SOME FURTHER PROPERTIES OF A ¢-ANALOGUE
OF MACROBERT’S E-FUNCTION
by R. P. AGARWAL
(Received 7 November, 1961)

1. Introduction. Recently, I gave an analogue [1] of the MacRobert’s E-function [4] in
the form

E(xf::

-1 _a+n l-a+n

A=Y G@)G(B—a) & 1 (1+z ? )(1+qu+" )
w8 G() .m0 (+z7'¢)(1+2""7)

where the symbol Z denotes that a similar expression with « and § interchanged is to be added

to the expression followmg it. It has since then been generalized by N. Agarwal [2], who

defined and studied the g-analogue of the generalized E-function. In this paper I give some
further properties of the E-function.

1D1(a; a=p+1; z4*75),

2. Notation and definitions. The following notation is used throughout the paper. Let
gl <1,
@)n =@, =(1-g9(1=g"*") ... A~g"*"",
@o=1 (@)-n=(=Ya""*Yg7"(g"'~s;
then we define the generalized basic hypergeometric function as
[al’ Ay oeny ar+l; Z] (al)n . (ar+ l)n ,.
’ bI, b2: ERAE] br n-—O(q)n(bl)n . (b )n

and the “ confluent * basic hypergeometric function as

v (@ -
®,(a; b; z I gin=hgn,
! 1( ) nz=:0(q)n(b)n
@ (_)nqtn(n—l)

Ao Ee= [ 0o = 3 50—
e0 =1/ [[a-xg),
n=0
@ -1
(e42) = x"<1+§> =Tl (—”—y’i)

n=0 1+y X qa+n
and G(o) ={ [Ta —qa+")}
n=0
The basic-differential operator ¢’ is defined by ¢°z(x) = ¢“¥/#z(x) = z(gx), where g@xd/d)

means ex xdlo
p T gq )
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Further, following Hahn [3], the basic integral of a function, under suitable conditions, is

defined as .
$10) diay) = x(1-0) 3, ar(e,
S 1) d@) =x1-0) T a7,
x Jj=

and thus

S d@)=a-9 3 ea).

j=—w

0
All products occurring are infinite products so that, for example, [] (1—xg") is written as
n=0

[1(1—xg").
3. A difference-equation satisfied by E («, ::z). Let
S H(l +z—1qa+n)(l +zq1—-a+n)

A+z"'P) (1 +2zg'+  °
Then it is easy to see that

@ —g)S=0. )
Also,

. o= ,0, (2; a—p+1; zg*°F)
satisfies the g-difference equation

214" 0 = 1-¢")1—-¢"**Pw. )]
Putting v = wS, we have, after slight calculations,
281 —q")g'v = 1 —¢"~)(1 —¢" ). ®3)

Hence

=H A +z7'¢ (1 +2¢" ")
A+z7'¢")(1+ 2"

satisfies the difference equation (3). Since (3) is symmetrical in o and 8,

I (A +z71g*") (1 4 zg' E+7)
A+z7 g (L +2¢'*7)

also satisfies (3). Hence (3) gives the g-difference equation satisfied by E, (o, f :: 2).

1@y (@5 a—p+1, 2g°~P)

191 B; B—a+1; 2479

4. A contour integral representation for £ (x, § :: z). Consider the contour integral

t inft (1 +qa—z+s+n)(1 +ql+z—a—s+n) ds
i (1 _qa+s+n)(1 _qp—a-s+n)(1 _q-—s+n 2

@

—inlt
whereg=e~", t > 0.
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Evaluating the integral by the calculus of residues,t we find that (4) is equal to

14+¢"~9)(1 +q'++
[ o

Writing z, a, f for ¢, ¢°, ¢, respectively, we get the required result.

5. Two definite integral representations for E («, §:: z). Consider the known integral
[3, p. 290]

§e.,(—SX)xﬁ"1(D1 ¢ 95 —1x)d(gx)

_ (l+qﬂ+ns)(l+s—lql—ﬂ+n)
=00 Iy e sy

Letting y —» o0, s = 1 and ¢ = 1/(z¢®) in (5), we have

204(¢%, 4% g7 —1t4)s). )

-]

§eq(—X)x”“1<I>l(q“; 0; —xq™*2) d(gx)
_ A+ (1+q' 77+
= g™
Now, since we know that,{ when | z| > 1,
G(f—a) H(l +27'¢ ) (14 29' ")
(424"t A +27'¢Y

2Po(q", ¢*; —1/2).

XCAESTHED) 19,(¢%; "5, 2477),

a3 GB)
we have, for R(f) >0 and | z| > 1,

1 +n 1 1—B+n 1___ a+n ©
H( xd (l)i;n-)‘l(1+q1)fn) )Eq(qa, gk 2) =§eq(—x)x5‘11(bl(q"; 0; —xg~#z) d(gx).

(6)

This integral representation is interesting in the sense that it gives an alternative definition
of the E -function corresponding to the alternative analogue e,(x) of the exponential function.

Next we deduce another definite integral involving in the integrand a basic analogue of
the , F;-function. In particular, let us consider the integral

1/b .
S Efgb)E(Aag™ "N H[1 4 Aam ) =2 @1(=g" "4, 054715 abA?q*~™") d(gh).
0

™

i
l1-¢

Expanding E,(lag"~""") and ,®,, we have
/b

S E(gb)2 " H{[14 2]} !

0

® W (_)s,lsaxqs(a—m— 1)+is(s— 1)( _ql
x .
sgo Eo (q)s(q)‘(qu+l)‘
1 For details see L. J. Slater, Proc, Cambridge Phil. Soc. 48 (1952), 578-82.
t Slater, ibid. equation (13).

1
1—¢
_¢+m/'l)i atb:}'thr(u-m— l)d(ql).
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Putting ¢t = r-s, and changing the order of summation and integration, which is justified by
absolute convergence of the series involved, for Rb > 1, | abg*—m~1 | < 1, we have, after some
simplification, that

1 @ r (_)sarbr—s a—m-+s—r—=2)+4r(r—1) 1/b
255 @@ S Edgbrtm ! Oola—mts—r; ~2) d(gh.

Changing the variable through the transformation Ab =v and evaluating the integral by
[1, (3)], we get on simplification that the above is equal to

[l G G CsaadY 'l i)
G(a - m) r=0s=0 (q)s(qa-m—r)s(q)r(q?.m+ l)r

xg@—m-brtsCrming (q—m+s—r,a+m+r:: b).

Summing the s-series by [1, (10)], we have finally that (7) is equal to
b—e—m
G——(a_m)Eq(a—m, a+m::b), @, (a+m; 2m+1; a),

which gives the required result.

6. An E -function with negative argument. Consider the function
Gl —a)G(@—p)  (1+z7 1@t (1 4 zg* 1)
l—a,1-F8:: =
Eq( o 1 ﬁ Z/Q) ‘;ﬂ G(l) H (1 +Z_]q1+n)(1 +zq,|)
X0, (1—a; 14+p—a; 2.

Using the basic analogue of Kummer’s formula, namely

19467 ¢ %) =[] (1 +x¢°72*"),0,(¢"~%, 0; ¢; —xg"~?),

we have, on simplification and transposition, that

E(z7'9)E(1—0,1-p:: —2z/g)

1 | (EE e [ RN LIS PRt SR O
a,8

The formula (8) suggests the consideration of another g-analogue of the E-function in the form
A;@y(2, 0; 1+a—B; 2)+B,9,(8,0; 1+8—0; 2),

where 4 and B are suitable functions of «, f and z. This is natural to expect also, since,
corresponding to the | F; function there can be two g-analogues, one with a quadratic power
gt"="Y in the argument and the other without it. Such a definition forms the subject matter
of a subsequent communication.

It may also be interesting to note that the function f(x, f) = E('QE(1—a,1-B:: —z[q)
has properties very similar to the E (x, B :: z) function. For instance, it is easy to see that
corresponding to (7) of [1] we have the recurrence relation

(-4 (@ B ~fle=1, H+(@*/2)f (@—1, f-1) =0.
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