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I n t r o d u c t i o n . Let X = ! } be a finite set of m points and 
21 = {Ai, A2, . . . , An] be a class of n subsets of X. Such a system of points 
and sets is called a complex (X, SI). If every set of the class 21 contains two 
points, the complex is a graph with m points x\> x2, . . . , xm and n edges 
Ai, A2, . . . , An. A complex (X, 21) in which every set has the same number of 
points is called regular. For any subclass 2li of 21, 2ïi(x) denotes the class 
consisting of the sets which belong to 2Ii and contain the point x. For a sub
set A, 2IiG4) denotes the class consisting of those sets which belong to 2li 
and contain a t least one point of A. \A\ and |2Ii| denote respectively the 
number of points in A and the number of sets in the class 2li. Let c be an 
ra-vector of positive integers c(xi), c(x2), . . . , c(xm). A subclass 211 is called 
a C-cover if for every point x, |2li(x)| > c(x). A subclass 2ti is a c-matching 
if for every point x, |2Ii(x)| < c(x). Covers with a minimum number of sets 
and matchings with a maximum number of sets are respectively called minimum 
covers and maximum matchings. For a minimum c-cover 211, let X\ be the set 
of those point x for which |2Ii(x)| = c(x). Following Fulkerson and Ryser (2) 
|Xi | is called the c-height of 2li. The minimum possible c-height of a minimum 
C-cover is called the c-height of the complex (X, 21). Similarly for a C-matching 
2li, let X2 denote the set of those points x for which |2li(x)| < c(x). \X2\ is 
called the C-depth of the c-matching 2li. The maximum possible C-depth of 
a c-matching is called the C-depth of the complex. 

T o a complex (X, 2Ï) we can associate an incidence matr ix A = ( ( a^ ) ) with 
m rows and n columns, where atj = 1 if xt G A^ and atj = 0, otherwise, 
i = 1, 2, . . . , w, j = 1, 2, . . . , w. Fulkerson and Ryser (2) consider the 
minimum cover problem in terms of the matr ix A. A set of e columns of the 
matr ix A is called an a-set of representatives if in the submatr ix of A consisting 
of the m rows and the e columns, each row sum is not less than a. Let e(a) be 
the minimum number of columns of A t h a t form an a-set of representat ives. 
T h e number e(a) is called the a-width of the matr ix A. Obviously e(a) is the 
cardinali ty of the minimum C-cover of the complex (X, 21), where C = 
(a, a, . . . j a). Fulkerson and Ryser comment : "Very little is known concerning 
good computat ional methods for determining widths and heights of (0, 1)-
matrices. Efficient algorithms in this domain would be of great interest ." 
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12 D. K. RAY-CHAUDHURI 

Petersen (4) introduced the concept of a l te rnat ing pa th , which led to 
algori thms for minimum cover and maximum matching of graphs. Berge (1) 
first gave an inductive proof of the maximum matching theorem for graphs . 
Norman and Rabin (3) gave an ingenious proof of the maximum matching 
and minimum cover theorems for graphs. In this paper the idea of a l te rna t ing 
pa th is extended to general complexes, and certain theorems are proved abou t 
minimum covers and maximum matchings of general complexes. T h e proofs 
of this theorem follow the line of proof of Norman and Rabin (3). Section 1 
proves the main theorem abou t the minimum cover of a complex and gives 
the corresponding algori thm. A "level t ransformat ion" is defined. By applying 
this t ransformation on a part icular minimum cover all min imum covers can 
be obtained. In § 2 we prove a theorem about the minimum cover of a regular 
complex. This theorem gives a shorter algori thm for the minimum cover of a 
regular complex. In § 3 is proved a theorem abou t the height of a min imum 
cover which gives an algori thm for the height of a complex. A ' 'parallel t r ans 
format ion" is defined. By applying this t ransformation on a minimum cover 
with minimum height the family of all minimum covers with min imum 
heights can be obtained. Section 4 gives a simpler algori thm for the height 
of a regular complex. Section 5 establishes a close relationship between a 
matching problem and a cover problem. I t is shown t h a t a maximum c-match-
ing can be obtained from a certain minimum cover. Also the c-depth of a 
complex can be determined from the d-height of the complex for a certain 
vector d. 

Extending the ideas of the present paper, it is possible to get an algori thm 
for any integer programming problem. This will be developed in a subsequent 
paper. There are many impor tan t practical applications of the minimum cover 
and maximum matching algori thm. For some special applications it is possible 
to obta in an algori thm sharper t han the general algori thm. These applications 
also will be discussed in the subsequent paper. 

1. M i n i m u m c-cover. Let 2ti and S3i be two classes of sets. Consider a 
finite sequence C of dist inct sets Ai, B^ A2, B2, . . . , where A t Ç 2ti and 
Bi 6 33i, i = 1, 2, . . . . Let Ht be the union of the sets Ax, B\, . . . , ^U_i, 
Bi-u Au and let Gt be the union of the sets A1} Bi, . . . , A u Biy i = 1, 2, . . . . 
35* and g* denote, respectively, the classes consisting of the sets Ai, A2, . . . , 
At and B\, B2y . . . , Bu i = 1, 2, . . . . g 0 denotes the null class. Let 

Dt = {x\x e Hu |2li(x)| + Igi-iOOl - |S ) , ( s ) | < c(x)} 

and 

Ft = {x\x € Gu \^i(x)\ < |$<(*) |}, i = 1,2, 

We shall use the above nota t ions th roughout §§ 1 and 2. Let 2ïi be a c-cover 
and 331 = % — Sli. A sequence C = {Ax, Bu A2j B2, . . .} is an alternating 
chain if 
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( A,e sti, 
(1.1) < Bte ( » i - gi-i)(2?0, i= 1,2, . . . . 

U < + i € (2Ii — ®i)(Ft), 

where by previous definition (33i — %t-i)(Di) denotes the subclass of those 
sets of (S3i — \5i-i) which have elements in common with Dt. An alternating 
chain C = {Ai, Bi, . . . , Ap, Bp, Ap+i} is called a reducible chain if Dv+i is a 
null set. A single set A\ is a reducible chain if Z>i is a null set, that is, if for 
every point x of A\, |3Ii(x)| > c(x). The set ^4i of the reducible chain is called 
the leader of the chain. A c-cover 211 is an irreducible c-cover if there exists no 
reducible chain with respect to Sti

l t is easy to see that if 311 is a c-cover and C = {Ai, Bu . . . , Ap, Bp, Ap+i} 
is a reducible chain with respect to 3d, then 2t2 = 2ti — SVn VJ gp is a c-cover 
with cardinality less than that of Hi. 

Let S i be a c-cover and 2ti = 3t — S3i. Consider a sequence C of sets 
Au Bi, A2, JB2, . . . , Ap, Bp where At 6 3ti and B< G 83i, i = 1, 2, . . . p. Let 

2?/ = {x|x e Hu \%i-i(x)\ < |5D,(x)|}, i = 1,2 

Such a sequence is called a fee/ chain if 

B< G ( 3 3 i - 5Vi)(ZV), 
i i + i f ( s t i - s w , ) , 

and 

l»i(*)l + |3>*(*)l - I8*(*)l >c(x) 

for every x in Hp and i = 1, 2, . . . , where (Si — g^- iK^/ ) by previous 
definition denotes the subclass of sets of (23i — §*-i) which have elements in 
common with D/, 

®2 = 33i - %p U 2),. 

Obviously 932 is also a c-cover. Since the cardinality of S2 is the same as that 
of S3i, the above transformation is called a "level transformation." Let Z,(33i) 
be the family of all classes which can be obtained from 331 by applying the 
level transformation a finite number of times. For two covers 311 and 2l0, 
d(3li, 310) denotes the number of sets of the class 311 which do not belong to 
Sto- Let 93i be a cover in the family L(3lo) such that 

d (» i ,S i ) < d(3ti, 3T), « ' 6 L(8o). 

Then 331 is said to be a cover of the family L(3Io) nearest to 3li. 

LEMMA 1. Let 311 awd 3ïo &£ taw c-cover s. Let 931 6e a awer iw /Ae family Z,(3Io) 
nearest to 3Ii. / / //zere exists a set Ai in 3li — 93i, //&e» J/^re exis/s a reducible 
chain with respect to 311 

C = {̂ 4i, i?i, . . . , ^4P, 2^, ^4p+i} 

where Ai+1 Ç 3li - 33i and Bi £ SBX - 3Ii, i = 1, 2, . . . , £. 
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14 D. K. RAY-CHAUDHURI 

Proof. Assume t h a t there exists no such reducible chain (with respect to 
211) with A i as the leader. Consider (53i — %o)(Di). Since there is no reducible 
chain with Ai as leader, D\ is not empty . If possible, suppose 

(1.1) ( S 3 i - go)tf?i) C S I i - S)i. 

Since 93i is a C-cover, it follows from (1.1) t h a t for every x in Z>i 

(1.2) |3Ii(x)| - I3M*)! + | $ 0 (* ) | > c{x). 

This contradicts the definition of D\. Hence (1.1) is not t rue and we can 
choose Bi where 

S i G ( « i - go) ( A ) - (SCi — 2)i). 

Next we consider (2d — 35i)(,Fi). If possible, suppose t h a t 

(1.3) ( 8 t i - © 1 K F 1 ) C S B i - 5 i . 

Since 2ïi is a c-cover, from (1.3) it follows t h a t for every x in F\ 

(1.4) |93i(x)| - |f?i(x)| + | $ i ( * ) | > c(x). 

From (1.4) we can easily see t h a t C = {Ai, Bi} is a level chain with respect 

to 331 and 

^ ^ S i - g i U S ^ L(2Io). 

Also we have 

(1.5) d ( » i , 332) < d ( 8 t i , SBi), 

which contradicts the assumption t h a t 331 is nearest to 2Ii. Hence (1.3) is 
not t rue and we can choose A2 where 

Ait (a i -fciKFo - ( « ! - g,). 

Using the same arguments , by induction we can show t h a t there exists an 
infinite sequence of dist inct sets, which is a contradict ion. Hence there must 
exist a reducible chain with Ai as the leader with the required proper ty . 

T H E O R E M 1. A c-cover 21i of a complex (X, 21) is a minimum c-cover if and 
only if 211 is irreducible. 

Proof. Necessity is obvious. T o prove sufficiency, assume t h a t 2Ii is irredu
cible. Let 21 o be a minimum C-cover. Let 931 be a cover in the family L(2lo) 
nearest to 2Ii. Since 931 is also a minimum c-cover, it is sufficient to show 
t h a t 311 C 93i. If possible, suppose there exists a set Ai contained in 2L — 93i. 
Then by Lemma 1, there is a reducible chain with respect to 2ti, which is a 
contradict ion. Hence 2li — S i is empty . This completes the proof of the 
theorem. 

T H E O R E M 2. If 2li is a minimum c-cover, then any other minimum c-cover 
2I2 belongs to the family L(2li). 
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Proof. Let 33i be a cover in the family L(2li) nearest to 2Ï2. Since 312 is a 
minimum c-cover, it is irreducible. Now by the same arguments as used in 
the proof of Theorem 1, we can show that 33i = 2I2. 

Theorem 1 gives the following algorithm for the minimum cover of a com
plex. We start with a C-cover 2ti- If there is no reducible chain with respect 
to 2Ii, 2li is a minimum c-cover. So the algorithm consists in looking for 
reducible chains. Whenever a reducible chain is obtained, we get a new C-
cover, whose cardinality is one less than that of the original C-cover. In this 
way, finally we get a c-cover that is irreducible. To test whether there is a 
reducible chain with respect to a C-cover 2IX with a given set Ax of 211 as the 
leader, we can proceed as follows. Let 331 = 21 — 2li- We start with A\ and 
test whether A± is a reducible chain with respect to 2li. If not, if possible we 
choose Bi Ç 93i(Di). Next, if possible, we find 

A2e ( 2 t i - 35i)(Fi) 

and test whether D2 is a null set. If D2 is a null set, S)2 U gi is a reducible 
chain with respect to 211 and the test is completed. If not, if possible, we find 

B2 e (81 ~ gi)(£2) . 

In this manner, we proceed to build a chain until we get a reducible chain 
or until no further addition of sets to the chain satisfying the conditions (1.1) 
is possible. For instance the chain will terminate after the selection of Ai, 
Bi, . . . , Ap, Bv if (511 — &p)(Fp) is a null class. The chain will terminate 
after the selection of Au Bu . . . , Av, Bp, Ap+i if T)p+i U gp is a reducible 
chain with respect to 2li or (93i — %p) (Dp+i) is a null class. At the terminating 
stage, we have a maximal chain. By varying the choice of the sets Bi, A2j . . . , 
we can get all possible maximal chains and find out whether there is a reducible 
chain with respect to 2li with Ai as the leader. Theorem 2 gives an algorithm 
for finding all minimum C-covers starting from a given minimum C-cover 
2Ii. The algorithm consists in looking for level chains. First we find all possible 
level chains with respect to 2ïi and find minimum c-covers 2I2, 2U, . . • , 2Ifc. 
Next we find level chains with respect to each of 2Ï2, 2Ï3, . • . , 21* and find new 
minimum c-covers SU+i, • • • » 21*, and so on. Finally we shall reach a stage 
when we do not find any more minimum c-covers. 

2. Minimum covers of regular complexes. Let 2Ii be a c-cover of a 
regular complex (X, 21). A set A of 2li is called a heavy set if for at least one 
point x of A, |2ïi(x)| > c(x). A reducible chain whose leader is a heavy set 
is called a heavy reducible chain. In this section we consider only regular 
complexes. 

LEMMA 2. A reducible chain with respect to a c-cover 211 contains at least one 
heavy set. 
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Proof. Suppose C = {Au B\, . . . , Av, Bp, Ap+i} is a reducible chain with 
respect to 2Ii- Let Hp+i be the union of the sets in the chain C. Let H' be the 
union of the sets A\, A2, . . . , Ap+Ï and H* = Hp+i — H'. If possible, suppose 
there is no point x in H' for which |3li(x)| > c(x). Let q be the number of 
points in every set of 3Ï. Then it follows easily that 

(2.i) £ law*)I = (P + i)s > Pi = E is,(*)l-
xeHP+i xtHp+i 

Let 31' = 3li — SVf-i- Since C is a reducible chain, Sl2 = St' ^ 5> is a c _ 

cover. For every point x in H', |2Ii(x)| = |SI(x)| + \T)p+i(x)\ = c(x). Also 
|2I2(x)| = |2l'(x)| + \%p(x)\. Hence for x in i T 

(2.2) |H'(*)| + | 3 W * ) | - c{x) < \%'(x)\ + |g>(x)| - c(x). 

For x in If*, \T)p+i(x)\ = 0. Hence for x Ç if*, 

(2.3) |« '(*) | + | 3 W * ) | - c(*) < |»'(x)| + \%p(x)\ - c(x). 

From (2.2) and (2.3), we get 

(2.4) £ (|8'(*)| + I S D H - I W I - C ^ X £ (|«'(*)|+|&(*)| - * ( * ) ) . 

The inequality (2.4) contradicts (2.1). Hence there must exist a point x in 
if' for which |2ïi(x)| > c(x). In other words there is a heavy set in the reducible 
chain. 

LEMMA 3. Let 211 be any c-cover and 2Io be a minimum c-cover. Let S1 be a 
c-cover in the family L(3lo) nearest to Sti. if a// k ^ y se/s of 211 are contained 
in S1, //zew 211 is a minimum c-cover. 

Proof. It is sufficient to show that 2L C S i . If not, suppose 2Ii — S i con
tains a set yli. Then by Lemma 1, there exists a reducible chain C = 
{AltBu • • . ,AP,Bp,Ap+i} where Ai+1 Ç 2Ii - S i and J3, Ç S i - Hi, 
i = 1 , 2 , . . . , / ? . By Lemma 2 there is a heavy set 4̂ in the reducible chain C. 
This contradicts our assumption. Hence the lemma follows. 

THEOREM 3. If a c-cover 211 is such that there is no heavy reducible chain 
with respect to Sti, then 211 is a minimum c-cover. 

Proof. Let 2Io be a minimum c-cover and S i be a c-cover in the family 
L(2lo) nearest to 2Ii. By Lemma 3, it is sufficient to show that all heavy sets 
of SIi are contained in S i . If not, suppose 2ïi — S i contains a heavy set A\. 
Then by Lemma 1 there exists a reducible chain with respect to §ïi : 

C — {A\, Bi, . . . , APJ Bp, Ap+i}. 

By définition, C is a heavy reducible chain. This contradicts our hypothesis. 
Hence the theorem is true. 

Theorem 3 gives a shorter algorithm for minimum covers of regular com
plexes. It shows that in the case of regular complexes it is sufficient to look 
for heavy reducible chains. 
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3. Height of a complex. Let 2ïi and S81 be two subclasses of 21. Consider 
a sequence E of sets Eu E2, . . . , E2p-u E2p belonging to 3Ï. Let 

P , = U Ej, i = l,2,...,2p. 

Let dtt and ©* denote, respectively, the classes consisting of those sets of SU 
and S3i which occur among Ei,E2l . . . , Et (i = 1 , 2 , . . . , 2p). Let 

n n (i2i = {* |* G P „ \Mt(x)\ > |©,(*)|} 
{ } \st= {x\x e Pi, \9ti(x)\ < |©<(x)|} i = 1,2, . . . , 2 £ . 

We shall use the above notation throughout §§ 3 and 4. Now we assume 
that 2Ii is a c-cover and 93i = SÏ — Sti. A sequence £ is called a properly con
nected sequence (with respect to 511) if the following four conditions are satisfied 
for k = 1,2, . . . ,p. 

(i) If Eu G » i and (2Ii - W2Jc)(S2k) is not empty, 

E2k+1e (ad — %2k)(s2k), 
and 

^2A;+2 

(ii) If Eu € S i and (2U - 3Î2*)(S2*) is empty, 

£2*+i € ( « i - ©aX-R»), 
and 

W e («i-$Rtt+i)(S«+i) . 

(iii) If £ « € «i and (S8i - @tt)(2?**) is not empty, 

£2,4-1 € ( S i - © » ) ( * * ) , 
and 

-E2»+2 € (Sti — 9t2/t+i)(-SWi)-

(iv) If Eu £ 211 and (S&1 - ®u)(Rn) is empty, 

£2*+i€ m-dtn)(Su), 
and 

^2*H-2 € ( « 1 - ©2*+l)(P2*+l). 

A properly connected sequence E is called an exchange sequence if 2I2 = 
31 I — 9?2p W ©2p is a c-cover. An exchange sequence E (with respect to §li) is 
called a low sequence (with respect to 211) if JE'I G 21 I and E2 G 33i(Pi) and 

(3.2) \{x\ ISIXWI = c(x)}\ > \{x\ |2I2(x)| = c(x)}\. 

An exchange sequence E (with respect to 2ti) is called a parallel sequence 
(with respect to 2Ii) if Ei G 351 and £ 2 G 2li(Si) and 

(3.3) |{* | |2ïi(x)| = c{x)}\ = |{* | |2I2(*)| = *(*)} | . 
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Obviously if 2Ii is a C-cover and £ is a low sequence with respect to 2Ii, 
2I2 is a C-cover with height less t han t h a t of 2li. Similarly if E is a parallel 
sequence, 2l2 is a C-cover with height equal to t h a t of 2li. In this case, for 
convenience, we say t h a t 2l2 is obtained from 2Ii by applying a parallel trans
formation. Let M (Sli) denote the family of all C-covers which can be obtained 
from 2Ii by applying a parallel t ransformation a finite number of t imes. 

L E M M A 4. Suppose 211 and 331 are two minimum c-covers, 331 having minimum 
height. Let E = {£1, £ 2 , . • . , E2p} be a properly connected sequence with respect 
to both 211 and 331 îf/zere E i G 211 — 331 awrf E 2 G 33i — 2Ii and each Ex belongs 
to either 2li - 33i or 33i - 2ii. 7 / 

,~ 4 . ( (21: - 9î2p) (S2p) C (33x - ©2p) (S2p), 
^ ; \ (» i - ©2P)(^) C (2ïi - ^)(i?2 ,), 

£/zen either E is a low sequence with respect to 211 or E is a parallel sequence with 

respect to 331. 

Proof. First we show t h a t E is an exchange sequence with respect to both 
2li and 33i. For this we have to show t h a t both 2I2 = 2Ii — 9x2p W ©2 p and 
332 = 331 — @2p VJ 3?2p are c-covers. T o show t h a t 2I2 is a c-cover, it is 
sufficient to show t h a t for every x £ Rzv, |2I2(x)| > c(x). Using (3.4) and the 
fact t h a t 33i is a c-cover, we get for x £ R<zv 

|3U(*)| = | ( 2 l i - 9 f 2 , ) ( x ) | + |©2p(x)j 

> I ( S i - ©2,)(x) | + !©*„(*) I 

= | 8 i ( * ) | > c ( x ) . 

Similarly we can show t h a t 332 is a C-cover. From (3.4), we can easily 
obta in t h a t 

(o rx / { * \x G i?2P, | « s ( * ) | = c(*)} C {x \x Ç /e2p, | » i ( x ) | = c (x ) | , 

^•Dj \{x |x e s^, |»s(«) 1 = c(x)} c {* \x e s2p, |a,(*)| = c(*)}. 
If £ is not a low sequence with respect to 2li, we have 

(3.6) |{x| | a , ( x ) | > c(x)}\ > \{x\ \Mx)\ > c(x)}\. 

If x does not belong to RïpVJ Sip, |2li(x)| = 9f2(x)|. Hence from (3.6), it 
follows t h a t 

(3.7) |{x| x e R*,, |Sfi(x)| > c(x)\\ - \{x\ x e Rip, |2l2(x)| > c(x)}\ 

> \{x\x <E S2p, |2l2(x)| > c(x) î | - | {x |x 6 S2p, |3li(x)| > c(x)} | . 

I t is easy to check t ha t 

({x\x 6 /?«„ |3I2(x)| = c(x)> 

( 3 8 ) / = \ x \ x £ R*p> |5ïi(-^)l > C W I - W * € R2„, \%t(x)\ > c ( x ) | , 
' jlxj x € 5 2 p , |2li(x)| = c (x ) | 

x| x d 5 2 p , |2l2(x)| > c(x)\ — \x\ x G ^ p , |2Ii(x)| > c (x ) | . 
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Also we have 

/o q) /{*l x G i?2„ \%i(x)\ > c(x)} D{x\x e R2p, |2l2(x)| > c(x)}, 
{Ô'V) \{x\ x G S2p, | « 2 (x) | > c(x)} D {x \x G S2p, |2ii(x)| > c(x)}. 

From (3.6), (3.7), (3.8), and (3.9), we get t h a t if E is not a low sequence 
with respect to 2Ii, 

(3.10) |{* | * G i?2„ |2t2(x)| = c(x)}\ > |{x| x G S2pj |8Ii(x)| = c(*)} | . 

Similarly using the fact t h a t 531 is a C-cover with least height, we can prove 
t h a t if E is not a level sequence with respect to 331 

(3.11) \{x\x G S2pj |332(x)| = c(x)}| > | { * | * G 2?2„ |33i(x)| = c(x)}\. 

Suppose the lemma is not t rue, then from (3.10) and (3.11) we have 

(3.12) \{x\ x G Rip, |2l2(x)| = c(x)}\ + \{x\ x G S2p, |332(x)| = c(x)}\ 

> \{x\x G S2p} |2li(x)| = c(x)}\ + \{x\x G R*,, | » i ( * ) | = c ( s )} | , 

which contradicts (3.5). Hence the lemma is t rue. 

LEMMA 5. Let 911 be a minimum c-cover and 21 o be a minimum c-cover with 
least height. Let 331 be a c-cover in the family Af(Slo) nearest to 2li. 7/ 2Ii — 331 
contains a set Ei, there exists a low sequence E = {Eu E2, . . . , E2p\ with respect 
to 2ti, where any set in the sequence E belonging to 211 belongs to 211 — 33i. 

Proof. If possible, suppose there is no such low sequence with respect to 
211 with E i as the leader. Consider 33i(i?i). If 33i(i?i) C 211 — 9îi, we can show 
t h a t 2ïi — 9îi is a C-cover. This contradicts the assumption t h a t 2li is a 
minimum c-cover. So we can choose E2 where 

E2 G SBiCRi) - ( 2 I i - SROCRi). 

Next we consider (2li — $t2)(S2). There are two possible cases. 

Case 1. In this case 

(2Ti — SR2KS2) (2 ( » i - ©2)(52). 

So we choose £3 where 

(3.13) £ 3 G (2li - $R2)(52) - (33i - ©2)(S2) . 

Then consider (33i — © 3 ) ^ 3 ) . If possible, suppose 

(3.14) (33i - © 3 ) ^ 3 ) C («i - SRsK^a). 

In this case we can show t h a t 2li — 9îs VJ © 3 is a c-cover with cardinal i ty 
less than t h a t of 2Ii, which is a contradiction. Hence (3.14) is not t rue and 
we can choose 

(3.15) £ 4 G (33i - ©3) (£3) - (2Ï! - $R3)CR8). 
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Case 2. In this case 

(3.16) (3d - 3Î2)(S2) C ( » i - © 2 ) (5 2 ) . 

Now we consider (33i — © 2 ) ^ 2 ) . If possible, suppose 

(3.17) ( S i - ©2)(i?2) C (Hi - $R2)(i?2). 

Then it is easily checked t h a t the sequence E = {Ei, E2\ satisfies the con
ditions of Lemma 4. Hence either E is a low sequence with respect to 311 or 
£ is a parallel sequence with respect to 33i. Since by our assumption there is 
no low sequence with respect to 3ïi, E mus t be a parallel sequence with respect 
to S3i. Then S32 = 331 — ©2 W 9?2 belongs to the family Af (3lo) and is nearer 
to 2li. This contradicts the assumption t h a t 331 is a C-cover in the family 
M(31 o) nearest to 3li. Hence (3.17) is not t rue and we can choose 

(3.18) £ 3 G ( « 1 - ©2)(£2) - (Hi - 9î2)(i?2). 

Next consider (311 — 9?3)(<53). If possible, suppose 

(3.19) (3li - 9î3)(53) C ( S i - ©3)(S3). 

From (3.19), we can show t h a t 3I2 = 3ïi — 9î3 ^ ©3 is a C-cover with car
dinali ty less than t h a t of 3li. This contradicts the assumption t h a t 3Ii is a 
minimum c-cover. Hence (3.19) is not t rue and we can choose 

£4 € (« i - SR,)(S») - ( 8 1 - @,)(5, ) . 

Using the a rguments given above, by induction, we can show t h a t if there 
is no low sequence with respect to 3ïi with Ei as the leader there exists an 
infinité sequence of dist inct sets, which is a contradict ion. This completes 
the proof of the lemma. 

T H E O R E M 4. A minimum c-cover 311 has minimum height if and only if there 
is no low sequence with respect to 311. 

Proof. Necessity is obvious. T o prove sufficiency, assume t h a t there is no 
low sequence with respect to the minimum cover 3Ii. Let 3lo be a minimum 
cover with minimum height. Let 93i be the cover in the family M(3Io) nearest 
to 3Ii. I t is sufficient to show t h a t 3Ii C 93i. If possible, suppose 3Ii — S3i 
contains a set E\. Then by Lemma 5, there is a low sequence with respect to 
Sli. This contradicts our hypothesis . Hence 3Ii C 33i. 

T H E O R E M 5. Let 3Ï0 be a minimum cover with minimum height. Then any 
other minimum cover 3Ii belongs to the family ikf(3I0). 

T h e proof follows from Lemma 5 and the fact t h a t there is no low sequence 
with respect to 3ti. 

Theorem 4 gives an algori thm for the height of a complex. We s t a r t with 
a minimum c-cover 3li and look for low sequences with respect to 3Ii. When
ever we get a low sequence, we get a new minimum cover with height less 
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than that of the original minimum cover. In this way we finally get a minimum 
cover with respect to which there are no low sequences. To test whether 
there is any low sequence with respect to 2li with a set £1 of 2Ii as the leader, 
we can proceed as follows. If possible, we choose £ 2 belonging to $Bi(i?i), 
where 331 = 21 — 2li. After choosing £2 , we examine whether £ = {Eh E2} is 
a low sequence. For this it is necessary to compute 

|»*(*)| = |»l(*)| - |9*2(*)| + |©2(*)| 

for x Ç R2. For E to be an exchange sequence, it is necessary that for x G R2, 
|2l2<V)| > c(x). If £ is an exchange sequence, E will be a low sequence with 
respect to 2li if and only if 

|{x|x G 122>|»2(x)| = c(x)}\ < \{x\x G S2 | |2Ii(x)| = c(x)}\. 

If E is a low sequence, the test terminates. If not, we consider (2Ii — 9?2) (S2). 
There will be two possible cases: (i) (211 — 9î2) (S 2) is not empty and (ii) 
(211 — 9?2) (S2) is empty. If (i) is the case, we choose £3 belonging to the 
class (211 — 9t2)0S2). Next, if possible, we choose £4 from the class (S3i — ©3) 
OR3). If (ii) is the case, if possible we choose £3 from the class (33i — ©2) OR2). 
Next, if possible, we choose £ 4 from the class (211 — $lz)(Sz). After choosing 
£4, we examine whether E = {£1, E2, £3, £4} is a low sequence or not. In 
this manner we proceed to build a sequence E = {£1, £2 , . . . >E2p}. The 
sequence terminates at an even stage if we get a low sequence or if at some 
stage (say the 2p-th stage) both (2Ii — dt2p) (S2p) and (SBi — ©2p) (R2p) are 
empty classes. By varying the choices of the sets E2j £3, £4, . . . , we can 
find out whether there is a low sequence with £ 2 as the leader or not. Theorem 
5 gives an algorithm for finding all the minimum covers with minimum 
height. 

4. Height of a regular complex. Let 2li be a minimum c-cover of a 
regular complex (X, 21) : A set £ 2 of 2Ii is called a loaded set if for some point 
x in £2 , 1211 (#)I > c(x) + 1. A low sequence £ = {£1, £2 , . . . , E2p) with 
respect to 2Ii whose leader £1 is a loaded set is called a loaded low sequence. 
In this section we consider only regular complexes. 

LEMMA 6. A low sequence with respect to a minimum c-cover 211 contains at 
least one loaded set. 

Proof. Let £ = {£1, £2 , . . . , E2p) be a low sequence with respect to 2li. Let 
P2p be the union of the sets £1, £2 , . . . , E2p. Let P' be the union of those 
sets of 2ïi that occur in the sequence £ and P* = P2p — Pf. Let q be the 
number of points in each set of the complex (X, 2Ï). It follows easily that 

(4.1) Z |SM*)I= E l©*(*)l=fcZ-
XeP2p X*P2p 

If possible, suppose that for no point x in P', |2ti(x)| > c{x) + 1. 
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Let 

21' = Hi - ÏÏ2p, H2 = %' W ©2/). 

Since £ is a low sequence with respect to 2Ii, we have 

(4.2) \{x\x e P2p , |2t2(x)| > c(x)}\ > \{x\x 6 P%v, |21i(x)| > c(x))\. 

Let 

{x|x € P2p , |Hi(*)| > c(x)\ = Gu 

{x\x € P2 p , |2t2(x)| > c(x)\ = G2, 

( 4 3 ) {*| x € P ' , |§l!(x)| - c(x) = 1} = G3, 
{x| x G P*, |2U(x) - c(x) > 1} = G4, 

{x\ x 6 P ' , |2f2(x)| - c(x) > 1} = G5, 

{x\ x € P* - G4, |2l2(x)| - c(x) > 1} = G6. 

Since, by our assumption, |2Ii(x)| > c{x) + 1 for no point x Ç P ' , it follows 
that Gi is the union of the disjoint sets G3 and G4. Also it is easily checked 
that G2 is the union of the disjoint sets G4, G5, and G6. From (4.2), we have 

(4.4) |G5| + |G,| > |G3|. 

Using (4.3) and (4.4), we get 

(4.5) E {|2l'(x)| + |©2p(x)| - c(x)} = E {|I2(x)| - c(x)j 
xeP2p xeP2p 

= E i\Mx)\ - c(x)\ + E {|a2(x)| - c(x)} 
xeGi xtGh 

+ E {|a2(x)| -c(x)} 
xeGQ 

> E (|2Ii(x)| -c(x)\ + \Gt\ + |G,| 

> E {|«i(*)l -c(x)\ + |G,| 
xeGi 

= E {|»i(*)l - c(x)) + E {|«i(*)l - c(x)} 
xeGA XtGz 

= E {\tU(x)\ - c(x)\ 
xeP2p 

= E i|2l'(x)| + | $ M * ) | - c ( * ) } . 
z e p 2 p 

Obviously (4.5) contradicts (4.1). Hence the low sequence E must contain 
at least one loaded set. 

LEMMA 7. Let tyn be a minimum c-cover and 21 o be a minimum c-cover with 
minimum height. Let 331 be a minimum c-cover in the family M (310) nearest 
to 211. / / a/Z loaded sets of 211 are contained in 331, 2ti w a minimum c-cover with 
minimum height. 
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Proof. I t is sufficient to show t h a t SIi C 53i- If not, suppose 2li — 33i con
ta ins a set Ei. Then by Lemma 5 there exists a low sequence 

E = {Ei} E2} . . . , E2p} 

with respect to 2li, where any set of the sequence E belonging to 2Ii belongs 
to SIi — S3i. By Lemma 6, the sequence E must contain a t least one loaded 
set of 2Ii. This set also belongs to 2Ii — 93i, which contradicts our hypothesis . 

T H E O R E M 6. A minimum c-cover 211 of a regular complex (X, 21) has minimum 
height if and only if there is no loaded low sequence with respect to 211. 

Proof. Necessity is obvious. T o prove sufficiency, assume t h a t there is no 
loaded low sequence with respect to the minimum c-cover 2li. Let 2Io be a 
minimum C-cover with minimum height and 53i be a minimum c-cover in 
the family M(31 o) nearest to 3li. By Lemma 7 it is sufficient to show t h a t all 
loaded sets of 2Ii are contained in 93i. If not, suppose 2li — 931 contains a 
loaded set Ei. By Lemma 5, there exists a low sequence E = {Ei, E2, . . . , E2p} 
with respect to 2Ii. Since E i is a loaded set, £ is a loaded low sequence with 
respect to 2li. This contradicts our hypothesis. Hence all loaded sets of 2li 
are contained in 33i. This completes the proof of the theorem. 

Theorem 6 gives a simpler algorithm for the height of a regular complex. For 
a regular complex (X, 21), when searching for low sequences with respect to 
a minimum c-cover 2Ii, it is sufficient to s ta r t with loaded sets of 2Ii. 

5. R e l a t i o n s h i p b e t w e e n m a x i m u m m a t c h i n g a n d m i n i m u m cover. 
Let (X, 21) be a complex and C = (c(x2), c(x2), . . . , c(xm)) be an m-vector 
of positive integers. Let d = (d(xi), d(x2), . . . , d(xm)) be an associated 
w-vector, where d(xt) = |2I(x*)| — c(xt), i = 1, 2, . . . , m. Let 2li be a c-
matching of the complex. 

T H E O R E M 7. A c-matching 211 is a maximum c-matching if and only if 
931 = 21 — 211 is a minimum à-cover. 

Proof. I t is easily checked t h a t if 33i is a d-cover, 2li = 21 — S i is a 
C-matching and vice versa. If possible, suppose 93i is a minimum d-cover 
and 2li is not a maximum c-matching. Let 2lo be a maximum C-matching. 
Then 930 = 21 — 31 o is a d-cover. Also we have 

|2Ï!| + 193x1 = |2I| = |2I0| + |»o | . 

Since 2Ii is not a maximum c-matching, |2Ii| < |2lo|. Hence |93i| mus t be 
greater than |33o|, which contradicts the assumption t h a t |93i| is a minimum 
C-cover. This completes the proof of the theorem. 

Similarly it can be proved t h a t if 33i is a minimum d-cover with minimum 
height, 2Ii = 2Ï — 93i is a maximum c-matching with maximum depth . 
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