
ity with a cosmological constant given by the exponential of the Chern—
Simons form of the Ashtekar connection,

Ucs[A] = exp (—% / d3 e Tr (A 0pAc + %AaAbAc)> : (10.65)

If one considers the loop transform of such a state one gets,

6
Yos(y) = [ DAWA()Vosld] = [ DAWAM)exp (-5 ScslA))
(10.66)
where with the conventions for the gravitational case
Scs = / P Tr(AaBpAc + 2AaAbAL). (10.67)

But this expression is precisely the same as the one we encountered
when computing < W(y) > in the context of a Chern—-Simons theory.
The cosmological constant plays the role of the coupling constant k of the
theory. We therefore know what the result is, it is given by the Kauffman
bracket knot polynomial in the variable A. Therefore the implication
is that the Kauffman bracket solves in the loop representation all the
constraints of quantum gravity with a cosmological constant.

This suggestion appears as very striking and beautiful, since it allows
us instantly to apply in quantum gravity elaborate results from Chern—
Simons theory. Before becoming too enthusiastic about this result, we
should point out several things that make the proof of the above state-
ment far from solid. First of all, recall that in the Ashtekar formulation
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10.5 States of quantum gravity in terms of knot polynomials 265

of quantum gravity the variables involved are complex. In Chern-Simons
theory the connection is real. Therefore the analogy of the expressions
presented is only formal. For instance, the expression of the propagator of
the theory diverges if the connection is complex. There is no result sup-
porting the existence of the path integral defining the expectation value
of the Wilson loop if the connection is complex. The only expectation
one can have is that whenever there is a well defined understanding of
the complex loop transform, the final calculation will reduce to an ana-
lytic continuation of the real result of Chern—-Simons theory. If that were
the case, we would be justified in using the analogy. Another problem is
that the state produced in the loop representation is not a genuine dif-
feomorphism invariant state, since a framing is required for its definition.
At present, due to these difficulties, the results we present can only be
taken as purely heuristic in terms of loops. The present attitude towards
these problems is that loops may be insufficient to characterize all possible
states in the quantum theory. The presence of a framing suggests that a
formulation in terms of ribbons or thickened loops could be better suited
to the treatment of these issues. At present, however, the only explored
context in which they can be given some level of consistency is in terms
of extended loops, where all quantities are regularized and the framing
ambiguities disappear. We will devote the next chapter to the study of
the extended representation and we will find that all the heuristic results
that we introduced in this chapter will be mirrored — in a regularized
context — in terms of extended loops.

Why should one pursue this avenue at all? Why not simply admit that
the transform of the Chern—Simons state is ill defined and forget it as
a means of constructing states in quantum gravity? The answer will be
given by the next sections. We will see that in spite of the difficulties of
putting these results in a rigorous setting a quite non-trivial number of
consistent results can be achieved. In particular we will see that the action
of the constraints we found in the loop representation on the transform of
the Chern—Simons state yield a series of remarkable results that confirm
that there is a certain amount of truth behind the formal manipulations
we perform.

10.5.2 The Jones polynomial and a state with A =0

One may have an unsatisfactory feeling about the result introduced in the
last section. After all it depended on an arguably vague analogy of the
loop transform of the Chern—-Simons state and the expectation value of
the Wilson loop in a Chern-Simons theory. However, given the develop-
ments of chapter 8 we are in a good position to check that the Kauffman
bracket is a state of quantum gravity directly in the loop representation.
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We have explicit expressions of the polynomial and of the constraints in
terms of loops and it is a matter of applying the constraints and check-
ing that the result holds. This will not be a rigorous proof either since
the expression for the constraints in the loop representation was obtained
through formal manipulations of either the loop transform or the elements
of the T algebra. It is, however, quite reassuring that all these formal ma-
nipulations yield the same results. Moreover, we will find a remarkable
surprise while doing this computational check: we will discover that some
of the coefficients of the Jones polynomial must be annihilated by the
Hamiltonian constraint of general relativity with A = 0.

The calculation will proceed order by order in the cosmological con-
stant,

HyK(y)a = (Ho + Adetq) K (7). (10.68)

The above expression is a polynomial in A. If it is to vanish, it has to do
so order by order in A. To compute the different orders we substitute the
expansion for the Kauffman bracket of the previous section. The result is

Order A°:
Hy2(y) =0, (10.69)

Order Al:
1Hyai1(y) + detq2(y) =0, (10.70)

Order A2:
Hy ($a1(7)* — §A2(7)) +detqai(y) =0 (10.71)

and so on for higher orders. To obtain these formulae in the conven-
tions we are using for gravity one should replace ik/4m by —6/A in the
expressions derived in section 10.4.2.

Notice that we have written 2(y) for the number 2 that appears as
leading order of the perturbative expansion of the Wilson loop. This is
to emphasize that this constant is to be viewed as a constant function in
loop space. What we mean by this is that operators like the determinant
of the metric, which is a multiplicative operator in loop space will have a
non-trivial action on it.

Let us summarize the results we will find. We will mainly prove two
things:

(a) One can check by straightforward calculation that the contributions
to the three orders in A that we listed all vanish.

(b) We will see that in the contribution to order A?, the quantity

Hy As(7) (10.72)
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vanishes independently and therefore the second coefficient of the ex-
pansion of the Jones polynomial is annihilated by the Wheeler—-DeWitt
equation for vacuum general relativity with cosmological constant equal
to zero.

This last fact is one of the most remarkable results that arise from the
loop representation. We find a new non-trivial, non-degenerate state of
quantum gravity which we only know in terms of loops. We do not at
present know its expression in terms of connections. We will see that its
annihilation is the product of a very elaborate cancellation of terms. It
may therefore be the manifestation of a very deep relationship between
knot theory and the dynamics of quantum gravity of which we are un-
aware. There was no a priori reason to expect this coefficient to be a
state and there is no simple explanation of why it is so. We will attempt
an explanation in the next section.

Let us now proceed to show these results explicitly. We start with the
order A°. In that case we have the action of the Hamiltonian constraint
with vanishing cosmological constant on the constant function in loop
space 2(-y). The Hamiltonian constraint trivially annihilates this function
since the loop derivative involved in its definition does, due to the fact
that it is a constant function. Notice that the determinant of the metric
does not annihilate this function. We have found the first solution ever of
all the constraints of quantum gravity that is only a solution for A = 0 and
therefore can be interpreted as associated with a non-degenerate metric.
The function is just a constant in loop space. We do not know its form
in the connection representation, though we can intuitively picture it as
a “delta function” in connection space, requiring the connection to be
flat. This would automatically be annihilated by the constraints in the
connection representation if one ignores regularization issues.

In order to check that the other orders cancel we need to digress and
consider in some detail the action of the constraints introduced in chapter
8. Let us start with the expression of the Hamiltonian constraint of the
vacuum theory. As we saw, such an expression acts non-trivially only on
the intersections of loops. We have no problem considering intersections
in the expressions for the coefficients introduced in the previous section,
since we have generalized the polynomials appropriately to the case of
intersecting knots. In order to simplify the treatment we will consider the
explicit action of the constraints for the case of a triple self-intersecting
knot. We saw in chapter 8 that this is the minimal number of intersections
one needs in order to produce states of quantum gravity that are not
annihilated by the constraints for an arbitrary value of the cosmological
constant. This is due to the fact that the definition of the determinant of
the metric requires a loop with a triple tangent vector at (at least) one
point in order to be non-vanishing.

Downloaded from https://www.cambridge.org/core. IP address: 18.119.132.218, on 21 May 2024 at 01:36:56, subject to the Cambridge Core terms of
use, available at https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/51705C8DABA59C31E846CEO8FOF7FFDD


https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/51705C8DABA59C31E846CE08F0F7FFDD
https://www.cambridge.org/core

268 10 Knot theory and physical states of quantum gravity

The expressions for the constraints we introduced in chapter 8 are com-
pletely general, we only need to particularize them to the case of interest.
As we have argued before it is, in general, incorrect to introduce limita-
tions in the space of loops to consider states with loops with a certain
number of intersections. This is not what we are doing here. We are just
exhibiting the triple self-intersecting calculation for the sake of clarity but
the calculation for an intersection of arbitrary order is done in exactly the
same way, only additional terms arise. In particular, we will consider the
calculation in the next chapter in terms of the extended representation
(which includes all kinds of intersections, even non-isolated ones) and the
result is the same.

Let us now consider the expression for the Hamiltonian constraint in-
troduced in chapter 8,

H@)¥(7) =2 § dy® § d:5(z ~ )50z~ 2) A (75 2 00)- (1073)

We consider a state that is a function of a loop with a triple self-
intersection v = <1 o 72 o y3, where +; are the petals forming the loop
joined at the intersection point. The above expression particularizes to

Ho(z) U(y1 072 093) = 2{2X°% (71) X% (v2) Aus(132) ¥ (71 © 73 0 72)
+2X°%% (1) X (73) Aab (13Z) ¥ (71 © 72 © 73)

+2X5% (72) X2 (13) Aap((13 0 11)Z) T (12 01 073)},  (10.74)

where 4; = ;" 1
The above particularization is obtained as follows. First notice that
the action of the constraint is only non-trivial at the intersection point,
which we label z. The point z arises several times when one traverses the
loop from beginning to end and there are three different tangent vectors
at it (we assume the loop has no kinks at the intersection, i.e., all lines go
“straight through”, as we discussed in chapter 8). The three non-trivial
contributions arise when the loop derivative is contracted with the tangent
vectors 1,2, 1,3 and 2,3. Each of these possibilities arises twice but it
is easy to see that their contributions are the same as the ones we list
here so we account for them by an overall factor of 2. We therefore start
traversing the loop with the two integrals that appear in the constraint
and compute the non-trivial contributions. The origin of the loop can be
taken at an arbitrary point, which we fix at some point of the loop 73.
The first contribution appears when the integral in y has traversed from
the origin to the point = along -y3 and therefore is at the origin of the
loop 73, and the integral in z has traversed the first petal of the loop, 71,
completely and is at the beginning of the loop 2. The contribution then
has a multitangent corresponding to the origin of v, one corresponding
to the origin of 75 and the argument of the loop derivative is the portion
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of the loop 73 going from the origin to the intersection point. The second
contribution is analogous to the first one but the integral in z has moved to
the beginning of the third loop, 3. The last contribution has the integral
in y moved to the beginning of the loop 2. The integral in z can only
give a non-trivial contribution when reaching the beginning of y3 (we have
already counted the possibility that it could be in ;). Since the variable in
y is now at the beginning of 7y, (or the end of ;) we denote so in the path
dependence of the loop derivative. Since we are taking care explicitly
of the ordering along the loop of the integrals, we denote the tangent
vectors of the loops (and the associated distributions) simply through the
first order multitangents evaluated at the corresponding loops.

We did not present in chapter 8 an explicit expression for the determi-
nant of the metric, but it can be computed straightforwardly using the
same techniques used for the Hamiltonian. The result is [206]

detq¥ () = —4eabc X (71) X" (12) X ()
X (¥(mn7372) + Y(vem173) + ¥(y2y371)) . (10.75)

Both the expression for the Hamiltonian and the determinant of the
metric are cyclic expressions in terms of the three petals of the loop, in
spite of the fact that their immediate appearance is that they are not.

Let us now consider the expression to order Al. First let us concentrate
on the action of the determinant of the metric on 1(7). As we argued, it is
non-vanishing and immediately we can see it is equal to €z YF¥575 1(7).

To compute the action of the Hamiltonian constraint on a;(y) we con-
sider the explicit form of the wavefunction, the linking number, for a triple
self-intersection. This is given by

ar(1o72073) = gupX*(moy2073) X (1072 073)
= guv(X¥#(m) + X¥(12) + X*(73)) (X" (1) + X (72) + X" (73)),
(10.76)

and as usual greek indices refer to a pair of spatial index and spatial point
K1 =01 71.

We now recall the techniques that we used in the calculation in chapter
4 of the action of the Hamiltonian of Maxwell theory on the vacuum state.
The loop derivative acts on each first order multitangent producing the
derivative of a delta function. Explicitly,

Dab(75) XY (7) = 8;,046(z — y). (10.77)

Care should be exercised when one considers the particularization of this
expression for the petals of the loop. For instance, Agp(v3%)¥(71) is non-
vanishing for the loop considered since the deformation introduced by the
loop derivative acts at the beginning of the petal ;. As a consequence
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Agp(73Z)¥(72,3) = 0, and similarly for the other petals.
We can therefore write the action of the loop derivative in the first term
of the Hamiltonian,

Aay(135) a1(r10730%2) =
Aab(135) 19 2 (X (1) — X ¥ (72) — X (3))
X(XH2 (1) — X¥2(12) — X2 (73))] =
26}, 0316(z — %1)9ay o1 p2 X" (71 © ¥2 © ¥3), (10.78)

where we have used X#(y) = —X*(¥) (as discussed in chapter 2).

We can now integrate by parts the derivative of the delta function. In
order to do this, it is useful to introduce the following relation, which can
be directly obtained from the definition of the propagator g:

aﬁng]m cy = 6(z — y)€abe — Yoz bya:cv (10.79)

which together with the transverse character of the first order multitan-
gents implies

265;1 :]6(3" - xl)galzl azszazxz ('71 oYz 0 ’73) =
—2€4,500(T — T2) X272 (71 0 ¥2 0 ¥3).(10.80)

Similar contributions are obtained from the other terms in the Hamil-
tonian, which combined with the multitangents that multiply the loop
derivative yield

Hoy(z)ay (71 072 093) = 24€ape X% (71) X% (72) X (y3). (10.81)

This expression exactly cancels out the contribution from the determi-
nant of the metric on 2(-y), which implies that the contribution to order
A! vanishes.

We now consider the A? contribution. The determinant of the metric
on the linking number produces a contribution of five first order multitan-
gents contracted with an €45, and a propagator of Chern—-Simons theory.
If one considers the action of the Hamiltonian on the linking number
squared the loop derivative acts on the linking number and produces €gp.
contracted with three multitangents, as in the contribution of order A®,
times a linking number. The two contributions cancel each other and the
A? contribution vanishes if and only if

HoAs(y) = 0. (10.82)

This calculation can be checked explicitly in exactly the same way as
the others. The whole calculation is just more tedious since the different
reroutings affect Az(y) in a less trivial fashion and the loop derivative
acts in various points. There also appear loop derivatives of higher order
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10.5 States of quantum gravity in terms of knot polynomials 271

multitangents, which we presented in chapter 2. Many terms are gener-
ated by the action of the Hamiltonian, involving multitangents of order
three, four and five. In the end they all cancel [209]. We will present an
explicit proof of this in the next chapter since in terms of the extended
loop coordinates the resulting expressions are more concise.

The remarkable fact is that in order for the expression of order A2 to
vanish we see that Az(7y), which was the second coefficient of the infinite
expansion of the Jones polynomial, has to be annihilated by the Hamilto-
nian constraint with vanishing cosmological constant. It can easily be seen
that it is not annihilated by the determinant of the metric and therefore is
the second solution we find to all the constraints of quantum gravity that
is non-degenerate in the sense that we discussed in chapter 8. It is the
first non-trivial one, in the sense that the previous one we found was just
a constant. It is quite remarkable that this highly non-trivial expression
is annihilated by the Wheeler-DeWitt equation in loop space.

If one continues this analysis to higher order one checks that at third
order the contribution also vanishes, but the “miracle” that happens at
the second order is not repeated: the different contributions cancel among
themselves but one cannot identify any portion that is annihilated alone
by the vacuum Hamiltonian constraint. The reason why something “spe-
cial” happens at order two will be discussed in the next section. It is pos-
sible that it repeats at higher orders, but this has not yet been checked.
An important point to be stressed is that any candidate to solution of the
Hamiltonian constraint should also be compatible with the Mandelstam
identities. This happens to second order, it does not happen at third and
is yet to be investigated at higher orders.

We will see in the section 10.5.3 why the second order coefficient seems
to play a special role and we will see that it is related to the role that the
Gauss linking number plays in the theory.

It is interesting to notice that the above calculations have been per-
formed for a loop with a triple self-intersection but they actually work
for any loop. In particular for loops with double self-intersections, one
can check the calculations very rapidly: any expression involving €. con-
tracted with three tangents automatically vanishes, and therefore all the
terms that canceled among themselves in the above proof vanish indepen-
dently.

We have therefore checked perturbatively that the Kauffman bracket is
a solution of the constraints of quantum gravity with cosmological con-
stant, as the conjunction of the loop transform and the Witten argument
had suggested. The verification has been order by order for only the first
four orders, but we see that even at that level several non-trivial cancel-
lations had to occur. Remarkably, we found as a by-product a completely
new solution to the vacuum constraints that we did not know a priori
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and which at present we cannot connect with any known expression in
terms of connections. We can therefore see the power of working in the
loop representations from the point of view of generating solutions of the
constraints.

The new solution generated is given by the second coefficient of an in-
finite expansion of the Jones polynomial. Since the first coefficient (2(-y))
is also a solution, this led to the conjecture [52] that maybe the whole
polynomial was a solution of the constraints with A = 0. It seems at
present that this is not the case. Detailed calculations [210] for the third
order show that the third coefficient of the expansion is not a solution
and a generic argument shows that if Kauffman being a solution with A
had to imply that Jones was a solution with A = 0, Jones should satisfy
several relations it is known not to satisfy. It seems therefore that the con-
struction singles out the second coefficient as a very special quantity. We
will show in section 10.5.3 an argument as to why the second coeflicient
vplays such a singular role.

10.5.3 The Gauss linking number as the key to the new solution

As we have seen, there is evidence that the Kauffman bracket is a solu-
tion of the Hamiltonian constraint of quantum gravity with cosmological
constant. The Kauffman bracket is given by the loop transform of the
exponential of the Chern—Simons form,

K(y)a = / DAexp (-%scs) an (10.83)

As we argued, due to the results of Witten and others we know how to
compute this quantity explicitly for any gauge group. It is interesting to
notice that if the group is U(1) [196, 45],

exp (—%al(fy)) = /DA exp (—%ch) W, [A], (10.84)

and Scg = [d3zé®¢A,8,A. and the convention for the Abelian Wilson
loop is W,[A] = exp(i §, dy®A,).

So we see that the prefactor that relates the Kauffman and Jones poly-
nomials arises like the “Abelian limit” of the Kauffman bracket. (There
is a difference in the numerical factor 24 due to the fact that conventions
are slightly different and the Abelian limit of an SU(2) theory yields three
U(1) contributions). In particular, it is easy to see that in the perturba-
tive expansion if the group is Abelian all the vertex terms drop out and
one gets a resummation of the exponential of the linking number.

Now, the Kauffman bracket solves the Wheeler-DeWitt equation with
a cosmological constant. Is there any sense in which one could take the
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Abelian limit of this fact and argue that the exponential of the linking
number does too? The quick answer to this question is no. There is
no systematic way of considering “Abelian limits” in terms of the loop
representation, since the non-Abelian nature of the group is embodied
from the beginning in the kinematic structure of the theory. Moreover,
the expressions for the Hamiltonian constraint and the determinant of the
metric collapse in the Abelian limit in terms of connections. However, this
idea of exploring the Abelian limit of the Kauffman bracket will lead us
to a new solution of the constraints of quantum gravity.

Consider the action of the Hamiltonian constraint on the exponential
of the self-linking number. The calculation can be immediately done
based on the experience of section 10.5.2. Due to the Abelian nature
of the self-linking number, the reroutings have a trivial action and the
loop derivative has the effect we discussed when acting on the self-linking
number. It is not difficult to see that the total action of the vacuum
Hamiltonian constraint on the exponential of the self-linking number is
equal to the action of the determinant of the metric [206]. We therefore
have the remarkable fact

(Ho + Adétq) exp (—%al (7)) —0. (10.85)

We have therefore found another non-trivial solution of all the con-
straints of quantum gravity in the loop representation. This solution is
completely novel: we do not know its counterpart in the connection rep-
resentation. It can be loosely understood in terms of the Abelian limit
ideas that we introduced, which have no apparent counterpart in the con-
nection representation. It is unfortunate that these ideas cannot be given
a more concrete implementation, since they could possibly serve as a basis
to construct other solutions to the constraints by considering “expansions
in terms of Abelianness”.

The remarkable fact is that this solution can be viewed as the root of
the results we introduced in section 10.5.2. Since the exponential of the
Gauss linking number is a solution with cosmological constant and so is
the Kauffman bracket, we could consider their difference, divided by A2,

D(y)s = K(y)a — j\xzp(Aal (7)), (10.86)

and this quantity solves the Hamiltonian constraint with cosmological
constant.

Each polynomial solution with a cosmological constant corresponds, in

the limit A — 0, to a solution of the constraint H,. For instance, the
Kauffman bracket produces in that limit 2(vy), which we showed was a
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solution of Hy. In the case of D we have
Ax(7) = lim D(). (10.87)

So we see that the fact that the exponential of the self-linking number is
a solution of the Hamiltonian constraint with a cosmological constant has
the direct consequence that Az (7) has to be a solution of Hy.

Unfortunately, there is no simple way of constructing a similar argu-
ment for the higher coefficients. The root of this difficulty is that the
motivation for finding this solution, based on notions of Abelian limit,
was quite vague and cannot be embodied in an approximation scheme.
Our lack of understanding of the Abelian limit in the loop representation
also prevents us from making a clear connection with expansions of the
theory in terms of Newton’s constant (“weak” [207] and “strong” [208]
limits) and should be studied more carefully.

10.6 Conclusions

We have seen that the developments in knot theory, in particular the ideas
of knot polynomials, can be successfully extended to the case of intersect-
ing loops and be used in practice to construct quantum states of gravity.
We have succeeded in constructing two different states with cosmological
constant and two states of the vacuum Hamiltonian constraint. They all
solve the constraints in very non-trivial fashion and several of them have
no simple counterpart in terms of the connection representation that we
know of at present. In a sense this chapter has unleashed the full power
of the loop representation in that it allows us to make effective use of the
notions of knot theory to solve the constraints. All the solutions that we
have discussed here were presented in a formal fashion and only exhibited
explicitly for the case of a triply self-intersecting loop. One could try to
regularize them using point-splitting or loop-thickening techniques such
as the ones we introduced in chapter 8 for the non-intersecting solutions
and also generalize the results to loops with more intersections. It is in-
triguing that all solutions with cosmological constant are regular isotopic
invariants whereas the solutions with A = 0 are ambient isotopic. We will
postpone the discussion of all these issues to the next chapter where we
will discuss these solutions in terms of the extended loop representation
in which all regularization issues can be analyzed in a clear fashion. We
will see that the solutions survive the scrutiny of a careful regularization.
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11

The extended loop
representation of
quantum gravity

11.1 Introduction

In chapter 2 we saw that the extended loops arise as natural extensions of
the group of loops into a Lie structure. We also saw in chapter 4 that the
use of extended loops provided a natural framework for the regularization
for Maxwell theory. The intention in this chapter is to explore to what
extent they can be useful for addressing regularization issues in quantum
gravity. As an important by-product we will find that they are also an
efficient computational tool for discussing several issues related to the
solution space of quantum gravity and the action of the constraints.

Regularization issues in quantum gravity are considerably more in-
volved than those of Maxwell theory. It is therefore remarkable that
there is a formal similarity with the case of Maxwell theory. In that
case one of the regularization difficulties that we confronted in the loop
representation was that the vacuum of the theory,

¥o(y) = exp(~} § da® § ' Kun(z ) (1L.1)

where Kg(z — y) was the (distributional) Feynman propagator, was an
ill defined quantity. Apart from this difficulty in the definition of the
wavefunctions one also had the expected regularization problems of the
Hamiltonian, which was quadratic in momenta.

The ill definition of the vacuum in Maxwell theory appears remarkably
similar to the problem of framing that we confronted in the loop repre-
sentation of quantum gravity in the previous chapter. As we saw there,
the exponential of the self-linking number,

A
Vo) = exp (7 § da® § dPoucry) (1.2

where ggz 4y is the (distributional) propagator of Chern-Simons theory,
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was a solution to all the constraints and embodied all the framing ambi-
guities that are present in the Kauffman bracket. The similarity of the
two expressions, the one corresponding to Maxwell theory and the one
corresponding to gravity is quite striking.

A word of caution should be said about jumping to the conclusion that
the similarity of these two problems necessarily implies their solutions
should be the same. It is true that going to extended loops fixes the reg-
ularization problems of Maxwell theory and allows us to recover the Fock
structure of the theory. However, one expects that in quantum gravity,
due to the diffeomorphism invariance, the structure of the theory will be
quite different from a Fock structure. Intuitively, one expects diffeomor-
phism invariance will yield some sort of discrete structure, possibly better
suited for a description in terms of loops, which are essentially discrete,
than extended loops, which are inherently continuous. At the moment,
however, the picture is far from clear and the attitude should be to explore
all possible avenues to regularize the theory in order to be able to decide
which is the better strategy. Because of its natural formulation in terms
of objects to which we can apply the usual rules of functional calculus, the
extended loop representation presents an attractive formulation in which
we can set many of the unsolved questions about regularization raised in
the previous chapter.

Another issue related to the use of extended loops is that part of the
geometric flavor that representations in terms of loops have is lost. For
instance, we saw in chapter 8 how the diffeomorphism invariance of general
relativity was naturally coded in the ideas of knot theory. In the extended
representation this connection is lost and the diffeomorphism constraint
has to be treated as a functional equation. Not everything is lost, since
as we will see, several of the ideas of knot theory can be generalized to
the extended representation. These issues, connected with the problem
that extended holonomies may have convergence problems, have led to a
general feeling that some intermediate avenue between ordinary loops and
extended loops could be the genuine framework for quantizing gravity. At
present, however, such a framework has not been developed.

The proposal to use extended loops to build a representation for quan-
tum gravity was first advanced in references [224, 225].

The structure of this chapter is as follows. We start with a discussion
of wavefunctions and their identities in terms of extended loops. We then
write the constraints in terms of the extended representation via the loop
transform. We then proceed to find the extended version of the solutions
to the constraints that we discussed in chapter 10. The usual loop repre-
sentation is then obtained as a limit of the extended representation. We
end with a discussion of the regularization of constraints and solutions in
terms of this representation.
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11.2 Wavefunctions 277

11.2 Wavefunctions

We start by discussing general properties that wavefunctions in the ex-
tended representations must satisfy. Wavefunctions are related to those
in the connection representation by the extended transform,

T(X) = /DA WA Wy [A], (11.3)
with Wx [A] the extended Wilson loop,
Wx[4] = Tr(HAX]) = Tr[A,) X, (11.4)

where the notation is as usual, indices with tildes represent sets of pairs
of vector indices and space points g = (a1 %) ...a,Z,) and repeated
indices with tildes imply integrations over the z;s, Einstein convention
summations on the a;’s and a summation on n from zero to infinity. The
notation A, denotes the product Ag, (1) -+ Aq, (zn)-

In order to have a gauge invariant Wilson loop, the multitensors X
must satisfy the differential constraint,
0

a;
Oz;

a1r1...a;T;...anTn __

(6(zi — 1) — 6(ms — T41) ) X WO -1 Tim1 GiITidLAnTn

(11.5)

and we call the space of such multitensors D,. Notice that we do not
require the algebraic constraints that we introduced in chapter 2. At
this point one has a choice of which precise kind of extended representa-
tion one wants to consider. The choice to ignore the algebraic constraint
has the payoff that the resulting representation is simpler, because one
avoids dealing with non-linear constraints. The price is that the degree
of redundancy in the description is higher.

As in the case of loops, the structure of the particular gauge group
imprints on the wavefunctions in the extended representation a series of
relations, the Mandelstam identities. When we introduced the Mandel-
stam identities in chapter 3 for usual loops we did it by considering the
properties of the traces of products of group elements, which in that case
were the holonomies. In the extended case, this is not possible, since
the holonomies no longer belong to the gauge group, as we discussed in
chapter 2. It turns out that the Mandelstam identities in the extended
case arise as a consequence of the properties of the traces of products
of the connections Tr(Ag, (z1) - - Aq, (zn)) combined with the linearity of
the extended holonomies in terms of the multitensors. Their explicit form
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is
Wx,xX,[4] = Wx,«x, [4], (11.6)
WxlA] = Wxl4], (11.7)
WX1 [A]WX2 [A] = WX, xX, [A] + le xXs [A]. (11.8)

The first identity corresponds to the usual cyclic property of traces.
The second one corresponds to the inversion of loops W,[A] = W,-1[4]
which in terms of extended loops corresponds to inversion of the indices,

7}11...#7: = (_1)1’1Xﬂn---l‘41. (11.9)

This equation corresponds (when particularized to loops and making
use in that case of the algebraic constraint) to the expression for the
inverse of a multitensor that we introduced in chapter 2. Notice that in
general it is not the inverse multitensor.

In terms of wavefunctions the identities translate into

U(X; xX3) = ¥(XoxX,), (11.10)
¥(X) = ¥(X), (11.11)
U(X; xXoxX3) + U(X; xXoxX3) =
T(XoxX1xX3) + U(XoxX1xX3). (11.12)
The identity corresponding to loop inversions (11.11) implies in the ex-

tended representations that wavefunctions must depend on the extended
coordinates through the combination

RH1-Hn % [XH1-Hn 4 (—1)P X Hneeb] (11.13)

where the Rs satisfy the following symmetry property under the inversion
of the indices

RHv-bn = (1) Rin-b1 (11.14)

An important property of the wavefunctions in the extended represen-
tation is that they are linear functions of the extended coordinates. This
is due to the fact that the extended Wilson loop is also a linear function
of the extended coordinates. The general form of a wavefunction in the
extended representation is therefore given by

¥(X) =D, X*, (11.15)
and all the information of the particular wavefunction is coded in the
coefficients D. In turn, the properties that the wavefunctions have as a

consequence of the Mandelstam identities are translated into properties
of the coefficients D,

Dy, .. = Dy.opin)es (11.16)
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Dy, ..pn = (—l)nDu,....un (11.17)

k
Dul---#kuk+1---un + (_1) Duk--~ﬂ1uk+1~~un =
1 k1l
ED(m---uk)cukH---un +(=1) ED(I-‘k---F'l)CI"k+1---#n Vk, (11.18)

where ¢ indicates the cyclic combination of indices,

Duy.p)e = Dpus poeiie) T D oo 1) T+ + - Do pa ooy (11.19)

The linearity is a remarkable property of the wavefunctions in the ex-
tended representation. Notice that all the wavefunctions explicitly known
in the loop representation for quantum gravity have this property when
they are written in terms of the multitangent fields. Moreover, this prop-
erty will also be inherited by the operators that we can construct in the
extended representation. In general, the linearity of the wavefunctions
could be imposed by means of the “linearity constraint” £

' _ xw_ 8
LXYr(X)=X SXE5 X
where X' is any object that satisfies the differential constraints. The
functional derivatives produce elements of the extended group of loops
and therefore the second functional derivative is the group product of the
resulting elements. The addition of the element X’ is to ensure that the
result is a function of multitensors that satisfy the differential constraint
(i.e., it makes the linearity constraint a well defined operator on the space
of wavefunctions with support on D,).

Any observable of the theory has to commute with the linearity con-
straint. This means that the action of any quantum observable on a
wavefunction reduces to a shift in the argument of the wavefunction. The
linearity in the wavefunctions is in correspondence with the proliferation
of arguments. One trades the non-linearity of the wavefunctions in terms
of a connection for an increased number of arguments in the extended
representation. This is a technique that is applied in constructive quan-
tum field theories for non-linear theories, where non-linearities are traded
for an increase in the number of variables.

An example that clarifies these issues of linearity and proliferation of
variables is given by the usual Fourier representation of the quantum me-
chanics of a free particle in one dimension. The usual theory has wavefunc-
tions in the position representation ¥(z) and momentum representation
U (k) related by the usual Fourier transform. The idea of extended repre-
sentation is to substitute the basis of the Fourier transform by an infinite
parameter basis,

¥(X) =0, (11.20)

exp(ikx) — ko + k1z + kox?® + kaz® + - - - (11.21)

and the resulting wavefunctions in the “extended” representation are
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given by linear functions of an infinite tower of ks, ¥(k). The linear-
ity is imposed by a linearity constraint 62/ 3ki8kj\Il(E) =0

One can write the physical operators of the theory in terms of such a
representation, and they all become linear operators,

R 9
I = ng%kn_la—kn, (1122)
ke 0
p=> (n+ 1)kn+1%, (11.23)
n=0 n
~ PP 1 &
H= % = % n=0(n + 1)(71 + Z)kn+2%, (1124)

which commute with the linearity constraint.

How is the usual theory recovered? Since one has first class constraints
(the linearity constraints), one can fix the gauge generated by them. In
particular one can choose k, = k7'/n! and one recovers the usual theory
free of constraints. If one decides to quantize the theory before fixing the
gauge, the usual theory is recovered by considering analytic functions of
the tower of ks and introducing an inner product that implements a gauge
fixing similar to the one discussed.

At the moment this seems like a futile exercise: we have converted the
simplest quantum mechanical problem into a field theory with an infinite
number of variables and constraints. It is true that for the example of
a free particle nothing is gained in solving the theory in this way. In
the case of gauge theories, however, one knows that fixing the gauge is
not necessarily the easiest way of solving a theory. The attractiveness of
having a theory cast in terms of linear functions and first order differential
operators may well compensate for the proliferation of variables (a less
obvious problem in a theory that from the outset has an infinite number
of degrees of freedom).

An intriguing point is that the resulting quantum theory with linear
wavefunctions and first order operators could, in principle, be obtained
as the canonical quantization of a classical theory with constraints and
operators linear in momenta. The classical theory involved has an infinite
number of degrees of freedom and the linearity implies the use of Grass-
mann variables in its formulation. These classical theories have not been
studied in detail at present.

11.3 The constraints

We now proceed to write the constraints of quantum gravity in terms
of the extended representation. We will proceed formally via the loop
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11.8 The constraints 281

transform exactly as we did in chapter 8. We could also proceed via the
construction of a non-canonical algebra which is the natural generalization
of the T algebra to the extended case. As we argued at length, the results
one gets are equivalent to those of a loop transform and involve a similar
number of formal manipulations. We will therefore concentrate on the
loop transform approach.

11.3.1 The diffeomorphism constraint

We start with the diffeomorphism constraint. The action of this constraint
on the wavefunctions ¥(R) is defined by

Cor¥(R) = / DAWR[A][Car¥(4)]. (11.25)
The constraint acting on ¥(A) can be applied on the generalized Wilson

functional integrating (formally) by parts. As a result we get

)

Cos /DA VA @)

—WrlA] (11.26)

At this point it is useful to introduce some notation that will prove
(e
beneficial in the calculations. Let 6’[}‘ be defined as

n>1
0 (11.27)

6"‘11 ---6?,‘: , ifn(a) =n(g)
=11, if n(a) = n(f)

0, otherwise,

where n(a) is the number of indices of the set . The § matrix allows us
to write the group product defined in chapter 2 as

(E1 X Ez) 6 El E2 (11.28)
Notice that in particular

(8y x 8p)R= 6,,[,, (11.29)

where 6 are the “vectors” with components (6,)~ = 65
The functlona.l derivative of any product of As can be written with the
help of the § matrix as
6 . © b.’EIL
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where the 7s are the generators of the SU(2) algebra with the conventions
of chapter 8. Taking the trace of the above expression we get

6

. 8 by . (bz B)c
s T Ae) = Tr(r' Ag) 85, 6~ %= T(r Ag)6q 2", (1131)

The curvature tensor involved in the definition of the constraint can be
written as

Fa(z) = AyFar{), (11.32)

where F,;, represents the element of the algebra of the extended loop
group with non-vanishing components,

Fap®2 () = 6212 83 8(zy — ), (11.33)
Fap®1™092%2(g) = 623 6(z), — ) 6(z2 — ). (11.34)
Using (11.31) and (11.32) we obtain the following expression for the

action of the diffeomorphism constraint on the generalized Wilson func-
tional:

Fie) 5 Tr(Ag) = Te(Fus(o) Ag) 8~ R

=Tr(4,) 85 Fa(2)*R®R°. (11.35)

Putting expression (11.35) in the expression of the differential con-
straint and using (11.28) we obtain

Car¥(R) = [ DAVAITe(Ay) [Fus(s) x RO
= ¥(Fap() x R®), (11.36)

where we have introduced the element of the group R®*) which has com-
ponents defined by

[R(bz)]tf, — R(bm)g = Rz (11.37)

and satisfies the differential constraint (on the y indices) basepointed at
z.

We therefore see that the action of the diffcomorphism constraint re-
duces to a shift in the argument of the wavefunction, as we suggested, due
to the linearity of the operator. The operator can, of course, be written
as a first order differential operator,

Caz¥(R) = [Fap(z) X R("””)]*ig%\ll(R). (11.38)
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11.3 The constraints 283

11.8.2 The Hamiltonian constraint

Let us now consider the construction of the Hamiltonian constraint in the
extended representation.

In this case we have to use the properties of the SU(2) algebra in order
to take into account the two derivatives that appear in H(z). We have
now

A(z) U(R) = / DA[A] ik [Fbg(m)gj‘%-%w,,(m . (11.39)
bz ar

From (11.31) we get the following expression for the second functional

derivative
6 6 ] (az B)c
————Tr(Ap) = Tr(‘rk—.Aﬂ) Oc =
k B RV
6A{m: 6A‘w 6Ai:c
. b: c . brv)e
Tr(TkAHJ'r’AKJ) 5% xi&gmg) = TI‘(TkAE‘TJAK’) 5’(;1& *¥) . (11.40)

To put this result in a useful form we need the following well known
property of the SU(2) matrices

eijk’I‘r(TkA&'rjA,,) = Tr(T*Ay) TI(A&) — Tr(Ay) ’I‘r('riA,L), (11.41)

which allows us to write the product between traces of SU(2) matrices as
a combination of traces in the following way:

Tr(A,) Tr(Ay) = Tr(A, A,) + (-1)"®Tx(4, 4,-1), (11.42)
where if v = (v1,...,vp), then v}
rearrange the expression of interest as

6ijlcrI\r(,rchli,rjAK) — (_1)n(H)“(TiAKA&_1) _ (_l)n(K)Tr('riAuq A&).

= (Vn,...,v1). This allows us to

(11.43)
We then have for the action of the constraint on the product of con-
nections,
ik ) )
VbR () ———— Tr(A4y) =
ba( )5A?,z GAE (Ag)

azp~ bz v)e ) (azpbzv—1),
(—1)"“1)"l‘r(Fba(a:)Am){65g KEIR Lyt g thiK ’}:

bzvaerp~1). - arv=1bz),
(—1)”"0ﬁ(Fba(m)Am){5; oo | (Cpypee so >}=

(azy bz p~1)c

(=1)"® Tr(Ag,) Farki(z) 65 {633 + (-1)"W 632_1 } , (11.44)

where the combination that arises in curly braces gives rise exactly to
the element R that we introduced before when contracted with X. This
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contraction is exactly what we need to do to get the expression of the
action of the constraint on an extended holonomy,

6 6

uk

sar WaR) =

azvbrp~—1).
2(—1)"(‘0 Tr(Agyy) Farllw) 8y <78 RL=

2(~1)"W Tx(Ay) 65, Fala) [85, RO47E], (11.45)

where in the first step we have used the symmetry property (11.14) of the
Rs under the inversion of the indexes. The expression in square brackets
defines a specific combination of Rs, that we denote

RO = ROPFR = (6, x 6,)2(~1)"W RETKE e (11.46)

Explicitly,

n
R(az,bz)p1..pn _ Z(_l)n—k R(aTP1...pk bT pr.pi41)c (11.47)
k=0
An important fact is that this combination satisfies the differential con-

straint with respect to the p indices basepointed at z. It also satisfies the
following property

R(az,bz)&—l _ (_l)n(g) R(bz,am)gv' (11.48)
Equation (11.45) can then be written
ik i 6 6
e”’“%(z)mm Wa(R)=2Tx(Ag) (8 % 6,)2 Far(z) RV
bx aT

=2Tr(Aqy) (Fap x R (11.49)
and from this we conclude that
H(z) T(R) = 2U(Fpp(z) x RO%52)), (11.50)

Also in this case the action of the Hamiltonian constraint reduces to
evaluating the wavefunction on a new argument. As was already men-
tioned, this is a general property of the operators in the extended rep-
resentation due to the linearity of the wavefunctions. In fact, the last
expression can be written as the action of a single functional derivative
with respect to the R variables

R(z) B(R) = 2 [Fa(z) X R‘“”’m)] 7 U(R). (11.51)

6R

Notice that in order for this expression to be well defined on the space
of wavefunctions considered it is necessary that the term contracted with
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11.4 Loops as a particular case 285

the functional derivative satisfies the differential constraint, as is the case
here.

The new element of the extended group of loops on which the wave-
function is evaluated involves a combination of multitensor fields with
two indices fixed at the point where the Hamiltonian is acting and the
other indices having a specific alternating order. We will show in the
next section that this alternating order of the indexes is related to the
reroutings of a loop when the above expression is particularized to loops.
The appearance of a rerouting is typical of the loop representation and
plays a crucial role in the quantum gravity case.

The presence of a multitensor with two indices evaluated at the same
point in the Hamiltonian constraint implies that the resulting expression
for the operator is divergent. This is due to the distributional character
of the multitensors. A multitensor satisfying the differential constraint
(2.11) diverges when two successive indices are evaluated at the same
spatial point. This divergence of the formal expression of the constraint
will have to be regularized, and we will return to it in detail in section
11.6.2.

11.4 Loops as a particular case

As we discussed in chapter 2, the extended group of loops includes the
group of loops as a particular case. We should therefore be able to partic-
ularize the extended representation to the loop representation by substi-
tuting R — R(y). We analyze here in detail the case of the Hamiltonian
constraint.

In order to evaluate R(2%:%%)(v,) we have to use the explicit expression
of this object in terms of the multitangents fields. We have

n

(az,bz)p1 .o ptn _ 1
R =5
k=

k
Z )i k[Xm+1 bk DT pn oo g g1 QT Py
01l=0

+( 1) X #i---B1 0T Pkt1 - -ln bT p.. #z+1]
n n

_,_ZZ ) k[Xuz k41 QT 11 e BT pn .. i1
k=0l=k

+(—1)P X H+1 wlin DT p...p1 AT Py .. ~H], (11.52)

One can write the above expression in a more compact and useful form
introducing the following combinations of Xs,

_—)
X(am,bx )’i', = zn: (_1)n—kX(axp1...pk bzun...pk+1)c, (11.53)
k=0
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286 11 The extended loop representation of quantum gravity
and

— n
X(az,ba: K, = Z (—l)kX( QT fij.. 1 bT g 1. in)c ) (1154)
k=0
These objects have definite symmetry properties under the inversion of
the indices, which we will use later. Basically, the inversion of the order
of the indices flips the direction of the arrow and multiplies the object by

(-1)"®,

— —
(-1 WX IR () = XO2 (), (11.55)

In terms of these combinations, R(%%:5%) simply reads

-3 — -1
RO=PIL — Lix(embo | (_yn() y(ebo)™) (11.56)

As we discussed extensively in chapter 8, the Hamiltonian constraint in
the loop representation has only a non-trivial action on intersecting loops.
We suppose then that at the point z the loop <y intersects itself p times;
i.e., 7 has “multiplicity” p at z. We start with some suitable notation to
take this fact into account.

If the loop v has multiplicity p at  one can write it in the following
way

vee =1 042 o... 0 4®). (11.57)

We denote by ['yzz]z:+j the following composition of loops basepointed
at z

el =8 0+ 095, (1159

Let us suppose that the loop named 'y%) contains the origin o of the

loops. Then
Yo = 7(1)§ o [’sz]g ° 7(1)23' (11‘59)

Here, y(V) Z represents the portion of 4(1) from the origin o to the point
z. The loop 7, is completely described by the multitangent fields X*(~,)
of all ranks. As we know, these fields satisfy both algebraic (2.10) and
differential (2.11) constraints. Moreover, these objects have another prop-
erty derived from the fact that one can write a loop as a composition of
open paths. This reads

Xttt () = [ dz9t6(s; — 2) X141 (32) Xbstiesn (42), (11.60)
Yo

which can be derived simply from the properties of the ordered integrals
that appear in the definition of the multitangent.

Downloaded from https://www.cambridge.org/core. IP address: 18.119.132.218, on 21 May 2024 at 01:36:56, subject to the Cambridge Core terms of
use, available at https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/51705C8DABA59C31E846CEO8FOF7FFDD


https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/51705C8DABA59C31E846CE08F0F7FFDD
https://www.cambridge.org/core
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Suppose now that the index u; is fixed at the point . Then

X“l---l—"i QT fli4] .. lhn (,70) —_

P
Y Xk (407 o [150]5%) X (y) XHitt#n (g lh iy 0 7V3),

m=1

(11.61)

where X3 («y) is the tangent at  when the loop goes through that point on
the mth occasion. The following convention is assumed: [yz;]m 41 = lzz,
with ¢z, the null path. The above expression can easily be generalized to
the case of any number of indices fixed at . The above two expressions
are exactly the same, except that in the second one we have written
explicitly the case in which the point z is at an intersection, partitioning
the integral of the first formula in a summation on the different petals of
the loop with the intersection at z.

We are now ready to compute R(%%:%%)(~,). We have

—)
X(aa:,bx )H‘('Yo) —

p—1 P

Z Z [Xf: () X;z () Xﬁ'([’)’zz];n o [’Yzz]m+1 o ['Yz:c]’q).g.l)

m=1qg=m+1

+(=1)"® X2 (7) X2 () XE (yaa]T © malinss © [rzlPn)]s
(11.62)

where mgn = 7y‘§,qz) o-- .075,';‘“) and 7 denotes the loop v with opposite
orientation. The inversion of the orientation of the loop (rerouting) in
(11.62) comes from the property (11.9) of the multitangent fields. We
then use the properties of the arrowed objects under inversion of the

indices (11.55) and obtain for the action of the Hamiltonian,
H(2)¥(70) = 2¥[Fap(2) x RE%) ()] =
——,
2 [ DAV(A) Tr(Agy) Fal@)2 X W) =

p—-1 p
1Y 3 xbmxgen) [DAv(A4)

m=1 g=m+1
XTI'[I%b(-T)HA{R(['sz];n ° [’Yzm]gn.;.l o [’sz]z+1)}] , (11.63)
where we have arranged the product of connections contracted with the

multitangents as the holonomy, and its contraction with F,; as the field
tensor Fyp using formulae we introduced at the beginning of this chapter.
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288 11 The extended loop representation of quantum gravity

We can now recover the loop derivative through the usual expression,

Tr(Fob(z) HA{R(7z2)}) = Aab(z) Tr(Ha{R(1z2)})- (11.64)
The final result is

H(z)T () 42 Z XL (y) X2 ()

m=1g=m+1
x Bap(@) ¥ ([VoalTo Waals1© Disallyr) - (11.65)

This expression corresponds to the usual Hamiltonian constraint of
quantum gravity in the loop representation introduced in chapter 8. For
the diffeomorphism constraint we obtain a similar result. Equation (11.36)
reduces to the usual expression of the diffeomorphism constraint in the
loop representation when one particularizes this constraint to the case of
loops.

It is important to stress the relationship between the solutions of the
constraints in both representations. Since loops are a particular case
of multitensors, any solution found in the extended representation can be
particularized to loops and would yield in the limit a solution to the usual
constraints of quantum gravity in the loop representation. The converse
is not necessarily true. Given a solution in the loop representation, it may
not generalize to a solution in the extended representation. An example is
the solutions to the Hamiltonian based on smooth non-intersecting loops,
which find no analogue in the extended representation.

The process by which one obtains a solution in the loop representation
from a solution in the extended representation may be ill defined. In
that sense, one can always obtain a solution in terms of loops from the
extended representation only at a formal level. In particular we will see
that the solutions we find in the next section are only well defined in
the extended space if one excises from it certain multitensors, including
those which correspond to loops. Therefore such solutions do not have a
rigorous meaning in terms of loops, only a formal one, which corresponds
to the level of discussion of the solutions that we have maintained up to
now.

The fact that the solutions we will present do not include loops as a
particular case does not preclude obtaining them through a suitable lim-
iting process. These limiting processes may include additional structures
—such as framings— and the end result may be a formulation in terms
of some generalization of the idea of loops.

A simple example of the situation is given by the exponential of the
self-linking number. Its extended form is exp(gaz by X**X%). If the Xs
are smooth, this is a well defined quantity in spite of the fact that g,z sy
is distributional. However, if one considers the Xs that correspond to a
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11.5 Solutions of the constraints 289

loop it is not, as we have discussed, and an ambiguity appears. Therefore
if one wants to have the self-linking number as a well defined function in
the extended loop space one has to restrict it to smooth first order mul-
titensors, which exclude those of loops. If one defines a limiting process
in which the multitensors of (framed) loops arise as a limit of smooth
multitensors, the self-linking number is well defined.

11.5 Solutions of the constraints

As we have seen, the expressions for the constraints in the extended rep-
resentation are very compact: they amount to the evaluation of the wave-
functions in a shifted argument. The compactness of these expressions al-
lows us to compute in a very efficient way their action on specific states.
In particular it allows us to compute very efficiently the action of the
Hamiltonian constraint on the second coefficient of the Jones polynomial,
which we claimed without presenting an explicit proof in chapter 10 was
annihilated by the constraint. The discussion in this section serves both
as proof of that fact and as an illustration of the computational economy
attained by the use of the extended representation. Even if the extended
representation does not in the end have intrinsic value for representing
quantum gravity it is a powerful computational framework for doing cal-
culations in the loop representation. The computation presented here will
be unregularized, we will discuss the regularization of it in section 11.6.2.

The expression for the coefficient A3(7y) in terms of the multitangent

fields is
Az(v) = hmuwsxﬂwwa (v) + guluaguzmxmuwam 1), (11.66)
where
Py paps = €r1 223 Guia1 Guaaz Juaass (11.67)
with
X203 _ C1C2C3 /d3t 5(2:1 _ t) 5(22 _ t) 6(z3 _ t). (11.68)

The generalization of this knot invariant to extended loops is straight-
forward

Az(7) = AoX(7)] — A2(X) = A2(R), (11.69)

where X is now an element of the extended group D,. We now analyze
the application of the Hamiltonian constraint to this state in the extended
representation. By (11.50) we have

H(z) A2(R) = 2 Ay iy s []:abm (z) RO®bm2ps | F b2 () R(aw,bz)ﬂa]
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+2 G s Guama [Fap () ROTVDWzbisha . pabia () Rlozbeduana] (11.70)

The contraction of the element of the extended algebra F,;, with the
propagators leads to integrations by parts similar to those we encountered
in chapter 10 while analyzing the action of the Hamiltonian constraint on
the Gauss linking number. Explicitly, we have

-7:a,bu1 (:L‘) uips = _fabaa‘s(x - 373) - aaagaz‘ b3, (11-71)
Fab" 2 (T) Gjss pis Guapa = Guajaz 9bx) pa> (11.72)
Faptt (z) huluzua = ~Gus[az9bzlps T (9azbzs — Gaz bza )9#2#3,
+%gaa: bzedef[gua 2003 Gexs f2 — Gz dz0as Jexs fz]’
(11.73)
Far" M2 (x) by pops = 2 Pag ba pa- (11.74)

In the last term of equation (11.73) an integral in z is assumed. The
derivatives that appear in the above expressions can be integrated by parts
and as a consequence act on the Rs. Using the differential constraint we
generate from them terms of lower multitensor rank. For example, from
(11.71) we have

R0z, bz)u2papa Rlaz:bz)uzpa

(11.75)
Performing these calculations, the following partial results are obtained
for the four expressions quoted above

—€abeTp 2 Rlazbz)piczps _ (Gaz bz, — Jaz bzz)gpsz(“"”)"”‘z, (11.76)

Guapa aas Gaz bz3 = Guapsg (gaz bxy — Gazx bz4)

Gusaz Iba) up ROT PEI1H2, (11.77)
—9u1[az9 ba] g ROTIDML 4 (go0 10 — Ganbay)Guy g ROD BDH1H2

— €% 9uz b2 Guy d2Gex £ RO PO, (11.78)
2 hag b g RO P21, (11.79)

After some cancellations we finally obtain
H(z) A2(R) = —2 €gpegp, ,,ZR(‘“”’I””)"1 o h2
+ 2(2R0z b2 4y — €% Guz b29py dzGex 1) RO PP (11.80)
One can check that the terms in the bracket are identical and of opposite

signs, so the bracket vanishes. One can also see that the term of rank five
vanishes. To see this, expand R(%%:b0)H1 ¢z a1 as a result one gets,

Rlez.bz)miczpz — g plazbzpiczps)e | plezazpibepz)e | plbeezpiazps)c,

(11.81)
which implies the contribution vanishes due to symmetry considerations
when contracted with €gpe.
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11.6 Regularization 291

We therefore conclude that
H(z) A2(R) = 0. (11.82)

We see that the explicit computation of this formal result in the ex-
tended representation involves only a few simple steps that basically
amount to integrations by parts and application of the constraints sat-
isfied by the multitensors. This should be compared with the lengthy
computation in terms of loops outlined in reference [209).

An interesting point is that the computational efficiency that is ob-
tained in the extended representation may be useful at the level of the
diffeomorphism constraint. It is straightforward to show, for instance,
that A, is diffeomorphism invariant simply by checking that it is annihi-
lated by the diffeomorphism constraint. This may find useful applications
as a technique for searching for knot invariants.

11.6 Regularization

The extended representation provides a new scenario for analyzing the
regularization problems in quantum gravity. In the loop representation
regularization ambiguities appear at the level of both quantum operators
and quantum states. Whereas the first problem is common to all the
representations that one can construct for quantum gravity (and lies in
the fact that the constraints involve the product of operators evaluated
at the same point), the second is typical of the loop representation. In
the case of quantum gravity the loop wavefunctions are knot invariants
and their analytic expressions require the introduction of a regularization
(framing). This difficulty does not only arise for the gravitational case.
As we discussed in section 11.1 it is suggestive that even in the simple
case of a free Maxwell field it is known that the quantum states in the
loop representation are ill defined and a regularization is needed.

We will see that in the extended representation the problems in the
definition of the wavefunctions can be solved. We are going to show that
with an adequate restriction of the domain of dependence, the extended
wavefunctions are well defined functionals. In the regularization of the
constraints, we shall limit the analysis to the case of wavefunctions with a
totally specified analytical dependence. More precisely, we shall study the
action of the regularized Hamiltonian constraint over the wavefunctions
that are formally annihilated by the constraint. The regularization of the
constraint on the space of all wavefunctions has not yet been studied in
detail.
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292 11 The extended loop representation of quantum gravity

11.6.1 The smoothness of the extended wavefunctions

Let us consider now the regularity properties of the extended wavefunc-
tions. Generically the multitensors X¥ are distributional, as is directly
inferred from the differential constraint (their derivative is a delta func-
tion). As we saw in chapter 2 any multitensor that satisfies the differential
constraint can be written in the form X = 0[¢] - Y, where the Y fields
satisfy the homogeneous differential constraint. For example, for the rank
two component we have

xomby — yazby d)aa!:l yby _ ¢byz Yo — 9T byz’c Y + ¢ [bzi yozl
(11.83)
As we discussed in chapter 2 the function ¢ fixes a prescription for the
decomposition of the multitensors in transverse and longitudinal parts,
Y =67 - X with

[
op

= bnm 60", - 67", (11.84)

6Ta€y = 6‘“’ by - azy,b. (1185)

As the Ys satisfy the homogeneous differential constraint, they can be
chosen to be smooth functions. In that case, all the divergent behavior
of the X is concentrated in the function ¢. The Os control the divergent
character of the group elements.

Let us define the following set of elements of the extended space: X €
{X}; if, and only if, there exists a prescription function ¢ such that
67[¢]-X =Y is a smooth function. We shall show that the wavefunctions
defined on this domain are smooth in the extended variables and that this
property is invariant under diffeomorphism transformations.

Given a diffeomorphism transformation Ap defined by z'* = D%(z) it
can be shown that épr = Ap-1- 67 - Ap is a transverse projector in the
prescription

Vi Vm

oz®
#5"*y =@ 557 iy (11.86)
where J(z) is the Jacobian of the coordinate transformation and ¢ is
the function that fixes the prescription of the projector 7. In this pre-
scription X = 0 -Y = Ap-1-0p-1- Ap - Y. For any diffeomorphism
transformation Ap, the transverse part of Ap - X is a smooth function
with the prescription ¢p-1. In effect

6D—1T'(AD'X)=6D—1T'0D—1 'AD'Y=AD'Y, (1187)

and we therefore see that there is a prescription ¢p-1 in which ér[¢p-1]
is a smooth function since Y is and its character is unchanged by the
action of the diffeomorphism. The set {X}; is then invariant under dif-
feomorphism transformations.
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11.6 Regularization 293

Let us now consider the specific wavefunctions we introduced in chapter
10. The extended loop transform of the exponential of the Chern-Simons

form
TA(X) = / DA exp(Sa4]) Tx(A - X) = i(g(")-X) A", (11.88)
n=0

where the dot indicates the contraction of indexes. We denote by g the
products of propagators that arise in the perturbative expansion of the
functional integral. As we have argued, they play the role of one of the
diffeomorphism invariant metrics in the space of multitensors we were
seeking in chapter 2. We recall that those metrics were, in general, ob-
jects that depended on the particular prescription one took for defining
transverse and longitudinal parts.

Now, for any X € {X}, we have

U(X)=g-X=g 0[¢ - Y=g,Y, (11.89)

where one can see that g4 is a well defined distributional object that
corresponds to the metric g in a particular prescription determined by ¢.

This is a very important result. It implies that all the distributional
character of the multitensors that is embodied in the Os is incorporated
in the distributional nature of the gs. Therefore if one chooses smooth
Y's, the wavefunctions are well defined. This fact is invariant under dif-
feomorphisms. One can always find a prescription in terms of which the
wavefunction is written as g+ Y.

It is satisfying to check that by going to the extended representation
and suitably restricting the domain of dependence of the wavefunctions
one can remove the divergences in their definition. However, there is
a price to be paid for this. As we argued before, ordinary loops are
included in extended loops. The price we pay for limiting the domain
of the extended wavefunctions in order to make them smooth is that we
exclude ordinary loops from the representation. Ordinary loops do not
correspond to smooth Y's.

This is consistent with what we discussed before. Written purely in
terms of ordinary loops the expressions for the knot invariants are diver-
gent. Therefore they could never have arisen as a restriction of a smooth
expression in terms of extended loops. The consistency goes beyond this
fact. We saw that one could to a certain extent make sense of the knot
invariants in terms of ordinary loops if one supplemented them with an
additional structure: a framing. What this is suggesting is that in order
to obtain the ordinary loop expressions from the expression of the knot
invariants in terms of extended loops one has to go outside their domain of
well behavedness. In order to obtain well behaved expressions, that limit
should involve a choice of a prescription or regularization which translates
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294 11 The extended loop representation of quantum gravity

itself in the notion of framed loops. The details of how to take this limit
and derive a consistent framing from the extended representation have
only been studied for particular cases and should be studied further.

11.6.2 The regularization of the constraints

As we discussed in section 11.3, the expressions for the constraints in the
extended representation we have introduced are ill defined. They involve
a multitensor with indices with a repeated spatial dependence. Due to
the distributional character of multitensors imposed by the differential
constraint (2.11) a repetition of a spatial dependence implies a divergence.
Furthermore, the expression also involves an element of the algebra F,
which may lead upon contraction to a distribution. Similar arguments
apply to the diffeomorphism constraint.

To regularize the constraints we will proceed to point-split them. This
is one of the simplest regularization methods one can consider. It may
introduce difficulties due to its dependence on a background metric as we
argued in chapter 8. It is straightforward to point-split the formal expres-
sions for the constraints introduced in section 11.3. One takes expressions
(11.36),(11.50) and point-splits the dependence on the variable z. The

result is
Caex \I[(R) = /d?’w/d% fe('w,:z:) fe(v,$) \Il(fab(w) X R(bv)), (11_90)
HE(z) U(R) =
2/d3'u)/ d3“/d3'v fe(w, z) fe(u, z) fe(v,z) U(Fap(w) x R(au,bv))’

(11.91)

where fe is any appropriate symmetric smearing of the delta function.
Notice that this point-splitting regularization is not uniquely determined
by the formal factor ordered expression. Several sources of ambiguities
arise, one of which is related to the background metric used in the smear-
ing functions. It is also possible, but not mandatory, to preserve the
gauge invariance in the regularization process. Gauge invariance is eas-
ily preserved in the extended representation by a procedure analogous
to “closing the loops” in the usual representation. It has been checked
that this procedure yields the same result as the non-invariant calculation
we will perform here [210]. Finally additional factor ordering problems
may arise due to the distributional character of the fundamental fields.
We will see that distributional connections will appear naturally in the
discussion.

We shall proceed as follows: we will introduce a naive point-splitting
and study the action of the regularized and renormalized operators on
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11.6 Regularization 295

the formal solutions. We will prove that there is a factor ordering that
ensures consistency between the known results in the connection and the
loop representation.

In section 11.5 we have shown that the invariance under diffeomor-
phisms of the coefficients of the expansion of the generalized transform
(11.88) is ensured by construction. We also saw that with an appropriate
definition of the domain of dependence, the wavefunctions can be endowed
with convenient regularity properties (in particular, the smoothness de-
pendence on the extended variables can be ensured in a diffeomorphism
invariant way). All this can be explicitly confirmed by checking that
the wavefunctions are annihilated by the regularized diffeomorphism con-
straints. Let us explicitly perform one of these calculations. This will also
serve as a warm-up for the Hamiltonian case. Let us check the behavior
of the regularized diffeomorphism constraint for the particular case of the
extended Gauss linking number. From (11.90) we obtain

Coa1(R) = /d3w/d3v Je(w, z) fe(v,Z) guy pp Fap™* (w) ROz (11.92)

This result is valid for any prescription. Due to practical computational
reasons we shall restrict the domain of the wavefunctions to those pre-
scriptions connected by diffeomorphisms to the “transverse” prescription,
given by

1 9 1
0 = 11.93
° ¥V Ar Oze|lz—y| ( )
In the transverse prescription the free Chern-Simons propagator g,z sy
takes the form introduced in chapter 10. Then using (11.71) we get

Ce a1(R) = —e€gpe /d3w/d3v fe(w, ) fe(v,z) ROV v, (11.94)
where
R(bv) cw _ yhbuew + chbv’ (11.95)

is a smooth function symmetric under the interchange of the indices b
and c (using the fact that the integration points are indistinguishable)
contracted with an antisymmetric tensor. The last expression is well
defined and we therefore have

s a1(R) = 0. (11.96)

Notice that no divergences occur in (11.94) and we do not need to take
the limit when € goes to zero. The diffeomorphism constraint is perfectly
well defined and no renormalization is needed. A similar result holds for
A3 in the sense that no renormalization is needed, although the expression

Downloaded from https://www.cambridge.org/core. IP address: 18.119.132.218, on 21 May 2024 at 01:36:56, subject to the Cambridge Core terms of
use, available at https://www.cambridge.org/core/terms. https://www.cambridge.org/core/product/51705C8DABA59C31E846CEO8FOF7FFDD


https://www.cambridge.org/core/terms
https://www.cambridge.org/core/product/51705C8DABA59C31E846CE08F0F7FFDD
https://www.cambridge.org/core

296 11 The extended loop representation of quantum gravity

only vanishes when the regulator is removed. This situation is likely to be
repeated for all other invariants constructed from Chern—-Simons theory.

Let us analyze now the action of the regularized Hamiltonian constraint.
This will allow us to put on a rigorous footing the formal results intro-
duced in chapter 10 concerning the transform of the Chern—Simons state.
We will not present a complete account here, but we will concentrate on
the most elaborate calculation, the action of the Hamiltonian constraint
on the second coefficient of the infinite expansion of the Jones polynomial,
Az(R). This result is of interest in itself since Az (R) is the first non-trivial
non-degenerate solution to the Wheeler-DeWitt equation with vanishing
cosmological constant. We will end this section with some discussion of
the rest of the calculation of the action of the Hamiltonian with cosmo-
logical constant on the extended Kauffman bracket.

The action of the regularized Hamiltonian constraint on the second
coefficient A3 (R) is

He(z) A(R) = /d3w/ d3u/dsv fe(w, z) fe(u, z) fe(v, z)

x{— €abcGpip2 Rlaw bl v

+[2 haw bw I €defgaw bz9p, dz9eu fz]R
+(9aw bu — Jaw bw) gmmR(a"’“ bvuz)c}. (11.97)

If we now compare this with the unregulated result that we obtained in
section 11.5, equation (11.80), we notice that there is an extra term, the
last one in (11.97). We call this the “anomalous term”. In the unregulated
calculation, the variable R(4% ") appeared as R(%%:%%) and satisfied the
differential constraint based at the point z. In the regulated case, the
variable R(2% ) gatisfies a similar equation,

(au, bv)pu

+[6(zi — u) — 6(z; — v)] (=1)" L RO K11 bU Bt )e (1] 98)

instead of the usual differential constraint. In the above expression one
should identify 9 = u and =, = v.

To consider the limit of (11.97) when one removes the regulators, one
needs to take into account the divergences that come from the group
elements (through the matrix 0 ) and from the gs. The first observation
is that both types of contributions are of the same order.

In order to see this we compare the first term in (11.97), which has
divergences due to 0 (the repeated indices in R) and the anomalous term
which has divergences due to g which in the limit means both indices are
evaluated at the same point.

We start with the rank five group elements R(%:bv)k1 cw b2 If ope recalls
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11.6 Regularization 297

the definition of 0 from chapter 2 and expands X = 0 - Y one finds a
large number of terms. One can see that all these terms have a structure
of divergences that is characterized by

b2, y (bv p1 cw I‘Z)c’ (11.99)

with Y(®v#1ewpz)e 5 regular function in the limit € — 0. This expression
gives the leading divergence of the rank five term in (11.97).

These leading divergences are exactly the same as those that arise from
the anomalous term. In order to see this first notice that

€bcads™, y(bvm cwpz)e _ Gbu cv y (bvp1 cw I—LZ)C, (11.100)

whereas in the anomalous term one has a contribution ggy, ¢y y(bvp cwpz)e
This last expression apparently has a different divergence structure since
it involves an R instead of a Y but it turns out that the contraction with
9u, o “erases” the extra divergences introduced by the R and the order is
the same. Therefore in the limit u — v both the anomalous term and the
first term of (11.97) only have divergences due to the presence of gy, ¢y .

The result (11.100) ensures, due to the same symmetry properties used
in the formal calculation, that the contribution of the first term in (11.97)
vanishes. Indeed, one gets from (11.81)

_ 2R(azbz,u1 cT p2)e + R(czazul bz p2)c 4 R(b.z‘czul azuz)c, (11.101)

contracted with €45, and integrated in u, v, w. One can relabel the dummy
indices a, b, ¢ and the integration variables u,v,w in such a way that the
three terms in the above expression are equal. The contribution from the
first term in (11.97) therefore cancels before removing the regulator.

One can see that the second term in (11.97) also vanishes when one re-
moves the regulator for exactly the same reasons mentioned in the formal
calculation since no singularities are involved in the canceling terms.

In order to consider the anomalous term we rearrange slightly the form
for it that appears in (11.97). First of all we notice that the contributions
to the anomalous term of the two gs in the parenthesis actually are the
same and add up, giving a single g and a factor of 2. The way to see
this is to write the gs explicitly. Each includes an €44, which contracted
with the R yields an expression antisymmetric in u,v and therefore the
terms add up. Moreover, we notice that the contraction of g,, ,, with R
is equivalent to the contraction with Y as we argued in section 11.6.1.
We then have

2/dsw/ d3u/d3v f‘(w’w) fe(u,z') fe(vam) Jaw bv g#l#zR(aum bv pz)e =
2
V2me

€abc 1 p2 9% Rlaz i by u2)e |y=z + O(e), (11.102)
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where we have used a Gaussian regulator f(Z) = (v/7e)™3 exp (—z%¢72).
This result is obtained by writing sy as €gpc0°(1/|w — v|), expanding
R(avpmbvpz)e i the limit v — u, and explicitly performing the Gaussian
integrals.

As we have already discussed, the contraction of g with R in non-
contiguous indices is a regular expression and therefore the result is well
defined without singularities.

We therefore see that in order to have a finite expression for the Hamil-
tonian we need to renormalize the point-split version by a factor €. The
end result for the regularized and renormalized Hamiltonian is

Hr(2) A2(R) = lim e (z) A2(R)

2
= \/; €abe Gunypy OY REOTHIBYIDe| _ - (11.103)

We conclude that the renormalized Hamiltonian constraint does not
annihilate the generalized diffeomorphism invariant corresponding to the
second coefficient of the Alexander-Conway knot polynomial in the point-
splitting regularization procedure we have followed.

This leads immediately to an apparent contradiction. We argued in
section 11.5 that as a consequence of the Kauffman polynomial being a
state with cosmological constant, the vacuum Hamiltonian with A = 0 had
to annihilate A3(y). We now see that in a regularized calculation it does
not. But the Kauffman bracket arose as the transform of an exact state
in the connection representation, independent of regularization problems,
the exponential of the Chern-Simons form. How can all these apparently
contradicting facts be compatible?

The answer lies in the hypotheses made in order to claim that the ex-
ponential of the Chern—Simons form was a solution of the Hamiltonian
constraint of quantum gravity in the connection representation. As we
argued in chapter 7 this result is quite robust, depending only on choos-
ing a factor ordering with functional derivatives to the right. Because the
cancellation between the vacuum Hamiltonian constraint and the cosmo-
logical constant term arose with the computation of only one functional
derivative one expected the result to be quite robust under changes in
regularization procedures. This is true. However, implicit assumptions
are made in the domain of dependence of the wavefunctions. For instance,
one typically assumes the connections to be smooth. If the connections
are not smooth the definition of even apparently trivial multiplicative
operators like the field tensor F?, becomes problematic and has to be
regularized.

Why should one consider distributional connections at all? The prob-
lem arises in the functional integrals used to define the loop transform.
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11.6 Regularization 299

Functional integrals have contributions from non-smooth fields. This can
be seen even in simple examples of finite-dimensional quantum mechanics.
If one considers the path integral formulation of a free particle, the integral
has contributions from discontinuous paths when performing the partition
to compute it. It is therefore natural to consider distributional connec-
tions if one is to perform the transform with usual functional integrals,
such as the ones we explicitly used when performing the perturbative
expansion.

It turns out that the anomaly we find when regulating the calculation
of the action of the Hamiltonian on the A3 (y) coeflicient can be corrected
with the introduction of a counterterm. A counterterm is a regularized
term which vanishes when acting on an extended Wilson functional con-
structed with non-distributional, smooth connections. Consider, for ex-
ample, the following expression, symmetric under the interchange of the
internal indices,

6 6
—G o WaR) =
0Ay, 6Agy

{Tr(Agw | p bu) ,'(,) — Tr(Aaw) p) bv) Z) } R )e (11.104)

(AL, AL, — AL AL)

aw“ by

It is clear that this term vanishes in the limit ¢ — 0 if the connections
are regular functions, but it may have a non-trivial contribution if the
connections are distributions. The corresponding regularized expression
in the extended space is

68
6R(aw|;ijbu)1<’ 5R(aw|EJbU)KJ

ce = R AP ). (11.105)

This expression generates anomalous type contributions. For example,
c 6(gul b2 RM1¥2) = 2(gaw bu — Gawbv) Rlaubv)e, (11.106)

Could it be that by adding expressions like the above one to the Hamil-
tonian one can cancel the anomalous terms? The answer is in the affir-

mative. The precise counterterm is given by the difference of two terms,
Co —Cy,
_ plaupbvy).e ) 6
¢, = R“EPY) (5R“'”‘U’“K - 6R‘“”fi””%> , (11.107)
) 6
6R(aw bu)c o - 6R(aw bv)c

Gy = (R@™)% | %R[aubvlg)( ) (11.108)

where RI%2 i given by expression (11.56) without the (—l)n(ﬁ) factor
and without the “rerouting” action (the index y~! is replaced by u,)
Remarkably, these expressions also have a simple form in the connection
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representation,
— k k
Cr = (AGuwApy — AfmAbu)m%, (11.109)
o R )
Co := (AgwAby — Aw iu)mm- (11.110)

With this single counterterm all the anomalous contributions to the
action of the Hamiltonian constraint on the az, the Kauffman bracket
and the exponential of the self-linking number cancel. The fact that a
single counterterm is responsible for all the cancellations is remarkable
and shows that the construction is not just a gimmick to fix the anomaly
problem, but might well be a genuine counterterm arising from quantum
gravity. The fact that the counterterm has a simple and precise expression
in the connection representation raises the hope that a better intuitive ex-
planation of it could be gained by viewing it in this context. At present
this issue is not settled: could it be that C; — C; is what one needs to
add to the Hamiltonian in the connection representation in order to an-
nihilate the exponential of the Chern—-Simons form when distributional
connections are allowed? Could it reflect the fact that in that case a
non-trivial contribution to the measure arises? These issues are currently
being studied.

11.7 Conclusions

We constructed a representation for quantum gravity based on extended
loops. We studied the space of wavefunctions and promoted the con-
straints to wave equations. The wavefunctions are linear functionals of
the multitensors and the constraints are first order functional differen-
tial operators. This introduces computational simplifications that allow
to operate very efficiently with the constraints. The price paid for this 