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THE DYNAMICS OF TEMPERATE GLACIERS FROM THE 
DETAILED VIEWPOINT 

By L. LLIBOUTRY 

(Laboratoire de Glaciologie du C.N.R.S. , 2, rue Tres-Cloitres, Grenoble, France) 

ABSTRACT. The stresses and strains in a limited region of a temperate glacier are approxima ted by poly
nomia ls . In this case it seems that we can replace G len 's law by the more convenient la w y = B o'T + B,'TJ+ 
+ B , 'T ;. We initia lly consider a plane problem with a flat glacier surface. In a simple example the theoretical 
possibility of very important deviations from the classica l relation 'T u = pgz sin Cl is demonst ra ted. The 
calcula tion is then extended to the more genera l case when the surface of the glacier is no longer a plane 
(the contours rema ining always para llel ) a nd where the width of the glacier varies . 

Starting from a precise survey of the surface and measurements of surface velocity, one can then obtain 
velocities and stresses at d epth, and extrapolate the bedrock profile into regions inaccess ible by seismic 
sounding. A provisional calculation has been ma de for the ice fall between the G lacier du Geant and the 
G lacier du Tacul (Mont-Blanc massif ). In the lower part, the existence of a gorge near the right bank and 
the fact that the various ice streams partially superpose instead of flowing side by side, make the calculations 
uncerta in . 

In this way the law of fri ction can be determined experimenta lly. Proceeding down-glacier, the sliding 
velocity decreases from about 830 m/year to about 250 m/yea r, while the norma l p ressure increases from 
about 2.8 to a bout 18.5 bar. At the same time the friction increases from about I . [ to about 4.3 bar , a pproxi
m ately proportional to the pressure, which seems to be in agreement with the a uthor 's theory of fr iction . 

RESUME. Dynamiqlle du glacier tempire dans 1IIIe perspective de detail. Les contra intes et deformations da ns une 
portion limitee d'un glacier tempere sont approchees pa r d es polynomes. Pour cela il semble qu 'on puisse 
remplacer la loi de G len par la loi y = BO'T + B,'TJ+ B , 'T;, bien preferable. On envisage d 'a bord le probleme 
pla n et une surface du glacier pla ne. Sur un exemple simple, on montre la possibilite theorique d 'ecarts 
tres importants a la relat ion classique 'T xz = pgz sin Cl. Le calcul est ensuite etendu a u cas le plus general 
Oll la surface du glacier n 'est plus un pla n (les courbes de niveau restant toutefois para lleles) et oll la largeur 
du glacier varie. 

A parti r d'un leve prec is de la surface et de mesurcs de vitesses superficielles, on peut a insi obtenir vitesses 
et contra intes en profondeur, et extrapoler le profil du li t rocheux en des regions inaccessibles a la prospection 
sismique. U n calcul provisoire a ete fa it pour la chute du glacier entre le Glacier du Geant et le G lacier du 
Tacul (M assifdu Mont-Blanc). Dans la partie basse, l'existence d'un sillon ri ve droite et le fa it que les divers 
courants de glace se superposent partiellement au lieu de se juxtaposer y rend les calculs incertains. 

La loi de frottement peut ctre ainsi a tteinte experimenta lement. Selon ces resuita ts preliminaires, 
d 'amont en aval, la vitesse de glissement decroitrait de 830 m/a n a 250 m/an , ta ndis que la press ion normale 
croitra it de 2,8 a [8,5 bar . Simultanement, le frottement croit de [, [ a 4,3 bar, a peu pres comme la pression. 
Ce resu ltat est bea ucoup plus conforme a la loi de frottement proposee par l'auteur qu 'a celle de W eertman. 

ZUSAMMENFASSUNG. Einzelne Aspekte der Dynamik temperierter Cletsclzer. Werden die Spannungen und 
Deformationen in einem bregrenzten Bereich eines temperierten Gletschers durch Polynome angenahert, 
so lasst sich a nscheinend das Glensche Gesetz durch die gunst igere Formel y = BO'T + B ' 'TL I- B ,'T ; ersetzen . 
Zuerst wird ein ebenes Problem bei ebener Gletscherflache betrachtet. An einem einfachen Beispiel wird die 
theoretische M iiglichkeit betrachtlicher Abweichungen von der klassischen Beziehung 'Tu = pgz sin Cl 

gezeigt. Dann wird die Berechnung auf einen allgemeineren Fa ll a usgedehnt, bei dem die Gletscheroberflache 
keine Ebene mehr ist (ihre Hiihenlinien bleiben jedoch para llel ) und die Breite des G letschers wechselt. 

Ausgehend von einer genauen Aufna hme der Oberflache und von M essungen der O berflachengesch
windigkeit lassen sich so Geschwindigkeiten und Spannungen in del' Tiefe bestimmen und U ntergrundsprofi le 
in Gebiete extrapolieren , die d el' seismischen Tiefenmessung nicht zuganglich sind . E ine vorlaufige Berech
nung wurde fur den Eisbruch zwischen dem Glacier du Geant und dem G lacier du Tacul (Mont Blanc
Massiv) durchgefuhrt. Im unteren Teil werden die Berechnungen durch das Vorhandensein einer Schlucht 
am rechten R and und durch die Tatsache, dass dort die verschiedenen Eisstriime sich teilwe ise Llberlagern 
statt nebeneinander zu fli essen, unsicher. 

Das R eibungsgesetz kann a uf diese W eise experimentell erm ittelt werden. Gletscherabwarts nimmt die 
Geschwindigkeit von 830 m a uf 250 m pro J ahr a b, wahrend d er Normaldruck von 2.8 auf [8.5 ba r steigt. 
Gleichzeitig nimmt die R eibung von [. [ a uf 4.3 bar zu, ungefahr so wie der Druck, was mit der R eibungs
theorie des Verfassers ubereinstimmt. 

INTRODUCTION 

Glacier dynamics could not be approached without making local fluctuations disappear 
to a greater or lesser extent by smoothing. In doing this we can suppress fluctuations having a 
wavelength less than some few times the glacier thickness. This overall view (Lliboutry, 1968) 
a llows us to study the mass balance and kinematic waves, but not, for example, an ice fall , 
the extreme end of a glacier, or crevasse systems. 

[85 
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It is this detailed point of view that we shall consider in this paper. We will only eliminate 
details with a scale of some ten metres or less . An ice fall seems to a man to be an impassible 
chaos of seracs, but these irregularities only concern a relatively thin surface layer. vVhether 
on the surface we have seracs separa ted by very wide crevasses or a uniform layer of ice of the 
same weight, at a depth of some tens of metres the stresses and strains are the same (by extend
ing to plasticity St Venant's principle as used in elasticity). 

We shall seek to approximate the stresses and strains in a limited region of a glacier by 
polynomials in x,y and z. Then we shall apply the formulae obtained to a specific case where, 
for a distance of about a ki lometre, velocities, curvature, thickness etc. vary considerably. 

FLOW L AW OF ICE 

We shall assume as usual : (a ) that only the stress and strain-rate tensors enter, and not 
terms introduced by the mechanics of finite deformation ; (b) that the relation between these 
tensors is linear; (c) that the ice is incompressible and isotropic; (d ) it follows from these three 
hypotheses (Lliboutry, in press) that at a given point the strain-rate tensor [E;j ] and the stress 
deviator tensor [atj] are proportional (the Levy- Mises equations) : 

[aij] = - 21J (X,)I, Z)[E;j ] ( I ) 

(we shall write atj as simply at when i = j, and as Tij when i #- j ). 
As usual we shall assume that the "viscosity" 1J is a function only of the second invariant 

of one or other of the tensors. This invariant can be replaced by the effective shear stress, 
which for the plane problem reduces to 

T = ( a~2 + Tx/JI /2 . 

One can adopt the general law of Glen (1955) 

1!1J = Y!T = BTn-
I 

but the sector of values proposed for nand B is large. 
In laboratory experiments, when transient creep has not been fully eliminated (and this 

seems to be the case for Steinemann's (1958) measurements), one finds that n increases with T . 

For low values of T, n tends to I. The values found by Glen before he eliminated transient 
creep, and which he represents by the following law (bearing in mind that he uses a = Tv3 
and E = Y! v3, and taking the metre, the bar and the year as units) : 

are much better represented by the following law, which allows us to express Y and T simul
taneously by polynomials in x, y and z: 

Y = 0·9T + O·4T3+0.IT5 (5) 
as is shown in Table I. 

TABLE I. COMPARISON OF FLOW LAWS WITH THE "MINIMUM STRAIN-RATES" FOUND BY GLEN 

Glen's law Law proposed 

7 = a/V3 y Y = 1.6873. ' 7 Y = 0.97+ 0.47)+ 0. 175 

bar yea r- ' year- I year- ' 

0.525 0.502 0.823 0.57 1 
0.872 1.18 2.60 1.1 0 
1.122 2.22 4.07 2.5 1 
1.878 7.24 12·55 6.66 
2.08 11.9 17.1 9·37 
3.50 84.6 89.0 73.1 
3.58 82.2 96 80.6 
4·93 21 I 262 344 
5.01 346* 277 37 1 
5.20 454 31 I 442 
5.3 1 561 335 489 

* Mean of three values. 
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Glen modified his laboratory m easurements in attempting to eliminate the part played by 
transient creep . For polycrystalline temperate ice, he obtained in this way five values which 
gave him (in m etre-bar-year units) n = 4.2 , B = 0.296. However the law adopted for 
transient creep is open to question , and furth er for glacier ice the law is perhaps different. 
The results collected together by M eier (1960), who brought together these corrected values 
of Glen 's and others obtained on glaciers at low y are better represented by the foll owing law 
(bearing in mind that M eier uses uo = y (2/3) T and Eo = y/ y 6) : 

(6) 

The exponen t 4.5 was chosen according to Weertman 's theory, since abandoned . Those 
of the results obta ined taking account of the longitudinal strain-ra te are equally well repre
sented by the law : 

the coeffi cients of which have been estimated graphically plotting Y/T and Y/T3 as fun ctions 
of 7 ' . 

It thus seems that at the present state of our knowledge we can adopt a fl ow law 

~ = ~ = Bo+ B, T' + B , T4 . 
'r} T 

(8) 

This has the very grea t advantage as compared with Glen 's law then it can lead to analytic 
solutions for stresses and stra ins even if they cancel at the origin . But it must be realized 
that the law does differ basically from the law of Equa tion (3 ), and tha t the study of 
temperate glaciers will allow us some day to decide between the two . If three pairs of vari ables 
(y, T) sa tisfy Glen 's law with 3 < n < 5, when one tries to fit Equation (8) one finds Bo 
negative, as is shown in the Appendix. Such a result is physically a bsurd . 

It is therefore of interes t fOl- glaciologists to use Equa tion (8) as a fl ow law to ana lyse their 
results. T o evalua te Bo, B, a nd B2, it is onl y necessary to plo t y/T3 as a fun ction of T' a nd as a 
function of I / T

2
• 

G ENE R A L E QUATIONS F OR T H E PLANE PROBLE M WHEN THE S U R FACE IS FLAT 

\t\Te shall consider compressions positive, which results in som e m odifications of the classical 
formulae. 

z 

x>O 

@) 

.! (f, 

.•• ~zx 

.. 
:' :.: : : ,' 

!l<O 
-<. X<O 

Fig. [. Nota tion and Jign convention for the plane problem. 

x 
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Let us consider a small volume of a continuous m edium. We consider the normal to the 
surface towards the interior, and choose as positive sense for stresses those indicated in Figure I 

(a and b). Le t us consider a surface whose normal makes an angle {I with O x. The medium 
outside exerts on this little volume a stress whose components a re (cf. Fig . l C) : 

parallel to O x : X = Ux cos 8+ Txz sin 8, 
parallel to O z : Z = Txz cos 8+ uz sin 8, (9) 
pa rallel to n: N = X cos 8 + Z sin 8 

= H ux+ uz) + t (ux - az)cos 28 + Txz sin 28, 

parallel to an axis obtained by ro ta ting t7T from n: 

T = - X sin 8 + Z cos 8 
= - ! (ux- az)sin 28+ Txz cos 28. 

Fig. 2. Cartesian axes adopted/or the plane problem. 

(10 ) 

( I I) 

When the glacier surface is fla t, it is convenient to take the following as cartesian co
ordina tes (Fig. 2) : O x a long the line of greatest slope, O z normal to the surface downwards. 
If we put u and w for the components of velocity para llel to O x and O z , the fact that the 
coordina tes are cartesian implies that 

ou ow 

} Exx = ox' Ezz = Tz' 

Exz = ;( ~: + 00: ), 

(12) 

We shall limit ourselves to begin with to the plane problem (flow lines in vertical planes 
parallel to y = constant) . Thus: 

Ey y = EXY = EyZ = 0 , v = 0 , 

ou OW 
Exx+Ezz = ox + oz = o. 

The equilibrium conditions reduce to: 

oux OTxz . 
Tx+~ = pg sm rx , 

OTxz oUz 
--a:;-+Tz = pg cos rx . 

} ('si 

With the axes chosen in this way, rx is the (positive) angle that O x makes wi th the horizonta l, 
and for z = 0 , the boundary conditions are: 

EXZ = Txz = 0 , az = H . ( 16) 
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ApPROXIMATE SOLUTIONS NEAR T HE ORIGIN 

N ear the origin , the components of velocity, U a nd w, can be approximated by polynomials 
in x and z. To sa tisfy Equations (14) and (16), these velocities must have the form 

U = uo+ ax+ cz+ mx2+ 2exz+(m- k )z2+ 0 J, 
w = wo - cx - az-ex' - 2mxz- ez2+ OJ. } (17) 

0 J stands for terms in x and Z of th ird or higher order (not the same in each case) . All 
the coefficients Uo, a, c, .. . , with the exception of k can be determined from the velocities of 
stakes fixed in the glacier surface, their velocity components being 

Us = uo+ ax + mx2+ OJ, 
Ws = wo - cx - ex2- 0 3· } ( IS) 

W e see that it is just as important to determine movements perpendicular to the surface 
as parallel to it, and that simple m easurem ents between stakes, such as those proposed by 
Nye ( 1959) , without observations from fixed stations off the glacier , are insufficient. 

According to Equation (12), the strain-rates are 

EXX = -Ezz = a+ 2mx + 2ez+ 0 2, 
Exz = - kz + O, . 

The second-order terms in the strain-rates can not be determined in practice because one 
would have to be able to determine third-order terms in the velocities, and above a ll because 
of the existence of correction terms of which we shall speak later (when the problem is not 
plane and the surface curves) . We cannot therefore expect in practice to get anything 
beyond first-order terms for the stresses. Nothing however stops us from examining the form 
which second-order terms should have; the m ethod indicated below a llows this. 

W e can easily show that, to satisfy Equations ( 15) and the boundary conditions, Equations 
(16), if the origin is not a singularity, the development around the origin must have the form 

ax = H - 4A - 8Mx+(pg cos a - SE )Z- 4Fx2 _ 8Gxz - 4(F+ K )z2 + 0 3, 
az = H +(pgcosa)Z- 4Fz2 + 0 3, 

Txz = (pg sin rx + SM )z + SFxz + 4Gz2 + 0 J. 

The stress deviator a; = - a~ takes the simple form 

a~ = Haz - ax) = 2(A + 2Mx+ 2Ez+ Fx2+ 2Gxz+ Kz2)+ OJ. (21 ) 

The Levy- Mises equations ( I) can be written , if one uses as flow law Equation (S), 

. - . - a~ _ ~ (B ' B ' 3 B ' 2 B ' 5 B '3 2 B ' 4) } Exx--Ezz - - 2 oaz+ Iaz + Jaz Txz + 2az + 2 2az Txz+ 2az Txz , 
2"'1 . (22 ) 

. - Txz _ l (B + B 3 + B '2 + B 5 + B 3 '2 + B '4 ) - Exz - - 2oTXZ IT xz I Txzaz 2Txz 2 2Txz az 2Txz az · 
2"'1 

It only remains to substitu te for Exx, Exz, Txz and a~ from Equations ( 1 9 ) and (20) and 
solve. 

When only looking for the leading terms, one can proceed much more quickly by writing 
the Levy- Mises equations, whatever the flow law adopted, 

a+ 2mx+ 2ez+ .. . 2k + ... 
A + 2Mx+ 2Ez+ .. . pg sin a+ SM+ T 

At the origin itself 
a 

A pg sin rx + SM 
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Compared with this state, strain-rates and stresses near the OrIgm have undergone a 
perturbation. The ratio of the perturbations is in this case equal to the differential viscosity 
dT/dY. It follows that 

m e 

M E 

If one adopts flow law (8), then 

(yHo = Bo+ B, (2A )z+ Bz(2A )4, 
(dy /dT )o = Bo + 3B,(2A)z + 5Bz (2A )4. 

Starting from measured values of a, one first determines A from 

a = BoA + 4B,A3+ I6B2A5 

from which we get (YIT)o and (dY/dT )o. Then M and E are deduced from Equation 
Finally k can be deduced from Equation (24) which can be written 

_ pg sin lX(t) (y IT)o 
k - + 4m (d ·(d ) . 2 To yTo 

If one retains Glen's law as flow law (Equation (3)) , then Equations (26) and (27) have 
to be replaced by 

(y IT)O = B (2IAl)n- I = B (2IaI IB )<n- I) /" , 
(dy(dT)o = n(YIT)o. 

In this case the calculation is somewhat faster, but the terminated expansion in I (n is only 
valid if a ~ 2mx+ 2ez. When a = 0 it is necessary in order to obtain a terminated expansion, 
to take the origin at a certain depth below the surface. 

The above approximate formulae allow us to study the stresses from the detailed point of 
view, for which ye's (1957) classical solution is no longer valid . We recall that this solution 
presupposes stresses and strains independent of x (c = m = e = 0, M = E = 0). 

Paterson and Savage (1963[a), Cb]; Savage and Paterson, 1963) have already introduced 
terms in c and e, but not the one in m. The present author (Lliboutry, 1964-65, Tom. 2, 
p. 592- 94) has already introduced terms in m and c, but in a case limited to a Newtonian 
viscosity (B, = B2 = 0 ) and for a constant thickness h, which has as consequence that e = 0 

and m = - CI2h. For a Newtonian viscous body and the plane problem , a general solution 
has recently been given by Shumskiy (1967) (but this solution is only rigorous for the case of 
a flat glacier surface, contrary to what the author seems to believe). 

ApPLICATION TO THE STUDY OF FRICTION 

Let us suppose that the first-order expressions found for the stresses, and those of the second 
order for the velocities, constitute valid approximations right down to the rock bed . This 
must be the case for a thin layer of ice sliding rapidly. If the thickness h of the ice layer is 
known at x = 0, one can estimate the slope ~ of the bedrock, and then calculate the sliding 
velocity U and the friction per unit areafwith the aid of the following relations (the suffix h 
indicates values at depth h) : 

tan (IX - ~ ) = - w"lu", 
u = u" cos (IX-~ ) - w" sin ( IX- ~), 

f = (Txz )" cos 2 (1X-~) - ( a~) " sin 2 ( 1X- ~). 

This last equation, already given by Lliboutry (1968) , can be deduced from Equation (I I) 
putting T = - f and 8 = trr- (IX-~ ) . Similarly Equation (10) gives the normal pressure 
on the bedrock, 
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Even if the thickness is uniform (ex = (3 ), the fri ction is not equal , from the detail ed point 
o f view, to pgh sin ex . It is 

J = pgh sin ex + 8Mh 

(a differential equation givingJhas a lso been given by Shumskiy and others, [cIg64] , but as it 
presupposes Newtonian vi scosity and does not take account of terms introduced by the 
curvature of the surface, it is not rigorous, and so of little interest) . 

STUDY OF A SIMPLE EXAMPLE 

To illuminate this possibilityU i= pgh sin ex ), we shall now examine a simple example which 
is somewhat like the cirque glaciers studied by L ewis and others (L ewis, Ig60) if, as we shall 
suppose, the ice can be approximated by a Newtonian viscous body (B, = B, = 0) . Vve 
recall that for the plane problem and a Newtonian viscous body, a very general solution has 
been given by Shumskiy (l g67). 

Let us suppose that in Equations (17) the 0 3 terms are zero, and that, with Uo, D and R 
positive constants 

a = 0 , 

c = 2Uo D/R\ 
nl = - uo/R>, 

e = 0, 

k = 2uo/R\ 
Wo = 0 , 

(we have arbitrari ly put e = 0 and k = - '1nl in order to obtain a simpl e geometrical solution) . 
\,ye take our origin at the equilibrium line. If the glacier is in a sta te where the mass balance 
b = Wo at the surface, Z b eing the altitude, 

I ab 
c= ---

sin ex az' 
Furthermore, Equations (23) and (24) give, when dy/dT = y/T 

whence 

pg Sll1 ex 
k = --+ 4m 

2Bo ' 

pg sin IX = I 2l1o /Bo R" 

sin IX and ab/az being determined by the location, it foll ows that uo/R' and D a re determined 
by the loca tion. The expressions for the velocities are then 

u 2Dz x' 3z' 
Uo 1+ I(' - R'- R" 

w 

Uo 

W e see that at the cen tre of the glacier the velocities initially increase with depth. 
lines have as equations 

[ 
Dz' x' Z Z 3 DX'] 

~ ="' u dz - w dx = uo z + R' - 7f2 - R' + Ji.2 

[ 
X' + z'] 

= uoD - uo(D -z) I -~ , 

The flow 

~ is a constant which represents the volume flux per unit width passing between the point 
under consideration and the equilibrium line x = Z = o. A flow line joins the points ( - L , 0 ) 

and (+ L, 0) going through the point (0, Iz) where 

L' h Il' h3 

R' = 15 + R' - R2 D' (41 ) 
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vVhen clJ = UO D , the flow line consists of the line parallel to the surface Z = D a nd the 
two arcs of the circle x' + z' = R', as shown in Figure 3. Other fl ow lines a re also shown 
there. One can trace them ou t point by point by writing Equa tion (36) in the form 

-R 

\ 

Z= 

x' + Z' = 

clJ /Uo- D;"'2 
1 - ;"'2 

(;"'R) Z, 

~, f'-~"'-l"" " {(jii :'· 

\ ""...----~--- -- -
\ ,-
\ I 
'\ I 

'\ \ " \ " '\ 

---...-
/ 
I 
\ 

" ' " "" 
\ , 
" " " " " " ".... "-

.... "-

.... , 
' ............ -

.... .... 

............... -': - """=-::--i 
- ::::~ 

(O183 

(O.3) 

--

+L 

Fig. 3 . Simple example where f * pg" sin a . T he dashed /Jart is withou t physical significance in the case of a glacier. 

Anyone of these flow lines could constitute the rock bed provided two conditions a re simul
taneously satisfied : 
(a) The law offriction must be satisfied : taking accoun t of Equations (23), (25) and (35), 

A = E = F = G = 0, M = m/Bo R 2 = - pgsin IX/ 12. (43) 

Eq ua tions (16) and (17) for the stresses then becom e 

Ux = H + pgzcos IX + !-pgxsin IX, 
U z = H + pgz cos IX 

- 1 . 
'T xz - apgz sm CI.. 

At the centre, we have the shear stress on the bed as t pgh sin IX, or only one third of the classical 
value. If it is the straigh t line z = D and the two a rcs of circles tha t consti tu te the rock bed , 
the friction is everywhere t pgz sin IX. This is obvious a long the straigh t line. Along the 
circle tan ( IX - ~) = xl z and thus according to Equation (32 ) 

. [Z(z'-x' ) 2X'Z ] . 
f = pg sm Cl. Z2 +

X
2 + Z2 +

X
' = t pgz sm IX. 

With o ther fl ow lines as lower limi t of the glacier , the fri ction no longer tends to zero at its 
two extremi ties for sin 2 ( 1X -~) does not cancel out there. This however is not necessarily 
absurd, the friction can vary in the opposite sense from the velocity (Lliboutry, 1968). One 
can therefore suppose tha t the roughness and drainage a t the bedrock a re such that the law 
of friction is everywhere satisfied . 

On the other hand the flow lines shown dashed in Figure 3 which describe closed loops 
below z = D can have no physical significance, since the frictional force is in the direction 
of movem en t. (In a general way, it does not seem likely that "eddies" of ice cut off from a ll 
accumulation could exist in hollows of the bedrock, however deep they migh t be. ) 
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(b) The stress perpendicular to the bedrock must be a compression, the wall not being able to exercise 
a pull on a temperate glacier. The m ost critical point is the upper limit of the glacier 
(x = - L , z = 0). As atmospheric pressure can make itself felt between the ice and rock, 
it does not enter. a xy is always negative, az is zero, which leads to the condi tion I~- (XI :(: 45°, 
or u > w. Using Equation (39) this can be written 

or 

I - V jRZ ~ 2DLjR Z, 

L :(: (Rz+ Dz)' /2_ D. 

This condition is not necessary when the glacier is limited at the top not by rock, but by an ice 
cap . 

G ENERAL E QUATIONS IN C URVILI NEAR COORDINATES 

It is rare that the surface of a glacier, even smoothed so as to make a ll the sinuosities of 
wavelength less than the thickness disappear , can be approximated by a plane. Let us con
sider the much more general case where this is not so, the contours of the surface nevertheless 
remaining parallel straight lines. 

It is then advantageous, if we wish to obtain approximate analy ti cal solutions, to use 
curvilinear coordinates . The x-axis will be a line of greatest slop e. The curves x = constant 
will be perpendiculars to this line. The abscissa x of a point is the distance measured along the 
surface, its ordinate z is the distance from the surface. (It must be assumed that the cen tre of 
curvature of the surface is never found with in the glacier. ) T he conditions at the upper 
surface then remain the simple conditions (16). 

With these curvi linear axes, Equations (12) and (IS) cease to be valid : 

(a ) The true distance between two points having the sam e z and a bscissae x and x + dx is 
not dx but 

where R is the radius of curvature coun ted positive when the surface is convex. In Equations 
(12) and (15), derivatives with respect to x must be multiplied by dx jdxo = R j(R - z ). 

dx dx 

'-1 
(}x ---

lex, 

w 

R R 

Fig. 4. (left ) Diagram to illustrate the equilibrium equation with curvilinear coordinates . 
Fig. 5. (right ) Diagram to illustrate the calculation oj strain-rates in curvilillear coordinates . 
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(b) To write the equilibrium conditions, we must consider the little parallelopiped of dimen
sions dx, dy, d z. The two faces separated by d z are tangents to surfaces z = constant (Fig. 4). 
The others differ by an angle dxo/(R -z) . The stresses acting on this face are no longer 
X and Z given by Equations (9), but Nand T given by Equations (10) and ( I I), with 

dxo () = 7T--
R - z' 

dxo 
sin{):::O-R ' - z 

sin' () :::0 0, 

dxo 
N = ax- 2Txz R-' - z 

dxo 
T = Txz +(ax-az) -R . -z 

cos () :::0 - I ; 

( 
0 ' 

Further , on this face the tangential force para llel to Oy is not simply - Txy + : X?/ dXo) dy d z . 
ox 

d z 
One must add a force Tyz -R dxo dy as can be seen by considering the little triangular 

-z 

prism of which this face is a side. The equa tions of equilibrium can now be written 

or finall y 

oax N - ax OTxy OTxz . - +--+--+- = pg SIn (1., 
oxo dxo oy dz 

OTXY Oay OTyZ Tyz - +- +- - -- = 0 
oXo oy oz R - z ' 

OTxz Txz - T OTyZ oaz --+---+ - +- = pg cos (1. 
oxo dxo oy oz ' 

oax R 2Txz OTX?/ OTxz . ------+--+-- = pgsmrr. 
Ox R - z R -z oy oz ' 

OTxy R Oay c!TyZ Tyz 
---+- +- - - -0 Ox R - z oy oz R - z - , 

OTXZ R ax-az OTyZ 2az ----+---+-,,-+- = pgcosrr.. ox R - z R -z oy OZ 

Analogous correction terms en ter into the strains as examination of Figure 5 shows. 
Their Equations (12) must be replaced by 

ou R w 
Exx= ---- -

ox R - z R - z' 

ov 
Eyy = oy' 

ow 
Ezz = OZ' 

I [ OV ow] 
Eyz = ;- oz + oy , 

I [OU OW R u] 
Exz = - - +- --+--

2 oz ox R - z R - z' 

I [OV Ow] 
EXY =;- oz + oy . 

The aij and the Etj having been thus corrected, the Levy-Mises equations ( I ) remain valid. 
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CALCU LATION OF THE DEFORMATIONS AROUND T HE ORIGIN IN THE G ENERAL CASE 

A good photogrammetric survey of the surface allows the determina tion of the slop e IX (X), 
a nd thence of the curvatUl-e I /R = d lX/dx a nd even , with rather low precision , the varia tion 
of this curvatu re d 'lX/dx'_ It is illusive to wish to go fu rther. We sha ll therefore pu t 

d lX I 

dx = R = f + f 'x + O, (x), 

which implies 
R 

-R = I+ r Z+ O" - z f(55) 
R-z J 

Furthermore, in general , the wid th of the ice stream varies, a nd the problem ceases to be 
pla n e_ , ,ye nevertheless assume the va lley to be rectilinear and thus the plane y = 0 to be a 
symmetry plane for the flow (a t least to the third-order terms in x,y and z)- v being the com
ponent of velocity in the transverse direction Oy, its expansion is a n odd fun ction ofy, while for 
u and w it is an even fun ction . W e sha ll pu t 

(56) 

assuming that terms in yz do not exist. (This amounts to assuming tha t flow lines starting 
from points wi th the sam e x a nd y have a n identi cal proj ection on the glacier surface a t least 
to terms of third order. ) With this hypothesis, one can determine A and A' graphically . If 
Y is the width of a n ice stream, its varia tion a long O x is 

Id Y r dx = A+A'x+ O,(x). 

\,ye retain for u and w the Equa tions ( 17), with supplem entary terms in yz. The expa nsions 
of the yelocities can then be wri tten 

u = uo+ ax + e'z+ mx' + 2e'xz+(m' - k)Z' - .ry' + 0 3, 
w = wo - ex-a' z - ex' - 2m'xz-e"z' - sy' + 0 3' 

A nd taking account of Equa tion (56) 

v = uoAy+(aA + uoA' ) xy+e'Ayz+ OJ' 

Equations (49) then give the stra in-rates 

Exx = (a-wo r ) +(2m + er - Wo r ' ) x +(2e' +ar + aT -wo f ' ) z + O" 
Eyy = uoA + (aA + uoA' ) x+ e'Az + O" 
Ezz = - a' - 2m'x - 2e "z + O" 

2 E;cz = (e' - e+ uo r ) + (2e' - 2e+ ar + Uo f ') x+ (- 2k-e f +eT + uo r z) z+ O" 
2Exy = ( - 25+ aA -j- lIo A ' )y+ 0 " 
2Eyz = ( - 25' + e'A )y + 0 2. 

}(58) 

EXX + Eyy + EZZ = 0 everywhere, while Exz and Eyz disappear for z = o. This determi nes 
all the unknown coeffici ents except k. In the expressions below the terms in e, e and Wo, put 
on the extrem e right, are usua lly negligible. 

a' = a + UoA -wo f , 
C' = - Uo r + c, 

2 5' = - lIo r A + eA 
2m' = aA + uo A' + zm + er -wo r', 
2e' = - af - uo f ' + ze, 
2e" = af - liD f' + ze + eA-2wo f'. 
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I t can be seen that s' can be determined from measurements of the displacement of stakes, 
at least in theory. If we have been able to find such a relation determining s', it is because we 
have imposed the limitation that lines of greatest slope shall be parallel to Ox. 

With Equations (61 ), the shear strain-rates parallel to the surface are reduced to 

EXZ = - kz+ Oz, 
EyZ = Oz. } (62 ) 

Until now we have only had an estimate due to Nye (1959), made under the assumption 
that Wo = e = c = m = A = o. The Exx is reduced to 

Exx = a(l+fz) - uo f' z. 

Nye supposes that, when the sliding is rapid (uo = Ub) , Exx = 0 for z = ~h. Thus 

a ~ t Ub f' h. (64) 
He then applies his classical solution to calculate the stresses, although it is not valid except 
for a uniform layer of ice. However, the thickness ceases to be uniform as soon as the surface 
is curved . The actual calculation of the stresses is more subtle, and involves r. 

CALCULATION OF THE STRESSES IN THE GENERAL CASE 

The method used to calculate the stresses for the plane problem and a flat surface can be 
extended to cover the general case. We shall confine ourselves to finding the first-order terms. 

The symmetry of the flow with respect to the plane y = 0, and Equations (59) and (60) 
for the strain-rate components to which the stress deviator components are proportional , 
show that ax, ay, az, and Txz must be even functions ofy, while Txy and Txz must be odd 
functions . W e sha ll therefore put a priori, so as also to satisfy the bounda ry conditions for 
z = 0 , 

ax = (H-4A)-8Mx+(pgcos~-8E) z+ 02 ' 
ay = (H - 2A' ) - 4M'x+(pg cos ~-4E' ) z+ O z, 

az = H+(pgcoS~+fL ) z + O" 
Txz = (pg sin et. + fL' ) z + O" 
Txy = 4Sy+ Oz, 
Tyz = Oz . 

The equilibrium conditions, Equations (52 ), give that 

- 8M+ 4S+ fL ' = 0 , 

- 4Af + fL = o. 

The L evy-Mises equations can be written 

3Eyy -Exz - Eyz - EXY 
----~~---- = ---- = ---- = ----

21) - 2a x+ ay+ az - 2ay + az+ ax Txz Tye Ta-y 

(65) 

(there is no need to add the ratio - Ezz /a;, because we have a lready taken account of the 
conservation of volume) . 

At the origin itself these equations give 

(Y) 3(a-wo f ) 3uo A 2k 2s - aA - uo A' 
:;: 0 = 4A - A' = 'lA' - 'lA = pg sin ~+8M - 4S = 2S . 

(68) 

For small deviations starting from this state, it is the differential viscosity which enters. 
A variation of x gives 

a variation of z 
(
dy) = 3(2m+ cf-wo f ' ) = 3(aA+ uoA' ) . 
dT 0 8M- 2M' 4M' - M ' 

(
dy) = 3(af - uo f' + uo rA + 2e - 2wo r z) 
dT 0 8E- 2E' + 2Ar 

3(cA - uo fA) 
4E' - 4E + 2Ar' 

(69) 
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From Equations (68) and (69) we deduce that 

2A (Y/T)o = 2(a- wo f ) + uo A, 
A' (yHo = (a- wo r) + 2uoA, 

4M(dy/dT )o = 2(2m+ cf - wo f ') + (aA + uo N ), 
2M' (dy/dT )o = (2m + cf - wo f ') + 2(aA + uo N ), 

2S(Y/T)o = 2s-(a+ uo N ). 

To simplify this, we shall define n by the equation 

(dy/dT)o = n(Y/T)o 

even if we a re not adopting Glen's flow law. 
M and S being known, we deduce k from Equation (68) 

pg sin a (y) 2(2m + cf - wo f ') (I) 
k = -- - + 2S + 1+- (aA + uoA' ). 

2 T on n 

Fina lly, from Equation (70) we deduce E and E'. These calculations give 

4E(dy/dT )o = 4e-2Uo f' -(2n - 2) af -(n- l ) Uo fA + cA + (2n-4) Wo f z, 
'lE' (dy /dT )o = 'le - uo f' - (41l - I ) af-('ln + I) Uo fA + 'lCA + (4n- 2) Wo f z, 

(4E+ 2Af)(dy/dT )o = 4e - 2uo f ' + 2af + uo fA + cA - 4Wo f 2. 

For the calculation of the fri ction we need 

Txz ~ 2kz/(Y /T)O, 
Haz - a x) ~ 2A + 4Mx+(4E+ 2Ar)z, 
t(az + ax ) ~ H - 2A - 4Mx+(pgcosa-4E+ 2Ar)z. 

To calculate (Y/T)O and (dy/dT)o, we start from the general expression for y, 

!y2 = HE:rx2 +Eyy' + Ezz2
) + ExZ2 + EXy2 + EyZz. 

At the origin the effective strain-rate is 

yo = 2[(a- wo f )z+ (uo A )z+ (a-wo f )uo A)rlz. 

If we adopt the flow law given by Equation (4), 

yo = Bo To+ B, To3+ B2 T05, 

\I\Te calculate To, then YO /To and 

(dy/dT)o = B o+3B, Toz + 5B, T04 , 

If we adopt Glen's law, we would have directly 

(~) o = B(~) (n - I) / n 

but we have to verify that a ~ 2mx+ 2ez. 

ApPLICATION TO A P ARTICULAR CASE 

197 

(77) 

(80) 

We have applied the above equations to the ice fall of the Mer de Glace (in the wide sense) 
between the place called " la Bediere" and the Glacier du Tacul. We have available a stereo
plot at I : 10000 made by the Institu t Geographique National from their aeria l coverage in 
1958, measurements of surface velocity made between 13 April and 20 July 1960 (Lliboutry 
and others, 1962 ) and in the lower part several seismic reflection sites (Vallon, 1961 ) . Figure 
6 shows a map of the area. 

The first problem is to determine the central ice flow line. This is indicated by the medial 
moraines coming from la Noire and Petit Rognon, and by the septum called " la Bediere", 
which marks the confluence of the Glacier du Geant with the Vallee Blanche, a septum the 
trace of which is found again immediately below the seracs a nd which we shall take as the 
western limit of the ice stream. We are also guided by the series of large transverse crevasses 
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DU~ TACUL 

\ 
Fig. 6. !l1ap of the region studied after the stereo-plot of the Institll t Ceographi que National (aerial photography in 1958) . 

Smoothed contour lines. Only the largest crevasses and the cliff ~r seracs are indicated. The arrows represent the displacement 
in 1 0 0 d. The ice stream studied is bounded by the dashed lines. 

of the Glacier du Geant and by the shape of the contour lines. This ice stream is only rec ti
linear for about 800 m. On either side it curves, but, of the six points studied, only the two 
most down-glacier (E and F) are off the rectilinear portion . 

A more troublesome fact is that, in the lower part, seismic soundings have shown that the 
rock bed deepens towards the right margin (east side), the thickness of the glacier (measured 
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perpendicular to the slope) there reaches 390 m , whereas it is only some 2 80 m near the centre, 
and doubtless even less at the left m argin . This shows itself on the surface by the fact that the 
contour lines cease to be perpendicular to the ice flow, and tha t the maximum velocity is 
displaced towa rds the right margin . 

---3000------------------------

--- - /Tlll 

Fig. 7. Longitudinal cross-section . Three longihdinal profiles of the surface separated from each other by l OO m have been 
included. T he curvilinear axes based on the mean /)rofile are shown. (a) : B edrock esti:nated from a first analysis of the 
velocities (this paper ), (b) : Bedrock determined by seismic rejlexion ( Vallon, 19 6 1) . 

T aking account of the whole m ass ba lance of the g lacier, the discharge of the cen tral ice 
stream must be between 12 a nd 15 hm 2/year. T he observed thicknesses (if they are not the 
result of erroneous interpretation of the seismogram s) lead to a discha rge of at least 20 hm3/ 

year . However, it seems tha t in this lower part the ice stream coming from the right side of 
the Glacier du Gean t disappears from the surface; it plunges in the place indicated and the 
centra l ice stream superposes itself partially on top of it. 

T he conclusion is tha t the resul ts found for points E and F will doubtl ess be onl y gross 
approximations. 

Longitudinal profiles a long the axis of flow and 100 m to either side of it a re shown in 
Figure 7. They allow us to trace the m ean surface, that is to say the x-axis, and to gradua te it . 
W e can then determine IX (X) graphically, and its d erivative (f + f 'x). In order that f ' should 
not take very high values, som e adjustments are made to these curves. In this way a certa in 
amount of smoothing is done, necessarily som ewha t subjectively. (T his will be improved in 
proper calculations to be carried out la ter by a procedure which is more a utoma tic a nd 
objective. ) The d etermina tion of the width of the ice current r and i ts logarithmic derivative 
(A + Nx ) is easier. All these functions of x are plo tted in Figure 8. 

The determination of u(x), very high in this region, cannot be done to the precision we 
would wish for a fundamental reason, which is not entirely dissimila r from H eisenberg's 
uncertainty principle in quantum physics. If one m easures the displacem ent over a very short 
time, the location is perfectl y d eterminate, but the velocity is perturbed by seasonal or random 
perturba tions (rela ted to the opening of crevasses, the toppling of seracs, the collapse of sub
glacia l cavi ti es) . If one m easures the displacem en t between two instants more separated in time, 
one has a good average velocity with time, but relative to a poorly d efined location . H ere 
again we must seek to m ake the derivative (a+ 2mx) as smooth as possible. 

As for w(x) and its d erivative (- c- 2ex) , we shall accept tha t these are practically equal 
to the balance, itself not known very precisely because the annual displacement is too large, 
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Fig. 8. Determination of various parameters which appear ill the study of the flow. 
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and because it is not possible to place stakes in the region with seracs . This is however un
important as the corresponding terms are negligible in the calculations. 

It remains to determine s. It can be estimated starting from the fact that at the top of the 
ice fall the crevasses are straight and at the bottom ogives appear which are markedly arcuate. 
The centre has travelled a distance L, the margins a distance L - /),L. Assuming that the ratio 
of the surface velocities along the axis of the stream and at the edges is independent of x, 

srz/uo= L/L. (81 ) 

In this way we find s = 1.72 x 1O- 6uo m - Z (uo in m /year) . 
The values of the velocity coefficients taking successively as origin each of the six points 

A , B, C, ... , F marked on Figure 7, are presented in Table H . Apart from the last, these 
points have been chosen in such a way that either for f ' is zero ; this simplifies the calcula-
tions. 

TABLE 11. I NITIAL NUMERICAL VALUES 

Points A B C D E F 

x - 430 0 155 420 730 1 000 m 

ta n a 0.28 0.61 0.40 0.055 0.27 0.11 
r x 10' 13 0 - 27 0 0 - 8.5 m - ' 
r ' X 106 0 - 5·5 0 3.2 - 11.6 5 .8 m - ' 

r 470 420 360 300 270 280 m 
A X 104 - 2·7 - 7·4 - 7.8 - 4.2 0 2.2 m- ' 
_\. ' X 106 4.6 - 1·9 0.8 1.5 1.3 0·7 m - ' 

11 0 880 540 400 280 3 10 2 15 m year- ' 
a X 10' 0 - 106 - 75 0 - 35 - 20 year- I 

2m X 10' - 70 14 24 34 - 28 9 111 - 1 year- I 

W o - 0.6 - 1.8 - 2.2 - 2·5 - 2.6 - 2·9 m year- I 
e X 10 2 0.1 0 0.3 1 0.24 0.03 0 .09 0 .09 year~ 1 

2e X 10' 0.06 0 - 0.08 0 0 0 111 - 1 year - I 

S X 10' 15. 1 9·3 6·9 4.8 5 ·3 3·7 In - I year- I 

CALCULATION OF THE VELOC ITIES AT D EPTH AND DETERM INATION OF THE ROCK B ED 

The calculation of the effective variables has been carried out using Glen 's law and using 
the polynomial proposed in Equation (7) . As Table In shows, the r esults are not very 
different . We sha ll here follow the calculations using Equation (7). 

T AB LE Ill . EFFECTIVE VARIABLES AT T H E ORIGIN 

A B C 0 E F 

a- wor = a 0 - 1.06 - 0·75 0 - 0·35 - 0 .20 year- I 
uoA -0.238 - 0.400 - 0.3 12 - 0.118 0 0.047 year- I 
yo 0-476 2.6 1 1.89 0.236 0.70 0.362 year- I 

G len's law { To 1.120 1.680 1.555 0·949 1.228 1.049 
n = 4.2 (y jT)o 0.425 1·553 1. 217 0.250 0.570 0·345 

Polynomial {TO 1·345 2.038 1.890 1.105 1.486 1.249 
law, (yjT)o 0·354 1.280 1.000 0. 21 4 0-47 1 0.290 
Equation (7) n 3·77 4.38 4.28 3.40 3·93 3.64 

T he velocities a t d epth below the origin , bearing in mind that the terms in c and Wo are 
negligible, are given by 

u :::::; uo-uo f z -(k- m' )zz, 
w :::::; wo - (a+ uo A )z - t(af - uo f' )z'. 

with k - m' = pg sin (I. (i.) + (±- I) m+ (~ + !..) (aA+ uoA')- 2S. 
2 T o 11 2 n 

These coefficients are given in Table IV, and the corresponding profiles in F igure 9. 
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Fig. 9. Velocity profiles at variolls points of the ice fall, and most probable level of bedrock. 

TABLE IV. DETERMINATION OF THE VELOCITIES AT DEPTH AND OF THE ROCK BED 

A B C D E F 

c' = - uor - 1.15 0 1.08 0 0 0.24 year- ' 
(k - m') x 104 70 .4 294 168 11.4 56.1 15.0 m - I year- 1 

a' = a + lloA - 0.24 - 1.46 - 1.06 - 0.12 - 0·35 - 0.25 year- ' 
e" X 104 = H ar - llol") X 10' 0 14.8 10.1 - 4·5 18.0 - 5·4 m - I year- l 

h 34 64·3 92.5 161 220 210 m 
q, X 10- 6 13·7 13·5 13·4 13.2 13.0 12.8 m l year- ' 
ll/L 833 4 18 357 250 39 199 nl year- I 
Wh 8.1 86 87 28·4 - 12.6 73 nl year- I 
a - f3 - 33' - 11 0 38' - 13° 42' _ 6° 32' - 20 0 2I~ 

The velocity vectors being given in the longitudinal profile (Fig. 7), the line of the rock 
bed can be found with sufficient precision if we do not have the difficulties indicated above for 
the points E and F. A more exact calculation will be made when the surface velocities have 
been measured with more precision (a ) in the ice fall by terrestrial photogrammetry from the 
region of the Requin hut, (b) near "la Bediere" with the help of accumulation stakes (square
sectioned steel tubes, anchored at their bases) whose position could be determined by inter
section from fixed points. These measurements are now in progress. 

Table IV also contains the thicknesses h thus found, and the corresponding values of the 
discharge 4>, ofu, W and (<x-~) . Between two points the variation in discharge must be equal 
to the sum of the balance over all surfaces of the ice stream. This allows us, if we suppose one 
value of h to be perfectly known, to determine the others with precision. In the present case h 
at the lower extremity has been measured by seismic reflexion and the values of b in this 
region by ablation stakes (Vallon, 1961 ). The equilibrium line b = 0 can be located by 
visual inspection. We note that at the point E, where Uh and Wh become small, the calculation 
of <X-~ breaks down. 
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c:.,\LCl· LATION OF THE STRESSES AND FRICTION 

To calculate the stresses, we must calculate at each point 

2a + uo A 
2A ~ (Y/T)O' 

211o f' (I)' 
4E ~ - (dy/dT)o + 2Af ;;- I . 

203 

These values are given in Table V, as are those of k given by Equation (73) . 2A is the 
value of ~- ( az - ax) at the surface. Against the bedrock, the values of T u, Haz - ax) and 
~ ( a, - ax) are d educed from Equa tions (75) with x = 0, Z = h. From these the frictionfand 
the normal pressure N are deduced using Equations (32 ) and (33). 

TABLE V. CALCU LAT[ON OF THE STRESSES ">iD FR[CTION 

A B C D E F 

k x 10' 0.556 3.047 [ .843 0. 305 0 ·44 [ 0.20 [ year- I nl - 1 

2.1 - 0.67 - 1.97 - 1.8 [ - 0·55 - 1,49 - 1. 22 bar 
2.1r X 10' - 8.7 0 49 0 0 10·4 bar m - ' 
4E x 10' 6·4 [0.6 - 37.6 - 24·7 38 .8 - 31.2 b a r m - ' 

For z= h: 
T n 1.07 3.06 3.4 1 4.60 4·Il 2.9 1 bar 
H az - ax) - 0.68 - 1.96 - 1.71 -0·95 - 0.63 - [ .66 bar 
H az+ ax) - H 3·47 6·74 9.80 14·95 19. 13 20.27 bar 
f 1.06 2.04 2.25 4.28 (4) ( I.I ) bar 
N - H ';1.78 3·73 6.7 1 [2.98 ( [8.5) ( '7. I) bar 
U 834 427 368 252 (40) (2 [0) m year- l 

(The numbers in parentheses are very imprecise. ) 

Between A and D , the sliding velocity U decreases from 834 to 252 m /year, while the 
friction increases from 1.06 to 4.28 bar. For these high-sliding velocities, the friction appears 
to be la rgely proportional to the normal pressure N - H . 

These provisional results, imprecise as they are, are manifestly contrary to W eertman's 
theory according to which the friction varies in the same direction as the velocity, the pressure 
having no influence. They seem on the other hand to agree with my theory (Lliboutry, 1968, 
in press) . For the "global" fri ction , in which the effect of large-scale undulations of the bed
rock is included , we find a friction that is practically independent of the velocity and largely 
proportional to the pressure. But here it is the "detailed fri ction" which enters, in which one 
limits oneself to considering the effect of undulations of wavelength A, (several m etres), A3 
(several decimetres), and A4 (several millimetres). One then finds a friction which varies in 
the opposite direction to the velocity, and always in the sam e direction as the normal pressure. 

The roughness r which com es into the theory seems to have to be equal to 0.3 or more, 
contrary to what has been assumed up to now. The numerical calculations of my sliding 
theory ought to be repeated for large values of the roughness to a llow a quantitative com
pa n son. 

The low value of the friction found at the point F despite a sliding velocity that is still high 
a nd a thickness also still high , probably arises because the ice stream studied has been partially 
superposed on another. 

CONCLUSIONS 

This numerical example has been presented more to indicate the procedure to be adopted 
than to arrive at definite results. In order to improve it, it is necessary (a ) to take points 
separated from each other by a distance approximately equal to the thickness of the glacier 
at the point in question , (b ) determine the thicknesses both above and below the ice fall by a 
good seismic survey. 

https://doi.org/10.3189/S002214300003118X Published online by Cambridge University Press

https://doi.org/10.3189/S002214300003118X


204 JOURNAL OF GLACIOLOGY 

One can also study zones which are less rapid, and where the thickness has been able to be 
determined directly in other ways. However, it would then be necessary to approximate to 
the velocities and stresses by polynomials of higher order. 

In this way we may hope to obtain rapidly numerous simultaneous values of], Nand U, 
and to determine experimentally in an irrefutable way the law offriction of temperate glaciers . 

MS. received 22 August 1968 and in revised form 22 November 1968 
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APPENDIX 

Let us suppose that a law of Glen's form , with n between 3 and 5, su ita bly represents three pa irs of va lues 
(a, YI ), (b, Y') , (c, h). If we calculate B o, BI and B, on the basis of these three points, we would find Bo negative, 
which is physically absurd. 

The proof of this depends on the fact that the determinant 

1> = I: ~ ~;:: I 
I y y1t1 

with 0 < a < f3 < y and III > I is positive. It can be written as 

1> = I~ f3~a f3m~lam l = (f3 - a)(y"' _ f3m )_(y _ f3 )( f3m - am ) . 
o y - f3 ym - f3'" 

In the extreme right-hand side, the quantities in parentheses a re a ll positive. As III > I , the curve] = XIII S 

concave upwards , and 
y11t -fJm. {3m - a111 

--- > ---y - fJ f3 - a . 
It follows that 1> > o. 

Now let us write down the equat ions which determine B o, B. and B , 
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From this we deduce that 

DYNAMIC S OF TEMPERATE GLACIERS 

Ba" = Boa+ B, aJ , B ,a'. 
B b" = Bo b+ B, bJ+ B , b' . 
Bc" = Bo b+ B, b3, B , b' . 

Bla
n 

a
l 

ail Bla a" a'l Bo = - bn bl b:' B , = - b bn b'. 
~ en c l c' ~ c c" c' 

B , = - b bl B la a
l 

~ c c l 

where ~ = I~ ~ : Z;I = abc (a' - b' )(b' - c' )(e' - a' ) 
c c3 c:> 

> 0 

B 1I an- 3 (an- l) ,,,n- J> I 
Bo = _ _ a3b3c3 I bn- 3 (bn- 1)Z / (n - 31, 

6. I C11 - 3 (cn- J)1/ (n- 3J 

H ence 

B, = - abc I bn- ' (b"- ' )4/(n - ') , 
B I I an- ' (an - ' )m n- " I 

D.. I C" - ' (cn- I ) 4f(n - J
) 

B , = !!. abe 1 b' (b' )' '' - ' )/'. 
1

1 a' (a')'U-'I /'1 
(I,. 1 c' (c' )'n- ') /' 

ali i b'" . 
en 

Since we have assumed 3 < n < 5, 2/(n- 3) > I , 4/(n- I ) > I and (n- 1)/2 > I. So, by virtue of the 
theorem proved above, these three last determinants a re pos itive, a nd thus 

Bo < 0, B , > 0 , B, > o. 

One can trea t in a similar ma nner the case when Il is outside the interva l from 3 to 5. A simple heurist ic 
argument is as follows: 
For n = 3, Bo = B, = 0 . Thus when n passes through the va lue 3, Bo a nd B, change sign. Thus for 1 < n < 3 

B o > 0 , 

For n = 5, Bo = B, = 0. Thus for n > 5 

B o > 0, 

B, > 0, 

B, < 0 , 

B , < 0 . 

B, > o. 
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