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1. Introduction. Let P(x) = anxn + · · · + a1x + a0 be an integer polynomial and
define H(P) = H := max0≤ j≤n{|aj|} to be the height of the polynomial P(x). Define the
classes of polynomials Pn and Pn(Q) by

Pn := {
P(x) ∈ Z[x] : deg(P(x)) = n

}
,

Pn(Q) := {
P(x) ∈ Z[x] : deg(P(x)) = n, H(P) ≤ Q

}
.

We are interested in the following question: Given some w ∈ R how big is the set of x ∈ R

for which |P(x)| < H(P)−w for infinitely many polynomials P(x) ∈Pn. Denote this set by
Ln(w), i.e.

Ln(w) := {
x ∈ R : |P(x)| < H(P)−w for i.m P ∈Pn

}
,

where i.m stands for infinitely many. For n > 1, it follows from Dirichlet’s pigeonhole prin-
ciple that Ln(n) = R. In 1932, Mahler [17] conjectured that the Lebesgue measure of the set
Ln(w), μ(Ln(w)), was zero when w > n, and indeed this was shown to be true by Sprindžuk
[20] in 1964. Before Sprindžuk, there were some partial results. Mahler himself [17] proved
the conjecture for w > 4n. This was improved by W. M. Schmidt [19] in 1961 to w > 2n. A
further improvement was given by Volkmann [21] in 1962 who showed that the result was
true for w > 4

3 n.
With regard to the Hausdorff dimension of the set, dimH(Ln(w)), the first result was

proved by Jarnı́k [12] in 1928 and then independently, using a different method to Jarnı́k,
by Besicovitch [9] in 1932. It is known as the Jarnı́k–Besicovitch Theorem:

THEOREM 1 (Jarnı́k–Besicovitch Theorem (1932)). Let w > 1. Then

dimH(L1(w)) = 2

w + 1
.
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This was extended for n > 1 by A. Baker and W. M. Schmidt [1] in 1970 who showed that

n + 1

w + 1
≤ dimH(Ln(w)) < 2

n + 1

w + 1
.

In the same paper, it was conjectured that for w > n

dimH(Ln(w)) = n + 1

w + 1
.

It had been shown previously by Kasch and Volkmann [13] that

dimH(L2(w)) ≤ 3

w + 1
.

These two results prove that the conjecture is true for n = 2. In 1976, R. C. Baker
[2] showed that when w > 3, one has dimH(L3(w)) ≤ 4

w+1 and furthermore, when n ≥ 4 if

w > (n2 + n − 3)/3 one has dimH(Ln(w)) ≤ n+1
w+1 . This result together with that of A. Baker

and W. M. Schmidt proves the conjecture for n = 3 and for n ≥ 4 if w > (n2 + n − 3)/3.
The conjecture was finally proved in 1983 by Bernik [6]. In his paper Bernik uses different
methods to those of Baker and Schmidt which are based on the following lemma from the
same paper.

LEMMA 1. Let δ, η, μ ∈ R+ and let Q0(δ, s) be a sufficiently large real number.
Furthermore, let P(x), T(x) ∈ Z[x] be polynomials of degree s > 1 without common roots
such that max(H(P), H(T)) = Qμ, where Q > Q0(δ, s). Assume that the interval I ⊂
(−s, s) ⊂ R with |I| = Q−η. If there exists τ > 0 such that for all x ∈ I

max
(|P(x)|, |T(x)|)< Q−τ ,

then

τ + μ + 2 max
(
τ + μ − η, 0

)
< 2μs + δ.

Lemma 1 can be thought of as a quantitative description of the fact that two relatively prime
polynomials in Z[x] cannot both have very small absolute values (in terms of their degrees
and heights) in an interval unless that interval is extremely short.

In [6], and for many results since, Lemma 1 was a key tool in disproving the existence
of certain cases by obtaining contradictions. Generally speaking, Lemma 1 is useful when
dealing with problems that are concerned with small first derivatives since Lemma 1 also
shows that two polynomials P(x), T(x) ∈ Pn(Q) cannot be simultaneously small at a point
as well as having simultaneously small derivatives at that point. See [7], [8] and [10] for
just some of the many examples of Lemma 1 being used.

In this paper, we improve on Lemma 1 and give an example of its use when considering
the number of polynomials with bounded discriminants. We also provide an extension to
the lemma and give reference to another application.

2. Main results. To begin, the necessary notation must first be introduced. It should
be acknowledged that almost all of the following notation and definitions are due to
Sprindžuk. Considering the roots of the polynomial P define α1(P), . . . , αn1(P) to be
the real roots and β1(P), . . . , β n2

2
(P) to be the non-real roots located in the upper-

half plane. The set of non-real roots located in the lower-half plane will be denoted
β n2

2 +1(P), . . . , βn2(P). It is clear that each non-real root in the lower-half plane is just
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the complex conjugate of one of the non-real roots in the upper-half plane. With this
in mind, the non-real roots in the lower-half plane are labelled so that β i(P) = β n2

2 +i(P)

for i = 1, . . . , n2
2 . Clearly n1 + n2 = n. Furthermore, define the roots of P in Qp as

γ1(P), . . . , γn3(P) with n3 ≤ n. The roots of a second polynomial T are similarly spilt into
the sets {αi(T)}, {βj(T)} and {γk(T)}, where 1 ≤ i ≤ m1, 1 ≤ j ≤ m2 with m1 + m2 = n, and
1 ≤ k ≤ m3 ≤ n.

For each real root αi(P), the set S1(αi(P)) will be defined by

S1(αi(P)) =
{

x ∈ R : |x − αi(P)| = min
l=1,...,n1

|x − αl(P)|
}
.

In a similar fashion, analogues for C and Qp are defined in the obvious way as follows:

S2(βj(P))=
{

z ∈ C+ : |z − βj(P)| = min
l=1,...,

n2
2

|z − βl(P)|
}
,

S2(β j(P))=
{

z ∈ C− : |z − β j(P)| = min
l=1,...,

n2
2

∣∣z − β l(P)
∣∣ },

S3(γk(P))=
{
ω ∈ Qp : |ω − γk(P)|p = min

l=1,...,n3

|ω − γl(P)|p
}
,

where |.|p denotes the p-adic norm, C+ := {z ∈ C : Im(z) ≥ 0} and C− := {z ∈ C :
Im(z) ≤ 0} . Clearly, if z ∈ C+ and z ∈ S2(βj(P)) for some j ∈ 1, . . . , n2

2 , then z ∈ S2(β j(P)).
In Lemma 2, z will be taken in a disk in C and differences of the form |z − βj| for some

z ∈ C and some non-real root βj will be estimated. If it can be assumed that z ∈ S2(βj(P))

(i.e. z is such that im(z) > 0) and that j ∈ {1, . . . , n2
2

}
then, as will be seen, estimating

|z − βj| will be simplified greatly. This is the reason for considering the sets S2(βj(P)) and
S2(β j(P)) separately. Furthermore, by symmetry, estimating |z − βj| will give an estimate

for |z − β j|. Differences of the form |z − β j| and |z − βj| will also have to be considered but
unfortunately nothing is known about these and so Lemma 6, which is stated in Section 3,
will be used to estimate these.
The following notation will also be used:

S(αi(P), βj(P), γk(P)
)= S1(αi(P)) × S2(βj(P)) × S3(γk(P)).

The sets S1(αi(T)), S2(βj(T)), S2(β j(T)) and S3(γk(T)) are defined similarly.
Suppose (x, y, z) ∈ S(α1(P), β1(P), γ1(P)) ∩ S(α1(T), β1(T), γ1(T)). The other roots

are then ordered according to their distance from α1(J), β1(J) and γ1(J), where
J(x) = P(x) or T(x), as follows:

|α1(J) − α2(J)| ≤ |α1(J) − α3(J)| ≤ · · · ≤ |α1(J) − αn1(J)|,
|β1(J) − β2(J)| ≤ |β1(J) − β3(J)| ≤ · · · ≤ |β1(J) − β n2

2
(J)|,

|γ1(J) − γ2(J)|p ≤ |γ1(J) − γ3(J)|p ≤ · · · ≤ |γ1(J) − γn3(J)|p.

Note that the set of differences |β1(P) − βi(P)| is only taken up as far as i = n2
2 since

|β1(P) − βi(P)| = |β1(P) − β i(P)|, and so only i ≤ n2
2 need to be considered since any

resulting calculations, as already discussed, will be the same for n2
2 < i ≤ n2. This is a

common technique, see, for example, [8].
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Define the real numbers ρi(J), λi(J), σi(J) such that

|α1(J) − αi(J)| = Q−ρi(J), i = 2, . . . , n1,

|β1(J) − βi(J)| = Q−λi(J), i = 2, . . . ,
n2

2
,

|γ1(J) − γi(J)|p = Q−σi(J), i = 2, . . . , n3.

Furthermore, define

qi(J)= ρi+1(J) + · · · + ρn1(J), i = 1, · · · , n1 − 1,

ri(J)= λi+1(J) + · · · + λ n2
2
(J), i = 1, · · · ,

n2

2
− 1,

si(J)= σi+1(J) + · · · + σn3(J), i = 1, · · · , n3 − 1.

Let I ⊂ R be an interval, C ⊂ C be a disk and K ⊂ Qp be a cylinder, and define the
parallelepiped � = I × C × K ⊂ R × C × Qp. Fix δ1 > 0. Any complex number z lying
in C with |Im(z)| < δ1 will be excluded. As long as δ1 is an arbitrary small number, this
can be done without loss of generality. Later in the paper will appear inequalities of the
form |z − β| < Q−v. From this, with the condition |Im(z)| ≥ δ1, one obtains |Im(β)| ≥ δ1

2

i.e. β �∈ R. In particular, this implies that |βi − β j| > δ1, and for any real root αi, |αi − βj| =
|αi − β j| > δ1.

Let μP(A) be the Haar measure of a measurable set A ⊂ Qp. The first of the main
results of this paper is the following extension of Lemma 1.

LEMMA 2. Let δ, ηr ∈ R+ for r = 1, 2, 3 and let Q0(δ, n) be a sufficiently large real
number. Furthermore, let P, T ∈Pn(Q) be polynomials without common roots such that
max(H(P), H(T)) = Q, where Q > Q0(δ, n). Take � = I × C × K ⊂ R × C × Qp with
μ(I) = Q−η1 , diam(C) = Q−η2 , μp(K) = Q−η3 . If there exist τ1, τ2, τ3 > 0 such that for all
(x, z, ω) ∈ � ∩ S(α1(P), β1(P), γ1(P)) ∩ S(α1(T), β1(T), γ1(T))

max
(|P(x)|, |T(x)|)< Q−τ1 ,

max
(|P(z)|, |T(z)|)< Q−τ2 ,

max
(|P(ω)|p, |T(ω)|p

)
< Q−τ3 ,

and for J(x) = P(x) or T(x)

τ1 + 1 ≥ q1(J) + ρ2(J),

τ2 + 1 ≥ r1(J) + λ2(J),

τ3 ≥ s1(J) + σ2(J), (1)

then

τ1 + 2τ2 + τ3 + 3 + 2

⎛
⎝n1−1∑

i=1

qi(J) + 2

n2
2 −1∑
j=1

rj(J) +
n3−1∑
k=1

sk(J)

⎞
⎠≤ 2n + δ, (2)
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and furthermore,

τ1 + 2τ2 + τ3 + 3 + 2

⎛
⎝n1−1∑

j=1

max
(
τ1 + 1 − jη1, 0

)+ 2

n2
2 −1∑
j=1

max
(
τ2 + 1 − jη2, 0

)

+
n3−1∑
j=1

max
(
τ3 − jη3, 0

)⎞⎠< 2n + δ. (3)

We will in fact show that (3) follows from (2). Although (2) is more powerful than (3),
it is more difficult to use; see remark 1 in Section 5.1.

The second result we present is the first generalisation of Bernik’s original lemma that
removes the restriction on the size of the polynomials and allows for some of the values, τi,
i = 1, 2, 3, to be negative. In particular, this allows |P(x)| to be very large. More notation
is needed. Define the set 3 by

3 = I1 × I2 × I3 ⊂ R3,

with

3 ∩ {(x1, x2, x3) ∈ R3 : |xi − xj| < ε0, 1 ≤ i < j ≤ 3
}= ∅.

So 3 is a three-dimensional box which does not intersect the thickened (by 2ε0) planes
xi = xj.

Let P(x), T(x) ∈ Z[x] be of degrees n1 and n2, respectively, with 3 < n1, n2 ≤ n.
Furthermore, let α1, α2, . . . , αn1 be the roots of P(x) and let β1, β2, . . . , βn2 be the roots
of T(x). Define the intervals

νr
i (P) := Ir ∩ S1(αi), i = 1, . . . , n1, r = 1, 2, 3,

νr
j (T) := Ir ∩ S1(βj), j = 1, . . . , n2, r = 1, 2, 3. (4)

Although it is possible that for some i and j, νr
i (P) = ∅, νr

j (T) = ∅, the following lemma
guarantees that the sets are not empty for all i and j.

LEMMA 3. There exist at least one pair i and j, such that for each r = 1, 2, 3,

|νr
i (P)| ≥ |Ir|

n
and |νr

j (T)| ≥ |Ir|
n

.

Proof. Assume that for all i = 1, . . . , n1,

|νr
i (P)| < |Ir|

n
,

and note that since νr
i (P) = Ir ∩ S1(αi),

n1⋃
i=1

νr
i (P) = Ir,

and so ∣∣∣∣∣
n1⋃

i=1

νr
i (P)

∣∣∣∣∣= |Ir| < |⋃n1
i=1 Ir|
n

<

n1∑
i=1

|Ir|
n

= n1|Ir|
n

< |Ir|,

which is a contradiction. The proof is the same for the set νr
j (T).
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We will denote one such pair of roots for which νr
i (P) �= ∅, νr

j (T) �= ∅ by αr
1 and βr

1 for
each r = 1, 2, 3. Using this new notation, the second of the main results is now presented.

LEMMA 4. Let δ, μ, ηr ∈ R+ for r = 1, 2, 3, and let H0(δ, n) be a sufficiently large
real number. Furthermore, let P(x), T(x) ∈ Z[x] be polynomials without common roots
of degree n1 and n2, respectively, with 3 ≤ n1, n2 ≤ n such that max(H(P), H(T)) = Hμ,
where H > H0(δ, n). Assume that the intervals Ir ⊂ R with |Ir| = H−ηr for r = 1, 2, 3. If
there exists τ1 > 0 and τ2, τ3 ∈ R such that for all (x1, x2, x3) ∈ 3 ∩ SP

(
α1

1, α2
1, α3

1

)∩
ST

(
β1

1 , β2
1 , β3

1

)
with

αr
1 �= αr′

1 and βr
1 �= βr′

1 , for 1 ≤ r < r′ ≤ 3 (5)

the inequality

max
(|P(xr)|, |T(xr)|

)
< H−τr , 1 ≤ r ≤ 3,

holds, then

3∑
r=1

(
τr + μ + 2 max

(
τr + μ − ηr, 0

))
< (n1 + n2)μ + δ.

It will become evident from the proof of Lemma 4 that there is nothing special about
choosing to state the lemma for three values. In fact, it will be clear that the proof can be
adapted for any k values with 2 ≤ k < n provided that (5) holds.

If τ1, τ2, τ3 > 0, one does not need (5) since by definition of 3 for x ∈ S(αr
1) and

y ∈ S(αr′
1 ), 1 ≤ r < r′ ≤ 3, one has that |x − y| > ε0. Using this and Lemma 5, which is

stated in Section 3, one can easily show that |αr
1 − αr′

1 | > ε0
2 . Similarly, |βr

1 − βr′
1 | > ε0

2 for
1 ≤ r < r′ ≤ 3. Otherwise, if even one of the τi < 0, then without (5) it would not be possible
to ensure that there exist three distinct roots which are essential for the proof of Lemma 4
as will be seen.

3. Preliminary results. In this section, several very useful lemmas are presented.
The proof for the real inequalities below can be found in [5] and for the complex and
p-adic inequalities in [16].

LEMMA 5. Let P ∈ Pn(Q) and let u represent x or z and θ represent α or β. Then for
u ∈ S1(θ1) or u ∈ S2(θ1) and w ∈ S3(γ1), the inequalities

|u − θ1| ≤ n
|P(u)|
|P′(u)| for P′(u) �= 0,

|w − γ1|p ≤ n
|P(w)|p
|P′(w)|p for P′(w) �= 0,

|u − θ1| ≤ 2n−1 |P(u)|
|P′(θ1)| for P′(θ1) �= 0,

|w − γ1|p ≤ 2n−1 |P(w)|p
|P′(γ1)|p for P′(γ1) �= 0
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hold, together with

|u − θ1| ≤ min
2≤ j≤n

(
2n−j|P(u)||P′(θ1)|−1

j∏
k=2

|θ1 − θk|
) 1

j

for P′(θ1) �= 0,

|w − γ1|p ≤ min
2≤ j≤n

(
2n−j|P(w)||P′(γ1)|−1

j∏
k=2

|γ1 − γk|p
) 1

j

for P′(γ1) �= 0.

The proof for the following lemma can be found in [11].

LEMMA 6. Let P(x) be a polynomial of degree n, with roots α1, α2, . . . , αn and leading
coefficient an. Then for any k-tuple of distinct roots αi1 , . . . , αik , 1 ≤ i1 < i2 < . . . < ik ≤ n,
k ≤ n,

|αi1αi2 . . . αik | < c(n)
H(P)

|an| ,

where c(n) is a positive constant depending only on n.

4. Proof of main results. Under the assumptions of Lemma 2, it was shown in [6]
that qj(P) ≥ τ1 + 1 − jη1. In [8], it was shown that rj(P) ≥ τ2 + 1 − jη2 and sj(P) ≥ τ3 −
jη3. Thus under the assumptions of Lemma 2, the following system of inequalities can be
taken to hold,

qj(P) ≥ τ1 + 1 − jη1,

rj(P) ≥ τ2 + 1 − jη2,

sj(P) ≥ τ3 − jη3. (6)

It is clear that using (6), (3) follows immediately from (2). Thus proving Lemma 2 is now
equivalent to proving (2) holds.

Proof of Lemma 2. All the following calculations are analogous to those carried
out in [6] and [8]. To begin define K(αi, βj) = |αi(P) − βj(P)||αi(P) − βj(T)||αi(T) −
βj(P)||αi(T) − βj(T)| and note that since, by assumption, P and T have no common
roots:

1 ≤ |R(P, T)||R(P, T)|p
≤ |an|n|bn|n

∏
1≤i≤ j≤n1

|αi(P) − αj(T)|
∏

1≤i≤ j≤n2

|βi(P) − βj(T)|

×
∏

1≤i≤ j≤n3

|γi(P) − γj(T)|p ×
∏

1≤i≤n1
1≤ j≤n2

K(αi, βj).

Here the basic property of the p-adic norm that for any a ∈ Z one always has 1 ≤ |a||a|p is
being used.

Suppose that |an| = Qζ1 , for 0 ≤ ζ1 ≤ 1, and |bn| = Qζ2 , for 0 ≤ ζ2 ≤ 1. Furthermore,
recall that βi+ n2

2
(P) := β i(P) and note
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1≤i≤ j≤n2

|βi(P) − βj(T)| =
∏

1≤i≤ j≤ n2
2

|βi(P) − βj(T)|
∏

1≤i≤ j≤ n2
2

|β i(P) − β j(T)|

×
∏

1≤i≤ n2
2 ,1≤ j≤ n2

2

∣∣βi(P) − β j(T)
∣∣ ∏

1≤i≤ n2
2 ,1≤ j≤ n2

2

|β i(P) − βj(T)|

=
⎛
⎝ ∏

1≤i≤ j≤ n2
2

|βi(P) − βj(T)|
∏

1≤i≤ n2
2 ,1≤ j≤ n2

2

|βi(P) − β j(T)|
⎞
⎠

2

,

since it is clear that |βi(P) − βj(T)| = |β i(P) − β j(T)| and |βi(P) − β j(T)| = |β i(P) −
βj(T)|. Nothing is known about the distances |βi(P) − β j(T)| and in fact these could be
very large. Similarly, nothing is known about the distances |αi − βj| which again could be
very large. Using Lemma 6, however, the differences |βi(P) − β j(T)| and |αi − βj| can be
bounded. This can be done since for each i, j, the triangle inequality gives that |βi(P) −
β j(T)| ≤ 2 max{|βi(P)|, |β j(T)|}, and so for some 0 ≤ f1, . . . , f n2

2
, g1, . . . , g n2

2
≤ n2

2∏
1≤i≤ j≤ n2

2

∣∣βi(P) − β j(T)
∣∣≤ 2

n2
2
4 |β1(P)| f1 . . . |β n2

2
(P)| f n2

2

∣∣β1(T)
∣∣g1

. . .

∣∣∣β n2
2
(T)

∣∣∣g n2
2

< 2
n2

2
4

(
H(P)

|an|
)n2

2
(

H(T)

|bn|
)n2

2

≤ 2
n2

2
4 Q

n
2 (1−ζ1)+ n

2 (1−ζ2)

< c1(n)Q
n
2 (1−ζ1)+ n

2 (1−ζ2),

for some constant c1(n) > 0.
The same argument can be made for the differences |αi − βj|, so that

∏ |αi − βj| <
c2(n)Q

n
2 (1−ζ1)+ n

2 (1−ζ2), for some constant c2(n) > 0. Thus, for Q sufficiently large, Qδ >

c1(n)c2(n) and R(P, T) can be rewritten as

1 ≤ |R(P, T)||R(P, T)|p
≤ (an)

n(bn)
nQn(1−ζ1)+n(1−ζ2)+δ

∏
1≤i≤ j≤n1

|αi(P) − αj(T)|
∏

1≤i≤ j≤ n2
2

|βi(P) − βj(T)|2

×
∏

1≤i≤ j≤n3

|γi(P) − γj(T)|p

≤ Q2n+δ
∏

1≤i≤ j≤n1

|αi(P) − αj(T)|
∏

1≤i≤ j≤ n2
2

|βi(P) − βj(T)|2
∏

1≤i≤ j≤n3

|γi(P) − γj(T)|p.

(7)

Now the proof revolves around bounding each of the products of (7). It is assumed without
loss of generality that

q1(T) ≤ q1(P),

r1(T) ≤ r1(P),

s1(T) ≤ s1(P). (8)

This assumption can be made since the real, complex and p-adic roots can now be
considered separately.
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First consider the differences of the real roots and recall the identity, for P ∈ Pn(Q),
|P′(αi)| = ∏

j=1,...,n,
j �=i

|an||αi − αj|. Then for x ∈ S1(α1(P)) by Lemma 5,

|x − α1(P)| ≤ 2n−1 |P(x)|
|P′(α1)| � Q−τ1−1+q1(P).

Similarly for y ∈ S1(α1(T)),

|y − α1(T)| � Q−τ1−1+q1(T).

So for x ∈ S1(α1(P)) and y ∈ S1(α1(T)), using (6) and (8),

|α1(P) − α1(T)| ≤ |α1(P) − x| + |x − y| + |y − α1(T)|
� Q−τ1−1+q1(P) + Q−η1 + Q−τ1−1+q1(T) � Q−τ1−1+q1(P).

This gives

∏
2≤ j≤n1

|α1(P) − αj(T)| ≤
∏

2≤ j≤n1

(
|α1(P) − α1(T)| + |α1(T) − αj(T)|

)

�
∏

2≤ j≤n1

(
Q−τ1−1+q1(P) + Q−ρj(T)

)
.

Recall that (1) gives τ1 + 1 − q1(P) ≥ ρ2(P). Using this it is seen that∏
2≤ j≤n1

|α1(P) − αj(T)| �
∏

2≤ j≤n1

(
Q−ρ2(P) + Q−ρj(T)

)
�

∏
2≤ j≤n1

Qmax(−ρ2(P),−ρj(T)). (9)

Similarly∏
2≤i≤n1

|αi(P) − α1(T)| �
∏

2≤i≤n1

(
Q−ρi(P) + Q−ρ2(P)

)
�

∏
2≤i≤n1

Q−ρi(P) = Q−q1(P). (10)

Combining (9) and (10) gives∏
2≤ j≤n1

|α1(P) − αj(T)|
∏

2≤i≤n1

|αi(P) − α1(T)| �
∏

2≤ j≤n1

Qmax(−ρ2(P),−ρj(T))Q−q1(P).

If there exists φ ∈ Z with 2 ≤ φ ≤ n1, such that

−ρ2(P) < −ρj(T) ∀ j ∈ [2, φ] and − ρ2(P) ≥ −ρj(T) ∀ j ∈ (φ, n1],
then ∏

2≤ j≤n1

Qmax(−ρ2(P),−ρj(T)) = Q−ρ2(T)−···−ρφ(T)−(n1−φ)ρ2(P)

≤ Q−ρ2(T)−···−ρφ(T)−ρφ+1(P)−···−ρn1 (P) ≤ Q−q1(P).

If, on the other hand, no such φ exists, i.e. −ρ2(P) ≥ −ρj(T) for all j ∈ [2, n1], then∏
2≤ j≤n1

Qmax(−ρ2(P),−ρj(T)) = Q−(n1−1)ρ2(P) ≤ Q−ρ2(P)−ρ3(P)−···−ρn1 (P) = Q−q1(P).
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In either case ∏
2≤ j≤n1

|α1(P) − αj(T)|
∏

2≤i≤n1

|αi(P) − α1(T)| � Q−2q1(P). (11)

Now consider∏
3≤ j≤n1

|α2(P) − αj(T)| ≤
∏

3≤ j≤n1

(|α2(P) − α1(P)| + |α1(P) − α1(T)| + |α1(T) − αj(T)|)
�

∏
3≤ j≤n1

Qmax(−ρ2(P),−ρj(T)).

Similarly ∏
3≤i≤n1

|αi(P) − α2(T)| �
∏

3≤i≤n1

Qmax(−ρi(P),ρ2(T)).

Arguing in an identical fashion to (11), it is clear that∏
3≤i≤n1

|αi(P) − α2(T)|
∏

3≤ j≤n1

|α2(P) − αj(T)| � Q−2q2(P).

More generally, using the same approach∏
k≤i≤n1

|αi(P) − αk−1(T)|
∏

k≤ j≤n1

|αk−1(P) − αj(T)| � Q−2qk−1(P).

The final case that needs considering is when i = j ≥ 2. Note

|αi(P) − αi(T)| ≤ |αi(P) − α1(P)| + |α1(P) − α1(T)| + |α1(T) − αi(T)|
� Q−ρi(P) + Q−ρ2(P) + Q−ρi(T) � Qmax(−ρi(P),−ρi(T)). (12)

So finally∏
1≤i≤ j≤n1

|αi(P) − αj(T)| =
∏

1≤i≤ j≤n1
i�=j

|αi(P) − αj(T)||α1(P) − α1(T)| · · · |αn1(P) − αn1(T)|

� |α1(P) − α1(T)| · · · |αn1(P) − αn1(T)|Q−2
n1−1∑
i=1

qi(P)

� Q−τ1−1+q1(P)

n1∏
i=2

Qmax(−ρi(P),−ρi(T))Q
−2

n1−1∑
i=1

qi(P)

≤ Q−τ1−1+q1(P)Q−q1(P)Q
−2

n1−1∑
i=1

qi(P)

= Q
−
(

τ1+1+2
n1−1∑
i=1

qi(P)

)
. (13)

Identical calculations are carried out when considering the differences between the
complex roots. Using Lemma 5 along with equations (6) and (8) gives

|β1(P) − β1(T)| � Q−τ2−1+r1(P).
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Using this and (1), it can be shown that∏
2≤k≤i≤ n2

2

|βi(P) − βk−1(T)|
∏

2≤k≤ j≤ n2
2

|βk−1(P) − βl(T)| � Q−2rk−1(P).

Furthermore, by the same method used to obtain (12), it can be shown that

|βi(P) − βi(T)| � Qmax(−λi(P),−λi(T)).

So finally

∏
1≤i≤ j≤ n2

2

|βi(P) − βj(T)| � Q
−
(

τ2+1+2

(
r1(P)+r2(P)+···+r n2

2 −1
(P)

))
.

Thus

∏
1≤i≤ j≤ n2

2

|βi(P) − βj(T)|2 ≤ Q
−2

(
τ2+1+2

(
r1(P)+···+r n2

2 −1
(P)

))
. (14)

Finally, the p-adic case is considered. Again almost identical calculations are carried
out. Using Lemma 5 along with equations (6) and (8) gives

|γ1(P) − γ1(T)|p � Q−τ3+s1(P).

Using this and (1), it can be shown that∏
2≤k≤i≤n3

|γi(P) − γk−1(T)|p
∏

2≤k≤ j≤n3

|γk−1(P) − γl(T)|p � Q−2sk−1(P).

Furthermore, it can be shown that

|γi(P) − γi(T)|p � Qmax(−σi(P),−σi(T)).

So finally

∏
1≤i≤ j≤n3

|γi(P) − γj(T)|p � Q
−
(

τ3+2

(
s1(P)+s2(P)+···+sn3 (P)

))
. (15)

Using (13), (14) and (15) in (7) gives

1 ≤ |R(P, T)||R(P, T)|p

≤ Q2n+δQ
−
(

τ1+1+2(q1(P)+···+qn1−1(P))+2

(
τ2+1+2

(
r1(P)+···+r n2

2 −1
(P)

))
+τ3+2

(
s1(P)+···+sn3−1(P)

))
,

so that

τ1 + 2τ2 + τ3 + 3 + 2

⎛
⎝n1−1∑

i=1

qi(P) + 2

n2
2 −1∑
j=1

rj(P) +
n3−1∑
k=1

sk(P)

⎞
⎠≤ 2n + δ,

as required.

The proof of Lemma 4 below requires only the real calculations from above.
Furthermore, in Lemma 4, no assumptions such as (1) are made. In particular, as was
shown in obtaining equations (34) and (35) in [6], when only dealing with real intervals, Ir,
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inequalities of the form of (1) can be shown to always hold under the assumptions of the
lemma. See also [18] for more details.

With regard to the complex inequality of (1), it is almost certain that, under the
assumptions of Lemma 2, this holds always also since the argument should follow the real
argument made in [6]. With regard to the p-adic inequality of (1), it is not clear whether
this will always hold, under the assumptions of Lemma 2, but it is not difficult to show
that there are infinitely many cases for which it does. As an example of a polynomial
for which Lemma 2 can be applied to consider P(z) = 2z4 + z3 − 2z2 + 2z − 1 with I =[

1
4 , 1

2

]
, C = {

z ∈ C : |z − 1+i
4 | ≤ 1

4

}
and K ⊆ {

z ∈ Q19 : |P(z)|19 < 1
19

}∪ {4}. One can eas-

ily check that in this case ρ2 = − log2(
√

5), λ2 = − log2

(√
7

2

)
, σ2 = 0, τ1 = − log2

(
77

128

)
,

τ2 = − log2

(
61

100

)
and τ3 = 1. Thus (1) can be seen to hold.

Proof of Lemma 4. Let α1, . . . , αn1 be the roots of the polynomial P and β1, . . . , βn2

be the roots of the polynomial T , where n1 and n2 are the degrees of the polynomials P
and T , with n1, n2 ≤ n. Now defining νr

i (P) and νr
j (T) as in (4) and using Lemma 3, it will

again be taken that one such pair of roots for which νr
i (P) �= ∅, νr

j (T) �= ∅ is denoted by αr
1

and βr
1 for each r = 1, 2, 3. In particular, to ensure νr

i (P), νr
j (T) �= ∅, from this point only

the intervals

νr(P) := Ir ∩ S(αr
1), r = 1, 2, 3, (16)

νr(T) := Ir ∩ S(βr
1), r = 1, 2, 3 (17)

will be considered.
Throughout the proof, it will be necessary to consider differences of the form |xr −

αr
i | for some xr ∈ νr(P). From this point on, xr ∈ νr(P) will be chosen so that |xr − αr

i | >
1
4 |νr(P)|. Similarly, when dealing with the roots of T(x) choose xr ∈ νr(T) such that |xr −
βr

i | > 1
4 |νr(T)|.

Choose ε0 > 0 so that for 1 ≤ r < r′ ≤ 3, the following inequality holds:

min
(∣∣αr

1 − αr′
1

∣∣, ∣∣βr
1 − βr′

1

∣∣)> ε0.

It is clear that such an ε0 exists by (5). The roots of the polynomials P and T are then
ordered in one of three ways depending on their distances from αr

1 and βr
1 as follows.

Define ar, br ∈ Z such that for r = 1, 2, 3,∣∣αr
1 − αr

2

∣∣≤ · · · ≤ ∣∣αr
1 − αr

ar

∣∣≤ ε0

2
≤ ∣∣αr

1 − αr
ar+1

∣∣≤ · · · ≤ ∣∣αr
1 − αr

n1

∣∣,
∣∣βr

1 − βr
2

∣∣≤ · · · ≤ ∣∣βr
1 − βr

br

∣∣≤ ε0

2
≤ ∣∣βr

1 − βr
br+1

∣∣≤ · · · ≤ ∣∣βr
1 − βr

n2

∣∣.
Define the real numbers ρr

i , λr
j ∈ R such that∣∣αr

1 − αr
i

∣∣= H−ρr
i , i = 2, . . . , n1,∣∣βr

1 − βr
j

∣∣= H−λr
j , j = 2, . . . , n2.

Furthermore, define

lr
i = ρr

i + · · · + ρr
ar
, i = 2, . . . , ar,

l̃r
i = ρr

i + · · · + ρr
n1

, i = ar + 1, . . . , n1,

mr
j = λr

j + · · · + λr
br
, j = 2, . . . , br,

m̃r
j = λr

j + · · · + λr
n2

, j = br + 1, . . . , n2.
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For the polynomial P(x) = an1 xn1 + · · · + a1x + a0 suppose that |an1 | = Hγ1 , 0 ≤ γ1 ≤
μ, and for the polynomial T(x) = bn2 xn2 + · · · + b1x + b0 suppose that |bn2 | = Hγ2 , 0 ≤
γ2 ≤ μ. Then following the method used by Bernik in [6] in the natural way, one obtains
(18) and (19) below which are similar to equations (25) and (26) of [6].
For xr ∈ νr(P),

∣∣xr − αr
1

∣∣� min
1≤ j≤ar

H− τr+μ−lrj
j , (18)

and for xr ∈ νr(T),

∣∣xr − βr
1

∣∣� min
1≤ j≤br

H− τr+μ−mr
j

j . (19)

Let the minimum on the right-hand side of (18) be achieved at j = jαr and the minimum on
the right-hand side of (19) be achieved at j = jβr .
From the definition of jαr , one obtains for any i, 1 ≤ i ≤ ar

H−
τr+μ−lr

jαr
jαr ≤ H− τr+μ−lri

i .

This gives the inequality

i
(
τr + μ − lr

jαr

)
≥ jαr

(
τr + μ − lr

i

)
. (20)

By the way, the interval νr(P) was defined for r = 1, 2, 3, Lemma 3 gives that
|νr(P)| > c(n)H−ηr . Furthermore, recall that xr ∈ νr

1(P) was chosen so that |xr − αr
1| �|νr(P)|. Thus by (18),

H− τr+μ−lrj
j ≥ H−ηr .

Rearranging gives

ηr ≥ τr + μ − lr
j

j
, j = 1, . . . , ar. (21)

For the polynomial T , the following analogous inequality to (21) can be obtained:

ηr ≥ τr + μ − mr
j

j
, j = 1, . . . , br. (22)

Using (20) and assuming without loss of generality that

τr + μ − mr
jβr

jβr
≥ τr + μ − lr

jαr

jαr
, (23)

then again following an adapted method to that in obtaining equations (40) and (44) in [6]
one finds that

∣∣αr
1 − βr

1

∣∣� H−
τr+μ−lr

jαr
jαr

, (24)

and ∏
1≤i≤ar

∏
1≤ j≤ jβr

∣∣αr
i − βr

j

∣∣� H−jβr (τr+μ). (25)
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Since the polynomials P and T have no common roots |R(P, T)| ≥ 1 and so using (25),
one obtains

1 ≤ |R(P, T)|
≤ Hγ1n2+γ2n1

∏
1≤i≤a1

1≤ j≤ jβ1

∣∣α1
i − β1

j

∣∣ ∏
1≤i≤a2

1≤ j≤ jβ2

∣∣α2
i − β2

j

∣∣ ∏
1≤i≤a3

1≤ j≤ jβ3

∣∣α3
i − β3

j

∣∣×∏
R

∣∣αr
i − βr

j

∣∣, (26)

where the set R is defined by

R :=
{
(i, j) ∈ {1, . . . , n1} × {1, . . . , n2} : ∣∣αr′

1 − αr′′
i

∣∣> ε0

2
and

∣∣βr′
1 − βr′′

j

∣∣> ε0

2

for each r′ = 1, 2, 3 and r′′ ∈ {1, 2, 3}
}
.

It is possible that R= ∅ in which case recall that by definition γ1, γ2 ≤ μ and so

γ1n2 + γ2n1 ≤ μ(n1 + n2).

If, however, R �= ∅, then using Lemma 6 the product∏
R

∣∣αr
i − βr

j

∣∣
is bounded by Hn2(μ−γ1)+n1(μ−γ2). In either case, inequality (26) can be rewritten as

1 � H (n1+n2)μ−jβ1 (τ1+μ)−jβ2 (τ2+μ)−jβ3 (τ3+μ).

Rearranging gives that

jβ1 (τ1 + μ) + jβ2 (τ2 + μ) + jβ3 (τ3 + μ) ≤ (n1 + n2)μ.

In the case of jβ1 , jβ2 , jβ3 ≥ 3, one obtains the inequality

(n1 + n2)μ ≥ 3(τ1 + μ) + 3(τ2 + μ) + 3(τ3 + μ)

≥
3∑

r=1

(τr + μ + 2 max(τr + μ − ηr, 0)),

which clearly proves Lemma 4. Thus, only the cases in which at least one of jβ1 , jβ2 or jβ3
is less than 3 needs to be considered. To do this two arguments which depend on whether
jβr = 2 or jβr = 1 will be used.

First consider when jβ1 = 2 and jβ2 , jβ3 ≥ 3. If

λ1
3 ≥

τ1 + μ − m1
jβ1

jβ1
, (27)

then carrying out calculations in a similar manner to those in achieving (9) and (10) in the
proof of Lemma 2 or those carried out in [6] and [8] one finds∏

1≤i≤a1

∣∣α1
i − β1

3

∣∣� H−(τ1+μ). (28)
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Using this and (25), one obtains

1 ≤ |R(P, T)|
� H (n1+n2)μ−2(τ1+μ)−(τ1+μ)− jβ2 (τ2+μ)− jβ3 (τ3+μ),

which gives the lemma for jβ2 , jβ3 ≥ 3. If (27) does not hold, then

λ1
3 <

τ1 + μ − m1
jβ1

jβ1
.

Using this and (24), one obtains that for any j ≥ 3,

∣∣α1
1 − β1

j

∣∣≤ ∣∣α1
1 − β1

1

∣∣+ ∣∣β1
1 − β1

j

∣∣� H
−

τ1+μ−l1
jα1

jα1 + H−λ1
j � H−λ1

j .

Thus ∏
3≤ j≤b1

∣∣α1
1 − β1

j

∣∣� H−m1
2 . (29)

This together with (25) leads to∏
1≤i≤n1

∏
1≤ j≤n2

∣∣αr
i − βr

j

∣∣� H−2(τ1+μ)−m1
2−jβ2 (τ2+μ)−jβ3 (τ3+μ)+(n1+n2)μ.

From (22), mr
2 ≥ τr + μ − 2η; therefore, the exponent above can be replaced by

−(τ1 + μ) − 2(τ1 + μ − η) − jβ2 (τ2 + μ) − jβ3 (τ3 + μ) + (n1 + n2)μ,

which also leads to the proof of Lemma 4.
Now consider the case when jβ1 = 1 and jβ2 , jβ3 ≥ 3. Assume

λ1
2 >

τ1 + μ − m1
jβ1

jβ1
and λ1

3 >

τ1 + μ − m1
jβ1

jβ1
.

Then as in the case of inequality (28), one obtains∏
1≤i≤a1

∏
2≤ j≤3

∣∣α1
i − β1

j

∣∣� H−2(τ1+μ).

This together with (25) implies the result. Next assume

λ1
2 >

τ1 + μ − m1
jβ1

jβ1
and λ1

3 ≤
τ1 + μ − m1

jβ1

jβ1
.

The first inequality leads to the inequality∏
1≤i≤a1

∣∣α1
i − β1

2

∣∣� H−(τ1+μ)

and the second to the inequality (29). Together these inequalities imply the result.
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Finally assume

λ1
2 ≤

τ1 + μ − m1
jβ1

jβ1
and λ1

3 ≤
τ1 + μ − m1

jβ1

jβ1
.

Then one obtains ∏
2≤ j≤b1

∣∣α1
1 − β1

j

∣∣� H−m1
1 . (30)

Suppose furthermore

ρ1
2 < λ1

2,

then when 2 ≤ i ≤ a1, one gets ∣∣α1
i − β1

2

∣∣� H−ρ1
i ,

leading to ∏
2≤i≤a1

∣∣α1
i − β1

2

∣∣� H−l1
1 . (31)

If on the other hand

ρ1
2 ≥ λ1

2,

then for 2 ≤ j ≤ b1, one obtains ∣∣α1
2 − β1

j

∣∣� H−λ1
j ,

so that ∏
2≤ j≤b1

∣∣α1
2 − β1

j

∣∣� H−m1
1 . (32)

Using (25), (30), (31) and (32) leads to

1 ≤ |R(P, T)| � H−(τ1+μ)−m1
1−min(l1

1,m
1
1)−jβ2 (τ2+μ)−jβ3 (τ3+μ)+μ(n1+n2). (33)

From the definition of νr
i (P) and (23), one can show that

min
(
l1
1, m1

1

)≥ τ1 + μ − η1.

Thus inequality (33) can be rewritten as∏
1≤i≤n1

∏
1≤ j≤n2

∣∣αr
i − βr

j

∣∣� H−τ1−μ−2 max(τ1+μ−η1,0)−jβ2 (τ2+μ)−jβ3 (τ3+μ)+μ(n1+n2),

which clearly proves Lemma 4 for jβ2 , jβ3 ≥ 3. The arguments above will hold for jβr ≤ 2 for
any r = 1, 2, 3 and so all remaining cases are combinations of these arguments.

It should now be evident that the proof of Lemma 4 can easily be adapted for any k
variables, with 2 ≤ k ≤ n , provided

αr
1 �= αr′

1 and βr
1 �= βr′

1 , for 1 ≤ r < r′ ≤ k.
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When dealing with k variables, all arguments will be identical to those made in the proof
for k = 3 with the two exceptions. Firstly, the indices will now be of the form jβ4 + · · · + jβk .
Secondly, increasing the number of variables will of course increase the number of cases
to be considered. However, one can again begin by considering the cases in which jβ1 < 3
while jβr ≥ 3 for r = 2, 3, . . . , k, and then simply work down through all other cases (such
as jβ1 , jβ2 < 3 while jβr ≥ 3 for r = 3, . . . , k) in an identical fashion to above. The arguments
will not change; however, the number of different products required to be bounded will
certainly become larger depending on how many of the jβr < 3.

5. Examples. For an application of Lemma 4, see [7]. In this section, an example of
how Lemma 2 can be used will be discussed. It will also be shown why (2) is stronger than
(3); see remark 1 in Section 5.1

Let D(P) be the discriminant of the polynomial P(x) ∈Pn(Q) with roots α1, . . . , αn,
then it is well know that

D(P) = a2n−2
n

∏
1≤i<j≤n

(αi − αj)
2.

It can also be shown that D(P) is expressible as the determinant of a (2n − 1) × (2n − 1)

Sylvester matrix; see [4] for details. This, in particular, implies that D(P) ∈ Z.
Define Pv

n(Q) for 0 ≤ v ≤ n − 1 as follows:

Pv
n(Q) := {

P(x) ∈Pn(Q) : 1 ≤ |D(P)| < Q2n−2−2v
}
.

Letting #U represent the cardinality of some set U , we are interested in finding bounds
for #Pv

n(Q). In 2010, Koleda [14] obtained both upper and lower bounds for the cardinality
of Pv

n(Q) in the case n = 3 and 0 ≤ v < 3/5. In particular, it was shown that for 0 ≤ v < 3/5
and c1, a positive constant that depends only on n and is independent of Q,

#P3(Q, v) = c1Q4− 5
3 v(1 + o(1)).

In 2013, Koleda and Korlukova [15] showed that for 0 ≤ v < 1
2 ,

#P2(Q, v) = λQ3−2v(1 + o(1)), λ = 20(1 + ln 2).

It was shown by Beresnevich, Bernik and Götze [4] in 2016 that for 0 ≤ v ≤ n − 1,

#Pv
n(Q) � Qn+1− n+2

n v.

Using (2) of Lemma 2, it will now be shown that the upper bound is in fact of the same
order of the lower bound in a very particular case. The result is believed to hold true in
general and the proof of this will be the subject of future work.

Consider Lemma 2 in the one-dimensional setting. Just as was done in [4], we will
consider only the unit interval

[− 1
2 , 1

2

]
as all results may be extended to any arbitrary

interval in R; see [3] for appropriate techniques. We begin by assuming that the upper
bound is not of the same order as the lower bound, in particular, assume that

#Pv
n(Q) � Qn+1− n+2

n v+ε .

Then there must exist an interval I of size Q−ρ2(P) containing a root of P(x) such that

#Pv
n(Q, I) � Qn+1− n+2

n v−ρ2(P)+ε,
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where Pv
n(Q, I) is the set of polynomials P ∈Pv

n(Q) which have a root in the interval I . If

not, we would have that #Pv
n(Q, I) � Qn+1− n+2

n v−ρ2(P)+ε in all Qρ2(P) subintervals I , but this

contradicts the assumption that #Pv
n(Q) � Qn+1− n+2

n v+ε . Note that choosing the interval to
be of size Q−ρ2(P) is for convenience only.

Let m = n + 1 − n+2
n v − ρ2(P). Using (2) of Lemma 2, a contradiction to the assump-

tion that #Pv
n(Q, I) � Qm+ε will now be obtained in the case that m > 0.

Using Taylor series, it is not difficult to show that on the interval I

|P(x)| � Q1−q1(P)−ρ2(P).

In [4], it was shown that if

ρ2(P) + 2ρ3(P) + · · · + (n − 1)ρn(P) ≥ v,

then P(x) ∈Pv
n(Q) (see how equation 40 was obtained in [4] for details). Moving forward,

we will assume that ρ2(P) + 2ρ3(P) + · · · + (n − 1)ρn(P) ≥ v.
Consider first the case in which m ∈ N and define the set

M
(
Q1−q1(P)−ρ2(P), an, . . . , an−l+1

) := {
P ∈Pn(Q) :|P(x)| � Q1−q1(P)−ρ2(P)

and aj(P) = aj, j = l, . . . , n
}
,

so that M(Q1−q1(P)−ρ2(P), an, . . . , an−l+1) is the set of polynomials in Pn(Q) with the
n − l + 1 coefficients al, . . . , an equal that satisfy |P(x)| � Q1−q1(P)−ρ2(P). Now fix P0(x) ∈
M(Q1−q1(P)−ρ2(P), an, . . . , an−l+1) and for Pj(x) ∈ M(Q1−q1(P)−ρ2(P), an, . . . , an−l+1) con-
struct the polynomials Rj(x) = Pj(x) − P0(x) with

|Rj(x)| � Q1−q1(P)−ρ2(P) and deg(Rj(x)) = n − m = n + 2

n
v + ρ2(P) − 1.

If there exist at least two Rj(x) without common roots, then by (2) with

τ1 + 1 := τ + 1 = q1(P) + ρ2(P) + ε

2
,

one has

τ1 + 1 + 2(q1(P) + · · · + qn−1(P)) < 2 deg(Rj) + δ.

Suppose ρ2(P) = v and δ < ε
2 . Then by the definition of m

1 ≤ m = n + 1 − 2v − 2v

n
< n + 1 − 2v,

i.e. v < n
2 and by (2) of Lemma 2

τ1 + 1 + 2(q1(P) + · · · + qn−1(P))

= ε

2
+ 3q1(P) + ρ2(P) + 2(q2(P) + · · · + qn−1(P))

= ε

2
+ 4ρ2(P) + 5ρ3(P) + 7ρ4(P) + · · · + (2n − 1)ρn(P)

> 2ρ2(P) + 2v + 4

n
v − 2 + δ = 2 deg(Rj) + δ,

since v ≤ ρ2(P) + 2ρ3(P) + · · · + (n − 1)ρn(P). Thus we have a contradiction to Lemma 2.
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If m �∈ N define m̃ ∈ N such that m + 1 > m̃ > m. Then we construct polynomials
Rj(x) = Pj(x) − P0(x) with

|Rj(x)| � Q1−q1(P)−ρ2(P) and deg(Rj(x)) = n − m̃ < n − m = n + 2

n
v + ρ2(P) − 1

and the proof follows as it did before. Thus it has been shown that

#Pv
n(Q) � Qn+1− n+2

n v,

provided there exist at least two Rj(x) without common roots and m = n + 1 − n+2
n v −

ρ2(P) > 0.

5.1. Remarks.

REMARK 1. By using (2) of Lemma 2 in the above, a contradiction was obtained. It can
easily be seen that, although easier to use, (3) is weaker than (2) since it does not always
guarantee a contradiction. To see this recall that by (3)

τ + 1 + 2
n∑

j=1

(τ + 1 − jη) < 2(deg(Rj(x)) + δ = 2ρ2(P) + 2v + 4

n
v − 2 + δ.

Then taking τ = 8, v = 9 = ρ2(P) and n = 12, a contradiction is not obtained for (3).

REMARK 2. It is clear that there is a lot left to do in order to completely prove

#Pv
n(Q) � Qn+1− n+2

n v.

In particular, the case in which there does not exist two polynomials Rj(x) without common
roots must be considered. Completing this proof will be the subject of future work. It would
appear that we can follow a similar method of proof to that used in [7] when dealing with
reducible polynomials, with some slight modifications. Also the case when m = n + 1 −
n+2

n v − ρ2(P) ≤ 0 must be dealt with.
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