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ON A PROBLEM OF TURAN ABOUT
POLYNOMIALS III

R. PIERRE AND Q. I. RAHMAN

Let
T,(x): = cos nb,
sin (n + 1)0
Un(x): = —l—(sgl‘g*)—,

where x: = cos 8, denote the nth degree Chebyshev polynomials of the
first and second kind, respectively. Further, let

(): = 1 cos {(2n + 1)8/2}
Q) = U5 s (0/2)
_1 sin {(2n + 1)6/2}
V2 cos (6/2) ’

x: = cosf.

R,(x): =

Given non-negative integers A and p we define
o= = (] 2]

(1 =) (1 4 2" Tym-1(x)

if X and u are both even
(1 _ x)()\+1)/2(1 + x)(#+1)/2Uy(n)_l(x)

o if X and u are both odd
(1) Puaulx): = (1= )21 + £)*20, 001 (x)

if X is even and u is odd
(1 — )™V + 2)* R, -1 (x)

if X is odd and u is even.

and

Let
2) T2 2w

be the roots of the equation

Pioa(®)
R R
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and put

¥(n)

Flx): = (1 — %)\ 0072 (1 x)le+dr2 H (x — x,).
Now set
(4)  Fix): = F(x)/(x — %)
and denote by
bG=hs...2h ym=m=... = My
the roots of
Fioy®) =0, F,?(@) =0,

respectively. We have proved (4] that if p,(x) is a polynomial of degree n

such that
B)  palx)] = A1 — )21 4+ x)#2 for —1 <x < 1,
then

®) 2”@ = [Piau)]

for all real values of z lying outside the interval (&1, 7,—;).

Here we shall show (see Theorem 1’) that (6) holds everywhere outside
the open disk D°® with (¢, n,—;) as diameter, and that too under a weaker
assumption. The idea of such an extension was suggested by a result of
Erdos [2, Theorem 7].

The proof of our main result depends on the following

LEMMA. Let
—l =y <y <y<...<yy=1

and set

w@: = (1 + 0" = 9 T @~ 9
where n1, ny are non-negative integers. Further, let

wn(x): = wx)/(x — Yn), m=0,1,2,...,N.
If weputn: = N + ny + neand denote by

p1 S ape S ... Sape—y m=0,1,2... N

the zeros of w,'?(x), then for all z lying outside the closed disk D with
lan, 1, @o.n—;s] as diameter, the angle between any two of the vectors w,?(z) is
less than /2.

https://doi.org/10.4153/CJM-1982-061-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1982-061-0

890 R. PIERRE AND Q. I. RAHMAN

Proof. First we show thatif 0 < b < k £ N, then the zeros of w," (x)
and w; " (x) interlace. To be precise

(7) ap1 = ap = Qg2 = ape = ... = Apn—j S QAp oo

If we set

wni(®): = wp(x)/(x — yi) = we(x)/(x — ¥a)
then by Leibnitz’s rule

8) wh(j) (x) = (x — yk)wh,k(j) (x) +jwh,k(j—l) (x).

Thus, if 8 is a zero of wy ;(x), then

(9) wh(j) (ﬁ) = jwh.k(j_l) (ﬁ)

It follows from Rolle’s theorem that the zeros of w,? (x), w; (x) and
wp 9 (x) lying in (—1, 1) must all be simple.

Now we distinguish three different cases.

Case (). 0 < h < Bk < N. If 8, < B2 < ... < By are the zeros of
wp P (x) in (—1, 1) then from (9) it follows that in each of the intervals
(B1, B2), (B2, B3)y - - ., (Bo-1, Bg) there is at least one zero of w,? (x).
Further, for sufficiently small and positive values of ¢

sgn wh(]:)(—]_ + E) — (__.ll)n—nl—l

sgn @, " (81) = sgn w7V (B1) =
whereas

sgn wh({)(—l +€) = (_411)71—]' |

sgn w,? (1) = sgn @0 (81) = (—1)"7

Hence v, (x) must also have a zero in (—1, 8;). Again, for sufficiently
small and positive values of ¢

(_l)n—n1—2} lfj é n + ly

()] na+1—j

sgnw, (1 — ¢) = (—1) } .
._ moto—if( ] S ne+1,
sgn wh(j)(ﬁe) = sgn wh,k(] X (Bo) = (=1) g J :
whereas

[€)]
sgnw, (1 — €) = +1 } .

; i fj >mn+1,
sgn wh(])(ﬂo) = sgn wh.k(] Y (Bg) = —1 tJ :

and so w,? (x) must have a zero in (B¢, 1) as well.
Since w,? (x) has exactly Q 4+ 1 zeros in (—1, 1) it must have one and

only one zero in each of the intervals (—1, 81), (81, 82), - - -, (Beo-1, Be),
(Bo, 1). Thus, if oy < @2 < ... < ag < ags1 be the zeros of w,?(x) in
(—1,1), then

10) ar <P <as<Be<...<ap<Po<agtr
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From (8) and

@) w”®) = @ = yons” @) + jor T ()
it follows that

(1) () = 0% — y)ona’ (@), ¢=1,2,...,0+ L.

Hence, in view of (10), the sign of w;? (a,) alternates as ¢ increases from
1 to Q + 1. Consequently, w;”(x) must vanish at least once in each of
the intervals

(12) ((X], a2), (ag, aa), ey (aQ, OLQ+1).

Further, for sufficiently small and positive values of e

sgn wk(’?(—-l +e) = (fl)n—nl—l
sgn wk(])(al) = sgn wh,k(])(al) — (_l)n—n1—2

} ifj é ni + 17
whereas

) n—j
sgnw,”’ (=14 ¢€) = (—1) } .
sgn ¥ (0r) = sgn e (@) = (—1yf > AL
Hence w; (x) must have a zero in (—1, a;) as well. Thus, if y1 < v, <
... < Yo+ are the zeros of w;¥(x) in (—1, 1), then

’YI<C¥1<’Y2<0£2<...<’YQ<C¥Q<'YQ+1<(XQ+1.

At the point —1 the polynomials w, (x) and w;?’(x) have a zero of the
same mulitplicity m; = 0, where

R () ifj=n + 1.

Similarly at 41, the polynomials w;(? (x) and w;? (x) have a zero of the
same multiplicity m, = 0, where

m2,={n2+1—j ifj<n+1
’ 0 ifj=n+ 1.
With this we see that (7) does hold in the case 0 < h < k < N.

Case (ii). 0 = b < k < N. The above proof with very little modification
shows that if w; ,?(x) has Q zeros 81 < B2 < ... < Bein (—1, 1), then
wp (x) must have Q 4+ 1 zeros oy < a2 < ... < agsrin (—1, 1) such
that (10) holds. Again, w;‘” (x) must vanish at least once in each of the
intervals (12). Besides, it must have a zero of multiplicity m; + 1 at
—1if ;9 (x) has a zero of multiplicity m; (=1) there. But if w,’(—1)
# 0 then w;(x) must have a zero in [—1, a;1). This follows from the
fact that

sgn wyP(—0) = (=1)",

sgn wk(j)(al) = sgn wn,k(j)(al) = (_1)n_j_1-
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At the point +1 the polynomials w,? (x) and w;?’ (x) have a zero of the
same multiplicity m, = 0. These observations show that (7) holds in this
case also.

Case (iii). 0 = h < Bk = N. Let 1 < B; < ... < Bgq be the zeros of
wr kP (x) in (—1, 1). As before it can be shown that w,” (x) must vanish
at least once in each of the intervals (81, 82), (B2, 83), - - -, (Be-1, Be) as
well as in (—1, 81).

Now let j £ n.. Then at +1 the polynomials w,? (x), ws x’ (¥) have a
zero of multiplicities #n, + 1 — j, no — j = 0 respectively, whereas at —1
they have a zero of the same multiplicity m; (=0). Hence w,’(x) has
precisely Q zeros a; < as < ... < agin (—1, 1) which satisfy

13) a1 <Bi<ar<Ba<...<ag<Pe

In each of the intervals (i, a2), (a2, a3), ..., (@q-1, @) the polynomial
w¥ (x) must have at least one zero. Besides, it has a zero of multiplicity
my; + 1 at —1 if w,9 (x) has a zero of multiplicity m; = 1 there. But if

wp, D (—=1) # 0 then w; (x) must have a zero in [—1, «;) since
sgn @, (—0) = (=1,
sgn wk(j) (1) = sgn wh.k(j)(al) = (_l)n_j_l~

Further, in view of (13) we have

sgn wk(j)(ao) = sgn wh,k(j)(ag) = (—1)"2_j+1,

sgn w1 — ¢) = (—1)"7if ¢ > 0 is small,

and so w;) (x) has at least one zero in (ag, 1) as well. Thus we see that
(7) holds if j £ #n..
If j = no + 1 then w,*” (x) must have a zero in (B¢, 1) since

sgn wh(j)(ﬁo) = sgn C'-’h,k(jbl) (Bo) = —1,
sgn w,(1 — €) = +1if € > 0 is small.

Hence w,P(x) has Q + 1 zerosa; < a2 < ... < agqin (—1, 1) such
that (10) holds.

In each of the intervals (12), w,’(x) must have at least one zero. At
—1, it has a zero of multiplicity m; + 1 if w,”(x) has a zero of multi-
plicity m; = 1 there, whereas if w,?(—1) 5 0 then it (w;?(x)) must
have a zero in [—1, ;). Hence again (7) holds.

Having established (7) we are ready to proceed with the proof of
the lemma.

Now consider any two of the vectors w,?(z), say w;?(z) and w;? (2)
where z € C\D. Without loss of generality we may assume & < k so that
(7) holds. If Im z = 0 and the values of ‘‘arg”’ are all taken between 0 and

https://doi.org/10.4153/CJM-1982-061-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1982-061-0

A PROBLEM OF TURAN 893

w, then
0 =< arg {wi'” () /wi'” ()}
= arg {(z2 — ann—j)/ (32 — 1)}
n—j
- 22 arg { (2 — )/ (8 — app1)} < /2
froms
since
n—j
0= 22 arg {(Z - ak.n)/(z - ah.n—l)}
s
< arg {( — anay)/ (5 — o)} < 5
Hence the lemma holds in the case when Im z = 0. The proof is similar
if Imz < 0.

THEOREM 1. Let
1=y <y <y <...<yy=1,

and suppose that P,(z) is a polynomial of degree n: = N + n, + n, having
the following properties:

(i) 1t has zeros of multiplicities n, and nq at yo and yy respectively, where
either or both of the numbers n, and n, may be zero,

(i1) the polynomial

Po(2): = Pyu(2)/{(1 + 2)"(1 — 2)m)

has alternating signs at the points vo, Y1, Y2, . - - , Yn-

Further, let w(x), w,(x) and a,, , be as in the lemma.

Now, if p(2) is a polynomial of degree n with real coefficients having zeros
of multiplicities ni* (Zn1), ne*(Z=n2) at —1, +1 respectively, and

(14) [pGm)l = [Pa(yn)l,m =0,1,2,..., N,

then for z lying outside the open disk A with (ay 1, oo n—;) as diameter, we

have
(15) [pP ()| = [P (3)].
Proof. Let

p(2): = p()/{(L + 2)m (1 — 2)™2,
Q(z): = w(z)/{(1 +2)"(1 — z)"}.

By Lagrange’s interpolation formula

A P(ym) Q(‘z)
p(Z) mz—:o9 (ym) 2= Ym
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and so

16 p6) = 32000
Clearly
V() = (—)¥" ()|, m=0,1,2,...,N.

Hence, differentiating the two sides of (16) j times, we obtain

(17) p(j)(z) ( 1) Z( |é)(;’()3;m) (j)(z).

In particular,
a7y P2 = f 3 B0al 0

since by hypothesis, the numbers

(_l)mpn(ym)y m=20,12...,N

are all of the same sign.

If 2 lies outside the closed disk A with [ay 1, @0 ;] as diameter then,
according to the lemma, the angle between any two of the vectors
wn P (2) is less than r/2, and so

D] — l)mﬁ(ym)w W } P(ym) o I
701 = | G ee) s | Zifer @

which, in conjunction with (14) and (17’), implies the desired inequality
(15) for z € C\A. By continuity, the inequality must also hold for z € 9A.

The following result is an immediate consequence of Theorem 1.

THEOREM 1'. Given non-negative integers N and u let P, .(x) and the
points X1, X2, « - -, Xymy be as in (1) and (2) respectively. Further, let Fi(x)
be defined as in (4) and denote by &, the smallest zero of F,qy? (x) and by
Na—; the largest zero of F1P (x). If p,(x) is a polynomial of degree n with real
coefficients having a zero of multiplicity at least [(\ + 1)/2] at 1 and of
multiplicity at least [(u + 1)/2) at — 1 such that (5) holds, or more generally

(x| S [Paaulx), 1 =1,2,...,v(n)
then
18) 1" @) = |PAL()]
for all z lying outside the open disk D° with (&1, n,—;) as diameter.

The zeros of P{3,(z) are symmetric with respect to the imaginary
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axis and so for all p > 0

max [PAA()| =[PSR (ip)|-

lzISp
Moreover, if A = u then ¢, = —19,—;. Hence, as a corollary of Theorem 1’
we obtain

COROLLARY 1. Let p,(x) be a polynomial of degree n with real coefficients
satisfying the hypotheses of Theorem 1’ with N\ = u. Then for all p = n,—;

max 162 (2)| < |PAN(Eip)|-
Zl=p

As another consequence of Theorem 1’ we have

COROLLARY 2. Let n be an odd integer. If po(x): = D_rmo a;x* is a poly-
nomial of degree n with real coefficients satisfying the hypotheses of Theorem
1" with N\ = u and vy, 1, is the dominating coefficient of the polynomial
P,,_)\')\(x), then

(19) lan| + ladl = [yunal-

Proof. Since the polynomial P, \(z) is clearly odd it must be of the
form

YaraZ + Yan 32t + o0 Yaraz"
According to Theorem 1’
(18") |pn(2)| £ |Pupra(z)] for 2] = 1,
and so for all ¢ € C such that |{| > 1 the polynomial

Pa(28) — (Puan(2) = a0+ (@1 — {Yan1)2 + a2+ ...

+ (an - §7n,k,n)zn
must have all its zeros in |z < 1. Consequently

(20) aol < |@w — Yaral for ¢ > 1.

This implies in particular that |a,| = |yaa.l- So we can choose arg ¢
such that

Ian - f')’n.)\,ni = lg'l I'Yn,k.n‘ - Ianl-
Thus from (20) it follows that if [{| > 1, then
laol < Ig-l [Yurml — |an!
and so (19) must hold.

Remark 1. The example P, x,(x) shows that (19) does not hold if # is
even (note that [P, 2(0)] = 1) but the above proof with a slight modifi-
cation shows that in that case

(19') 'anl = I'Yn)\,nl -1 - "10')'
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Inequalities (19), (19') not only generalize but also strengthen the
classical inequality of Chebyshev [1, page 63 (see Problem 8 (e))].
Earlier [4] we had proved the following
THEOREM A. Let

_Y e (= 2T () if N is even
Paaa(®) = Zevaas® = _ 0y ) if nis odd.

If pu(x) = X koo asx® is a polynomial of degree at most n with real coefficients
such that

(21)  [pa(x)] = (1 — x?)P?
for —1 < x <1, then

. -1
(22) Ian-2j| + Ian72j—1! é i'Yn,X,n—Zj‘y (] = Ov 11 e ey I:n_;__]) .

4

It is natural to ask if (22) remains valid for polynomials with complex
coefficients. The answer turns out to be negative. In fact, we shall prove
that for every given ¢ > 0 there exists a polynomial

n
bar(®) = 2 arax”
k=0
of degree n satisfying the conditions of Theorem A such that

(23) la«)\,n—2j| + ela)\,n—2j—1| > I’Yn,)\,n—2]'|'

It is clearly enough to prove (23) for all sufficiently small e > 0. Now let

pun): = {Para@) + i€Priaa@} AT+ = Tt
k=
Then clearly

[pan(x)] = (1 — x2)22 for —1 < x

IIA
—_

Further

.2
1 1€
anp—2; = /“——TI Yarn—2j An—2j—1 = /7 7 1 Yn—1An—2j—1
’ 1 € WAy J ’ J 1 € Ny J

and so
1 3
Ia)\,n—ZjI + fiax,n—zj—ll = \/H‘—64 { "Yn,x,n—zj'l + € !’Yn—l,x,n—zj—ll}
> I'Yn,)\,n-—ZjI

€ < 21 nm—2i—1l/|Yarn—2jl-
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We take this opportunity to present a short proof of Theorem A. In
fact, we shall prove the somewhat stronger

THEOREM A’. Let P, \ 1 (x) be as in Theorem A and denote by

(24) xn1 < Xno < oo < Xppe2[bD) /241

the roots of the equation

Paaa®) _

1_(l—xz)x~

0.

Then for a polynomial p,(x) = ZLO ayx® of degree at most n with real
coefficients, inequality (22) holds even if (21) is satisfied only at the points
%, 0f (24).

Proof. First we show that if (21) is satisfied at the points x,,,
A=l=n-—2[(N+1)/2] + 1), then

n

(25) lan—‘zj! é l7n,)\.n—2]’|y (] = 0, 17 ceey [_2-]) .
It is clear that for —1 < 6 < 1 the polynomial

h ( 0). _ jpn,k,k(x) - (0/2){Pn(x) + Pn(—x)} if 7 is even
B D= A Paan(®) — (0/2){pa(x) — pu(—2)} if nis odd,

changes sign between two consecutive points «,,; and so must have at
least n — 2[(N + 1)/2] zeros in (—1, 1). Besides, it has a zero of multi-
plicity [(N + 1)/2] at each of the points —1, 41 and so all its zeros are
real. The coefficients of "1, x*~3, . .. being all zero, none of the other
coefficients can vanish; for then by Descartes’ rule of signs, the zeros of
hi(x, 8) could not all be real. This is possible only if (25) holds.

The preceding argument is based on an idea of O. D. Kellogg [3].

Next we show that if (21) is satisfied at the points x = x,_1.1, X512,

.y Xn—1n—2(0v+1) /21, then

. 1
(26) Ian—2j+ll é I'Yn—l,)\,n—-2j+1|y (7 = ]-y 2v sty [n ;_ ]) .
In fact, all we have to do is to apply the above reasoning to the function

Prian(®x) — (0/2){palx) + pu(—2x)} if nis odd
Prian(x) — 0/2){pu(x) — pu(—x)} if n is even.

Now let us consider the polynomial

ha(x,0): = {

F6): = H L+ 9Pl + (1= Dpa(-)} = 2 o' (say)

Note that m is equal to # or n + 1 according as 7 is even or odd respec-
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tively. In view of the fact that
1(l4+x+1—x))=1 for -1 <x<1
we have
[F&)] £ @ — 2P forx = X1, Koy« -+ » Xnm2(0bD) 2141
and so from (25), (26) we obtain
@7)  |ap—2; + tn2s1| = b —25] = [Varn—2sls (j =01,..., [%‘4)
On the other hand, considering

gx): = (L — 2)pa(x) + (1 + x)pu(—x)}

we can prove in the same way that

. -1
(28) Ian—2j - an—2j—1| é I'Yn,k,n-?jly (] = Oy 17 sty [n 2 ]) .
Inequalities (27) and (28) together give us the desired result.

We observe that, at least in the case of odd #, the conclusion of Theorem
A’ can be considerably strengthened if p,(x) happens to be non-negative
at the points (24). In fact, we have

THEOREM A”. Let n be odd. If the polynomial p,(x) = D p—o ayx* satisfies
the hypotheses of Theorem A’ and is, in addition, non-negative at the points
X, 0f (24), then

(29) |an—2j| + ‘Ian—Qj—li é %I’Yﬂ,k,n—?]’ly (J = O, 11 LI ) [n g 1]) .

In the case of even # we can prove

THEOREM A", Let n be even. If p,(x) = D r—o axxt is a polynomial of
degree n with real coefficients such that

0= palx) = (1 — &P

at the POintS X = Xp—1,1)X—1,2y « « + y Xn—1,n—2[(A\+1) /2] then

. 1
(30) lan—2j+l' = %|‘Yn—1,x,n—2j+1|, <J =12..., [n—;— ]) .

Proof of Theorems A", A"’ First of all we observe that if f(x) = D _r
byx* is a polynomial of degree m (even) with real coefficients such that

(B1) 0= f(x) = (1 — a2
at the points ¥ = %,—1,1, Xm—1.2, « + - , X;m—1.m—2(\+1) /2], then

[f(x) — f(—x)] £ (1 — x2)M2
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at these points. Since f(x) — f(—x) is a polynomial of degree m — 1 it
follows from (26) that

. 1
(32) lbm—2j+1| é %I'Y'm—l,)\,m—2j+lly (] = ly 21 vy [m :_ ]) y

&

which proves Theorem A’’’.
Now if p,(x) = D=0 &;x* is a polynomial of degree n (odd) satisfying
the hypotheses of Theorem A’, then
f@): = 3HA 4+ x)palx) + (1 — x)pa(—x)}

is a polynomial of degree # + 1 (even) with real coefficients such that (31)
is satisfied at the pointsx = x, 1, X,.2, . . . , X5 nt1-2(0:+ 1) /21 and so according
to (32) we must have

. -1
(33) Ian—Zj + an—Zj—-lI = %I'Yn,)\,n—lev (] =0,1,..., [n__é—:l) .
On the other hand, considering

g): = HA — x)pu(x) + (1 + x)pu(—x))}

we can prove in the same way that

. -1
(34) Ian—2j - an-—Zj—lI é %I‘Yn,)\,n—ZjI» <] = Or 11 e ey [71—‘)‘_]> )
and so Theorem A’ holds.
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