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ON SEMICOMMUTING AUTOMORPHISMS 
OF RINGS 

BY 
L. O. CHUNG AND JIANG LUH 

ABSTRACT. Let R be a prime ring possessing a nontrivial au
tomorphism T such that xTx = ±JCJCT. If R is not of characteristic 3 
or R has nonzero center, then R is a commutative integral domain. 

Let R be an associative ring. An automorphism T of 1? is called a commuting 
automorphism of JR if xTx - xxT for each x e R. In [1], Divinsky showed that a 
semisimple artinian ring must be commutative if it possesses a nontrivial 
commuting automorphism. Luh [2] extended this result to arbitrary prime 
rings. Recently, Mayne [3] generalized this result further by proving that a 
prime ring R possessing a nontrivial automorphism T such that xTx-xxT is in 
the center of JR is necessarily commutative. 

In this paper, we will call an automorphism T of R a semicommuting 
automorphism if xTx= ±xxT for each xeR. Clearly, commuting automorph
isms are semicommuting automorphisms. We will show that a prime ring with 
characteristic # 3 which possesses a nontrivial semicommuting automorphism is 
necessarily commutative. It is still an open problem whether this result is true 
for rings with characteristic 3. However, we will show that the answer is 
affirmative if the ring R has a nonzero center (particularly if R has 1). 

Throughout this paper, JR denotes an associative ring, T denotes a nontrivial 
semicommuting automorphism of R, ft0 = {x e R \ xTx = 0}, ft+ = 
{x e R | xTx = xxT}, and il = {x e R \ xTx = -xxT}. It is clear that H0 c ft+ fl ft_ 
and 1Î+ U ft_ = R, and that JC e ùt implies mx e (^ for any integer m and any 
i € { 0 , + , - } . 

For easy reference, we exhibit the proof of the following lemma given in [2]. 

LEMMA 1. Let R be a prime ring possessing a nontrivial commuting au
tomorphism T. Then JR is a commutative integral domain. 

Proof. For x, y e R, let [JC, y] denote xy - yx. Polarizing [xT, JC] = 0 gives 
[yT> * ] = [y> * T ] and hence [(xy)T, x] = [jcy, xT], Since [(jcy)T, JC] = xT[yT, JC] and 
[jcy, xT] = x[y, xT] = x[yT, JC], we obtain (JC - xT)[yT, JC] = 0. Since T is surjective 
(x-jcT)[y, Jc] = 0 for all JC, yeR. By noting that z[y, Jc] = [zy, JC]- [Z, x]y for 
zeR, we get (jc-JcT)z[y, JC] = 0 for all zeJR. This shows that if ZJËZ, the 
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center of JR, then x = xT. Now let x0eR be such that x 0 - x j ^ 0. Then by the 
primeness of Ry [y, x0] = 0 for all y e R and, consequently x()e Z. 

Now suppose there exists yeR\Z. Then x0+y£Z. Thus, y r = y and 
(*o + y)T = *o+y which imply that x j = x 0 , a contradiction. This completes the 
proof. 

Assume R is a prime ring of characteristic 2. Then ù+ = Cl_ = R. Then, by 
Lemma 1, JR is commutative. In view of this we will assume R is not of 
characteristic 2 throughout the balance of this paper. 

LEMMA 2. Suppose R is a ring which possesses a nontrivial semicommuting 
automorphism T and x, y Gfi+ . Then x + y G(1+ // and only if x-yeil+. 

Proof. Assume x + y e ù+. Then [(x + y)T, x + y] = 0 reduces to 

(1) yTx + xTy = yxT + xyT. 

Suppose x - y é f ï + . Then ( x - y ) T ( x - y ) = - ( x - y ) ( x - y ) T . It follows that 
2 ( x T x - y T x - x T y + yTy) = 0 by (1); so x T x - y T x - x T y + yTy = 0. Thus 
( x - y ) T ( x - y ) = 0 and j c - y e f î 0 ç f ï + , a contradiction. Similarly x-yeù+ 

implies x + y G fl+. 
Using a similar proof, we obtain 

LEMMA 2'. Suppose R is a ring which possesses a nontrivial semicommuting 
automorphism T and x, y G ft_. Then x + y G H_ // and on/y J/ x — y G fl_. 

LEMMA 3. Let R be a ring which possesses a nontrivial semicommuting 
automorphism T. If xe ft_\fl+ then (xTx)2 = 0. 

Proof. Clearly, X 2 G 1 Î + . Now consider x + x2 and x - x 2 . 
Suppose X + X2J£(1_. Since x2xT = xTx2 and x(x2)T = (x2)Tx, linearizing 

[(x + x2)T, x + x2] = 0 gives [xT, x] = 0. So xeft+, a contradiction. Hence 
x + x2ef!_. Similarly x —x2eft_. By Lemma 2', since (x + x2) + ( x - x 2 ) = 2 x e 
H_ 2x2 = (x + x2) - (x - x2) G n_. So x2 G ft_ and (x2)Tx2 = -x2(x2)T . But (x2)Tx2 = 
x2(x2)T since x2eù+. We have x2(x2)T = -x 2 (x 2 ) T and hence (xTx)2 = 0 as we 
desired. 

LEMMA 4. Let R be a prime ring of characteristic ^ 3 . If R possesses a 
nontrivial semicommuting automorphism T and if fl_ = R, then R is commuta
tive. 

Proof. Let x G R. If x G il+ then xTx = xxT = - x x T which implies that xxT = 
0 and hence (xTx)2 = 0. If xé ft+ then by Lemma 3, (xTx)2 = 0. Hence (xTx)2 = 
0 for all x G JR. 

https://doi.org/10.4153/CMB-1978-003-4 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1978-003-4


1978] AUTOMORPHISMS OF RINGS 15 

Now, let x, y e R. From ((x + y)T(x + y))2 = 0, we get 

yTxxTx + xTyxTx + yTyxTx + xTxyTx + yTxyTx 

(2) + xTyyTx + yTyyTx + xTxxTy + yTxxTy + xTyxTy 

+ yTyxTy + xTxyTy + yTxyTy + xTyyTy = 0. 

In (2), by replacing y by 2y, we get 

2yTxxTx + 2xTyxTx4^yTyxTx + 2xTxyTx + 4yTxyTx 
(3) + 4xTyyTx + 8yTyyTx + 2xTxxTy + 4yTxxTy + 4xTyxTy 

+ 8yTyxTy + 4xTxyTy + 8yTxyTy + 8xTyyTy = 0. 

Subtracting four times equation (2) from (3), we have 

-2y T xx T x — 2xTyxTx-2xTxyTx + 4yTyyTx 

- 2xTxxTy + 4yTyxTy + 4yTxyTy +4xTyyTy = 0 

By exchanging x and y in (4), we get 

- 2x T yy T y-2y T xy T y-2y T yx T y + 4xTxxTy 

-2y T yy T x + 4xTxyTx + 4xTyxTy+4yTxxTx = 0. 

Now add two times equation (5) to (4). 
It follows that 

(6) xTxxTy + xTxyTx + jcTyxTx + y TxxTx = 0. 

Premultiply by xTx and postmultiply by xT on both sides of (6). 
We obtain 

(7) x Txx Tyx Txx T = 0 

Since (7) holds for all x, y e R and R is prime, xTxxT = 0 for all xeR: Likewise 
xxTx = 0 for all xeR. 

Now, we postmultiply by xT on both sides of (6). We get 

xTxyTxxT = 0. 

Since y is arbitrary, T is surjective, and R is prime, it follows that xTx = 0 and 
hence xeQ,0^ù+ for all xeR. R is therefore commutative by Lemma 1. 

LEMMA 5. Suppose R is a prime ring of characteristic 9^3. If R possesses a 
nontrivial semicommuting automorphism T and if x, y G il+, then either x + y e 
ft+ or x, y, x + y, x - y e ft_. 

Proof. Suppose x + yéfî+ . Then by Lemma 2, x - y é f t + . We consider 
2x + y. If 2x + y e fî+ then, by Lemma 2, 2x - y G fî+. Since (2x — y) + y = 2x G 
l î+ , 2 ( x - y ) = ( 2 x - y ) - y G I Î + . SO x - y G f î + , a contradiction. Hence 2x4-y G 
0_ and, consequently, 2x -yGf l_ . Since 3(x + y) + ( x - y ) = 2(2x + y)G(î_ and 
3(x + y), x -yGf î_ , 3(x + y ) - ( x - y ) G ( l _ ; so 2x + 4yGfî_. Since 
(2x + 4y) + ( x - y ) = 3(x + y)Gft_, x + 5y = (2x + 4 y ) - ( x - y ) e î î _ . Since 
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(jc + 5y) + ( x - y ) = 2(jc-2y)Efî_, 6y = (jc + 5 y ) - ( j t - y ) e n _ and hence ye(L_. 
Since (jc-y)-(jc + y) = - 2 y e Ù , 2jc = ( x - y ) + (x + y)efî_, and xeil_. This 
completes the proof. 

As an immediate consequence of Lemma 5 we have 

COROLLARY. Let R be a prime ring of characteristic ^ 3 . If R possesses a 
nontrivial semicommuting automorphism T and if xeù+\Cl_ and yeù+ then 
x + yed+. 

THEOREM 1. Let R be a prime ring of characteristic 9^3. If R possesses a 
nontrivial semicommuting automorphism T, then R is a commutative integral 
domain. 

Proof, Suppose contrarily that JR is not commutative. Then RJ^Ù+ and 
i?#ft_ by Lemma 1 and Lemma 4. There exist j t e f î+ \n_ and y e f i _ \ f l + . 

Suppose x + yeù_. Then since (x + y ) - y = xeQ,_, (x + y) + yeft_ by 
Lemma 2', i.e. x + 2yéfl_. By the previous corollary, x-(x + 2y)eCL+. So 
y e fl+, a contradiction. 

Suppose JC + yéft_. Then by the previous corollary, (x + y ) - jce f î + , i.e. ye 
IÎ+. It is again a contradiction. This completes the proof. 

We noted in passing that it is still unknown whether Theorem 1 remains true 
if the characteristic of R is 3. However, we have the following 

THEOREM 2. Let R be a prime of any characteristic. Suppose R possesses a 
nontrivial semicommuting automorphism T and R has non-zero center. Then R 
is a commutative integral domain. 

Proof. Let O ^ z e Z , the center of R. Suppose contrarily that R is not 
commutative. Then there exists x e f l _ \ ( l + . We consider z+x. If z+xeQ,+9 

then, since zTeZ, linearizing [(z + x)T, Z + JC] = 0 gives [xT, x] = 0 which is a 
contradiction. Thus, z + JC e H_ and (z + x)T(z + x) — - ( z + x)(z + x)T. By expan
sion, it reduces to 2(zTz + xTz + zTx) = 0. So zTz + xTz + zTx = 0. Thus, zTxxT = 
-(zTz + xTz)xT = -xT(zTz + xTz) = xT(zTx) = zTxTx. That is, zT(xxT — xTx) = 
0. By primeness of JR, xTx = xxT since 0 ^ z T e Z . 
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