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*• Summary. We consider o n e - p a r a m e t e r famil ies 
of dis t r ibut ions which a re of the genera l exponential type, the 
genera l s e r i e s distr ibution type, or which can be t ransformed 
into the exponential type by a one-to-one t ransformat ion . In 
this paper we es tabl ish theorems to the effect that such d i s 
tributions may be charac ter ized by a simple differential equation 
involving the mean function. It is i l lustrated that a lmost all the 
c lass ica l o n e - p a r a m e t e r families of distr ibutions a re 
charac te r ized by these t h e o r e m s . Multivariate general izat ions 
a re given, and it is also noticed that the functional form of the 
normalizing factor de termines the specific distr ibution in each 
genera l family, 

2 . Introduction. Character izat ion of s e r i e s and 
exponential type distr ibut ions, from the moment and cumulant 
re la t ions , have been considered by Kosambi [1949] and Pa t i l 
[1961]. These involve a number of basic relat ions for the 
charac te r iza t ion . Character izat ion of the individual m e m b e r s , 
in the exponential type famil ies , from the forms of the mean 
function is discussed by Pat i l and Shorrock [1965]. 

3 . Some T h e o r e m s . 

THEOREM 1. Among all one -pa rame te r families of 
probabil i ty distr ibutions the exponential type family is 
completely charac ter ized by 

(1) ff(w) - 0(w)f(w) = 0 , 

where 0(w) is the mean function, w is the pa rame te r , 
f(w+t) is expansible in Taylor s e r i e s at w for some t £ 0 
and f!(w) = ^_f( w ) • A probabili ty distr ibution is said to be 

dw 
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of the genera l exponential type with the p a r a m e t e r w if the 
probabil i ty function can be wri t ten in the form 

wx 
(2) dF = a(x) e /g(w), 

a(x) > 0 , we J l where i l is the p a r a m e t e r space, g(w) is the 
normalizing factor which is finite and differentibale, x c T 
where T is a d i sc re te o r continuous subset of the set of r ea l 
numbers R. We will denote summation o r integrat ion by J _ 

Hence g(w) = J a(x) e wx 

Proof. f (w+t) = f (w) + t V (w) + t 2 f ! (w)/ 21. + . . . . 

Let M(t) = f(w+t)/f(w) = 1 + t f'fwj/ftw) + t 2 V f(w)/2'.f(w) + . . . 

2 
= 1 + t 0(w) + t 1 d [0(w)f(w)] + . . . 

21 f(w) d w 

+ . . . + t n + 1 1 d n [0(w) £ (w) ] + . . . . 
(n+1)1. f(w) dw" 

M(t) uniquely de te rmines a dis t r ibut ion whose moment 
generating function is M(t) . But for the exponential type 
family of dis t r ibut ions, 

(3) <Z>(w) = JT a (x) .x .e X W /g (w) 

(4) g(w) .0(w) = / T a ( x ) x e™ 

(5) 1 dn [0 (w)g(w)] = m' , n = 1,2, . . . , 
g(w) dw 

where m1 . is the (r-f-l)st moment about the or igin of the r+1 
exponential type dis tr ibut ion. Therefore the moment 
generating function of the exponential type distr ibution is M(t) 
where g(w) = f(w) . 
Hence the resu l t . 

If the functional form of f(w) is specified then the 
different m e m b e r distr ibutions in the exponential type family 
a re obtained. Some of the examples a re given below. 

96 

https://doi.org/10.4153/CMB-1966-013-8 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1966-013-8


? - 1 / 2 7 2 
i . Normal : dF = (2 TT p ) . exp -{x-a)7 2(3 ; 

- oo< #< oo ; p > 0 known; - oc < x < » and 
2 -1/2 2 2 2 

f(w) = (2 rr (5 ) .exp (a /2(3 ) where w = a/p~ 
-xG 

2. Exponential: dF = 9 e , 9 > Q , 0 < x < s o and 
f(w) = -1 /w where w = -0 . 

a— 1 - x/ S 
3 . Gamma: dF = 1 x e , a known, |3 > 0, 

j3u r w 
x > 0, f(w) = (-1/w)* where w = -1/p . 

4. Binomial: dF = ( ) p* (1-p) , 0 < p < 1, n known, x = 0, 

w n 
1 , . . . , n. f(w) = (1 f e. ) where w = log 9 and 

9 = p / ( l - p ) . 

x -8 
5. Po isson: dF = p e V x;. , p > 0 , x = 0 , 1 , 

w 
f(w) = e where W = log p . 

THEOREM 2 . Among all one -pa rame te r families of 
probabili ty dis tr ibut ions the s e r i e s distr ibution is completely 
charac ter ized by the equation 

(6) 0(9) h(9) = 9h<(9) , 

where )Û(9) is the mean function and h(9+t) is expansible in 
Taylor s e r i e s at 9 for some t fc 0 . 

The s e r i e s distr ibution is given by the probability function 

(7) àF = b(x) 9X/m(9) , 

b(x) > 0 , 9 > 0, 9 € J l f (parameter space), m(9) is the 
normalizing factor which is finite and d i f f e r en t i a t e , x € T! 

and T ! is a countable subset of the set of rea l number s . 

Hence m(9) = 2 b(x)9 „ This can be proved as a corol lary 

to theorem 1, since, 
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X XW W 
(8) b(x) 9 /m(8) = b(x) e /m(e ), 

where w = log 8. (8) can be identified with the probabil i ty 
function in (2). Therefore the equation (6) reduces to the 
equation (1). Hence the r e su l t . The power se r i e s distr ibution, 
the c lass ica l d i sc re te distr ibutions such as the Binomial, 
Negative Binomial, Geometr ic , Poisson and Logari thmic Ser ies , 
all can be considered to be special ca ses of the s e r i e s d i s 
tribution. Some i l lus t ra t ions are given below and m o r e may be 
found in Noack [1950]. 

a. Power Series: dF = b(x} 9X/m(9), b(x) > 0, 0 > 0, x € T1 « 
and T1 ! is the set of positive integers. 

x-1 
b. Geometric: dF = p(l-p) , 0 < p < 1, x = i , Z> . . . , 

m ( 9 ) = 9/(1-9) where 9 = 1-p . 
c. Negative Binomial: dF = ( X - i ) p k ( l -p) X ~ k , 0 < p < 1 , 

tC— 1 

k k 
k known, x = k, k+1, . . . , m(9) = 0 / ( i - 9 ) and 
9 = (i-p) 

: Series: dF = _ 
~-log(l-9) .x 

Logarithmic Series: dF = 9 , 0 < 9 < 1, x = i , 

2, . . . , m(9) = - log( l -9 ) . 

THEOREM 3 . Among all k-variate k-parameter 
families of probability distributions, the k-variate exponential 
type family is completely characterized by the equations 

(9) 8 f(w , . . . , w ) = 0(w )f(w , w , . . . ,w ) for i= i , . . . , k, 

l 

where 0(w.) is the mean function for the ith variate X. 
i l 

(that i s , jD(w.) = E(X.) ) and f(w +t , ». . , w +t ) i s 
l l 1 1 k k 

expansible in Taylor series at (w , . . . , w ) for some 

(t , • • •> t
k ) 4 0-

A k-variate exponential type family i s given by the 
probability function, 

(10) dF = a(x , . . . , x )(exp. Zw x )/ g(w , . . . , w ) , 

a(x , . . . , x^) > 0, (w , . . . , w ) c i l 1 1 (parameter space), 
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g(w , . . . , w ) is the normalizing factor which is finite and 
1 K. 

differentiate le, x. e T. for all i where T. is a continuous or 
1 1 i 

discrete subset of the set of real numbers. 

Proof. f(w +t , . . . , w, -ft ) = f(w . . . . , w, ) f l t.af/ow. 
1 1 k k 1 re l i 

t . t . 2 

L e t 

21 3w dw 
i J 

M(t , . . . . t. ) = f(w +t,, . . . , w +t, )/f(w . . . . w, ) 
1 k 1 1 k k 1 k 

= 1 + 2 t j)f_ /f + 2 t.t.9 f /f + . . . 
dw. Jaw.3w. 

i i J 

= 1 + 2 t.jD(w.) 4- 2 t.t. 1 _a 0(w.) f + . . . . 

"IT f 9 w j 

M(t , . . . , t ) uniquely determines a k-variate probability 

distribution whose moment generating function is M(t , . . . , t ). 
I k 

But for the k-variate exponential type distribution 

(11) JÛ(w\) s Jf̂  a(x , . . . .x^) x (exp2w.xj/g(w , . . . , w ), 

where T = T, X T X . . . T. and f_ stands for the multiple 
1 2 k J T r 

integral or sum as the case may be. 

(12) 1̂  3 g«fl(w.) = 1 J T a(x , . . . , x ) x.x. e i i 
g 3w. X g * J 

=E(X.X.) etc. 
i J 

The moment generating function of the k-variate exponential 
type is M(t , . . . , t ) where g = f. Hence the results 

THEOREM 4. Among all k-variate k-parameter 
families of probability distributions, the k-variate series type 
family is completely characterized by the equations 
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(13) h ( 9 , . . . , e ) 0(9.) = 9. j j _ _ h(9 , . . . , 9 ) f o r i = l k, 
1 k i i dQ 1 k 

i 

where 0(0 ) = E(X ) is the mean function of the ith va r i a t e and 
i l 

h(9 + t , . . . , 9 +t ) is expansible in Taylor s e r i e s at 
1 1 k k 

( 9 1 , . . . , e k ) for some (t , • • • » t
k ) A °-

A k - v a r i a t e distr ibution is said to be of the power s e r i e s 
type if the probabil i ty function is given by 

(14) dF = b(x . . . . , * . ) 9 . . . 9, K /m(e . . . . , e ) , 
1 k i k 1 K 

b(x . . . . , x , ) > 0, 9. > 0 for al l i, m(9 . . . . , 9 , ) is the 
1 le l I k 

normalizing factor, (x , . . . , x, ) € I X I X . . . XT where 

I. is a countable subset of the set of rea l numbers for al l i, 
l 

and (8 . . . . . 9, ) €.ftfl! (pa r a m e t e r space) . The proof follows 

from theorem 2 and theorem 3 by the t ransformat ion 
w. = log 9. for all i . 

i i 

THEOREM 5. If there exists a one- to-one t r a n s 
formation Y = Q(X) between X and Y such that Y designates 
the genera l exponential type family of dis t r ibut ions then among 
all the o n e - p a r a m e t e r families of dis tr ibut ions the family 
designated by X is completely charac ter ized by the equation 

(15) f'(w) - f(w) 0(w) = 0, 

where w is the pa rame te r , jD(w) = E[Q(X)] and f(w+t) is 
expansible in Taylor se r i e s at w and for some t ^ 0. 

0(w) = E[Q(X)] = E(Y) is the mean function of Y and 
therefore the equation (15) can be identified with equation (1) 
which in turn completely charac te r i zes the genera l exponential 
family by theorem 1. Since the t ransformat ion Y = Q(X) is 
one- to-one the resul t follows. 

Example 1: Consider the Gamma distr ibution 

1 
T(a) 

AIT A a ' i " x A 

dF = 1 x e dx, 
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exp(-x*glogx) dx , x > 0 , a>Q 
T{a) x 

P u t y = log x, to ob t a in 

Y - e ctf 
dF(y) = e . e 7 dy . 

T{a) 

C l e a r l y , dF(y) i s of the g e n e r a l exponen t i a l type , and 

(16) ±- r(a) - rU) .0U) = o, 

dor 

w h e r e 0 ( a ) = E(Y) = E(log X) . 
E x a m p l e 2 : C o n s i d e r the B e t a d i s t r i b u t i o n 

dF(x ) = x0""1 . ( l - x ) P " 1 . d x , 0 < x < l , or > 0, (3 > 0 kno wn , 
Bfop) 

otf , y 13 - 1 
= e . ( 1 -e ) dy, w h e r e y = log x . 

B U j 3 ) 

T h i s i s of the e x p o n e n t i a l t y p e . S i m i l a r l y , if a i s known then 
dF(x) can be t r a n s f o r m e d to the exponen t i a l type by a s i m i l a r 
t r a n s f o r m a t i o n . T h e o r e m 5 m a y be g e n e r a l i z e d to a k - v a r i a r e 
k - p a r a m e t e r f ami ly of d i s t r i b u t i o n s u n d e r the e x i s t e n c e of a 
s i m i l a r o n e - t o - o n e t r a n s f o r m a t i o n . 

4 . D i s c u s s i o n . It i s s e e n in the t h e o r e m s d i s c u s s e d in 
th i s a r t i c l e tha t the d i f f e r en t i a l equa t ion (1) c h a r a c t e r i z e s the 
e x p o n e n t i a l type f a m i l i e s of p r o b a b i l i t y d i s t r i b u t i o n s . E q u a t i o n 
(1) m a y be w r i t t e n a s 

(17) 0(w) = f ' ( w ) / f ( w ) . 

If w i s the only p a r a m e t e r in a p r o b a b i l i t y d i s t r i b u t i o n and if 
0(w) i s the m e a n funct ion w h e r e w e A ( p a r a m e t e r s p a c e ) and 
if 0(w) is a n a l y t i c in Si then exp ( J 0 ( w ) dw + c ) i s a n a l y t i c , 
w h e r e c i s a c o n s t a n t . Le t 

(18) f(w) = exp ( / 0 ( w ) dw + c ) . 

T h e n jD(w) = f! (w)/f (w) and f(w+t) = f(w) + t f! (w) r . . . 
for s o m e t £ 0 . H e n c e the condi t ion in t h e o r e m 1 m a y be 
modi f i ed as fo l lows : if the m e a n funct ion 0(w) is a n a l y t i c 
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in i l then jD(w) will de termine the exponential type family 
among the o n e - p a r a m e t e r families of d i s t r ibu t ions . 
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