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TWISTS OF MATRIX ALGEBRAS
AND SOME SUBGROUPS OF BRAUER GROUPS

WENCHEN CHI

We consider twists of matrix algebras by some continuous characters. There are
some subgroups of Brauer groups arising from these twists. Some results regarding
these subgroups are proved.

1. INTRODUCTION

The idea of twists of vector spaces and algebras by 1-cocycles was considered by
Weil in [8, pp.590-593]. In (3], we considered twists of central simple algebras by some
special 1-cocycles which was motivated by the study of the endomorphism algebra of the
abelian variety attached to a weight-2 newform on I'¢(N) (or on I'y(N) with character
€) (see [2, 3, 5, 6]). There are some subgroups of Brauer groups arising from these
twists. Our purpose in this article is to show some results on these subgroups of Brauer
groups.

To begin with, let Q@ be a fixed algebraic closure of the field of rational numbers
Q, and let Gg = Gal (@/Q) be the Galois group furnished with the Krull topology.
For an arbitrary field F' in Q, we take Q as an algebraic closure of F and denote the
Galois group of @ over F by Gr. Throughout this article, E will be a finite Galois
extension of F sitting inside Q with Galois group Gal (E/F)=T.

Let Homcon, (Gg, E*/F*) be the group of all continuous characters from Gg to
E*/F*, where the multiplicative group E*/F* was given the discrete topology. Let
Br (E/F) be the subgroup of the Brauer group Br(F) consisting of all classes of central
simple F-algebras split by E. Then one has Br(E/F) ~ H?(T, E*). The theory of
twists gives a natural group homomorphism

&: Homeon, (Gg, E*/F*) - Br(E/F)

which can be defined by two ways (see Section 2). Let H(E/F) be the image of ®.
Then H(E/F) is a subgroup of Br(E/F). A natural question is to find out how large
this group H(E/F) is.
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In [2], we showed that if E is an abelian number field, then H(E/F) is contained
in Br(E/F)N S(F), where S(F) is the Schur subgroup of the Brauer group Br(F)
(see [2, Theorem 3.1]). In this paper, we obtain the following results:

(1) Let E be cyclic extension of F. For each a € Homeon. (Gg, E*/F*),
there exists a positive integer No (depending on a) such that if the
Ng-th root of unity is in F, then the class of (Endr E)(a) is trivial. In
particular, if F contains all the roots of unity in @, then H(E/F) = 0.

(i) If E is an arbitrary totally real number field, then H(E/F) is contained
in Br, (F)NBr (E/F), where Br, (F) is the 2-torsion subgroup of Br (F).

(i) f F=Qand E = Q(\/E) is a real quadratic field whose fundamental
unit has norm —1, then H(E/F) = Br(E/F).

2. TWISTS OF MATRIX ALGEBRAS

In this section, we shall recall some of the terminology and properties on the twists
of matrix algebras. For a general reference, we refer to Sections 1, 2, and 4 in [3].

With the same notation as in Section 1, let [E: F] =n andlet Endr E be the ma-
trix algebra of all F-linear operators of the F-vector space E. The multiplicative group
E*/F* can be regarded as a subgroup of the automorphism group Autr (Ends E) as
follows.

For each e in E, e can be regarded as an element in Endg E via multiplication
by e. In this way, E is a maximal subfield of Endr E. For each e in E*, one has the
inner automorphism @ — eae~?! for all a in Endp E. It is trivial if and only if e is
in F*.

In particular, for each a in Homee,, (G, E*/F*), a can be thought of as a
continuous group homomorphism a: Gg — Autp (Endr E). Let ar = al|gp. Re-
garding o (respectively ag) as l-cocycle on Gg (respectively Gr) with values in
Autg (Endr E ®F F), we have the twists (Endr E)(a) and (Endp E)(ar), which are
isomorphic central simple F-algebras (see [3, Propositions (1.2), (2.1)]). Let M(n, F)
be the algebra of n x n matrices over F. Then, by the Skolem—Noether theorem, one
can identify Autg (M (n, F)) with the projective group PGL(n, F). Let

An: H(Gg, PGL(n, F)) — H? (Gp, 1_«") ~ Br(F)
be the coboundary operator defined by the following exact sequence:
1-F - G’L(n, F) — PGL(n, E - 1.

As is well known, H'(GF, GL(n, F)) is trivial. So A, is injective. Let [o]
be the class determined by a in H? (Gp, PGL(n, F)) Then the cohomology class
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of (Endp E)(a) in H'(Gr, PGL(n, F)) equals [a]. Hence the cohomology class of
(Endf E)(e) in H? (G’F, _F‘) equals A,([a]). It is easily seen that (Endr E)(a) is
split by E. So A,([a]) is in H*(T, E*) ~ Br(E/F). We have the following natural
map:

Homeon. (Go, E*/F*) +— H*(Gr, PGL(n, F)) — H*(T, E*) v Br(E/F)
by ar— [a] — Ax([a]) — [(EndFr E)(a)].

On the other hand, suppose we are given « in Homcon. (Gg, E*/F*). For each v
in T', one defines x(g) = v(a(g))/a(g) for all g in Gg, where &(g) is a lift of a(g) to
E*. Tt is obvious that each x, is a well-defined E*-valued Dirichlet character on Gg.
Let X(F) = Hom(Ggq, E*) be the I-module of all E*-valued Dirichlet characters. For
x in X(E) of conductor f, we define the Gauss sum 7(x) by

(x)= Y, x(a)¢$,
1gags
where (; is the primitive f-th root of unity e2*// in Q . For x, x' in X(E), the
Jacobi sum j(x, x') is defined by j(x, x') = 7(x)r(x')/7(xx')- It is easy to check that
the Jacobi sum takes values in E* (see [3, Section 4]).

The map 8,: v — X is easily seen to be a 1-cocycle on I' with values in X(E)
(that is an element of H*(T', X(E))). As is well known [3, Proposition (4.5)], the map
j: I'XT — E* defined by j(v, §) = j(x;l, X; ") is a 2-cocycle in H*(T, E*). Further,
(Endp E)(a) is isomorphic to the crossed product algebra (E/F, j). We then have the
following natural map

Homeon. (G, E*/F*) — HY(T, X(E)) — H*(T, E*) — Br(E/F)
by ar— (07— x4) — 7 =3 (x5 x5 7) — [(E/F, 5)).
PrRoOPOSITION 2.1. The following diagram defined as above commutes.
/ H'(Gf, PGL(n, F)) — H*(T, E*) \

Homeo, (Go, E*/F*
emeon. (Go, B/ )\,HI(I‘,X(E)) -  HXT,E*) /

Br(E/F)

ProoF: This follows immediately from Theorem (4.8) of [3]. 0
Let us denote the composite map of the above diagram by &.
PROPOSITION 2.2. @& is a group homomorphism.

PROOF: (via upper arrows) It suffices to show that A,([af]) = An([a])Aa([8])
in HYT, E*) for all a,f in Homcon.(Gg, E*/F*). This follows directly from the
definition of A,,.
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(via lower arrows) It suffices to show that 8,5 = 8,8 in H*(T', X(E)) for all «, 8
in Homcon. (Gg, E*/F*). This follows from

AaB(9))/aB(9) = (1(&l9))/a(9)) (7(6(9)) /6(9))

forall v in I and g in Gg.
Let H(E/F) be the image of ®. Then H(E/F) is a subgroup of Br(E/F). In
general, it appears to be not obvious to see how large this group H(E/F) is.

3. E IS AN ARBITRARY TOTALLY REAL NUMBER FIELD

THEOREM 3.1. If E is a totally real number field, then the group H(E/F) is
contained in Brp (F) N Br(E/F).

PRrROOF: Let a be in Homeon. (G, E*/F*). It is clear that « is of finite order.
For each g € Gy, (&(g))* € F for some integer k > 1.

Since FE is totally real and E is a finite Galois extension over F, the torsion part

of E*/F* has exponent 2. Hence one must have (c'u(g))2 € F and « is of order 1 or
2. Consequently, (Endg E)(a) is of index 1 or 2. 0

COROLLARY 3.2. If E is a totally real number field and F = Q, then H(E/F)
is contained in S(Q)N Br (E/Q).

PRroo¥F: This follows from Theorem 3.1 and a well known theorem of Benard-Fields
[9, Theorem 7.2). 1]

REMARK. Corollary 3.2 covers the case where E is a totally real and abelian number
field in Theorem 3.1 of [2].

4, E 1S A CYCLIC EXTENSION OF F

In this section, we assume that E is a cyclic extension of F with [E: F] =n and
= (o).

Note that the 2-cocycle j(y, A) = j(x.;l, xA") in H3(T, E*) defined by the Jacobi
sum is a normalised factor set in the sense of

j(d., ¥) =j(y,id.)=1 for all 4inT.

LEMMA 4.1. (Endr E)(a) is isomorphic to the cyclic algebra (E/F, o, a),
n-1 i )
where a = [] ‘r(x;" ) is an algebraic integer in F'.

=0
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ProoF: By (Endr E)(a) ~ (E/F, j), we may write

where

and

Then we have

Hence

where

and

(Endf E)(a) ~ ’é Ev,

i=0
Vi -z = o'(z) - v, z€E,
Vgi s Vg5 = j(a‘., aj)vo.+j, for0<1, j<n—-1.
vtzr =0 Vo =j(°'7 0’) * Vo3,
'ug, = (j(U’ a)vo’) * Ve = j(a'a ”)j (”2a C7) T Vg3,

n—-1 . n—1 .
v} = Hj(a', a) cVgn = Hj(d', a).

=0 =0

n—1

(Endr E)(a) ~ P E - v},

=0

vg -z =0(z) v z €E,

n—1 .
vy = Hj(cr‘, a’).

i=0

n—1 ; n—1 .
Since v? lies in the centre of @ E -v},so [] j(o*, o) € F*.
i=0

i=0

On the other hand, by definition and the 1-cocycle property of 8., we have

n-1

i=0

n-1 T(x;} r(x;"i)

e =Ty

=0 ot Ao

n—-1 q—(x;‘l)f(x;"i)

i ThGih)

n—1 X
= H 'r(x;”‘) =a, which e prioriis an algebraic
i=0

— n-l I3
integer in Q. Since II j(a‘, o) € F*, so a is an algebraic integer in F.

i=0
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LEMMA 4.2. Thealgebra (Endp E)(a) is ofindex 1 ifand only if a € Ng/r(E*).
PROOF: This follows from a well known fact (see [4, Theorem 30.4]) on cyclic
algebras. 0

THEOREM 4.3. Foreach a € Homcon. (Gg, E*/F*), there exists a positive inte-
ger N, (depending on a ) such that if {n, € F, then (Endr E)(a) is a matrix algebra
over F.

PROOF: Let N, be the product of all the conductors of the finite set of Dirich-
n—1 .
let characters {Xxy}yer defined by a. Under the hypothesis, a = [] r(x;‘") =

=0

Ng/r (r (x; 1)) . Our assertion follows from the preceding lemmas. a
COROLLARY 4.4. If F contains all the roots of unity in Q, then H(E/F) = 0.
PROOF: This follows immediately from Theorem 4.3. 1]

REMARK. If F contains all the roots of unity in @, it is well known that Br(F) = 0
(see [7, p.162]). From this, one certainly has H(E/F) = 0. However, our proof here is
elementary.

5. F=Q AND E = Q(\/Z) IS A REAL QUADRATIC FIELD

In this section, we assume that F =Q and F = Q(\/E) is a real quadratic field
whose fundamental unit has norm —1. It is well known that §(Q) = Br; (Q) [9,
Theorem 7.2]. So, it is clear that H(Q(\/E) /Q) is a subgroup of S(Q). (In [2], this

was proved for arbitrary abelian extensions of Q.)
THEOREM 5.1. H(Q(\/E) /Q) =Br (Q(\/E) /Q).

ProorF: Let Gal (Q(ﬁ) /Q) = {o,id.}. Under our assumption, the Q(\/J) "
valued character x, is a quadratic character. By Lemma (4.1), each class in

H (Q(\/c_l) / Q) is represented by a cyclic algebra of the form (Q (\/c_i) /Q, o, ‘r(x; 1)2) .

The value 7(x; 1)2 is a well known integer for all quadratic characters (see [1, pp.349,
Theorem 7}).

On the other hand, by Br (Q (\/c_i) /Q) ~Q*/N (Q(\/c—i) ‘) , where N is the norm
of Q(\/c_i) to Q, each class in Br (Q (\/E) / Q) is represented by a cyclic algebra of the
form (Q(\/E) /Q, o, b/ a) , where a, b are relatively prime integers.

We may write b/a as the following three possible forms:

(i) b/a = %(d/c)?, where c, d € Z. In this case, since b/a € N(Q(\/a) ‘),
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so the class of (Q(\/c—l) /Q, o, b/a) in Br (Q(\/E) /Q) is trivial.
(1) bfa= :t(d/c)2 -1/(p1---pt), where ¢, d € Z and p,, --- , p: are distinct
prime numbers. In this <case, one <can find an
a € Homee,. (Gq, Q(\/t—l)* /Q") such that y, is a primitive quadratic
character of conductor p; ---p; with -r(x:,'l)2 = +[(c/d)? - (p1---pe)?] -
b/a. Since *[(c/d)? - (p1---p:)?] € N(Q(\/E)*), the cyclic algebra
(Q(\/a) /Q, o, T(X;l)z) is isomorphic to (Q(\/&) /Q, o, b/a) .
(i) b/a = £(d/c)* (a1~ q)/(p1---p:), Where ¢,d € Z and q1, ", s,
P1, -+, pt+ are distinct prime numbers. In this case, one can find an
a € Homon, (GQ, Q(\/E)* /Q*) such that y, is a primitive quadratic
character of conductor p;---pt - q1---¢, with T(x;1)2 = +[(c/d)* -
(p1---pe)?) - b/a. Again, the cyclic algebra (Q(\/&) /Q, o, T(x;I)z) is
isomorphic to (Q(\/«i) /Q, o, b/ a.) .
From (i), (ii), (iil), one concludes that H(Q(\/t_l) /Q) =Br (Q(\/c_i) /Q) . 0
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