AN ALGORITHM FOR A MINIMUM COVER OF
AN ABSTRACT COMPLEX

D. K. RAY-CHAUDHURI

Introduction. Let X = {x;, %2, ..., x,} be a finite set of m points and
A = {4y, Ay, ..., A,} be a class of n subsets of X. Such a system of points
and sets is called a complex (X, ). If every set of the class U contains two
points, the complex is a graph with m points xi, x5, ..., %, and z edges
Ay, Ay ...y Ay A complex (X, %) in which every set has the same number of
points is called regular. For any subclass U; of A, UA;(x) denotes the class
consisting of the sets which belong to 2; and contain the point x. For a sub-
set 4, A;(4) denotes the class consisting of those sets which belong to U,
and contain at least one point of 4. |4]| and || denote respectively the
number of points in A and the number of sets in the class A;. Let ¢ be an
m-vector of positive integers c(x;), c(x2), ..., c(x,). A subclass ¥; is called
a c-cover if for every point x, |U;(x)| > c(x). A subclass U, is a c-matching
if for every point x, |%;(x)| < ¢(x). Covers with a minimum number of sets
and matchings with a maximum number of sets are respectively called minimum
covers and maximum matchings. For a minimum c-cover ¥;, let X; be the set
of those point x for which |%;(x)| = ¢(x). Following Fulkerson and Ryser (2)
| X1| is called the c-height of Ay. The minimum possible c-height of a minimum
c-cover is called the c-height of the complex (X, A). Similarly for a c-matching
91, let X, denote the set of those points x for which |U;(x)| < c(x). | X2 is
called the c-depth of the c-matching ;. The maximum possible c-depth of
a c-matching is called the c-depth of the complex.

To a complex (X, A) we can associate an incidence matrix 4 = ((a4;)) with
m rows and 7 columns, where a,;; = 1 if x; € 4; and a;; = 0, otherwise,
i=1,2,...,m, j=1,2,...,n Fulkerson and Ryser (2) consider the
minimum cover problem in terms of the matrix 4. A set of e columns of the
matrix A is called an a-set of representatives if in the submatrix of 4 consisting
of the m rows and the e columns, each row sum is not less than «a. Let e(a) be
the minimum number of columns of 4 that form an a-set of representatives.
The number e(e) is called the a-width of the matrix 4. Obviously e(«) is the
cardinality of the minimum c-cover of the complex (X, %), where ¢ =
(a, a, . .., a). Fulkerson and Ryser comment: ‘“Very little is known concerning
good computational methods for determining widths and heights of (0, 1)-
matrices. Efficient algorithms in this domain would be of great interest.”
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Petersen (4) introduced the concept of alternating path, which led to
algorithms for minimum cover and maximum matching of graphs. Berge (1)
first gave an inductive proof of the maximum matching theorem for graphs.
Norman and Rabin (3) gave an ingenious proof of the maximum matching
and minimum cover theorems for graphs. In this paper the idea of alternating
path is extended to general complexes, and certain theorems are proved about
minimum covers and maximum matchings of general complexes. The proofs
of this theorem follow the line of proof of Norman and Rabin (3). Section 1
proves the main theorem about the minimum cover of a complex and gives
the corresponding algorithm. A “level transformation’” is defined. By applying
this transformation on a particular minimum cover all minimum covers can
be obtained. In § 2 we prove a theorem about the minimum cover of a regular
complex. This theorem gives a shorter algorithm for the minimum cover of a
regular complex. In § 3 is proved a theorem about the height of a minimum
cover which gives an algorithm for the height of a complex. A “‘parallel trans-
formation’ is defined. By applying this transformation on a minimum cover
with minimum height the family of all minimum covers with minimum
heights can be obtained. Section 4 gives a simpler algorithm for the height
of a regular complex. Section 5 establishes a close relationship between a
matching problem and a cover problem. It is shown that a maximum ¢-match-
ing can be obtained from a certain minimum cover. Also the c-depth of a
complex can be determined from the d-height of the complex for a certain
vector d.

Extending the ideas of the present paper, it is possible to get an algorithm
for any integer programming problem. This will be developed in a subsequent
paper. There are many important practical applications of the minimum cover
and maximum matching algorithm. For some special applications it is possible
to obtain an algorithm sharper than the general algorithm. These applications
also will be discussed in the subsequent paper.

1. Minimum c-cover. Let 9; and B; be two classes of sets. Consider a
finite sequence C of distinct sets Ai, Bi, 42, By, ..., where 4; € A; and
B, € By, 1=1,2,.... Let H; be the union of the sets 4,, By, ..., 4,1,
B, 1, 4, and let G; be the union of the sets 4;, By,..., 44 By, 1=1,2,....
D, and §; denote, respectively, the classes consisting of the sets Ay, Ao, . . .,
A; and By, By, ..., B;, 1 =1,2,.... §o denotes the null class. Let

D= {xlx € Hiy, [W(x)] + [Fi1(0)] — [Di(x)] < c(x)}
and
Fi={xlx € Gy [Dix)| <[F:@)]}, i=1,2,....

We shall use the above notations throughout §§ 1 and 2. Let A, be a c-cover
and B; = A — A;. A sequence C = {4y, By, 4s, By, ...} is an allernating
chain if
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Al E 2[1’
(1.1) B, ¢ (81— Fi)(Dy), 1=1,2,....
AH—I E (2[1 - @J(F,),

where by previous definition (8; — 1) (D;) denotes the subclass of those
sets of (B — Fi_1) which have elements in common with D,. An alternating
chain C = {44, By, ..., 4y By, A1} is called a reducible chain if D,y is a
null set. A single set 4, is a reducible chain if D is a null set, that is, if for
every point x of Ay, |A;1(x)|] > c(x). The set A, of the reducible chain is called
the leader of the chain. A c-cover ¥; is an 1rreducible c-cover if there exists no
reducible chain with respect to ;.

It is easy to see that if ¥, is a c-cover and C = {44, By, ..., Ay By, Apia}
is a reducible chain with respect to U;, then Ay = Ay — D,01 U F,p is a c-cover
with cardinality less than that of ;.

Let B: be a c-cover and U, = A — B;. Consider a sequence C of sets
Ay, By, Asy By, ..., Ay, B, where A; € Ay and B; € By, 2 =1,2,... p. Let

D! = (sl € Hy [Fa®)] < [D@]),  i=12,....
Such a sequence is called a level chain if
B, € (B1 — Fi) (D),
A1 € A — D) (Fa),
and
1B1(0)] + Dy ()] = [T ()] > c(x)

for every x in H, and ¢ =1,2,..., where (8, — F.1) (D) by previous
definition denotes the subclass of sets of (B; — §i—1) which have elements in
common with D/,

SB2='%1'—'%1)U®1;.

Obviously 8B is also a c-cover. Since the cardinality of 8, is the same as that
of B, the above transformation is called a ‘‘level transformation.” Let L(8;)
be the family of all classes which can be obtained from B; by applying the
level transformation a finite number of times. For two covers A; and 9,
d(y, Ap) denotes the number of sets of the class A; which do not belong to
Ay. Let By be a cover in the family L(,) such that

d(Ay, By) < dAy, A, A" € L(Ay).
Then B; is said to be a cover of the family L (o) nearest to A;.

LemMA 1. Let Uy and Wy be two c-covers. Let B, be a cover in the family L(N,)
nearest to Ny. If there exists a set Ay in Ny — By, then there exists a reducible
chain with respect to Ay

C = {Al, Bl, e ,Ap, Bp, Ap+1}
‘where Ai+1€ 2[1_' %1 d'ﬂd 316 %1—2[1,’i= 1,2,...,P.
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Proof. Assume that there exists no such reducible chain (with respect to
Ay) with 4, as the leader. Consider (B; — Fo) (D1). Since there is no reducible
chain with 4, as leader, D; is not empty. If possible, suppose

(1.1) (B1 = Fo) (D) C Ay — D
Since B, is a c-cover, it follows from (1.1) that for every x in D,
(1.2) Ui ()] — |Di(x)] + [TFo(x)] > c(x).

This contradicts the definition of D;. Hence (1.1) is not true and we can
choose B; where

By € (B1— Fo)(D1) — (A — Dy).
Next we consider (A; — Dy) (Fy). If possible, suppose that
(1.3) A — D) (F1) C B — B
Since ¥, is a c-cover, from (1.3) it follows that for every x in F;

(1.4) [B1(x)] — [F1(0)] + [Di(x)] > ¢(x).

From (1.4) we can easily see that C = {4, B;} is a level chain with respect
to B; and

By = B — F:1 YD € L(Ay).
Also we have
(15) d(%[l, SB?) < d(?/[lr %1)1

which contradicts the assumption that 8B, is nearest to ;. Hence (1.3) is
not true and we can choose 4, where

A2 € Qi = D) (F1) — (B — F).

Using the same arguments, by induction we can show that there exists an
infinite sequence of distinct sets, which is a contradiction. Hence there must
exist a reducible chain with 4, as the leader with the required property.

THEOREM 1. A c-cover Ay of a complex (X, N) is a minimum C-cover if and
only if A, is irreducible.

Proof. Necessity is obvious. To prove sufficiency, assume that U, is irredu-
cible. Let ¥, be a minimum c-cover. Let B; be a cover in the family L ()
nearest to ;. Since B, is also a minimum c-cover, it is sufficient to show
that A; C B:. If possible, suppose there exists a set 4, contained in A; — By.
Then by Lemma 1, there is a reducible chain with respect to ;, which is a
contradiction. Hence A; — By is empty. This completes the proof of the
theorem.

THEOREM 2. If A is @ minimum C-cover, then any other minimum C-cover
As belongs to the family L(Ay).
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Proof. Let B, be a cover in the family L(;) nearest to %,. Since Uz is a
minimum c-cover, it is irreducible. Now by the same arguments as used in
the proof of Theorem 1, we can show that B; = ..

Theorem 1 gives the following algorithm for the minimum cover of a com-
plex. We start with a c-cover ;. If there is no reducible chain with respect
to Ay, Ay is @ minimum c-cover. So the algorithm consists in looking for
reducible chains. Whenever a reducible chain is obtained, we get a new c-
cover, whose cardinality is one less than that of the original c-cover. In this
way, finally we get a c-cover that is irreducible. To test whether there is a
reducible chain with respect to a c-cover U; with a given set 4; of ¥, as the
leader, we can proceed as follows. Let B; = A — A;. We start with 4, and
test whether 4, is a reducible chain with respect to ;. If not, if possible we
choose B; € B:(Di). Next, if possible, we find

As € (A — Do) (Fy)

and test whether D, is a null set. If D, is a null set, D, U §; is a reducible
chain with respect to %; and the test is completed. If not, if possible, we find

B, € (B1 — §1)(D2).

In this manner, we proceed to build a chain until we get a reducible chain
or until no further addition of sets to the chain satisfying the conditions (1.1)
is possible. For instance the chain will terminate after the selection of 41,
By ..., 4, B, if U — D,)(F,) is a null class. The chain will terminate
after the selection of Ay, By, ..., 4, By, Apir if D01 U F, is a reducible
chain with respect to U; or (B1 — F,) (Dpr1) is a null class. At the terminating
stage, we have a maximal chain. By varying the choice of the sets By, 4o, . . .,
we can get all possible maximal chains and find out whether there is a reducible
chain with respect to Uy with 4, as the leader. Theorem 2 gives an algorithm
for finding all minimum c-covers starting from a given minimum c-cover
;. The algorithm consists in looking for level chains. First we find all possible
level chains with respect to ¥; and find minimum c-covers g, As, ..., Aj.
Next we find level chains with respect to each of Ay, As, ..., A and find new
minimum c-covers i1, - - ., Ay, and so on. Finally we shall reach a stage
when we do not find any more minimum c-covers.

2. Minimum covers of regular complexes. Let ; be a c-cover of a
regular complex (X, ). A set 4 of ¥ is called a heavy set if for at least one
point x of 4, |Ai(x)| > c(x). A reducible chain whose leader is a heavy set
is called a heavy reducible chain. In this section we consider only regular
complexes.

LEMMA 2. A reducible chain with respect to a c-cover U, contains at least one
heavy set.

https://doi.org/10.4153/CJM-1963-002-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1963-002-4

16 D. K. RAY-CHAUDHURI

Proof. Suppose C = {44, By, ..., A4, By, Apr1} is a reducible chain with
respect to ¥;. Let H,,, be the union of the sets in the chain C. Let H' be the
union of the sets 4y, 4, ..., Apy1 and H* = H,,; — H'. If possible, suppose
there is no point x in H' for which |U;(x)| > c(x). Let ¢ be the number of
points in every set of A. Then it follows easily that

(2.1) 2 D) =+ Dg>pg= 2 5]

TeHp +1 TeHp +1
Let A’ = A, — D,p1. Since C is a reducible chain, Ay = AU F, is a c-
cover. For every point x in H', |3 (x)] = |A )| + |Dps1(x)| = ¢(x). Also
[As(x)| = |A'(x)] + |Fp(x)|. Hence for x in H'

(2.2) A" ()| + [Dpra ()| — cx) < [A' ()] + [Fp(0)| — c(x).
For x in H*, |D,y1(x)] = 0. Hence for x € H¥,
(2.3) A" )] + [ Dpra ()] — clx) < [A' )] + [Fplx)| — ).

From (2.2) and (2.3), we get
24) 2 (@] + D) —c@) < 2 (W@ + IT@)] — ).

TeHp +1 TeHp +1

The inequality (2.4) contradicts (2.1). Hence there must exist a point x in
H' for which |%;(x)] > c(x). In other words there is a heavy set in the reducible
chain.

Lemma 3. Let Uy be any c-cover and Ny be a minimum C-cover. Let By be a
c-cover in the family L(o) nearest to Wy. If all heavy sets of Ay are contained
in By, then Wi is a minimum C-cover.

Proof. 1t is sufficient to show that A; C B:. If not, suppose A; — B, con-
tains a set A;. Then by Lemma 1, there exists a reducible chain C =
{41, By, ..., 45, B,, Ay} where A, € A, — By and B, € B, — Ay,
1 =1,2,...,p. By Lemma 2 there is a heavy set 4 in the reducible chain C.
This contradicts our assumption. Hence the lemma follows.

THEOREM 3. If a c-cover Ui is such that there is no heavy reducible chain
with respect to Ui, then Ay is a minimum c-cover.

Proof. Let Ay be a minimum c-cover and B; be a c-cover in the family
L(Ao) nearest to Y;. By Lemma 3, it is sufficient to show that all heavy sets
of ¥, are contained in By. If not, suppose A; — B, contains a heavy set A4;.
Then by Lemma 1 there exists a reducible chain with respect to A;:

C = {Al, Bl, o« 0. ,Ap, Bp, Ap+1}.

By definition, C is a heavy reducible chain. This contradicts our hypothesis.
Hence the theorem is true.

Theorem 3 gives a shorter algorithm for minimum covers of regular com-
plexes. It shows that in the case of regular complexes it is sufficient to look
for heavy reducible chains.
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3. Height of a complex. Let ; and 9B, be two subclasses of %. Consider
a sequence E of sets Eq, Es, ..., Esy_1, Es, belonging to Y. Let

i
Pi=UE, i=12,...,2p.
jx

Let R; and &; denote, respectively, the classes consisting of those sets of A

and B which occur among E,Es, ..., E; (1 =1,2,...,2p). Let
: Si=lelx € Py M) < S@)) i=1,2...,2.

We shall use the above notation throughout §§ 3 and 4. Now we assume
that ; is a c-cover and B; = A — As. A sequence E is called a properly con-
nected sequence (with respect to ;) if the following four conditions are satisfied
for k=1,2,...,p.

(1) If Eg € B3 and (A1 — R2x) (Si) is not empty,

Eoir1 € (UAp — Rap) (San),

and
Eors € (B1 — Sopg1) (Rogr1)-

(i) If Eg € By and (A — Rax) (Ser) is empty,
Eory1 € (%1 — B (R2Ic)1

and
Egiyz € (A1 — Rorr1) (Sawtr).
(iii) If Egy € Ay and (B — Sy) (Rar) is not empty,

Eor € (B1 — Sa) (Ra),

and
Eoprs € (A1 — Roprr) (Soxy1).
(iv) I Eg € Uy and (B — Sa) (Re) is empty,
Egir € (As — Raw) (Sar)s

and
Eote € (B1 — Soprr) (Rogr1)-

A properly connected sequence E is called an exchange sequence if N, =
Ay — Ry \J Sy, is a c-cover. An exchange sequence E (with respect to ;) is
called a low sequence (with respect to ;) if E; € Ay and E» € B1(R;) and

3.2) [{x] [Ax ()] = c@@)}| > ] Ma@)] = c()}].

An exchange sequence E (with respect to ;) is called a parallel sequence
(with respect to ;) if E; € B and E; € A;(S;) and

(3.3) x| Q@) = c@)}] = [{x] [Ma(@)] = c(@)}].
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Obviously if A; is a c-cover and E is a low sequence with respect to Ui,
As is a c-cover with height less than that of ;. Similarly if E is a parallel
sequence, A is a c-cover with height equal to that of ;. In this case, for
convenience, we say that . is obtained from A, by applying a parallel trans-
Sformation. Let M (3;) denote the family of all c-covers which can be obtained
from 9, by applying a parallel transformation a finite number of times.

LEmMMA 4. Suppose A, and By are two minimum C-covers, By having minimum
height. Let E = {E1, Es, . .., Es)} be a properly connected sequence with respect
to both A, and B, where E; € Ay — By and Ex € By — Wy and each E; belongs
to either Ny — By or By — Ay If

(3.4) {(‘211 — N2p) (S2p) T (Br — Syp) (Sap),
' (B1 — Sy) (Rap) T (U — Nop) (Ray),

then either E is a low sequence with respect to Uy or E is a parallel sequence with
respect to V.

Proof. First we show that E is an exchange sequence with respect to both
A; and B;. For this we have to show that both s = A; — N, U S, and
B = B, — Sz, U Ry, are c-covers. To show that A, is a c-cover, it is
sufficient to show that for every x € Ry, |a2(x)| > c(x). Using (3.4) and the
fact that 8B, is a c-cover, we get for x € R,,

1Ws(x)] = | (A — Rap) ()] + [Ss, ()]
> ](%1 - 62p)(x)| + |€2p(x>|
= [Bi(x)] > cx).

Similarly we can show that 8, is a c-cover. From (3.4), we can easily
obtain that

(3.5) {{ x|x € Rop, [Aa(w)| = c()} C x|x € Ry, |B1(0)] = c(x)},
' ¢ € Sop, [Ba(0)| = c(¥)} C {x]x € Sup, M) = c@)}.

If E is not a low sequence with respect to ;, we have
(3.6) [ L) > c@)}] > [{x] [Aa(x)] > c(x)}].

If x does not belong to Rs, \JU Sy, |Ai(x)| = As(x)|. Hence from (3.6), it
follows that
(3.7)  Hx[x € Rap, [An(x)| > c@)}] — [{x] x € Rep [An(x)] > c(x)}]
> x| x € Sop, [Ae(@)] > c@)}] — [{x| x € Sy, i) > c(0)}].

It is easy to check that

‘{xl X € Rop, [Aa()] = c()}
(3.8) {x] £ € Rop, [Wa(x)] > ()} — {x|x € Ry, [As(x)] > c(x)},

’ \l{xi x €Sy, [Ui(x)] = c(x)}
= {x|x € Sy, [Wa ()| > c(®)} — {x]x € Sy, [As(x)| > c(x)}.

https://doi.org/10.4153/CJM-1963-002-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1963-002-4

MINIMUM COVERS OF ABSTRACT COMPLEXES 19

Also we have

3.9) { x| x € Rop, |[Ar(x)] > c(x)} D {x|x € Rop, |Aa(x)| > ()},
' {x| x € Sy (U ()] > c(®)} D {x & € Sop, (U ()| > ()}

From (3.6), (3.7), (3.8), and (3.9), we get that if E is not a low sequence
with respect to 9,
(3.10)  [{x|x € Rap, (U2 (0)| = c @)} > [{x] & € Sap, (A ()] = c(x)}].

Similarly using the fact that 8B; is a c-cover with least height, we can prove
that if E is not a level sequence with respect to 8,

(3.11) [fx] 2 € Sy [Ba(x)| = c(@)}| > [{x] % € Ry, [B1(x)] = c(@)}].
Suppose the lemma is not true, then from (3.10) and (3.11) we have
(3.12)  [{x|x € Ry, [As()] = c(@)}| + [{x] 2 € Sy, [Ba(x)| = c(x)}]
> [{xfx € Sop, [Wa@)| = c@)}| + [{x[ x € Ry, [B1(x)| = c@)}],
which contradicts (3.5). Hence the lemma is true.

LeMMA 5. Let Ay be a minimum c-cover and Ay be @ minimum C-cover with
least height. Let B be a c-cover in the family M (N,) nearest to Ay If Ay — B,
contains a set Ei, there exists a low sequence E = {E,, Es, . . ., Es,} with respect
to Ay, where any set in the sequence E belonging to U, belongs to Ay, — By.

Proof. If possible, suppose there is no such low sequence with respect to
A, with E; as the leader. Consider B;(R,). If B1(R,) C A, — Ry, we can show
that ¥; — R, is a c-cover. This contradicts the assumption that A; is a
minimum c-cover. So we can choose E, where

By € B:1(Ry) — (A — Ny) (Ry).

Next we consider (U; — N2)(Ss). There are two possible cases.

Case 1. In this case

QA = N2)(S2) Z (Br — S2)(Sa).

So we choose E; where

(3.13) E; € (U — N (S2) — (B — S2)(Sy).
Then consider (B; — &3) (R;). If possible, suppose
(3.14) (B1 — S3) (R3) C (Ar — Ns) (Ry).

In this case we can show that A; — N3 U S; is a c-cover with cardinality
less than that of A;, which is a contradiction. Hence (3.14) is not true and
we can choose

(3.15) Eqi € (B1 — B3)(R3) — (A — Ri3)(Ry).
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Case 2. In this case

(3.16) A = RN2)(S2) C (B1 — S2)(S2).
Now we consider (8; — &,) (R.). If possible, suppose
(3.17) (B1 — S2) (R2) C (A1 — N2) (Ro).

Then it is easily checked that the sequence E = {E;, Es} satisfies the con-
ditions of Lemma 4. Hence either E is a low sequence with respect to ; or
E is a parallel sequence with respect to B;. Since by our assumption there is
no low sequence with respect to A;, E must be a parallel sequence with respect
to B;. Then B = B1 — &2 U R» belongs to the family M (A,) and is nearer
to Ay. This contradicts the assumption that By is a c-cover in the family
M (A,) nearest to A;. Hence (3.17) is not true and we can choose

(3.18) E; € (B1— &) (Re) — (Ar — N2) (Ry).
Next consider (A; — RN3)(Ss). If possible, suppose
(3.19) (A — N3) (Ss) T (Br — S3)(Ss).

From (3.19), we can show that A, = A, — R3 U S;3 is a c-cover with car-
dinality less than that of ;. This contradicts the assumption that %; is a
minimum c-cover. Hence (3.19) is not true and we can choose

E; € (A — RN (Ss5) — (B — S5)(Sy).

Using the arguments given above, by induction, we can show that if there
is no low sequence with respect to U; with E; as the leader there exists an
infinite sequence of distinct sets, which is a contradiction. This completes
the proof of the lemma.

THEOREM 4. A minimum c-cover Uy has minimum height if and only if there
is no low sequence with respect to .

Proof. Necessity is obvious. To prove sufficiency, assume that there is no
low sequence with respect to the minimum cover A;. Let Ay be a minimum
cover with minimum height. Let 8, be the cover in the family M (,) nearest
to A, It is sufficient to show that %A; C By. If possible, suppose A; — B
contains a set ;. Then by Lemma 5, there is a low sequence with respect to
;. This contradicts our hypothesis. Hence %; C 8.

THEOREM 5. Let Uy be a minimum cover with minimum height. Then any
other minimum cover Ny belongs to the family M ().

The proof follows from Lemma 5 and the fact that there is no low sequence
with respect to ;.

Theorem 4 gives an algorithm for the height of a complex. We start with
a minimum c-cover ¥; and look for low sequences with respect to ;. When-
ever we get a low sequence, we get a new minimum cover with height less
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than that of the original minimum cover. In this way we finally get a minimum
cover with respect to which there are no low sequences. To test whether
there is any low sequence with respect to ; with a set E; of U, as the leader,
we can proceed as follows. If possible, we choose E; belonging to B;(Ry),
where B; = A — A;. After choosing E,, we examine whether E = {E;, E,} is
a low sequence. For this it is necessary to compute

A ()] = @) = [Re(6)] + S ()]

for x € R,. For E to be an exchange sequence, it is necessary that for x € R,,
|As(x)] > c(x). If E is an exchange sequence, E will be a low sequence with
respect to ¥, if and only if

[{x] 2 € Ro, [Usx)] = c()}] < [{x] x € 8o, [Usx)| = c(x)}]-

If Eis a low sequence, the test terminates. If not, we consider (A; — Rs) (Sa).
There will be two possible cases: (i) (A; — RN2)(S2) is not empty and (i)
A, — RN2)(Se) is empty. If (i) is the case, we choose E; belonging to the
class (3; — N2) (Ss). Next, if possible, we choose E4 from the class (B; — ;)
(R3). If (ii) is the case, if possible we choose Ej3 from the class (B; — S3) (Ry).
Next, if possible, we choose E; from the class (A; — R3)(S;). After choosing
E4, we examine whether E = {E,, E,, E;, E4} is a low sequence or not. In
this manner we proceed to build a sequence E = {Ey, Es, ..., Es}. The
sequence terminates at an even stage if we get a low sequence or if at some
stage (say the 2p-th stage) both (A; — RNay) (Syp) and (B — Sp) (Ryy) are
empty classes. By varying the choices of the sets E,, E3, E4, ..., we can
find out whether there is a low sequence with E; as the leader or not. Theorem
5 gives an algorithm for finding all the minimum covers with minimum
height.

4. Height of a regular complex. Let U; be a minimum c-cover of a
regular complex (X, A): A set E; of U is called a loaded set if for some point
x in Es, [Ai(x)] > c(x) + 1. A low sequence E = {Ey, Es, ..., Es} with
respect to U; whose leader E; is a loaded set is called a loaded low sequence.
In this section we consider only regular complexes.

LEMMA 6. A low sequence with respect to a minimum c-cover Uy contains at
least one loaded set.

Proof. Let E = {Ey, E, ..., Es} be a low sequence with respect to ;. Let
P,, be the union of the sets E, Es, ..., Ez. Let P’ be the union of those
sets of ¥; that occur in the sequence E and P* = P,, — P’. Let ¢ be the
number of points in each set of the complex (X, %). It follows easily that

(4.1) 2 Rp@)] = X [Sxy@)] = pg.

zeP2p TeP2p

If possible, suppose that for no point x in P/, |%;(x)| > c(x) + 1.
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Let
A=A — Ny, U = AU Sy,
Since E is a low sequence with respect to 9(;, we have

(#2)  [lxfx € Py, Ue@)] > c@)}] > [{x] x € Py, [Ua(x)] > c(0)}].

Let
(x| x € Pay, [Ar(x)| > c(x)} = Gy,
xlx € Py, [As(x)| > c(x)} = Gy,

(4.3) {xl x € P, W) —cl) =1} =Gy,
xlw € P*, [As(x) — c(x) > 1} = Gy,
xlx € P, [AUs(x)] — c(x) > 1} = G5,
{x] x € P¥ — Gy, |Aa(x)] — c(x) > 1} = Ge.

Since, by our assumption, |;(x)| > ¢(x) + 1 for no point x € P’, it follows
that G; is the union of the disjoint sets G; and G4. Also it is easily checked
that G, is the union of the disjoint sets G4, G5, and Gs. From (4.2), we have

(4.4) Gs| + (G| > |Gsl.
Using (4.3) and (4.4), we get

45) 2 W]+ [By@)] — ()} = 2 {1a(x)] = c@)}

Te€P2p TeP2p

= 2;4 HA(0) | = e} + ;__;, HA ()| — ex)}
+ 2. {1%@)] — ()

z€eGo

> T @] = ) + Gl + (G

> 3 )] — e} + |Gy

= = 0] - ) + T 10| - o)
= 2 @) - c)

= T @]+ )] = o).

Obviously (4.5) contradicts (4.1). Hence the low sequence £ must contain
at least one loaded set.

LeMmMA 7. Let Ay be a minimum c-cover and o be a minimum C-cover with
mintmum height. Let B, be a minimum C-cover in the family M (o) nearest
to Ny. If all loaded sets of A, are contained in B, A1 is @ minimum c-cover with
manimum height.
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Proof. 1t is sufficient to show that ¥; C 9. If not, suppose A; — B; con-
tains a set E;. Then by Lemma 5 there exists a low sequence

E = {E], Ez,‘. . ,EQ,,}

with respect to ;, where any set of the sequence E belonging to U; belongs
to A; — B;. By Lemma 6, the sequence E must contain at least one loaded
set of ;. This set also belongs to A; — By, which contradicts our hypothesis.

THEOREM 6. 4 minimum c-cover U, of a regular complex (X, A) has minimum
height if and only if there is no loaded low sequence with respect to .

Proof. Necessity is obvious. To prove sufficiency, assume that there is no
loaded low sequence with respect to the minimum c-cover A;. Let U,y be a
minimum c-cover with minimum height and 8; be a minimum c-cover in
the family M (o) nearest to ;. By Lemma 7 it is sufficient to show that all
loaded sets of U; are contained in B;. If not, suppose A; — B; contains a
loaded set E;. By Lemma 5, there exists a low sequence E = {Ey, Es, . .., Es,}
with respect to ;. Since E, is a loaded set, E is a loaded low sequence with
respect to A;. This contradicts our hypothesis. Hence all loaded sets of ¥,
are contained in B;. This completes the proof of the theorem.

Theorem 6 gives a simpler algorithm for the height of a regular complex. For
a regular complex (X, %), when searching for low sequences with respect to
a minimum c-cover A, it is sufficient to start with loaded sets of ;.

5. Relationship between maximum matching and minimum cover.

Let (X, %) be a complex and ¢ = (c(x2), c(x2), ..., c(x,)) be an m-vector
of positive integers. Let d = (d(x1), d(x2),...,d(x,)) be an associated
m-vector, where d(x;) = |A(x)| — c(xy), 1 =1,2,...,m. Let A; be a c-

matching of the complex.

THEOREM 7. A c-matching A, is a maximum C-matching if and only if
By = A — Ay is a minimum d-cover.

Proof. It is easily checked that if ®; is a d-cover, A; = A — B; is a
c-matching and vice versa. If possible, suppose B; is a minimum d-cover
and ¥A; is not a maximum c-matching. Let A, be a maximum c-matching.
Then By = A — Ay is a d-cover. Also we have

I%Ill + I%1| = I?II = [%Iol + I%ol.

Since ¥; is not a maximum c-matching, || < |2o|. Hence [B:] must be
greater than |8, which contradicts the assumption that |8;| is a minimum
c-cover. This completes the proof of the theorem.

Similarly it can be proved that if 8, is a minimum d-cover with minimum
height, %; = A — By is a maximum c-matching with maximum depth.
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