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Abstract. Let R be acommutative ring with identity. We will say that an R-module
M has Nakayama property, if IM = M, where [ is an ideal of R, implies that there
exists a € R such that aM =0 and ¢ — 1 € I. Nakayama’s Lemma is a well-known
result, which states that every finitely generated R-module has Nakayama property.
In this paper, we will study Nakayama property for modules. It is proved that R is a
perfect ring if and only if every R-module has Nakayama property (Theorem 4.9).

2010 Mathematics Subject Classification. 13C99, 13C13, 13E05, 13F05, 13F15.

1. Introduction. Throughout this paper all rings are commutative with identity,
and all modules are unitary. Also we consider R to be a ring, J(R) the intersection
of all maximal ideals of R and M a unitary R-module. By N < M, we mean N is a
submodule of M. If N < M, then (N : M) = {t € R|tM C N}.

The set of maximal submodules (resp. ideals) of M (resp. R) is denoted by Max(M)
(resp. Max(R)). Also we consider

Maxx(M)={N <M | (N : M) e Max(R)}.

DEFINITION. We will say that an R-module M has Nakayama property, if IM = M,
where [ is an ideal of R, implies that there exists @« € Rsuch thataM = 0anda—1 € I.

Nakayama’s Lemma is a well-known result, which states that every finitely
generated R-module has Nakayama property (see [9, Theorem 2.2]).

We will try to substitute the condition finitely generated for M with
weaker or different conditions, and we will study the modules having Nakayama
property.

Recall that a module M is said to be finitely annihilated if there exists a finite
subset 7" of M with Ann T = Ann M. The finitely annihilated concept is believed to
be due to P. Gabriel [7]. This subject has been studied by some authors under the
name H-condition (see e.g. [10]). Evidently, every finitely generated module is finitely
annihilated. However, the converse is not correct. For example, let F be a non-zero free
module. Then for any element x of a basis of F, we have Ann F = 0 = Ann {x}. Thus
every (infinite rank) free module is finitely annihilated. Also the Z-module Q is finitely
annihilated, but not finitely generated.

A ring over which every non-zero module has a maximal submodule is called
a Max ring. These rings have been characterized in [6]. Also a ring R is called
a perfect ring if R has DCC property on principal ideals (see [1, Theorem 28.4
(Bass)]).
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In this paper, we prove the following result:
[Theorem 4.5 and Theorem 4.9]. Let R be a ring.
(1) Consider the following statements.
(@) Risa Max ring;
(b) For any finitely annihilated R-module M and every m € Max(R), the R,,-
module M, has Nakayama property;
(c) For any finitely annihilated R-module M and every m € Max(R) containing
Ann M, there exists N € Max(M) with (N : M) = m;
(d) Every finitely annihilated R-module has Nakayama property,
(e) dim R=0.
Then (a) = (b) = (c) = (d) = (e).
(i1) R is a perfect ring if and only if every R-module has Nakayama property.

2. Some preliminary results. Let M be an R-module and S a multiplicatively
closed subset of R. For any N < Mg, we consider N = {x € M | x/1 € N}.

A proper submodule N of M is a prime submodule of M, if for each r € R and
a € M, the condition ra € N implies that « € N or rM C N. In this case, P = (N : M)
is a prime ideal of R, and we say N is a P-prime submodule of M (seee.g. [5, 3,4, 8, 11]).

LEMMA 2.1. Let M be an R-module and S a multiplicatively closed subset of R.
(1) If N is a P-prime submodule of M with PN S =0, then Ng is a Ps-prime
submodule of Ms as an Rs-module.
(i) If T is a Q-prime submodule of Ms as an Rs-module, then T is a Q°-prime
submodule of M.
(i) If L € Maxx(M), then L is a prime submodule of M.
(iv) If M is a flat module and P a prime ideal of R with PM + M, then PM is a
P-prime submodule of M.

Proof. (i) and (ii) See [8, Proposition 1].
(ii) The proof is easy and it is left to the reader.
(iv) The assertion is given by [3, Corollary 2.6(i)] and [5, Corollary 2.9(i)]. d

The following lemma gives us some information about Max(M) and Maxx(M).

LEMMA 2.2. Let M be a non-zero R-module. Then

(1) Max(M) C Maxx(M).

(i) Maxx(M) # 0, for every faithfully flat R-module M.
(iii) Let M be a free R-module. Then Max(M) = Maxx(M), if and only if M = R.
(iv) If N € Maxx(M) with (N : M) = m, then N, € Maxx(M,,).

(v) If m e Max(R) and L € Maxx(M,,), then L* € Maxx(M) with (L : M) = m.
(vi) If M is a projective module, then Maxx(M) # 0.
(vi)) Max(M) # @ if and only if Maxx(M) # @.

Proof. (1) Suppose that N € Max(M). Since M/N is a simple module, M/N =
R/m, where m is a maximal ideal of R and m = Ann(M/N) = (N : M). Hence N €
Maxx(M).

(ii) Letm € Max(R). According to[9, Theorem 7.2], for every faithfully flat module
M, we have mM # M. Then mM € Maxx(M).

(iii) Let M = @jcsR, and m a maximal ideal of R. Consider N = mM = @jc;m.
By part (ii), N € Maxx(M). Now if |J| > 1, consider jy € J and L = @jc;1;, where
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I, =mand [; = R, for each j € J \ {jo}. Then evidently N C L C M. This shows that
N & Max(M).

(iv) By Lemma 2.1(iii), N is an m-prime submodule of M. So by Lemma 2.1(ii),
N,, is an my,-prime submodule of M,,. Now since (N, : M,;,) = m,, € Max(R,,), we
have N,, € Maxx(M,,).

(v) Note that (L : M,;) € Max(R,,) = {m,,}. Then Lemma 2.1(iii) implies that L
is an m,,-prime submodule of M,,. So according to Lemma 2.1(ii), L¢ is an m-prime
submodule of M. Thus L¢ € Maxx(M) and (L : M) = m.

(vi) Let m be a maximal ideal of R such that M), # 0. Then M,, is a projective
R,,-module. According to [9, Theorem?2.5], every projective module over a local ring is
a free module. Then M, is a free R,-module. Now by part (ii), Maxx(M,,) # @, and
so by part (v), Maxx(M) # 0.

(vii) Let N € Maxx(M) and suppose that (N : M) = P. Then M /PM is a non-zero
vector space over the field R/P. So M /PM has a maximal subspace L/PM. It is easy
to see that L is a maximal submodule of M as an R-module. O

We will consider Jy(R)=nN{m|me Max(R), mM # M}. If {m|me
Max(R), mM # M} = @, then we define J,(R) = R.
Evidently, J(R) € Jy(R) = N{(N : M) | N € Maxx(M)}.

EXAMPLE 2.3. Let R be a non-local ring and suppose that m € Max(R). Consider
M = R/m. Then M is cyclic and J(R) C m = Jy;/(R). Hence, even for a cyclic module,
it is not necessary that J(R) = Jy(R).

LEMMA 2.4. Let M be an R-module and I a proper ideal of R with IM = M. Then
Maxx(Ms) =0, for S={l+x|xel}.

Proof. 1t is easy to see that IsMg= Mg and Is C J(Rs) € Jy(Rs). On the
contrary let N € Maxx(Ms). From Jy(Rs) € (N : Ms), we have Mg = IgMs C
Jug(Rs)Ms € (N : Ms)Ms € N, and then (N : Ms) = R, which is a contradiction.
Hence Maxx(Ms) = @. g

LEMMA 2.5. Let M be a finitely annihilated R-module and I an ideal of R. Then the
following are equivalent:

(1) There exists a € R such that aM =0 anda — 1 € I,

(1)) Ann M & m, for each maximal ideal m of R containing I.

Proof. (i) = (ii) Evidently, a € Ann M \ m, for each maximal ideal m of R
containing /.

(i) = (1) Suppose that T = {11, 15, 13,...,1,} i1s a finite subset of M with
Ann T = Ann M. Consider A to be the submodule of M generated by 7. According
to our assumption for each prime ideal P of R containing /, we have Ann M €
P, which implies that (Ann M)p = Rp. Then Rp = (Ann M)p = (0: A)p = (0 : Ap).
Hence Ap = 0, for each prime ideal P of R containing /.

Now put S = {1 + x | x € I}. For each maximal ideal m of Rg, we have Is C m,
and so / € m‘. Thus 0 = A = (As)mg = (As)m. Consequently 45 = 0.

Then for each ¢, € T, 1 <i <n, we have t;/1 = 0/1, in Mg, that is, there exists
s; € Swith s;t; = 0. Thus 515253 -- -5, € Ann T = Ann M. So 515253 - - - 5, 1S the desired
element of R. O

3. Nakayama property. Clearly, M has Nakayama property if and only if /M =
M for an ideal I of R implies that Ann M + I = R. So the zero module has Nakayama
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property, because Ann M = R. Also if I = R, then evidently Ann M + I = R. Hence
for studying the Nakayama property, we assume that M is a non-zero module and 7 is
a proper ideal of R.

LEMMA 3.1. Let M be an R-module. Consider the following statements:
(1) For each maximal ideal m of R, the R,,-module M,, has Nakayama property;
(i) M has Nakayama property,
(iii) If'1 is an ideal of R with IM = M and S = {1 4+ x | x € I}, then M5 = 0.
Then (1) = (i), and if M is finitely annihilated, then (1) = (ii) < (iii).

Proof. (i) = (iii) According to our assumption there exists a € R with aM =0
anda — 1 € I. Evidently, (a/1)Mgs = 0, and (¢/1) — 1 € Is. Now, since Is C m, for each
maximal ideal m of Ry, (a/1) — 1 € J(R). Then a/1 is a unit in Rg, and so Mg = 0.

Now suppose that M is finitely annihilated and assume that

T ={t,1t,...,t,}is a subset of M with Ann T = Ann M.

(1) = (ii) Suppose that M does not have Nakayama property. Then according to
Lemma 2.5[(i1)) = (1)] there exists a maximal ideal m containing an ideal 7 such that
IM = M and Ann M C m.

Consider 4 to be the submodule of M generated by T. Then (Ann M),, €
Ann M,, € (0: A4,,) = (0 : A),, = (4nn M),,, that is, Ann M,, = (Ann M),,. Since
I,M,, = M,,, according to our assumption there exist « € R and s € (R \ m) such
that a/s € Ann M, and (a/s) — 1 € I,,. Then a/1 € Ann M,, = (Ann M),, < m,,, and
so a € (my,)* = m. Also from (a — s)/s € I,,,, we get (a —s)/1 € I, € m,,, and thus
a— s € (my,)* = m. Consequently, s € m, which is a contradiction.

(iii) = (ii) Let I be a proper ideal of R with IM = M, and put S = {1 + x |
x € I}. By our assumption Mg = 0. So for each ¢; € T, 1 < i < n, there exists 5s; € S
with s;t; = 0. Then 515283 - - -5, € Ann T = Ann M, and thus 515253 - - - 5,, is the desired
element of R. O

PROPOSITION 3.2. A4 projective R-module M has Nakayama property, if one of the
following holds:

(1) M is finitely annihilated;

(i) Ann M is a prime ideal.

Proof. (1) Let IM = M, where [ is a proper ideal of R. Put S ={1 + x| x € I}.
Then My is also a projective Rg-module. If Mg # 0, then according to Lemma 2.2(vi),
Maxx(M;) # @, which is a contradiction by Lemma 2.4. Hence M = 0. Now the proof
follows from Lemma 3.1[(iii)) = (ii)].

(i1) According to Lemma 2.1(iv), (Ann M)M = 0 is a prime submodule of M.
Now if 0 # xp € M and rxy = 0, where r € R, then since the zero submodule is a
prime submodule, r € Ann M. Thus Ann xo = Ann M, that is M is finitely annihilated.
Now the proof is given by part (i). O

COROLLARY 3.3.

(1) If R is an integral domain and M is non-zero projective, then IM # M, for each
proper ideal I of R.

(i1) Every non-zero projective module over an integral domain is faithfully flat.

Proof. (i) By Lemma 2.1(iv), OM =0 is a O-prime submodule of M. Then
Ann M = (0: M) =0 is a prime ideal of R. Now if for an ideal 7 of R, IM = M,
then by Proposition 3.2(ii), there exists ¢ € R such that aM =0 and a — 1 € I. Thus
acAnmm M =0, andso 1l € 1.
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(i1) By part (i), mM # M, for each maximal ideal m of R. So M is faithfully flat,
by [9, Theorem 7.2]. O

PROPOSITION 3.4. Let {M}ic, be a family of R-modules such that M; has Nakayama
property, for each i € a. Then M = ®;c, M; has Nakayama property, if one of the
following holds:

(1) {NjepAnn M; | F is a finite subset of a} has a minimal element,

(1) {Ann M; | i € o} is a finite set. In particular, if |a| < oo;

(ii1) M is finitely annihilated;
(iv) M has DCC on the submodules of the formrM, r € R.

Proof. Suppose that IM = M, where I is an ideal of R. Then ®;c,(IM;) = IM =
M = ®;cuM;, and so IM; = M;, for each i € a. According to our assumption M;
has Nakayama property for each i € a, then there exists a; € R with ¢;M; = 0 and
a; — l1el

(1) Consider

A = {NjepAnn M; | F is a finite subset of a},

and assume that N;cp, Ann M; is a minimal element of A.

Puta = M;ep,a;. Evidently,a — 1 € 1. Letj € a. Note that N;ep, Ann M;isa minimal
element of A, then a € Nicg, Ann M; = (Nicp,Ann M;) N Ann M; € Ann M;. Therefore
ae Ann M.

(1) The proof is clear by part (i).

(iii) Consider S = {1 4+ x | x € I}. According to Lemma 3.1[(ii)) = (1ii)], (M;)s =
0, for each i € @. Then Mg = @;co(M;)s = 0. Hence by Lemma 3.1[(iii)) = (i1)], M
has Nakayama property.

(iv) Consider the set

C = {(Il;cpa;)M | F is a finite subset of «}.
Define the partially ordered relation (C, <) as follows:

(IS 20 (c1,¢2€0).

We show that every chain D in C has an upper bound. Suppose not, and let
¢1 € D. Since ¢; is not an upper bound of the chain D, there exists ¢ # ¢; € D with
¢1 < ¢y, that is ¢ C ¢;. The same argument shows that there exists ¢3 € D such that
¢3 C ¢p. Now we can construct inductively a descending chain --- C ¢3 C ¢; C ¢; of
submodules of the form {rM | r € R}, which does not stop, and this is against our
assumption.

Hence every chain in C has an upper bound, and so by Zorn’s Lemma,
(C, <) has a maximal element, i.e., C has a minimal element (IT;cr,a;)M with the
relation € . Then for each j € o, (Iljep,a)M; = (Mieruynai)M; = 0. Thus Mier,a; €
NjeaAnn M; = Ann M, and (Il;ep,a;) — 1 € 1. O

The following corollary introduces a method for making non-finitely generated
modules, which have Nakayama property.

COROLLARY 3.5. Let M be a finitely annihilated R-module. Then M’ = @<y Rx as
an R-module has Nakayama property.
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Proof. 1t is easy to see that the condition (i) of Proposition 3.4 is satisfied. O

EXAMPLE 3.6.

(1) Let P be the set of odd prime numbers and consider M’ = @,cpZ, as a Z-
module. Then IM' = M’, where [ = 2Z. But M’ does not have Nakayama
property, since Ann M’ = 0. However Z, has Nakayama property, for each
p € P, as it is cyclic (compare with Proposition 3.4).

(2) Let M; be an R-module and suppose M; is an R-module with the property that
IM, = M, just for I = R. So if (M| & M,) = M| & M, then from IM| &
IM, = (M| & M), we get IM, = M, and thus I = R. This shows that the
R-module M| & M, has Nakayama property.

(3) By part (2), the Z-modules, M" = Q& Z and K" = 0 & Z have Nakayama
property, but M”/K” = Q does not have Nakayama property, because
(22)Q = Q and Ann Q = 0. Moreover this shows that the converse of
Proposition 3.4, parts (i), (ii) and (iii) are not correct.

(4) Consider M’ = @,epZ, from part (1), and suppose K' =0 & (®3<pepZ,).
Then M'/K’' = 75 has Nakayama property, because it is cyclic, but M’ does
not have Nakayama property.

(5) By part (2), if M, is a non-zero faithfully flat R-module, then M| & M, has
Nakayama property.

4. Rings for which certain modules over them have Nakayama property. We know
that every non-zero finitely generated module has a maximal submodule. In the
following, we are looking for a similar result for modules with Nakayama property.

DEFINITION. A proper submodule N of an R-module M will be called almost maximal,
if (N : M) = (L : M), for each proper submodule L of M containing N.

In the following, some properties of almost maximal submodules are given. The
proof of the following lemma is easy and it is left to the reader.

LEMMA 4.1. Let M be an R-module.

(1) If (L : M) = 0 for each proper submodule L of M, then every proper submodule
of M is almost maximal. Particularly, if M is a divisible module over an integral
domain, then every proper submodule of M is almost maximal.

(i1) A proper submodule N of M is almost maximal, if and only if N +rM = M for
eachr € R\ (N : M).

(ii1) A4 submodule N of M is almost maximal, if and only if (N : M) is a prime ideal
of Rand M/ N is a divisible R/(N : M)-module.

(iv) A submodule N of M is almost maximal, if and only if (N : M) is a prime ideal
of R and M/ N is a secondary R-module.

v) If N € Maxx(M), then N is almost maximal. In particular, if N € Max(M),
then N is almost maximal.

(Vi) If N is almost maximal in M, then every proper submodule of M containing N
is also almost maximal in M.

THEOREM 4.2. Let M be a non-zero R-module.

(1) If M has Nakayama property, then M has an almost maximal submodule N.
Moreover N = (N : MM and (N : M) is a prime ideal of R.
(it) If Ris a Noetherian ring, then M has an almost maximal submodule.
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Proof. (1) Consider the set 7 as follows:
T ={I]|lisanideal of R, IM # M}.

Evidently, 0 € 7, then T # (). Let {I; | I; € T}jeq be a chainin 7. If (Ujeo )M = M,
then there exists « € M with aM =0 and 1 — a € Uje,1;. Suppose that 1 —a € [,
where jo € @. Then M = (1 —a)M < I;, M, and consequently [;, M = M, which is a
contradiction. Hence Uje, [; € 7. Now by Zorn’s Lemma 7 has a maximal element P.
We show that PM is an almost maximal submodule of M.

Let L be a proper submodule of M containing PM. Clearly, P C (PM : M) C (L :
M). So if (PM :M)#(L: M), thenPC(L:M)andsoM =(L: MM CLC M,
which is a contradiction. Therefore PM is an almost maximal submodule of M.

Evidently, P € (PM : M). Soif P # (PM : M), then M = (PM : M)M C PM C
M, which is impossible. Hence P = (PM : M).

To prove that P is a prime ideal, let bc € P, where b,c € R\ P. Then from
(P+ Rb)M = M and (P+ Rc)M = M, we get M = (P + Rb)(P + Rc)M € PM C
M, which is a contradiction.

(i) Consider the set 7 as follows:

T ={(N : M) | N is a proper submodule of M}.

Suppose that (N : M) is a maximal element of 7. Then evidently N is an almost
maximal submodule of M. a

Let M be an R-module and 7 an ideal of R with /M = M such that I € J(R). Then
obviously for each maximal ideal P of R, PM = M. Now If M is finitely generated,
then M = 0. Compare this result with the following corollary.

COROLLARY 4.3. Let M be an R-module such that PM = M for each prime ideal P
of R. If M has Nakayama property, then M = 0. In particular, if M is finitely generated,
then M = 0.

Proof. Let 0 # M. Then Theorem 4.2(i) implies that M has an almost maximal
submodule of the form PM, where P is a prime ideal of R. Hence PM # M, which is
a contradiction. O

An ideal I of a ring R is called T-nilpotent in case for every sequence a;, az, -+ € I,
there is a positive integer »n such that ajasas - - - a, = 0 (see [1, p. 314]).
A ring R is a Von Neumann regular ring, if Ra = Ra?, for each a € R.

LEMMA 4.4. [6, The main theorem] A ring R is a Max ring if and only if J(R) is
T-nilpotent and R/J(R) is a Von Neumann regular ring.

THEOREM 4.5. Let R be a ring. Consider the following statements:

(a) Risa Max ring;

(b) For any finitely annihilated R-module M and every m € Max(R), the R,,-module
M, has Nakayama property;

(c) For any finitely annihilated R-module M and every m € Max(R) containing
Ann M, there exists N € Max(M) with (N : M) = m;

(d) Every finitely annihilated R-module has Nakayama property;

() dimR=0.

Then (a) = (b) = (¢c) = (d) = (e).
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Proof. (a) — (b) Let R be a Max ring. We prove the result in the following two
steps:

Step 1. For any multiplicatively closed subset S of R, the ring Rg is a Max
ring.

Proof of Step 1. First note that dim R = 0. To prove that let P be an ideal of R
and m a maximal ideal of R containing P. Consider ¢ € m. By Lemma 4.4, R/J(R) is
a Von Neumann regular ring, then there exists ¢ € R with a(1 — ta) € J(R). Again by
Lemma 4.4, J(R) is T-nilpotent, then a(1 — ta) is nilpotent. Let ¢"(1 — ta)” = 0, where
n is a positive integer. Then a"(1 — ta)” € P and since P € m, we have 1 —ta ¢ P, so
aeP.

From dim R =0, we get J(R) = N(R), where N(R) is the intersection of all
prime ideals of R. By [2, Corollary 3.12], (J/(R))s = (N (R))s = N(Rs). Alsodim R =0
implies that dim Rg = 0, then N'(Rs) = J(Rs). Therefore (J(R))s = J(Rs).

According to Lemma 4.4, J(R) is T-nilpotent, then clearly J(Rs) = (J(R))s
is T-nilpotent. Also R/J(R) is a Von Neumann regular ring, then Rgs/J(Rs) =
Rs/(J(R))s = (R/J(R))s is a Von Neumann regular ring. Consequently by Lemma 4.4,
Ry is a Max ring.

Step 2. If R is a Max ring, then every finitely annihilated R-module has Nakayama
property.

Proof of Step 2. Suppose that M is a finitely annihilated R-module and IM = M,
where [ is a proper ideal of R. Consider S = {1 + x | x € I}.

By Step 1, Rgisalso a Max ring and by Lemma 2.4, Max(Ms) = ¥, hence Mg = 0.
So by Lemma 3.1[(iii) = (ii)], M has Nakayama property.

Now for the proof of the result, note that by Step 1, for every m € Max(R), the
ring R, is a Max ring. Thus by Step 2, for any finitely annihilated R-module M, the
R,,-module M,, has Nakayama property.

(d) = (e) First, we prove that a non-zero divisible module M over an integral
domain R has Nakayama property if and only if R is a field.

Evidently, Ann M = 0. Suppose that M has Nakayama property. For each 0 # r €
R, we have (Rr)M = M. Now since M has Nakayama property, Rr = Ann M + Rr =
R, hence R is a field. For the converse, note that in a non-zero vector space M if
IM = M for anideal I of R, then I = R.

Now suppose R is a ring such that every finitely annihilated R-module has
Nakayama property.

Let P be a prime ideal of R and K the quotient field of R/P. One can casily see
that Anng K = P = Anng {1 + P}, and so K is a finitely annihilated R-module. Hence
by our assumption K has Nakayama property as an R-module. It is easy to see that K
has Nakayama property as an R/P-module and we know that K is a non-zero divisible
R/P-module, therefore R/ P is a field.

(b) = (c) First, we show that every finitely annihilated R,-module M’ has
Nakayama property, and so by part (d) = (e), dim R,, = 0.

Evidently, M’ is an R-module by considering the natural homomorphism R —
R,,, and it is easy to see that M’ is finitely annihilated as an R-module. Thus by our
assumption (M’),, has Nakayama property as an R,,-module, and one can easily see
that M’ = (M’),, as an R,,-module.

Now we show that M, # 0, for any maximal ideal m of R containing Ann M.

Suppose that 7' = {11, 15, 13, ..., t,,} is a finite subset of M with Ann T = Ann M.
If M,, =0, then foreach t; € T, 1 < i < n, there exists s; € R\ m with s;z; = 0. Thus
S18283 -8, € Ann T = Ann M C m, which is a contradiction.
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By our assumption the R,,-module M,, has Nakayama property, so Theorem 4.2(1)
implies that M,, has an almost maximal submodule L, where (L : M,,) is a prime
ideal of R,,. As dim R,, =0, L € Maxx(M,,) and (L : M,,) = m,,. By Lemma 2.2(v),
L € Maxx(M) with (L¢ : M) = m. Note that mM C L¢, so mM # M. Then M/mM
is a non-zero vector space over the field R/m. So M /mM has a maximal subspace
N/mM. Thus N is a maximal submodule of M and since m C (N : M), we have
(N : M) = m. This completes the proof.

(c) = (d) Suppose that M is a finitely annihilated R-module and IM = M,
where [ is an ideal of R. According to Lemma 2.5[(ii)) = (i)] it is enough to show
that Ann M € m, for each maximal ideal m of R containing /. On the contrary, let
Ann M C m, where m is a maximal ideal of R containing /. By our assumption,
there exists a maximal submodule N of M with (N : M) = m. Since I C m, we have
M =1IM C mM C N, which is a contradiction. O

EXAMPLE 4.6. Let M be a non-zero divisible R-modules, where R is an integral
domain, which is not a field. Then M does not have Nakayama property, by the
proof of Theorem 4.5[(d) = (e)]. Particularly the Z-modules Q and Zp~ do not
have Nakayama property. However if M is torsion-free divisible, then M is finitely
annihilated, for example Q is finitely annihilated.

A submodule K of a module M is said to be small (or superfluous) in case for
every L < M, the equality K + L = M implies that L = M. It is said that a module
M has a projective cover if there exists an epimorphism f : P —> M such that Pis a
projective module and Ker f is small in P (see [1, p. 199]).

According to [1, Theorem 28.4 (Bass)], a ring R is a perfect ring, if and only if
every R-module has a projective cover.

LEMMA 4.7. [6, Corollary on page 1136 ] and [1, Theorem 28.4] Let R be a ring.
Then the following are equivalent:
(1) Risa perfect ring;
(1)) Ris a Max ring and R has no infinite set of orthogonal idempotents;
(iii)) R/J(R) is a semi-simple ring and J(R) is T-nilpotent.

Evidently, any Artinian ring is a perfect ring, and Lemma 4.7 implies that every
perfect ring is a Max ring.

EXAMPLE 4.8.

(1) Let K be a field and {x; | i € N} a set of infinite independent indeterminates,
and suppose M = (x1, X2, x3,...). Then for each 1 <n e N, the ring R =
K[x1, x2, x3,...]/9", is a perfect ring, but it is not an Artinian ring.

(2) Let F be a field and consider R = [ [,y F. Then R is a Max ring, but it is not
a perfect ring.

Proof. (1) Evidently, J(R) = 2t/9". Then (J(R))" = 0, and this shows that J(R)
is T-nilpotent. Also clearly R/J(R) = K and thus R/J(R) is a semi-simple (indeed a
simple) ring. Now according to Lemma 4.7((iii))=(1)), R is a perfect ring.

Note that the following chain of ideals of R does not stop:

(x1) _ {x1,x2) _ (x1,x2,X3)
9)/{” C mn C m” C s,

hence R is not Noetherian and evidently it is not Artinian.
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(2) For each a = {a,}uen € R, we have a = a?{d) },en € Ra?, where for eachn € N,
d, = a;'if 0 # a,, otherwise @, = 0. This shows that R and consequently R/J(R) is a
Von Neumann regular ring.

Now we prove that J(R) = 0. Put [y =[], (1 — 8u)F. Then I is a maximal ideal
of R, foreach k € N. For proof, let J be an ideal of R with I;, C J. Then there exists x =
{xn}nen € JsuchthatQ # x;. Notethaty = {(1 — 8§, )(1 — Xu)}nen € Ik € J.Sox +y =
{Zytnen € J, Where zx = x; and z, = 1, for each n # k. Thus 1 = {zn}neN.{z;I}neN €
J. Hence I; is a maximal ideal of R, for each ke N, and evidently J(R) C
NikenIi = 0.

Therefore J(R) is T-nilpotent and R/J(R) is a Von Neumann regular ring and so
by Lemma 4.4, R is a Max ring.

Note that the set {e; | k € N}, where e = {8,k }nen 1S an infinite set of orthogonal
idempotents of R, so by Lemma 4.7, R is not a perfect ring. O

THEOREM 4.9. 4 ring R is a perfect ring if and only if every R-module has Nakayama
property.

Proof. (=) Let R be a perfect ring. We prove that every R-module has Nakayama
property in the following three steps:

Step 1. Let {M;}c,, be a family of R-modules such that M; has Nakayama property,
for each i € a. Then ®;c, M; has Nakayama property.

Proof of Step 1. Put M = ®;c, M;. Suppose that IM = M, where [ is an ideal of R.
Then @jce(IM;) = IM = M = @, M;, and so IM; = M;, for each i € «. According
to our assumption, M; has Nakayama property for each i € «, then there exists a; € R
with CZ,'MI‘ = 0and a; — lel

Let

B = {R(I1;cra;) | F is a finite subset of «}.

As R has DCC on principal ideals, Zorn’s Lemma implies that 5 has a minimal
element. Let R(IT,cra;) be a minimal element of B. Then for each j € o, we have
R(IMjepai) = R(Ieryuyyai)- Hence Iiep,a; € Ann M for each j € «, and so I;epa; €
NjeaAnn M; = Ann M, and clearly (IT;epya;) — 1 € 1.

Step 2. Every projective R-module has Nakayama property.

Proof of Step 2. Let P be a projective R-module. According to [1, Theorem 27.11],
Pisisomorphic to a direct sum of cyclic submodules. Hence P has Nakayama property,
by Step 1.

Step 3. Every R-module has Nakayama property.

Proof of Step 3. Let M be an R-module. Note that R is a perfect ring, then every
R-module has a projective cover ([1, Theorem 28.4 (Bass)]). Let M = P/K, where
P is a projective module and K is a small submodule of P. Suppose that I(P/K) =
P/K, where I is an ideal of R. Then K + /P = P, and since K is a small submodule
of P, IP = P. Now by Step 2, Ann P+ I = R. Evidently, Ann P C Ann(P/K), thus
Ann(P/K) + I = R, which completes the assertion.

(<) We prove that R is a Max ring and R has no infinite set of orthogonal
idempotents. Hence by Lemma 4.7, R is a perfect ring.

Let M be an arbitrary R-module. By Theorem 4.2(1), M has an almost
maximal submodule N and (N : M) is a prime ideal of R. By Theorem 4.5[(d)
= ()], dim R=0, then N € Maxx(M), and consequently by Lemma 2.2(vii),
Max(M) # 0.
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Now let {e;}° be an infinite set of orthogonal idempotents of R. Consider I to
be the ideal of R generated by {e;}% and suppose M’ = I/Re;. Since I> = I, we have
IM’' = M’ and we know that M’ has Nakayama property, so Ann M’ + I = R.

Note that Ann M’ = ﬂj’:"z"Ann e;. To prove that let r € Ann M’. Thus re; € Re; for
eachi > 1, and so there exists s; € Rwith re; = s;e;. Then re; = rej.e; = sieje; = 0. The
proof of the converse inclusion is evident.

Now from Ann M’ +1 = R, and Ann M’ = N5 Ann e;, we get (N5 Ann e;) +
I=R. Let s+ ) 1 re; =1, where s € N 5 Anne; and n is a positive integer and
ri € Rforeach1 < i < n.Thenforeachj > n, wehavee; = ¢;.1 = se; + Y ;| rieie; =0,
which completes the proof. O

COROLLARY 4.10. Let R be a Noetherian ring. Then the following are equivalent:
(1) Every R-module has Nakayama property;

(i1) Every finitely annihilated R-module has Nakayama property;

(iii) R is an Artinian ring.

Proof. (i) = (iil) dim R = 0, by Theorem 4.5[(d) = (e)].
(ii1) = (1) The proof follows from Theorem 4.9. O

Note. If M is an R-module such that 4nn M is a maximal ideal, then M has
Nakayama property. For the proof, note that M has Nakayama property as an R-
module if and only if M has Nakayama property as an R/Ann M-module. Thus by
Corollary 4.10, M has Nakayama property. O

Let K be a proper submodule an R-module M. Example 3.6(3),(4) shows that
the Nakayama property for M does not imply the Nakayama property for M /K, and
conversely.

COROLLARY 4.11. Let K be a proper submodule an R-module M.

(1) If M/K has Nakayama property, then M has an almost maximal submodule
containing K.

(i1) If M has Nakayama property, then M has an almost maximal submodule of the
form PM, where P is a prime ideal of R containing (K : M).

Proof. (1) By Theorem 4.2(i), there exists an almost maximal submodule N/K of
M /K,where N is a submodule of M containing K. One can easily see that N is an
almost maximal submodule of M.

(i) Consider the set 7 as follows:

7T ={I|lisanidealof R, IM # M, (K : M) CI}.

Note that (K : M) € 7. Now follow the proof of Theorem 4.2(i). O

Recall that a non-zero module M is called sum-irreducible, in case L + K # M,
for each proper submodules L, K of M (see [9, p. 44]).

THEOREM 4.12. Let M be an Artinian module. Then the following are equivalent:
(1) M is a finitely generated module;

(1) M is finitely annihilated;

(ili) R/Ann M is an Artinian ring;

(iv) Every submodule of M is finitely annihilated;

(v) Every submodule of M has Nakayama property.
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Proof. (1) = (ii) The proof is obvious.

(i) = (iii) Suppose that T = {t1, t2, t3,...,t,} is a finite subset of M with
Ann T = Ann M. Then the module M’ = Rt| + Rt; + - - - + Rt, is a finitely generated
Artinian R-module. Hence R/Ann M’ = R/Ann M is an Artinian ring.

(i) = (iv) Note that every module M over an Artinian ring R is finitely
annihilated. To prove that, consider

A= {Ann T | T is a finite subset of M}.

Suppose that Ann Ty is a minimal element of A. If Ann M # Ann Ty, then let
r € Ann Ty \ Ann M. So there exists m € M such that rm # 0. Now since r € Ann Ty \
Ann(Ty U {my}), we get Ann(Ty U {m}) C Ann Ty, which is a contradiction.

Now let N be an arbitrary submodule of M. Since R/Ann M is an Artinian
ring, N is finitely annihilated as an R/Ann M-module and consequently as an
R-module.

(iv) = (v) Let N be a submodule of M. According to the proof of (ii)) —
(iii), R/Ann N is an Artinian ring, and every Artinian ring is a perfect ring, so by
Theorem4.9, N has Nakayama property as an R/ Ann N-module. Consequently, N has
Nakayama property as an R-module.

(v) = (1) Suppose that M is not finitely generated. Consider the set 7 as follows:

T ={N < M | N is not finitely generated}.

Let N; be a minimal element of 7. Then N; is a sum-irreducible module. To see the
proof, let L, K be proper submodules of N; with L + K = Nj. So L and K are finitely
generated, which implies that N is finitely generated.

According to our assumption N; has Nakayama property, then by Theorem 4.2(i),
Nj has an almost maximal submodule Ny,. We show that (N, : Nj) is a maximal
submodule of R. Let J be an ideal of R with (Ny : Ny) C J. Consider r € J \ (Ny : Ny).
Since Ny is almost maximal, Ny + rN; = N;. Note that N; is sum-irreducible, then
rNy = Ny, that is IN; = N, where I = Rr. By our assumption N; has Nakayama
property, then there existsa € Ann Nysuchthata —1 €1 = RrNowa e (Ny: N;) C J
andl —ae€l=RrCJ,andso 1l e J.

Since N is sum-irreducible, it is easy to see that the vector space Ny/Ny over the
field R/(Ny : Ny) is also sum-irreducible. Therefore rankg/n,.n,) N1/No = 1, that is,
Ny/Nyasan R/Ann(N,/Ny)-module and evidently as an R-module is finitely generated.
Also N, is finitely generated, since Ny is a proper submodule of N;. Consequently N;
is finitely generated, which is a contradiction. O

COROLLARY 4.13. Every Artinian module over an Artinian ring is a Noetherian
module.

Proof. The proof is evident, by Theorem 4.12(iii) and (i). d

EXAMPLE 4.14. The Z-module Zp~ is an Artinian module and every proper
submodule of Zp~ is cyclic. Then obviously every proper submodule of Zp«
has Nakayama property. However, Zp~ does not have Nakayama property , by
Example 4.6.
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