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1. Introduction

In this paper, the author continues his investigation, initiated in (4) and (5),
into the nature of certain ¢ arithmetical ”” functions associated with the factoris-
ation of normalised non-zero polynomials in the ring GF[q, X1, ..., X,], where
k = 1, GF(q) is the finite field of order g and X, ..., X, are indeterminates. By
normalised polynomials we mean that exactly one polynomial has been selected
from equivalence classes with respect to multiplication by non-zero elements of
GHFg). With this normalisation GF[q, X1, ..., X, ] becomes a unique factoris-
ation domain., The constant polynomial will be denoted by 1. By the degree
of a polynomial 4 in GF[g, X, ..., X;], we shall mean the ordered set (my, ..., m,),
where m; is the degree of 4 in X;, 1 £ i < k. We shall assume that A(# 1),
a typical polynomial in GF[q, X, ..., Xi], has prime faciorisation

A =P P (1.1)

where Py, ..., P, are distinct irreducible polynomials (i.e. primes).
We now define the following real functions of GF[q, Xy, ..., X;].

Let
w(4) = {2’:: 11 (1.2)
o = {gli= -lf-,oz,, A#1; (1.3)
B0 ={ et " &

where in (1.4) and (1.5), r is an integer = 1. It follows from (1.2) and (1.3)
that w(A4) and Q(A) are the number of distinct prime factors of 4 and prime
factors of A, respectively. We are interested in the average values of w(4)
and Q(A4) over all polynomials of the same degree. Accordingly, we consider
the functions w(my, ..., m) = Zw(d), and W(im,, ..., m) = TQ(A), the sum
in each case being over all polynomials of degree (m,, ..., m,). Similarly, we
put, for r = 1, 7,(my, ..., m) = E.(A) and n(m,, ..., m) = Zy,(4), where
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has the same meaning as before. Thus t,(m,, ..., m;) is the number of poly-
nomials of degree (m,, ..., 1) which are the product of exactly r prime factors,
while n,(m,, ..., m,) is the number of such polynomials which are square-free,
i.e., which are the product of r distinct primes. In particular, we have

my(my, ..., 1) = T(my, ..o my) = a(my, ..., my), (1.6)
where n(m,, ..., m,) is the number of irreducibles of degree (m,, ..., m,).
We derive relations involving the functions w, W, 1, and =, and the functions

n and N, where N(m,, ..., m,) is the total number of polynomials of degree
(my, ...,m). Now, if k = 1, then N(m) = g™ and n(m) is given explicitly by

n(m)=m"" n; us)q', 1.7)

~m~'N(m), m— co. 1.8)

On the other hand, if k = 2, although the value of N(my, ..., m,) is known
explicitly (see (4), Lemma 2), it is, in general, a cumbersome function to manipu-
late. Moreover, no explicit value of n(m,, ..., m,) is known, although it has
been shown in (3) and (5) that, if m,, ..., m,_, are not all zero, then

a(my, ..., m )~ —q* "™N(m,, ..., my), m— oo, (1.9

where, if £ = 2,
n=m+D..(m_,+1D. (1.10)

As a consequence of the above remarks, when k = 1 we can find explicit
formulae for w(m) and W(m). When we allow m to tend to infinity, these

yield

w(m) ~ W(m) ~(log m)N(m), m— co. (1.11)
"However, if k = 2, it is not possible to evaluate w and W exactly, although we
prove that

=24

w(my, ..., my)~ (1 +log { IT @ —q‘““)"‘“”’}) N(my, ..., my), my— o0, (1.12)

s=1
where # is given by (1.10). 1In the corresponding expression for W(my, ..., my),
u(s) in (1.12) is replaced by ¢(s).

When we attempt to compute 7,(m,, ..., m,) and n,(my, ..., m,), we find that
even in the case k = 1, it is difficult to produce exact results. We prove that,
ifr =0,

(log m)y’
rim

Hr+ l(m)NTr-i-l(m)N N(m)’ m—» 0. (113)
Because of the uselessness of (1.13) for small m, when k = 2, we can prove only
that
Ot l(mla ERRE] mk)NSa(r)N(ml, sery mk)’ r g 0, mg— o, (114)
where ¢ denotes T or = and S,(r) is independent of m,. Certainly we have
0<S,(r) < qtt—mr,
We note that formulae (1.8), (1.11) and (1.13) (where k = 1) are of an
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entirely different nature from (1.9), (1.12) and (1.14) (where k = 2). We note
also that (1.11) and (1.13) appear to be new, whereas most of our single indeter-
minate evaluations in (5) were not. Moreover in Section 5, we indicate how it
is possible to extend these two results to cover the case of *‘ factorable ” poly-
nomials in k indeterminates.

It is convenient in what follows to abbreviate, where possible, any function
0(m,, ..., m) to 8(m,;). Similarly the degree of a polynomial (m,, ..., m,) will

mg my my

be written (m;). The sum Y ... > and the product [] ... ﬁ will be

51 =0 sk=0 51 =0 Sk =0

denoted simply by Y and [], respectively. No confusion should arise as k, as

S S
well as g, is to be considered fixed. We shall use Y and 3 to denote
deg A = (m)) ]
a sum over all polynomials A4 of degree (m;) and a sum over all divisors C of 4,

respectively, and a similar rotation for products. Moreover, we shall reserve

the letter P in such a sum or product (e.g. >, >) to signify that such
degP=(m) P|A
a sum or product is restricted to irreducible polynomials P.

2. Relations involving the functions

We find relations involving w(m;) and W(m,) directly from their definitions.
We assume that n(0, ..., 0) = 0.

Theorem 1. Ifk = 1 and m, ..., m; are non-negative integers, we have
w(m,) = SZ n(spN(m;—s,).
Proof. It follows from (1.2) that ‘
wim)= Y o= Y Y1,

deg A = (m;) degAd=(m) P| A
=y Y Y oL 2.0)
sy degC = (m;—s;) deg P = (s¢)
The result is immediate from (2.0) and the theorem is proved.
Incidentally, we can derive an expression for n(m;) from Theorem 1, using
a formula proved in (5). Let u(A4) be the Mébius function in GF[g, X4, ..., X;]
and put
Mmy= ¥ 4. 2.1
deg A = (my)
By the formula mentioned (5, Theorem 2), we can ‘ invert ” the assertion of
Theorem 1 to yield
n(m;) = Z w(s)M(m;—s;).
sq
Before stating the theorem for W(m,) corresponding to Theorem 1 for w(m,),
we introduce the function p(m;) defined for all non-negative integers m;, ..., my,
not all zero, by

pim)= ¥ ) n(m;/e). (2:2)

e](my, ..., me
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(In (2.2) and wherever the context demands it, (r,, ..., m;) means the greatest
common divisor of my, ..., m). We set p(0, ...,0) = 0.

Theorem 2. Ifk = 1 and m,, ..., m, are non-negative integers, we have
W(m) =, p(s)N(m;—s)).
Proof. By the definition of Q(A‘) we have
QA= ) 1 2.3)

PilA
Let h = h(m,, s;) be the greatest integer such that hs; < m;, i=1, ..., k. It
follows from (1.3) and (2.3) that
W(m;) = > >1

degA=(m) P°| A

1

sy e =1 degC = (m;—es;) deg P = (s¢)
h

= Z Zx n(s)N(m;—es;)

S e=

=x{ 2 |l )INCmi—wy), (2.4)
ui e ULy coey B
putting #; = es;, i = 1, ..., k. By (2.4) and (2.2) the theorem is proved.

In dealing with the functions n, and 7, it is convenient to extend their
definitions ((1.4) and (1.5)) slightly. First if r = 1 and m,, ..., m, are integers,
not all non-negative, let t,(m;) = n,(m;) = 0. Again, for all integers m,, ..., my
(positive, negative, or zero), put

Lm =..=m=0,
no(my) = to(m,;) = ! . . (2.5)
0, otherwise.
By an r-polynomial (r = 0), will be meant a polynomial which is the product of
exactly r prime factors, i.e., one for which §,(4) = 1. 1is the only 0-polynomial.
We note here for future reference that

1(m) = n(m) =0 (2.6)
whenever m; +...+m, <r.
We now prove two recurrence relations with respect to » for each of 7, and
n,. We use a similar approach to that of Lemma 1 of (4).

Theorem 3. Ifr, k = 1 and m,, ..., m; are non-negative integers, we have

mt,(m;) = Z gl 517, (m;—es)n(s), 2.7
and '
re(m) =3 ¥ t-mi—esin(s). @8)

Proof. Let F(m,;) be the product of all the 7,(m;) r-polynomials of degree
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(m;). For any irreducible P let ®,(m;; P) denote the number of r-polynomials
of degree (m,) relatively prime to P. Extend the definition of ®,(m;; P) to all
integers m,, ...,m; and to r = 0 in the same manner in which we extended
7,(m;). Now, for any irreducible P of degree (s;), any r-polynomial of degree
(m;) possesses a unique expression of the form P°4 where 0 < e < rand A4 is
an (r—e)-polynomial of degree (m;—es;), with (4, P) = 1. In particular, if
r=e then m;=rs;, i=1,...,k and A = 1. Hence, by our conventions,
including (2.5),

Fm)=[] Il [] PO (mmesi P 2.9)
sy degP=(sp)e=1
holds for all non-negative (m,, ...,m,) and r = 1. Now we can evaluate
®,(m;; P)in terms of 7,. Since the set of all 7-polynomials of degree (m,) is the
disjoint union of the set of all r-polynomials of degree (m,), which are prime to
P and the set of all r-polynomials of the form PA, where A4 is an arbitrary
(r—1)-polynomial, of degree (m;—s,) where deg P = (s;), we have
@, (m;; P) =t (m)—1,-1(m;—s,). (2.10)
Note that, by (2.5), (2.10) holds even if r = 1. Hence

r r

Z e(pr-e(mi_esi; P)= Z Tr—e(mi_esi)9 (2'11)

e=1 e=1
since Po(m;—es;) = to(m;—es;). Now, if we equate the degree in X, on either
side of (2.9), we obtain

r

myt(m;) = Z z Sq 21 e®,_(m;—es;; P)

sy deg P = (s9) e =

r

= Z Z sln(si)rr—e(mi—esi)’

s;i e=1
by (2.11). This proves (2.7). If instead we equate the number of prime factors
on either side of (2.9), we obtain

mm)=Y Y Y e®,_(m—es; P). 2.12)

s; degP=(sp)e=1

(2.12) leads to (2.8) by way of (2.11). The proof is complete.

Theorem 4. Ifr, k = 1 and m,, ..., m, are non-negative integers, we have

r

mym,(m;) = Z Z (=1)°" 547, _ (m;—esp)n(s) (2.13)
sie=1
and
ra(m) =}, ;1 (=1 'm, - (m; — esn(s). (2.14)

Proof. Let G(m;) be the product of all square-free r-polynomials of degree
(m,). A similar argument to that used in Theorem 3 yields

Gm)=[] [l PO-1m=ssh) (2.15)

sy deg P = (s;)
E.M.S.—Y
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where ®,(m;; P)is the number of square free r-polynomials of degree (m;), prime
to P, and obeys the usual conventions. Now, every square free r-polynomial of
degree (m,) is either prime to a given irreducible P of degree (s;) or has the form
PA where A is a square-free (r—1)-polynomial of degree (m;—s;) ,which is
relatively prime to P. It follows that

n(m) = ®,(m;; P)+®,_(m;—s;; P)

holds for all r = 1 and hence that
r

©,_,(m—s;; P)= . Zl (— 1) 1w, _ (m;—es). (2.16)
Equating degree in X; on either side of (2.15) and substituting (2.16) leads to
(2.13). Similarly (2.14) is obtained by equating the number of prime factors on
either side of (2.15). This completes the proof.

In succeeding work, we employ the expressions (2.7) and (2.13) in preference
to (2.8) and (2.14). For instance, we can use (2.13) to derive a relation (proved
by another method in (5)) involving M(m;) defined by (2.1). It is evident from
the definitions of 7,(m;) and M(m;) that

b

M(m;) = ZO (- 1=, (my), (2.17)
where b = m, +...+m,. Hence by (2.13) and (2.17) we have
b r

myM(m;) = Zo Z Zl (- 1)r+e—lslnr—e(ml_esi)n(si)° (2.18)
r=0s;ie=
Putting r—e = ¢ in (2.18) yields
b-1

bt
mM(m;)) = t;O 2 ;1 (=1 s m(m;—es)n(s;)
b

b—e
= Z Z 5 {:;o (- 1)‘”:('"1—95:)} (s;)

sie=1
b
== 2 Y, siM(m;—espn(s)), (2.19)
S e=1
by (2.17) and (2.6), since we can assume that s; = 1 and hence that
k k
b—e= ) m—e2 Y (m—es).
i=1 i=1

From (2.19), we immediately deduce the relation

myM(m;) = — :L: sif X , 1/e . n(s;/e)}M(m;—s),

e| (s1, ... Sk

which is contained in Theorem 1 of (5).

3. Case of one indeterminate

In order to evaluate the functions we have defined, it is necessary to treat
the case k = 1 separately.
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It is convenient to discuss the functions w and W together. We make some
remarks about p(m) defined by (2.2) with k = 1. By the well known identity

X"-x= [ P, mz1,

degP|m

we see that p(m) is the number of prime factors of the polynomial X" — X,
In fact, we can express p(m) in a form resembling that of n(my) (see (1.7)) where
Euler’s function ¢(s) plays the role of u(s).

Lemma 1. Ifm = 1, we have

pm)y=m=1 Y $(s)q".

st=m

Proof. It follows from (2.2) and (1.7) that
pmy= 3% u=' ¥ us)g'
st=u

ulm
= :‘T‘m q/t . ;_1 u(s)fs

= ; q't.(t/m. p(m/1)

~
3

and the lemma is proved.
We now proceed to evaluate w(m) and W(m).
Theorem 5. We have
w(m)~ W(m)~(log m)q™, m—co.
More precisely,

g ™wim)= Y Y ulu()g ¢V =logm+y+E,+o(l), m—>o, (3.1)
u=1st

and
g "Wim)= Y Y uT'¢(®)qg"**"V =log m+y+E,+o(l), n—oo, (3.2)
u=1st

=u
where y is Euler’s constant and E, and E, are small constants.

Proof. Since N(m) = q™, we have by Theorem 2 and Lemma 1
W(m) = 21 { Y u"'o(tg’}g" ™"
u= St =u

S ¥ u-*¢(t)q-s“-“} &

Il
-

-

aQ
]

=

- { Z’V; u"‘+E2(m)} a", (3.3)
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where E,(1) =0 and, if m = 2,

Exm)= ¥ ¥ (ju.qD
=2

u=2st

s 3w T 40)

t=2
= ¥ (-um g
u=2
S(U-m YA —g "7 (1—-g7H)7!
<g7¥gt-n7L (3.4)
Since E,(m) is increasing, it is evident from (3.4) that E,(m)—E, as m— o0,

where

1/2g<Ex= ¥, Z uTlp(dg "I <g I -)TI<LTL,  (3.9)
- )
since ¢ = 2. Statement (3.1) now follows from (3.3) and (3.5) by allowing m
to tend to infinity.

By using Theorem 1 and (1.7) we arrive at a similar result for w(m). In
this case, we have

lN n

Ei= Y Y u'utg™“?
u=2st=u
t2
and hence
[Es+(39) | <3g™'(q—D"'+q 21 —q"H™" (3.6)
Moreover,
| Ey |[<E,<1.71.

This completes the proof of the theorem.
The bounds (3.4) and (3.6) for F, and E, are sufficient to show that these
constants are very small in general. Thus if ¢ = 2% = 64, we have

| E;+1/128 | <0.0001 and ti5< E, <.

By comparison, y (= 0.5772...) is large.

‘We now discuss the functions 7, and n, with kK = 1. Exact formulae proved
by induction on r from Theorems 3 and 4 would be vastly complicated for
r = 2. Hence, we prove only an estimate.

Theorem 6. For fixed r = 0 and large m, we have
I -
0raa(m) =SB g 0(log my~m~1q”, 3.7

where o, denotes either t, or =,.
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Proof. The proof is by induction on r. By (1.6) and (1.7)
oy(m) = m™q"+0(m™'¢g"?)
=m™'q"+0((log m)~'m~'q"),
for large m. Thus (3.7) holds when r = 0. Assume, therefore, that r = 1 and
that (3.7) is valid for all integers less than r. Consider relations (2.7) and (2.13)
with k = 1, and r replaced by r+1. We separate out the terms for which
e = 1 and estimate the remaining terms using the induction hypothesis. Using
also (2.6), (2.5) and (1.8), we obtain for large m

m—r

me,. (m)y= 3% sa,(m—s)n(s)+0< il (log m)'-zqm—s> +0(gmTDY, (3.8)

where the first error term occurs only if r = 2 and the second only if e = r+1
and (r+1) | m. Now use the induction hypothesis and (1.7) on the o, terms of
(3.8) to yield

mo,11(m) = " ¥ (1+0(og (=5 EBLZIL grmsvean

+0((logm)Y~'q™ (3.9)
Indeed, if r = 1, then by (1.7) the O((log (m—s))~ ') appearing in (3.9) may be
replaced by O(qg~™~%/2), Now for large m, we have

r . r—1 m
Z [log (m—s)] g~s1-am — g ((log o z sq"/2>
1

s=1 d|s m-—s s=
d>s

= O((log m)™"1). (3.10)
Again, if r Z 1,

m-r - r—1 m—1 r—1

Y [log (m—9)1"" _ v QogsY™" L o(1). (3.11)
s=1 m-—s s=1 N

Now if 1 £ 5 £ m—1, (logs)""!/s is increasing if log s £ r—1 and decreasing

if logs = r—1. It follows that, if logm>r = 1, then

m—1 o1 m —1 c+1 r—1
o Glogsy ™! _ (" (og ™! . ' < f Wog X" gy =o(1), (3.12)
c X

s=1

where ¢ = [¢~*]. But
m r—1 log m r
f (log;c) dx — f ytdy = <1°gr M ez, (3.13)
1

o]
If r = 2, the result now follows from (3.9), (3.10), (3.11), (3.12) and (3.13).
Finally, since, when r = 1, by (3.12) and (3.13) we have

m-1 m-1
Y (1+0(@ ™) (m—s)" =logm+ Y sq”¥*+0(1)
s=1 s=1
=logm+0(1), (3.19)

the induction hypothesis for » = 1 follows from (3.9) and (3.14). The theorem
is thus proved by induction.

https://doi.org/10.1017/50013091500013031 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500013031

358 STEPHEN D. COHEN

4. Case of several indeterminates

In this section we assume that k = 2 and estimate the functions we have
defined as m,—oc0. In order to deal with polynomials in which at least two
indeterminates actually appear we shall assume wherever necessary and without
loss of generality that m,, ..., m, are non-negative integers ordered so that

mg_;= maxm; =1 “4.1)
15tsk—-1
Define the integer R(= 1, if (4.1) holds) by
R =nmy_ (m_+1)71, 4.2)
where n is given by (1.10). We recall the following estimates of N(m;) and
a(m;) from (4).
Lemma 2. If m,, ..., m, are non-negative integers satisfying (4.1), then
(g—1N(my) = (g"—1)g"™+0(¢"™), 4.3)
where the implied constant is independent of m,. Moreover,
a(my) = (1—g* ~")N(m)) +0(mg"™). 4.4

To assist in our computations, we state another lemma from (4).

Lemma 3. Suppose that k = 2 and that m,, ..., m, are non-negative integers
satisfying (4.1). Suppose also that s,, ..., 5, are integers, not all zero, satisfying
0Ls;,=m,i=1,..,k, and s; # m, for at least one i, 1 £i £ k—1. Then

N(s)N(m;—s;) = O(g"™),
where the implied constant is independent of m,,
We first estimate w(m,).
Theorem 7. Ifk = 2 and m,, ..., m, are non-negative integers such that (4.1)
holds, then
w(m,) = (1 +10g{ ﬁ1 (1-q* "")"‘"’"}) N(m)+0(mg"™), (4.5

where the implied constant is independent of m, and n and r are given by (1.10)
and (4.2), respectively.

Proof. It will be shown during the course of the proof that the infinite
product on the right hand side of (4.5) is convergent.

Since n(s;) < N(s,) it follows from Theorem 1, using Lemma 3, that, for
large m,, we have

my

w(m,) = Z 1t(m1, ey My g, Sk)N(O, cess 0, m,,—sk)

sk =0
mize
+ Z n(O, ceey 0, sk)N(ml, ey Mp_ g, mk—sk)+0(mqu""‘),
s =1
= S + S, +0(mqg"™), (4.6)
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say. In (4.6), S, is given by
Sl = n(ml, csey mk._l, O)N(O, saey 0, mk)

mi

+ Y, w(my, ..., me_y, SIN(O, ..., 0, my—s)

s=1
= O(qu).}.(q — 1)"1(1_ql—n)(qn_ 1)g™ Zl q(1 —n)s
+0(myg™™), @

using Lemma 2. Simplifying (4.7) we obtain
S; = (g—1D7H(g"—1g"™+0(mg"™)
= N(m)+0(m,g"™) 4.8)

by (4.3) again. The sum S, in (4.5) is more complicated. We have, by (1.7)
and Lemma 2,

S, = sgl n(0, ..., 0, s)N(my, ..., my_1, m;—Ss)
= (@-1)"'(g"~ g™ {il z s"u(r)q""“'"’"} +O(mg™)  (49)
- {2 Kol 3. u“q"""’)“} N(m)-+0(myg™™), (4.10)
by (4.3) and putting u = s/t. Let B(m,) denote the quantity in braces in (4.9)
and (4.10). Using the form in (4.9) we have B(m,) = %1 b,, where since

tu@ | = ¢
| bsl §Z s-—-ltq—(n—(l/t))s é sq(l-n)s.
tls

m
Since the series . sq*~™* is convergent as m— oo provided ¢ ~"< 1, it follows,
s=1

by the comparison test, that B(m,) tends to a finite limit, B, as m;—oc0. Consider
now (4.10). If 1 < ¢ £ m, we have

Lmy/t]
z u—lq—(nt—l)u= —log (l—ql"")+0(tm,:1 Z q—(n-l)tu
u = [mft]+1

u=1
= —log (1—g' ™)+ 0(tm; ' q* ~Mme), 4.11)
It is now a consequence of (4.9) and (4.11) that

my

B(my) = — Zl (u(®)]) .1og (1 —g" ~*") + O(myq* ~"™). (4.12)

t=
Statement (4.5) follows from (4.12) by allowing m, to tend to infinity since
B= lim B(m,) exists. The proof of the theorem is complete.

mg— oo

https://doi.org/10.1017/50013091500013031 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500013031

360 STEPHEN D. COHEN

Theorem 8. If k = 2, and m,, ..., m, are non-negative integers satisfying
4.1), then

wemy = (14108 { [T, =g 407) Nm + Omag™,

where the implied constant is independent of m,.

~ Proof. The proof is identical with that of Theorem 7 except that we use
Theorem 2 and Lemma 1 in place of Theorem 1 and (1.7), i.e., p(m;) and ¢(s)
replace n(m;) and u(s). Now it is clear from (2.2) that for large m,

p(m) = n(m;)+ O(g™?)

= n(m)+ O(g"™), (4.13)
provided m,_, = 1. It follows from (4.13) and (4.4) that
p(m) = (1—g'~IN(m) + O(myg"™). (4.19)

Moreover, the only property of u(s) used in Theorem 7 was the trivial fact that
| u(s) | £ 5. Accordingly, since (4.14) holds and ¢(s) < s, this theorem is
proved by the argument used for the proof of Theorem 7. The proof is com-
plete.

We remark that a more detailed analysis of the above arguments would
indicate that we could improve the results of Theorems 7 and 8 slightly except
whenk = 2andm; = lor2ork = 3 and m; = m, = 1. The improvements
are obtained by replacing O(m,g"™) by O(g"™) in their statements. We note
also the following behaviour of w(m;) and W{(m,) as m, and m, _, tend to infinity.
From (1.9), such behaviour is almost inevitable.

Corollary 9. We have
lim w(m)/N(m)= Ilim W(@m)/N(m)=1.

Mo 1, M3~ 00 Mg~ Wi
Proof. The right hand side of Theorem 8 may be written (without error
term)
(1+ lim B(m))N(m,), (4.15)
mp—>

where B(m,) appears in (4.10). Hence

| lim Bm)|=< lim Zk ugt-me

my - 1, Mk O mg -1, Mmoo u=1

M
= lim ) ulimgq®~™"

mg—2o0 u=1 n->w
=0. (4.16)
The proof for W(m;) is immediate from (4.15) and (4.16). But
1 < w(m)/N(m;) < W(mp[N(m,),
and hence the proof is complete.
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We turn now to the functions 7, and n,. We will show that, if r = 2, then
in order to find lim t,(m,)/N(m;), say, when k& = 2, it would be necessary to

my =0

know the exact vglue of 7,(m) (k = 1) for small m (= r). We do not possess
this knowledge. However, we can prove the less precise type of relation (1.14)
by evaluating 7,(r) and n,(r). In the following lemma, an empty product, is
as usual, taken to be 1.

Lemma 4. Ifk = 1andr = 0, we have

r—1
,(r) = {‘1:[0 (1 +(i/q)}/r! .q" 4.17)
and
r—1
n(r) = {_1:[0 a —(i/q)}/r! .q" (4.18)

Proof. By (2.5), we can assume r 2 1. Now, if a polynomial in GF[q, X]
has degree r and r prime factors, they must all be linear. Thus if g<r, then

clearly #,(r) = 0 and (4.18) holds. If g = r, it is evident that n(r) = <q>’
r
which may be written in the form (4.18). This proves (4.18). Again t,(r) is

the number of terms of total degree r in the expression
q

I A++53+..) (4.19)

ji=1
in the g real variables ¢y, ..., ,, where each ¢; is associated with a unique element
of GF(g). The product (4.19) exists when | ¢;| <1, = 1, ...,q. Hence 7,(r) is
the coefficient of " in (1+¢+¢2+...)2 = (1—1)79, | t|<1. Accordingly

1(r) = (g+r—DY[(g—D!'r]

which is the same as (4.17). This completes the proof.

Theorem 10. Ifk = 2,r = Oandm,, ..., m,_, are non-negative integers such
that (4.1) holds then if ¢, denotes <, or n, we have, for large m,,

6,+1(m) = S,(NN(m,) + 0(mg™™), (4.20)
where S,(r) is positive and satisfies

(1-q'™ {H a J_r(i/q))}/r! < S(Na" S 0 (4.2

the + and — signs in (4.21) being taken according as ¢ = t or n respectively.

Proof. By (1.6) and (4.4), when r = 0, (4.20) holds with S,(0) = 1. There-
fore assume that » = 1. Consider the expressions (2.7) and (2.13). It is evident

that ¢,(m;) < N(m;. Suppose sy, ..., s, satisfy the conditions of Lemma 3.
Then,if 1l e S r+1,

O 1-e(my—es)a(s;) < 0,41 - (my—s)n(s) = O(g"™) (4.22)

https://doi.org/10.1017/50013091500013031 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500013031

362 STEPHEN D. COHEN

holds for large m,, by that Lemma and (4.4). Infact,evenifs; =m;, i =1, ...,
k—1ande = 2, then
Ors1-e(m—eshn(s) =0 (4.23)
holds trivially by (2.5) and (2.6) since r = 1.- Since we can assume s, = 1 in
(2.7) and (2.13), it is a consequence of these equations together with (4.22) and
(4.23) that
m

ar+l(mi) = ZO O’,(O, seey 0’ S)ﬂ(ml, ey My g, mk—s)+0(mqum'<)

s =

=(1-g'"") { 2, “’(s)"'"‘} N(m,)+0(myg™™). (4.24)
It follows from (4.24) that (4.20) is true where S,(r) satisfies
(1—q'™"715,(n) = Z,o od)a™™ = Y ols)g™"™, 4.25)

by (2.6). We see from (4.25), using the fact that ¢,(s)<g¢*, that

(1-¢"o (Mg " SS(M < Y g™ .(A—g" ™) =q"""" (4.26)

s=r

-

We deduce immediately from (4.26) and Lemma 4 that S,(r) satisfies (4.21).
Now (4.21) indicates that S,(r) is positive except possibly if r>¢q. However even
if r>g, it is clear that there exists a positive integer sq, independent of m1,, which
is the least integer such that g,(s;) = 1. Thus S,(r) = (1—¢'~")g " and the
theorem is proved.

5. Factorable polynomials

It has been shown (see, for example, (1), (2) and (6)) that the most natural
extensions of results concerning polynomials in GF[q, X] to polynomials in
GF[q, X;, ..., X;] (where k = 1) are obtained by considering only normalised
factorable polynomials in k indeterminates, i.e., polynomials which split into
linear factors in some finite extension of GF(g). The number of such factors
is the degree of such a polynomial. If we further restrict our attention to factor-
able polynomials in which X} actually appears (m being the degree of the
polynomial) we effect the most exact correspondence. For example, in an
obvious notation, Carlitz (1) has proved that

N(m; k) =q*" (5.1)
and that
n(m; K)=m™' Y pu(s)g*. (5.2)

Moreover, examination of the proofs of Theorems 1-4 reveals that these
theorems for k = 1 remain valid if we generalise the functions occurring in
the relations of the theorems by the corresponding functions over factorable
polynomials in k indeterminates and in which X7 actually appears. We see
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from these relations that the values of w(m; k), W(m; k), t(m; k) and n,(m; k)
depend only on (5.1) and (5.2). Thus we can generalise Theorems 5 and 6 to
cover the case of factorable polynomials in k indeterminates by substituting
g* for g in the statement of these theorems. Finally, we observe that the various
relations proved in (5) for k = 1 generalise in the same way. However, the
exact values of functions which are the factorable polynomial generalisation of
those discussed in that paper have already been obtained in (1) and (2).
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