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Helicoidal Minimal Surfaces in a
Finsler Space of Randers Type

Roséngela Maria da Silva and Keti Tenenblat

Abstract. 'We consider the Finsler space (M, F) obtained by perturbing the Euclidean metric of R
by a rotation. It is the open region of R? bounded by a cylinder with a Randers metric. Using the
Busemann—Hausdorff volume form, we obtain the differential equation that characterizes the heli-
coidal minimal surfaces in M°. We prove that the helicoid is a minimal surface in M only if the axis
of the helicoid is the axis of the cylinder. Moreover, we prove that, in the Randers space (ﬁ3, F), the
only minimal surfaces in the Bonnet family with fixed axis OX> are the catenoids and the helicoids.

1 Introduction

The development of the theory of minimal surfaces in Finsler spaces started about
ten years ago, in contrast with the theory of minimal surfaces in Riemannian spaces,
which has been studied for many years with contributions from many authors. In
1998, Z. Shen [6] studied submanifolds of a Finsler space and he introduced the
notion of a mean curvature form 3, for an immersion ¢ of a manifold into a Finsler
space using the Busemann—Hausdorff volume form. An immersion ¢ is said to be
minimal if H, = 0. In 2003, M. Souza and the second author [11] presented the first
nontrivial examples of minimal surfaces in the Randers space obtained by perturbing
the Euclidean metric in IR® by a translation. In 2004, they obtained a Bernstein type
theorem for this space in collaboration with J. Spruck [10]. They showed that the
partial differential equation that describes a minimal graph is elliptic when the norm
of the translation b is such that 0 < b < /3 /3. However, in contrast with the
Riemannian case, the equation is not elliptic for v/3/3 < b < 1. Moreover, minimal
surfaces in Finsler spaces may have isolated singularities.

Considering the same Randers space, He and Shen [5] proved a Bernstein type
theorem for minimal graphs using the Holmes—Thompson volume form and Wu
[12] studied surfaces that are minimal with respect to both the Busemann—Hausdorff
and the Holmes—-Thompson volume forms. One should mention that He and Shen
also proved that the Holmes—Thompson volume form for a Randers metric F = a+[3
is just the volume form of the Riemannian metric .. Other interesting results on
minimal surfaces in Finsler spaces were also obtained by Cui and Shen [3,4].
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In [9], we studied minimal surfaces in the Finsler space, (Ma, F), generated by
the Euclidean metric of R® perturbed by a rotation. It is the open region of R’
bounded by a cylinder of radius 1 with a Randers metric [2] (see also [9]). One
should point out that the ambient space (M F) is a Randers manifold with zero flag
curvature. This fact was proved by Shen in [8]. Using the Busemann—Hausdorff vol-
ume form, in [9] we proved that the only minimal surfaces of rotation in this space
are the catenoids contained in M, generated by the rotation of a catenary around
the axis of the cylinder. There are no minimal surfaces of rotation whose rotational
axis is different from the axis of the cylinder. We also obtalned the partial differen-
tial equations that characterizes the minimal surfaces in M’ that are the graph of a
function. We proved that the only planar regions that are minimal in (M, M, F) are the
open disks bounded by the parallels of the cylinder and the strips of planes generated
by the intersection of M’ with the planes of R? that contain the cylinder axis.

In this paper, we study minimal helicoidal surfaces in (M3 F). In Section 3, we
obtaln the differential equation that charaterizes the helicoidal minimal surfaces in
(M F), with respect to the Busemann- Hausdorff volume form (Theorem 3.3). We
show that the helicoid is a mmlmal surface in M (Corollary 3.4), and that a helicoid
is a minimal surface in M , only if the axis of the helicoid is the axis of the cylinder
(Theorem 3.5). In Section 4, (Theorem 4.3) we show that the only minimal surfaces
in the one-parameter family of surfaces called the Bonnet family, with the fixed axis
of the cylindrical region (Maf), are the catenoids and the helicoids.

2 Preliminaries

Let M be a C*° n-dimensional manifold. A point of the tangent bundle TM will be
denoted by (x, y), where x € M, y € T, M. If we consider local coordinates x!, . .. | x"
on M, then 9/9x' and dx’ will be bases for T, M and T} M respectively.

A Finsler metric on M is a function F: TM—[0, c0) that satisfies the following
conditions: (Regularity) F € C* in TM \ {0}; (Positive homogeneity) F(x,ty) =
tF(x,y), Vt > 0, (x, y) € TM; (Strong convexity) g = (gi;(x, y)) = (%[Fz(x, Y)yiyi)
is positive definite at each point of TM \ {0}, where y = 3" y'9/0x’. One can show
that this property is independent of the local coordinates. Then (M, F) is said to be a
Finsler manifold.

An interesting class of Finsler metrics on M are the Randers metrics. Such a metric
is given by

(2.1) F(x,y) = alx, y) + B(x, y),

where

(2.2) alx,y) = /a;j(x)yiyi,  Blx,y) = b(x)yF,

and a;; are the components of a Riemannian metric, a'/ denotes its inverse and by are
the components of a 1-form (3, whose norm

(2.3) b= \/aibbj,

satisfies 0 < b < 1. Then (M, F) is said to be a Randers space.
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Let (M", F) be an oriented Finsler manifold. For a fixed pointx € M, let {e;|, }1,
be an arbitrary oriented basis of .M and {6}, its dual basis. Let

(2.4) DI :={(y)) ER": F(x,y'e;) < 1}.
The Busemann—Hausdorff volume form of a Finsler metric F is defined as
1(B"
AVe = op()0 A A0, where op(x) = YO
vol(ID7)

B" is the unit ball of R"” and vol is the Euclidean volume.

Proposition 2.1 ([7]) Let (M",F) be a Randers space, where the metric F = a + [
is given by (2.1)—(2.2) and the norm of 8, b = ||B|| < 1, is defined by (2.3). Then the
volume form is given by

Avy = (1 — 18Il ) det(a,](x)) dxy - - dx,,.

In what follows we will use the following convention for indices: greek letters ~,
7,1, &, ... for indices from 1 to n + 1, latin letters 4, j, k, I, . .. for indices from 1 to
n. We will also use the Einstein convention for repeated indices.

We now consider an immersion ¢: M" — (M"*!, F), where F is a Finsler metric.
Then the induced metric on M, given by F := gp*f , is also a Finsler metric (see [6])
and the volume element induced on (M, F) by the immersion is defined by dVy =

S(x, z)dx, where S(x, z) 1= :51]((]8 L xeM,z= (z), with
oLl
n._
(2.5) z) = P

B" is the unit ball in R”, vol is the Euclidean volume,

DI = {(yl, oY) € RYF(x, yizga/) <1}
and e, is a local frame for M"', We introduce the following notation
(2.6) x1 = o"(x).

The concept of mean curvature form H,, of the immersion ¢ was introduced by Z.
Shen [6] as follows. Consider a variation of an immersion ¢;: M — M,t € (—¢,e),
such that ¢, = ¢y away from a compact set (2. By considering the variational vector
field X = 0wy /Ot|i—o one defines

he(X) = [ In S(¢: (x), Vi ()] ,_,
Let ¢ = g, F = ¢*Fand V(¢) = vol(Q, @} *F), then one can show that
VO = [ [0 - div @) dVe.
M

where P(X) = S (2)Xe;.

\sz) Hz
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Now let o: M — (M™, F) be an immersion. Given any vector field X of M along
M, there exists a variation ¢, of ¢, whose variational vector filed is X. The mean
curvature form of ¢, },, is a 1-form on M restricted to (M) defined by

H,(Xe) = Pu(X) — div (PX))]s-

In local coordinates, considering the basis &/0x and 9/0x" one has

1 ajfgn 0

¥ 5, 0% X' -
X ) X = 397" Oxi

b®) = 5 (52X

s\ow” " o7 ox

Hence, H, (X) is independent of the variation and it is given by

(2.7) H,(X) =

ox" 0x°0z] Ox' 0z]0z; Ox'Ox

1{8% O*S 0p° PSS O*yf })?".

R}

One can show that the mean curvature form has the following properties: a) f]{p()’(vx)
depends linearly on X, at each point x € M; b) H,(v) = 0, W = ¢.(v),v €
T.M,x € M.

An immersion ¢ is said to be minimal if 9{99()?) =0, VX € TW(X)ZVI. It follows
from the properties a) and b) that, in order to verify that an immersion is minimal,
it is sufficient to show that 3, (X) = 0, for a vector field X such that Vx € M , X, €
ToyM \ T p(M).

The Zermelo navigation problem consists in choosing the paths that go from one
point to another, in the least possible time, on a Riemannian manifold (M, /) un-
der the influence of a wind or current that is represented by a vector field W on M
whose length satisfies |[W| := /h(W, W) < 1. The solutions of such a problem are
geodesics of a Finsler metric of Randers type that is non-Riemannian except when
W = 0. Conversely, one shows that any Randers metric appears as a solution of
Zermelo’s navigation problem on an appropriate Riemannian manifold, under the
influence of a wind W on M, with |W| < 1. Therefore, a Randers space can be con-

sidered to be a perturbation of a Riemannian space, and the Randers metric is given
by (see [2])

F) = 3 (VIO AF T DR - kW, ), A=1- W],

Let h be the Euclidean metric of R? with coordinates (%', X*, %°). We consider the
Randers space obtained by perturbing h with by the rotation

(2.8) W = (&%, —%',0), where (x')* + (¥*)* < 1.

We then get a Finsler metric of Randers type F = @ + 3, defined on an open region
of R? bounded by a cylinder of radius 1 around the axis OX’, i.e.,

2
(2.9) M = {x € R%Z(x")z < 1},
i=1
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where
(2.10) a(%7) = 1_Z;_l(xi)z\/(xzyl +RT)2 4 Lil(y“)z} [1- g(xl‘)z} :
(2.11) B(x,7) = %
This Randers manifold has zero flag curvature (see [2]) and
1 —2(21)2 —flxz 0
(1- ;(?)2]2 (1— ;(7)2]2
—x'x* 1 — (x%)? 0
e T e D B S cIL
. R
1= 2@

We consider an immersion ¢: M? — (MSJJ). The Finsler metric F induced on
M? by ¢ is also of Randers type (see [1]) and is given by F = « + 3, where for

(x,7) € TM?,
1 A 4 o
(2.13) alx,y) = 3 [—X%z}y' + X122y )% + [Z 2z ylyl] A,
pn=1
Ry 4 2y
(2.14) Blx,y) = XEY TXEY

A b
where we have introduced the notation

2
(2.15) A=1—[WP=1-) (7
k=1

Since B(x, y) = b;(x)y', it follows from (2.14) that

(2.16) bi(x) = —%(zila?z — 225N,

We now denote by A(x) the 2 x 2 matrix given by the restriction of (2.12) to the
immersion, i.e., A;j := awzfz;] . Then

2 2 3
1 1 0
(2.17) Ajj = F{ E zfz];+)\zi32§ - g z,kziagc*?cq =3 E zl 29 +bibj,
k=1 k=1 =1

where b; = b;(x) is given by (2.16).
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We now introduce the notation

T v
(2.18) D™ = det @ 21> . Tow=1,23 T#v,
2 2
(2.19) B:=) (D™),
TV
2
(2.20) C:=)» #DP.
k=1

Observe that D™ = —D"7.
With this notation (see [9]), we have
B—C?
(1-X\NB-C?
2.22 LA
(222) 18P = ==
As an immediate consequence of Proposition 2.1 for n = 2, and equations (2.21)
and (2.22), we obtain the volume element for the Randers space (M?, F).

Lemma 2.2 Let p: M?> — (M, F) be an immersion and let F be the induced Ran-
ders metric on M?* given by (2.13) and (2.14). Then the volume element on (M?, F) is
AV = 3(x, z)dx dx*, where

lw

B
B—C?’
with B and C given by equations (2.19) and (2.20), respectively.

(2.23) S(x,z) =

We define a vector field on M? by N := z; X z,, where z; = (z]) and z, = (23).
Then we can write

(2.24) N = (D*,D’',D"),
where the equality follows from the notation introduced in (2.18).

The following result provides a differential equation that characterizes the mini-
mal surfaces in the Randers space (M, F).

Theorem 2.3 ([9]) Letyp: M? — (M3,F) be an immersion in a Randers space, where
F(x,7) = a(x,y) + B(X,7) is given by (2.10) and (2.11). Consider local coordinates
x = (x!,x?) on M? and let X" = ¢"(x) be the coordinate functions of . Then ¢ is
minimal if and only if

AC 0¢* N oC 9*¢*° ) _CﬁB 0 * }aﬁ
Ox= Ox!~ 0z5 Ox'OxJ 0z; 0x10xi 1 Oz

OB 9*p° -
020z Ox10xJ }N =0

(2.25) { 2B +3C?) [23(

+ (B> — 4BC? + 3C%)

where N =z X 2,z = (z]) = (%ﬁ? ), and B and C are given by equations (2.19) and

(2.20), respectively.
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We conclude this section with a lemma that will simplify the computation of the
last term of equation (2.25).

Lemma 2.4 ([9]) Consider B given by (2.19). Then

0*B & QDE ’ oDH1 ODH
2.26 I8 TP\, ( r o )N,,.
220 0z]0z; Ox' OxJ ;; o T 2y

3 Helicoidal Minimal Surfaces in (M, F)

In this section, we obtain the differential equation that characterizes a helicoidal mi-
nimal surface in the Randers space (M3, F).
Consider the immersion p: M? — (H3,F) defined by

(3.1) o(t,0) := (tcosO,tsinf, f(t)+ad), acR\{0}, O0<t<l1.

This is a helicoidal surface around the axis Ox>. For this immersion, we denote X =
©"(x) given in (2.6) and use the notation introduced in (2.5). Then we have

(3.2) X! = 01t cos O + 0yt sin 6 + 0,3 [f(t) + a&] ,
(3.3) z] = 61 [6yicost + 8,p sin @ + 0,5 (1))
+ 6;n [767]1t sin @ + dy;pt cos 0 + 577311] .

Moreover, from equation (2.18) we get
(3.4)

D™ = [0:16,2t + 01163 (acos O +tf'(t) sin6) + 626,53 (asind — tf'(t) cosb) | ,

T,v=12,3 71<uU.

It follows from (2.19) and (2.20) that B and C are given by

(3.5) B=T+1f"(t) and C = at,
where we introduced the notation

(3.6) I'=a*+1¢%.

Remark 3.1 Observe that (see [9])
ocC

_ k3
(37) % = 577](D 5
6C ~k 3 k k 3
(3.8) Pt [6/1(0ckz3 — 02323) + 012032 — 0ck2))] -
]

Lemma 3.2  For the immersion (t, 0) given by (3.1), considering x' = t, x> = 0,
we have that
(i)

C OC 0¢°
(3.9) oC 0C d¢

N 424/
oo o - TS WB

https://doi.org/10.4153/CMB-2013-047-7 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2013-047-7

772 R. M. da Silva and K. Tenenblat

(ii)

0C 0C 9*¢* o4 "

(3.10) 87582{’ 8xi6xJ’Nn =t/ 1+ f2(1)],
(iii)

0B 0C 82()06 n _ 3 ¢ 12 / 17
(3.11) 92 2] N = 2t FO[1+ 2@ +ef (0 f"0)],
(iv)

2 2, €
(3.12) OB 0% [a2+ T +2F2(6)] f/(6) + Tt £ (t),

0z{ 0z OxiOx

where I is given in (3.6).

Proof (i) Since %ﬁ = z;, we have that
oaC aC 9¢° ., (0C N (OC aC N\ (oC .,
G e N (57) (az;fN> +(54) (ang>'

We will now compute each term on the right-hand side of this equation. Replacing n
by € in (3.7) and using (3.3) and (3.4), we have

aC

%zf = 04DPz = DBz = q,
and .

%Zg = _tzf/(t)
Now replacing € by 77 and considering j = 1 in (3.8), it follows from (3.3) and (3.4)
that
OC 0 A, 3723 12y 223103, 202 2 1
(3.14) 8277N =x (zzD” — ;D) —x* (5D + zD°) = —at“ f' (1),
1

and considering j = 2, we get

oC

3.15 —N" = £[1+ f(1)].
(3.15) o2 [1+ ()]

Substituting each term of the right-hand side of (3.13), we conclude the proof of
Lemma 3.2(i).

(ii) Observe that

>’ 82? 1 2

o Dl x =t, and x~=46.

Hence,

(3.16)

0C OC 9*¢° ocC 925\ 1 0C ocC 9z5\ 1 OC
== N — (22 T ZZ N _J el N ]
0z; 82?8xi8fo (32? at) (82?N ) +(62§ 80) (8z;7N )
From (2.20), and from equations (3.2) and (3.4), we have

aC 0z; _ ;CkaDk3 _

6z§ ot ot
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Analogously, we get

ac oz,
62§%—tf(t).

Substituting the last two equations into (3.16), it follows from (3.15) that (3.10)

holds. o
.. . 2 ¢ z
(iii) Similarly since -2 £ = o4 x' =t,and x> = 0, we have

Ox 0.

c 07 oz
o e = (52 50 () + (5230 (5.

From (2.19) we get

OB 82? B OB _ ” / 11
= =2t[1+ f2(0) +tf (O f" ()],

where the last equality follows from (3.5).

On the other hand, from (3.5) we can see that B does not depend on 6. Hence,
om0 _on_
9z; 06 00

(3.18)

Substituting the last two equations and (3.14) into (3.17), we obtain (3.11).
(iv) For this proof, we will use Lemma 2.4 with x! = ¢ and x* = 0. It follows
from (3.3) and (3.4) that

1 1
Z(z‘faaD; ,Zgaaitﬂ) D” =tcosO[1 — f*(t)] +a[2f'(t) +tf"(t)] sin®,

p#l

Z(z‘faaD;z 72‘2”8%:2) D' =tsinf[1 — f*(t)] —a[2f'(t) +tf"(t)] cos, O

w#2

,ODH3 L ODH ,
Z(zf A )Du:t[zf(t)+tf”(t)].
n#3

Adding the last three equalities, it follows from Lemma 2.4 and (3.5) that equation
(3.12) holds. [ |

The following result provides a differential equation that characterizes the heli-
coidal minimal surfaces in the Randers space (M, F).

Theorem 3.3 Let (M3,F = @+ [3) be the Randers space given by the open region of
R3 bounded by the cylinder of radius 1 around the axis OX’, where & and [3 are defined
by (2.10) and (2.11). Then the helicoidal surface ¢(t,6) = (¢t cos 0, ¢ sin 6, f(t) + af),
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wherea € R\ {0} and 0 < t < 1, is minimal if and only if

(3.19) {[T( +a*) — 4’ (T +2a°)|T — 3a*t* (20 — 3¢%) } f'(1)
+[(30 +2a* — 8a**)T +a't> (3t — 8)| 2 (1)
+[@L+a* (1 —4) | () +t°f7 (1)
+2[T2+6a* 12 F2(t) f(t) + (T + 4a®t)t> (1) £ (¢)
+ (@’ —T)3a? —T)tf"(t) =0,

where I is given in (3.6).

Proof It follows from Theorem 2.3 that ¢ is minimal if and only if for any ¢ and 0,

6C8(p6+8£ 82905 ) _C@ 824,06 :|a£
Ox= Ox' 0z Ox'OxJ 0z; 0x'0x7 1 0z}

O*B  9*p°
+ (B> —4BC? + 3C*)————~— » N7 = 0.
( )6zi" 025 Ox10xJ }

{2(3 +3C%) [23(

From (3.5) we obtain
(3.20) B+3C* =T+ [3a>+ f*(1)] £,
(3.21) B> —4BC* +3C* =T7 + [(3a’t* — 4I)a’
+2(0 = 2a°8) f2(6) + 2 f4(1)] 2.
Therefore, substituting equations (3.5), (3.20), (3.21), and (3.9)—(3.12) given in

Lemma 3.2 in the above expression, we conclude that (3.19) holds. [ |

As an immediate consequence of this result we obtain the following corollary.

Corollary 3.4 Let (M3, F = @+ 3) be the Randers space given by the open region of
R® bounded by the cylinder of radius 1 around the axis Ox°, with @ and 3 given, respec-
tively, by (2.10) and (2.11). Then the helicoids given by ¢(t,0) = (t cos 0, t sin 6, af),

wherea € R\ {0} and 0 < t < 1 are minimal surfaces in (M, F).

Now, we want to show that if the axis of the helicoid is different from the axis of
. . RS .. .. .3 =
the cylinder, i.e., axis Ox°, then the helicoid is not a minimal surface in (M, F).

Theorem 3.5 Let (M ,F = @ + j3) be the Randers space given by the open region of
R® bounded by the cylinder of radius 1 around the axis Ox>, where @ and [3 are given

by (2.10) and (2.11). The helicoid is a minimal surface in (M3,F) only if the axis of the
helicoid is the axis of the cylinder.

Before we prove Theorem 3.5, we will obtain two lemmas. We start observing that
if M is an orthogonal matrix such that det M = 1, then the cofactor matrix is

(3.22) M = M.
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A helicoid in (M, F) with any axis can be locally decribed by
(3.23) ((t,0) :== (tcosB,tsinf, ad) M, a € R\ {0}, 0o<t<l,
where M is a 3 x 3 orthogonal matrix. Without loss of generality, we may consider
detM = 1.
Remark 3.6 For the immersion ((t, #), the elements of the matrix M will be de-
noted by m,,,,. Then
(3.24) X' =t [mln cos 6 + my,, sin 9} + mszy,ad,
(3.25) z! =, [mm cos 0 + my, sin 9]
+ 0;2 [t(—mln sin 6 + my, cos 0) + m3,7a] .

Moreover, from (2.18) and (3.25) we have that

D' = a[my3 sinf — my; cos 0] + ¢ mss,
(3.26) DY = a[—my, sin 0 + my; cos 0] — t ms,,

D = a[my; sin @ — my; cos 0] + t ms,.
From equations (2.24) and (3.26), we have that the vector field N is given by

N = (asinf, —acosf,t)M.

Now using equations (2.19), (2.20), (3.22), (3.24), and (3.26), a straightforward
computation shows that B and C are given as follows.

Lemma 3.7 Considering the immersion ((t,0) given by (3.23), the functions B and
C defined by (2.19) and (2.20) are given by

(3.27) B=da®+1%,

(3.28) C = at mas + t*(my3 cos O — my3 sin 0) — a?0(my3 sin O + my3 cos 6).

By using computations entirely analogous to those in Lemma 3.2 and systemati-
cally using the relation (3.22) we can verify the following result.

Lemma 3.8  For the immersion ((t, ) given by (3.23), we have that
(i)

(3.29)
gzcl” g; gil = B{ ms3 [a20(7m13 sin 0+ miy3 cos 0) — t2 (13 cos O+ my3 sin 9)]
— at(my3 cos 0 + my3 sin 0)(—mp3 cos O + my3 sinf) + atf(1 — m§3)} ,
(ii)
(3.30)
aC 0C 0%

n

= aft(—m3 sin 0 + my3 cos ) [(B + a®)(—my3 sin 0 + my3 cos 0)

87Z§ 0z] OxiOxi

—atmss + a*0(mys cos 0 + my; sin 9)] ,
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(iii)
B C ¢

3.31 9B O T6" 1 — 2Babt(—mis sin 0 9
(31 0z; 0z Ox'0x) abt(—rm; sin 0 + mz3 cos ),
(iv)

’B O

- n _
(3.32) 520 oy =0

where B and C are given by (3.27) and (3.28), respectively.

Proof of Theorem 3.5 We will prove that a helicoid is not a minimal surface in

(Hs, F) if the axis of the helicoid is different from the axis of the cylinder. A heli-
coid around an axis different from Ox° can be locally described by the immersion
C(t,0) = ¢(t,0)M, where ¢(t,0) = (t cos 0, tsin @, af) is a helicoid around Ox> and
M = (m,y) isa 3 x 3 matrix, such that det M = 1.

It follows from Theorem 2.3 that ¢ is minimal if and only if for any ¢ and 6,

(3.33) 2(B+3C1){ 2B[P1(1,0) + Po(t,0)] — CP3(1,0) |
+ (B> — 4BC? + 3C*)P4(t,0) = 0,

where Band C are given by (3.27) and (3.28), and we are denoting by P, (¢, 0)-P4(t, )
the following expressions contained in (2.25):

P (1,) = (23 gf ngN") (t,0),

i (2 )i
o (U 5

Palt,6) (az"aBz 8?:8x1 N7) 6.0).

Observe that P (¢, 0)-P4(t, §) were obtained in terms of the immersion ( in the equa-
tions (3.29)—(3.32) of Lemma 3.8. Therefore, considering § = 0, in these equations
we have, for all ¢,

Pi(t,0) = —Btm3(tmss — amys),
TZ(tao) = 07 3)3(1'70) = 07 T4(ta 0) =0.

Substituting these values into (3.33) and using B # 0, we obtain
m13m33t2 — amyzmyst = O,Vt.
Hence, since a # 0, we have

(335) mi3miz3z — 0 and M3y = 0.
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Similarly, considering # = 7 and (3.35), it follows that, for all ¢,
Pi(t, ) = Baw[(l - m§3)t - am23m33] ,
Py(t, ) = a*mmazmsst® + am(B + az)m§3t,
Ps(t, w) = —2Batwmys,
Py(t,m) = 0.

On the other hand, C(¢, ) = atmss — mast* + a>mwmys.
Substituting these values into (3.33), we have

(1-— m§3)t3 + amayzmast® + a*(1 — m§3 + 2m§3)t — @®myzmzz =0, Vi
Therefore, 1 — m3; = 0 and my3ms3 = 0. Since my3m33 = 0, we conclude that

myz =ty =0 and ms3z = +1. |

4 Helicoidal Minimal Surfaces of the Bonnet Family in (M, F)

Considering the immersion ¥(u, v) given by

(4.1) IY(u,v)= (acos)\cosucoshv+asin/\sinusinhv,
acos Asinucoshv — asin A cos u sinh v, av cos A + au sin )\) .

This parametrization provides a one-parameter family of helicoidal minimal surfaces
in Euclidean space called the Bonnet family. We want to verify which of these surfaces

are minimal in (Ma, F).
Remark 4.1 For the immersion ¥(u, v), given by (4.1), we have
(4.2) "= a{ 01y [cos A cos u cosh v + sin A sin u sinh v]
+ 02 [cos A sin 1 cosh v — sin A cos usinh v] + d3,[v cos A + usin A] } ,
and
(4.3) z!'= a{ 0i1 [5,]1(— cos A sin u cosh v + sin A cos u sinh v)
+ 0,2 (cos A cos 1 cosh v + sin A sin usinh v) + 9,3 sin )\]
+ 0;2 [5,]1 (cos A cos u sinh v + sin A sin u cosh v)
+ 0,2 (cos Asin usinh v — sin A cos u cosh v) + §,3 cos )\] } .
Moreover, from (2.18) and (4.3) we have that
D2 = —4? cosh vsinh v,
(4.4) DY = —a’ sin u cosh v,
D* = a* cos ucosh v.
It follows from (2.19) and (2.20) that B and C are given by

(4.5) B = a*coshv, C = —a’ sin A sinh v cosh v.
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By using computations entirely analogous to those in Lemma 3.2 and Lemma 3.8,
we can verify the following result.

Lemma 4.2  For the immersion 9(u, v) given by (4.1), we have that

(i)
(4.6) %gégi " = a’ cos A cosh® v,
z; Ox® Ox'
(ii)
ac oC 0*°
47) — = T~ NT"=_4’ A h2 h4 —sinZ )\ h2 ‘hz
(4.7) oz 927 00 a’ cos A cosh® v cosh® v — sin® A(cosh? v + sinh® )],
(iif)
0B OC 0%*(¢
4. —_— . N7 = —4 8 . h5 inh
(4.8) 0z 02] D0 a® cos Asin \ cosh’ vsinh v,
(iv)
0*B  9*(°
= N _
(4.9) 5210 0% SN =0

The following result characterizes the surfaces of the Bonnet family that are mini-
mal in (M3, F).

Theorem 4.3 Let (M, F) be the Randers space, F = @ + 3, where M, @, and B are

given by (2.10) and (2.11). Then the only minimal surfaces in M of the Bonnet family
given by (4.1) are the catenoids and the helicoids.

Proof The catenoids were shown to be minimal in [9] and in Theorem 3.5 we
proved that the helicoids around the x° axis are minimal. Substituting equations
(4.5)—(4.9) in the expression (2.25), a straightforward computation shows that
cos Asin® A\ = 0. It follows from (4.1) that if cos A = 0, then the mininal surface
will be a helicoid. On the other hand, if sin A = 0, then the minimal surface will be a
catenoid. [ |
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