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Dedicated to Professor Bernhard H. Neumann

We prove an approximation formula for the Riemann zeta function.

We show that a classical theorem:

C(s) = 0(i( ; U a ) / 2) as t -+ °° (s = a+it)

uniformly in the domain % 5 a < 1 , is an immediate consequence

of our approximation formula. Our method is real and free from

complex analysis.

1. Introduction and theorems

1.1. The Riemann zeta function is defined by

which converges in the half plane a > 1 and represents a regular

function. Riemann proved that it is analytically continued to the whole

plane and regular there except at the point s = 1 , which is its simple

pole. Riemann supposed that C,(s) + 0 in the strip % < a < 1 . This is

called the Riemann hypothesis. Lindelof conjectured that

= 0{tZ) uniformly for % S a < 1

for any e > 0 , which is equivalent to 5(%+it) = 0[tS) .
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1 6 2 M a s a k o I z u m i a n d S h i n - i c h i I z u m i

We sha l l prove an approximation formula for the zeta function.

THEOREM 1.

-i(tlogk-2-njk)
^ + O(l *) as t -* » ,

t/3ir r
= £

j = l J

uniformly in the interval % 5 a < 1 .

As an immediate consequence, we get

THEOREM 2.

5(8) = 0(t(l"a)/2) as t + -

uniformly in % 5 a < 1 .

fc [&]
1.2. We use the notation ^ = ^ and fe, Z, m, n, ... are used

n=a n=[a]

to represent continuous variables as well as discrete variables.

2. Proof of Theorem 1

It is known that

'l u

(see [2], p. lU), where

J(u) = [u] - u

f 5^fi<:Zw + iir + 4? (Rs > 0)
• ' l

We suppose that s = a + t t , % < a < 1 , and t is a large positive

number. Then

C(a)-(04it)

= it f
Jl W

1

= * I ^ ^ - (i cos(t log u) + sin(t log u))du + 0(1)

= iP + P* + 0(1) .
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The Riemann z e t a - f u n c t i o n 163

We shall estimate P only since P* can be done quite similarly.

Using the Fourier expansion of J{u) ,

dup = L -^ I cos(t log u) sin 2mtu Q+x

u
•m } 1

— [dm+dJ(m)) cos(t log u) si
•m j 1

dusin 2wnu
0 + 1

By the transformation WM = u ,

Further we write t log(v/m) = n ; then

m = ve~n/t , dm = -(v/t)e~n/tdn ,

and then

= 0(1) .

By integration by pa r t s ,

rP2 = t \ ^~- dm cos(t log u) sin

I -AULL jm I oos(t log u) cos 2mnu —

3 . E s t i m a t i o n of Q-.

By changing the order of integrat ion,
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164 M a s a k o I z u m i a n d S h i n - i c h i I z u m i

n J. I cos(fcLogM) , | . , , . „ dm
Q-. = t \ o+l ^ S l n lmu ~2 '

*1 u 'k m

where the inner integral of the right side is

"l(u) = k ̂ dm
m

OO fOO

V 1 I COS2TT(k-u)/n-cos2ir(k+u)m
- 2. ^zr 5

= +: [Q.Au)-Q.Au))

We w r i t e

^12 J, . o+l

3.1 . Estimation of Q.

I 1 f cos2w(fe+

=l K >k rn

i, 1 + d
= l l K> ](

and then

CO *OO «OO

y COS( tlORtf) ,

kkk ua+1 u hi
3i2 " t ,ir, J, o+i 2

{k+u)/2 rn

k=X

3121

where

cos2Tim

(k+u)/2 rn
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The Riemann zeta-function 165

C0S2TTO

(k+ev/t)/2 m

ttlog(2m-k)
dm

dm

COSD

av/t
dv

| cosu , I

\J t5 f 1

COS2TWI

= 0

= O(log t) + 0(1) = O(log t) ,

and

=l J (k+l) /2 m U=t+1 fe2 J 0

I:

dv
av/t

OO »OO

fe=l fe J (fe
cos2iim

(fc+l)/2 m

dm
(l-a)u/t

e cos

OO «OO

[ i f
:=1 " J(

a-o
= 0

Therefore Q „ = O(log t) as

= 0(1) .

3.2. Estimation of
"11

"11 = t r COs( r 1
k

1 | cos2Tr(fc-M)w
dm du .

Since

r dm =
\k-u\/2 rn

is bounded for \k-u\ < 1 and O(l/|fc-w|) for \k-u\ > 1 , we can

interchange the order of summation and integration on the right side; that

is
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66 M a s a k o I z u m i a n d S h i n - i c h i I z u m i

= V * cos(fcLogu) du f0 cos2v{k-u)m

k=l

, dm

"ill

where

COS2TTO ^ r (fc-M)cOs(tlOKM)

k-2m u°+1

y 1

2 ""' J.
m '

*£
•fclogfc

cos2ron (fe-u

0032^ k-e v/t

'tlog(fe-an) eav/t

I |f
k=2 u(k-l)/2 rn

= 0 tm_

•k/U j

- o

r(k-l)/2

>k/h {k-2m)(

+ 0(1)

+ 0(1)

= O(iog t) ,

and

1 f COs(tlORM) ,

00 fCO

U-k)/2 777

*m) rv/t , -

(in

dv

= 0 _
k=

= 0(log t) .

dm)

Thus we have proved that Q = O(log t) and then
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The Riemann z e t a - f u n c t i o n 167

2

J{m) , r __lj_ , > du
2 = t | -^r2- dm | cos(t log u) cos 2mtu H^

It remains to estimate Q~ .

4. Estimation of

c
= r cos(tiogu) dw r £ M c o s 2TOnMd?7

J O J tr m

which will be proved in the Appendix. The inner integral of the right side

is

£o(") = E T sin 2iTfem cos 27rmu —

OO [CD

_ v̂  i fsin 2-n{k+u)m + sin

We write

5. Estimation of $„•,

We get

g 2 i
21

y 1 f
k=l 2 T O J(k+

COS

fc=l 4™ J(fe+l)/2 m JO

tlog( 2/n-k
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1 6 8 M a s a k o I z u m i a n d S h i n - i c h i I z u m i

5.1. Estimation of QJH • B y t n e transformation 2im + v = w ,

( l _ 0 ) ( u _ 2 7 l m ) / ,
si

_ y 1 f ^ f
k=l k }{k+l)/2 m >
y f

2 1 1 k=l k }{k+l)/2 m >2m

The function w = t log(2m-k) + 2irm is an increasing function of m on

the interval ((&+l)/2, °°) and then its inverse function m = M{w) is

also increasing on the interval ((k+l)iT, °°) ; therefore

00 -OO .JJ

Z l I _, {l-O)w/t [
•j- s i n wcao e

k=X J{k+l) }M

" / 2 7 r dm

'M(w) me

If we denote by y(w) the function in the bracket on the right side, that

y(w) = e

then y{w) i s non-negative on the interval ((k+l)Tr, <*>) and vanishes at

both ends of the interval. For, by the second mean-value theorem,

(l-a)w/t rd

\M{W) ^ ( t o / t ^ ( ) e

since

(1) w = t log(2A/(w)-fc) + 2irAf(u)

How

y'M = ^jr-

( f
2TT I , , , . 2

'M(w) m e
tM'(w) _i. (l-a)u/*

J " 2TT
 e
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The Riemann zeta-funetion 169

using (l) at the first step, integration by parts at the second step, and

using the relation

<2> w>^ = i / h + 2ife)
at the last step. Therefore

Q211 = Z £ I y'M cos wdu

oo *oo
_ ri t I M (fr?)cOSU -r

(l-o)w/t c o s ^ K2 i r dm

- i _L
TT 1 ~ 2TT 2

We s h a l l f i r s t e s t i m a t e i? . By ( 2 ) ,

M(u)(2M(w)-Zc)a/M'(w) = M{w)[2M(w)-k)a{2v+2t/[2M{w)-k))

Consider the function of x :

z(x) = x(2TT(2x-fe)+2t)/(2x-fe)1"a ;

then its logarithmic differential coefficient is

z'(x) _ 1 + UTT 2(1-0)

where

zAx) = {2x-k)[2-n(,2x-k)+2t) + knx(2x-k) - 2(l-o)x(2Tr(2x-fe)+2t)

= 8Tr(l+a)x2 - h[(2-Ks)T\k-ot)x + 2k(-nk-t) ,

which vanishes at

xQ = ^ ( i + o ) {(2+O)TTZC - at + y/ [(.2+a)TTk-at)2-hTj(l+a)k(-nk-t)}

< k .

Therefore, z(x) takes a minimum between (k+l)/2 and k or is monotone
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70 M a s a k o I z u m i a n d S h i n - i c h i I z u m i

increasing in the interval of x : {(k+l)/2, °°) . For each case

*l'° k=l k1+a
= 0(1) .

The integral in the feth term of R is

r e
( l " a ) w / * cos

dm

dm

a-a

and then

Therefore,

= 0 { l ) •

5.2. Estimation of Q
212 '

*

k=1 }° \
y 1_ r (l-o)v/t cos((ev/t

+k)*-v)

dm

k=l

dm

[eV'Kk)/2

TT b l ~ 21T b2 '

where
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The Riemann zeta- funet ion 71

k=l k hk+l)/2 m2 JO

tloS(2»-H
cos(2wn-v)dv

CO

fc=l*

(2m-k)1-a
= 0(1) •

Now

dv

dv _

512 " 513 '

We
v/t

consider the function x(u) = ire"' - u , which has two roots u, and

v such that IT < v. = TT + O(l/t) and u satisfies the relations

and

v = t log(yq/ir) , v^> t log(t/ir)

t log f < t log (I log f] < t log(f logff log I]] < ...

We w r i t e

= T J-

S112 + S 113

It t
where « 2 = — t l og — and

I —
k=l 3

= 0(1)
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172 M a s a k o I z u m i a n d S h i n - i c h i I z u m i

We shall use the transformation W = v - ve for the estimation of

5 p . We denote i t by W = w{v) and i t s inverse function by v - v(w)

Then

s - y -i-
*=1 ~ M^) [evM/t

+2k) .

For large t and for w[v ) < u < w(u?) ,

and the function of x : y(x) = x ~°/(x+2k)(x+2k+l) (x > 0) takes i t s

maximum at the point

X 0 =

Therefore,

k=X

v
y(e 2

vjt2 1

= 0 + 0

k=(t/v)h/5

= 0(1) ,

and

- n + 0 log t Z -i-

= 0(1) .

Using the transformation

w = veV/t - v , du = [(n/t)ev/t-l)dv

for the integral of 5 , , we get
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The Riemann zeta-funetion I 73

= 0(1)

Thus we have proved that 5 = 0(1) . We shall now estimate

512 =12 " ktx 2k(2k+l) JQ e W * + 2 f e + 1

(l-o)t;/t «• u/t i
3 COSlTTe -V) dv

A. i

ftlog(t/ir) rtlog[t/-n)+Vt r

* -h~\ r\rr( -h ITT\ *

We have

k=i k

1_ 1_
2 k

1-0 ,
Since the function y{x) = a; /(x+2k+l) takes its maximum at the point

x = (l-o)/(2fc+l)/o ,

122
= 0

Li

L O-l
k=l k

2+0
+ 0 E ^ = 0(1) ,

where L = , . I— - % , using the transformation W = u - ire

For the estimation of 5 , we use the transformation

w = w{v) = u - ire
v/t

By v = v(w) we denote the inverse function of w = w(v) in the interval

[v2, t log(t/-n)-Vt) . Then the integral of the kth term of S

becomes

S „
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174 M a s a k o I z u m i a n d S h i n - i c h i I z u m i

•I

,

cosw

where vp = t log(i/7r) - Vt . We consider the function of x :

y = y{x) = x1"0:/(x+2k+l)(l-nx/t) ,

whose logarithmic differential coefficient is

{•*) -v' _ i-o _ 1 i 1
^ y x x+2k+l (t/ti)-x

_ (l+o)x2+a(2k+l-t/-n)x+(l-a)(2k+l)t/v
x{x+2k+l)'i(t/v)-x) *

If 2k + 1 > t/Tt , then j / ' > 0 . In the case t/v < 2fe + 1 , the

discriminant of the number on the right side is

.-£/TT)2 - k[l-o2)(2k+l)t/-n

= a
t i-V l-o'.2-\2 * f i+Vi-o 2 ! 2

(2&+1)

which i s negative for

^ 2 k

Therefore, if

then the function y [e ) increases in the interval [w{v2) , w[v'2))

and
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The Riemann zeta- funet ion I 75

sia3(fc) = o

= 0

v'/t v'/t
[e +2k+i) (l-(u/t)e )

tl-ae-(l-a)/Vt

- 0 = 0(1) ,

and then

oo

Jr^ 2k(2k+l) 5123( k ) = ° ( 1 ) 'k=kQ+l

In the case k < k~ , the numerator of the r ight side of (3) has two roots

x' and x" (a;1 < x") and

2(1+0) Vhr

Writing x" = eV

tf" £ t log[f - - t log

If k > (2o-l)/2(l-a) , then x' > 1 , and then, writing x' = e '

sx23(k) = o
Al-o)v'/t

= 0(1) ,

+ 0

U«v'/t
d

^ / t

and then

k=(20-l)/2(l-o)+l 123
= 0(1) .
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176 M a s a k o I z u m i a n d S h i n - i c h i I z u m i

If 1 < k £ (2O-l)/2(l-a) , then v' 5 0 . Similarly as above

5 ( = 0(l) for such k . Thus we have proved that S „ is bounded.

The function y{v) = e ~°'v' /[eV +2k+l) takes a maximum at

v = t log((l-o)(2fe+l)/a) and its maximum value is O[l/ka) . Writing

and

2(1-0)TT

2(l-a)ire

we get

= 0

= 0

\ Vt
k=l k

1
,2

max

= 0(1) •

S „ and S ., become bounded by similar estimations. Putting

W = w{v) = Tie - V and denoting by v = v{w) the solution of the

equation in the interval (yo> °°) > ̂ e integral of the feth term of S p

is

r cos & = TT° f

Jo

= 0

l-o

0

•2TT

log(t/ir)

which shows that 5 __ is also bounded.

Summing up the above estimate, we see that S is bounded. Since

S is also bounded by an estimation similar to 5 „ J S is bounded.

Combining with the estimation of £„ , we get
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The Riemann z e t a - f u n c t i o n 177

'212 •

Combining the estimation of §5.1 and §5.2, we get

Q21 - 0(1) .

Therefore i t remains to estimate

6. Est imation of

cos(tlog^)

t_ /f^"1 cos{tloR(k-u))

(k-uf u/2

sin2TT7n
m dm

t f cosftlog(fe-M)] cos ftlo&Cfe+

y _b_
2 ^

sing™
m

A

sin2Trm

• i f eoB(aoKM) ^ T
211 ^1 «° Hu-

, ,

cos[tlog(k+u)) , f° sin2TOn

= 2ir ^221

where ^ (< fc-1) wil l be determined l a t e r .

By the transformations t log(fc-w) = v and t log(fe+w) = v , we get
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78 M a s a k o I z u m i a n d S h i n - i c h i I z u m i

t f_ y t_ f f
k=2 k Jo *•

= L r

fcos[tloK(k-u)) cos

(k-uf (k+u

(1_a)v/t
ev co

L/2
sin2iro

m
,

dm

e cos vdv

l o g

dm

dm

- \ttlosil+K/k) r
} k (

y — •

- e{1~a)w/t cosU log k*>) f dm \dw

sin2nwi

(cos(t log k-w) - cos(t log fe+w))e"U ; '

f. sin2i
m

cos(t log

f°° sin2TO , _

k{l-e-W/t)/2 m

r dm
k[eW/t-l)/2

dti>

r I

2T + T + T .
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7. Est imat ion of T^

1 = ) !t- • • **'-— | Q S i n Wali) I " ^ Cun
-1- -7._rt T.CJ

= E
fc=2

sin(tlogfe)

f sin2TO . f*am
}K/2(l+K/k) m J0

sin
}K/2(l+K/k) m J

f00

1 1 J -, ln feO

• I
= T + T

111 112

7 . 1 . Estimation of T „ . We take

K = /ca~e (0 < e < a) ;

then

= f sin2Trm T

Jo m J3/H I J . m J 3 / 2 fea

sin(tlogfe) ^ | e-^-"'""" sinwdu
0

" h

where c = (3/2)0"E/2(l+(3/2)a"E"1) and M = A?(m) i s the solution of the

equation m = fe°"E/2[l+k0'^'1) ; then M ss ( 2 m ) 1 ^ ° " e ' . We shal l f i r s t

estimate i/, . By the formula
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180 M a s a k o I z u m i a n d S h i n - i c h i I z u m i

£ QW t oh i cxb i

e sin wau) = 1 - e cos b + ae sin £>

with a = -(l-a)/t and b = -t log(l-2m/k) , the inner double integral of

U becomes

3/2

-1

x - f

= 1 +

How

= r
J3

= f

sin(tlogfe)

3/2 k

2/(l+o)

3/2

.2/(140)

{2 sin(t log fe) - sin(fc log(fe-2m))

- sin(t log(t

where

U
1 1 1

-f))h

^ + 0(1)
k°

and similarly £/ _ and V _ are bounded. Therefore £/ =

Since W. _ is also bounded, we have proved that U. is bounded
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The Riemann zeta-function 181

Now, the inner double integral of

•r dk
M(m) 1< I s i n

- l c sin(tlogk)
1.0

a-a

l-a
t

1 +

- 1

cos t log 1 - -s-

B l n ( t

5 1 OO>)) ,

where

•r
= 0

and

Therefore, writing a = 2(a-£)/(l-a+2e) ,

1 +
t .

•f
i +

W(m) ku

*,

- cos|t log 1 - o(D

0(log t)

= hh + ^ _ ( J / 2 1 + y 2 2 ) + 0 ( l o g t ) ,
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2 1 kdk

1 tlog{M(m)-2m) [eK/V+2m)
r-TT
K/V+2m)a

sin kdk\

l \ i/t .e sin

k / t

"I kit

tlog(Mm)-2m) [eKI +2m)c
s in

Since

l-o a;

(xmf
~CT

J ' -l+o '

we get, writing x = e ,

= 0
1 f*'
t J

| I f-ol I ^

i l 1(7)11e o B I (,7-1) (l-a+e) / (a-e)+0/(a-e)

= 0(1) .

Since the function y = x/(x+2m) is increasing,

i J J (mt)
C0 (mt)V

dm = 0(1)

and

1 I'" 1 = 0
o/(a-e)

= 0(1) .
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Thus we have proved that

then

is bounded. Similarly

= O(log t) .

is bounded, and

Therefore, T is also of order 0(log t) .

7.2. Estimation of

•I dm s in wdw .

We use the formula: if / is absolutely continuous and /' is of bounded

variation in the range of integration, then

f(k)dJ{k) = - j f'(k)J(k)dk

= - £ ± \ f'(k) sin 2TTjfc12k = 2
,7=1 ^ J

00 •

=l i
c o s

where both limits of integration are half of odd integers. Then

T = 2
11 2 3=1 ̂ 3/2

= 2 1 -

fK/2(l+K/i

' J o
CO -CO

hi
• r

^ dk

sin2Tm -)L L 2m]1"0 [, n L 2ml1 - U- " T" cos t log 1 - -iH
m

l -o L 2m)X-a . L / f, 2m"
- —r~ 1 - T-\ sin t log 1 - -5- •dm

= 2 1 -
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00 r°0
sin2TO

_ r sin(tlo^)cos2^, x _ f _ ^ j 1 " 0 f logfa _ M]
J3/2 fe0 l ^ J I l ^ J J

00 «OO

A JI.,7=1 ; c Q
 ;W(m)

7.2.1. Estimation of V.t .

<2 s i n ( £ log k+2TJJkj- 1 - -5— sinlt[ (2 s i n ( t log fc+2irjfc)-fl - ^
3/2 I I K

- -N sin(t
K J

2 sin(t log k-2vjk) 1

]- fl - ^ ] s in( t log (fe2

We use the transformation p = t log & + 2vjk and denote by &(p) the

solution of k of this equation for fixed p . Then

v = V
1 1 1

sinpdp
1 1 1 J=l J3irj+tlog3/2 k(pf'(2ttjk(pf'(2ttj+t/k(p))

r (l-a)fe (p)cosp

j=l (3/2)°(2Tr,7+2t/3) j=l J 3irj+*log3/2

j=l ' 3irj+tiOg3/2

= 0(1) ,

y f 2-n.jk (.p)k(p) ~Pcosp ,

' / ( f e ( ) ] 2
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112 *** F113 a r esince fe'(p) = 1 / ^ = l / (2ir j+t /k(p)) . Similar ly V.

also bounded.

For the estimation of V . . , we use the transformation

(h) p = | t log k-2njk\ .

The curves

(5) y = t log fe and y = 2Trjk

touch each other at the point k = e for j = t/2ve . The lines

y = 2vjk (j > £/2ire) do not intersect the curve y = t log k , but the

lines y = 2itjk (j < t/2ire) intersect the curve y = t log fc . If

3 < ^— log 3/2 , then they intersect at only one point k • in the range

(3/2, «) such that

logfc. 2irj '

. = -L. 1rifff_L. loff _!_] + Q[lo«loK(t/2ir.7)]
'•7 P T T I Piri PT"" " ' '

that is,

Further, the curve (h) takes its maximum at the point k = t/2irj . If

•r— log 3/2 - j < -^— , then the curves (5) intersect at two points in the

range (3/2, <*>) , one being less than e and the other greater than e .

If t/2ne 5 j < t/3ir , then the curve (U) becomes

(6) p = 2 ^ - t log fe

and takes a minimum between 3/2 and e . If j > t/3ir , then the curve

(6) increases; that is, 2-rrj - t/k > 0 . We write

"llU

(t/3Tr)log(3/2)

I
, 7 = 1

t/3ir

r
J3/2

dfe

= W±
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Using the transformation, (6) and denoting by k(p) the solution of the

equation (6) for fixed p ,

«/=t/3ir+l r dk

sinpdp

fc(p)a(2itf-t/fc(p))

(-l)J'cos(tloK3/2) _ v f°° (l-o)k'(p)cosp

j=t/3ir+l (3/2) (2TTJ-2*/3) j= -tlog3/2

3irj-tlog3/2 (2-njk{p)-t)

= 0(1)

since &1
(P)

(

= l/(2itf-t/fc(p)) .

(t/3ir)log(3/2)
+

J3/2 f dk

By the transformation (6),

(*/3TT)log(3/2)log(3/2) /»

=l '2-njk.-

sinpdp

-tiogk k(p)
d

= 0
(*/3TT)log(3/2) x

Now we shall estimate

t/3T

I
«7=(t/37r)log(3/2)+l

I
j=(t/3ir)log(3/2)+l

f °T
J3/2 JlC

For (i/37T) < j < (t/3ir)log(3/2) , we have

(3/2)/log(3/2) < (t/2itj) < (3/2)
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and then, k . < 10 . By the transformation p = 2iTjfe - t log k ,
3

" 2 2 = r
J on -I

sinpdp

= 0
f

.t/=(t/3iT)log(3/2)+l

20jiT-iloglO k(p)°(2irj-t/k(p))

X ' = 0(1)

and

[(t/3Tr)log(3/2)]

f

))

10

3/2

where

fLi/3irJ+% r
"211 = * '

2 1 1 J[(t/3TT)log(3/2)]+% '

3/2

= 0(1) ,

i 2 k°

r[*/3-w]+%

[(t/3Tr)log(3/2)]+%

^ d k

sin 2-njkdj

and similarly W = 0(log t) . Thus we have proved that Jv̂  = 0(log t) .

Now we shall estimate V.
115 "

1 _ 2ml 1~a sinftloK(k-2m)-2Tr.7k] ^

,7=1
I

«7=t/3TT+l

r3/2+2m

3/2 J3/2+2m

For W , change the order of summation and integration and use the order
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of the integral of Dirichlet and conjugate Dirichlet kernels; then we can

easily see that it is O(log t) . For W „ and W , we use the

transformation p = 2njk - t log(?c-2m) , then dpldk > 0 and the method

used for f can be applied to them. Thus we get W = O(log t) • Wow

k A J3/2 I k>
/3

= I

3/2

rt/2-nj+2m k'.

J + J dfc

where k'. is the solution of the equation k =
0

than t/2-n. + 2m ; that is,
3

r log(k-2m) » greater
0

K = 7^7

_ t/37T ,

A J3/2-2.

2m

and then

sin2Timf
Jo

J = i

lx
sink^jm

H ° 0

-•m=0

f °
« " "

2w sin(tloKfe-2ir.7fc)
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, .

Now we put p = t log ?c - 271^ ; then p increases as k increases in

the interval (3/2-2m, t/2irj) , and the function

y(k) = k2~a/(k+2m)(t/k-2-no)

increases as k increases. If k = t/2yj , then p = t log(t/2irje) .

Suppose k = t/2vj - 9 (6 > 0) ; then

p = t log(t/2irJ-9) - t + 2TTJ6

= t log(t/27Tje) + t log(l-2irje/t) + 2TTJ6 .

If we take 8 = — Vt/ir , we see that p increases more than 2ir when k
3

increases from i/2irj - Vt/ir/J to t/2irj . Therefore

fel-0
log k-2vjk)dk = 0 ±-

and then W^ = 0(log t) . Similarly V^ g = 0(log t) . Therefore ^ 1

is of order log t . Similarly (/• „ is also of order log t . Since V. _

is hounded, W, is of order log t . Thus we have proved that

A similar estimate holds for

get

• Collecting the above estimations, we

*>

,
3/2

dk + 0(log t) .
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7.2.2. Estimation of V . . We shal l estimate

can

f s i n ( t l o g f e ) e o s 2 7 r . 7 * f e / , fn 2m) ° ( . . f . 2m
a I1 ~ P ~ T c o s r logI1 ~ T

M{m)

s±n2wi

j J2 s i n ( t log fe+2irjfe)-fl - ^ s in ( t log(fe-2m)+2irjfe)

( ? "I1"0

- 1 - ^
( ? I 0

+ 2 sin(t log k-2vjk) - 1 - ^ sin ft log(7c-2m)-2Tr,/fe)

- (l - ^ j 1 " 0 sinft

By the transformation p = t log k + 2 jk , used for K1ln , we get

sin2ronr f sin2

J=l J
C Q

 m

, f sin{tloKk+2n,jk) ,7
i oi ~ A ^ con \ aK
121 J m j °

sinptip

sin2irmcos ftlogA/(m)+2TL7Af(m)J ,
L̂  U 1 ! ( ^

mM{m) (2Ttj+t/M(m))

(1-a) Y I sin2il7W , I fe'(p)cosp<ip

7=1 'c m > tlo&4{m)+2-njM(m) k{p)°' {2mk(p)+t)

- Y, 2vJ s i n Wl dm -\2J LE
j=l •'o m } tlogM(m)+2-njM(m) (2vjk(p)+t)
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J:

00 MO

Y, {sin(t log Af(m)+2irjAf(m)+2Ti7n)

- s in ( t log Ml

By the transformation <? = i log W(m) + 2TTJM(m) + 2Tm ,

dq = [tM'(M)/M(m) + 2irjAf'(m) +

since

, a-e

a-e a-e

M'(m)/M{m) s l/m(a-e) ,

and then

'-= h Ofn .

• tM' [m(q)}/M[m(q))+2-njM' [m(q))+2T\

= 0
=l 3

= 0(1) ,

) ~since m/M(m) ~ increases. We can see that i s a l s o bounded by a

similar estimate, and then X is bounded. For the estimation of I ,

use the relation k'(p) = 1/ [2TTJ+t/k(.p)) and that the function of x :

y = x ~a/(2-njx+t) takes its maximum at the point x = (l-a)t/2(l+a)7rj ;

then we can see that X is bounded. X is also similarly bounded.

Therefore i s bounded. Similarly V 22
 a nd a r e W e

shall estimate V „> .
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_ V I sin27iw i , |

" A J m m L
3=1 'a JM

v _ V I sin27iw i , | sin(tlofife-2iT,7fe) _
3=1 'a JM(m) k

(t/3ir)log(3/2) t/3ir

I + I + I
J=l j=(t/3TT)log(3/2) J=t/37T+1

= *>n + Xk2 + Xfc3 *

By the transformation p = 2vjk - t log k and integration by parts, we get

3 7=t/3n+l ioQ

f si

sin2TO7?

(l-a)fe'(p)cosp ,

k(pf [2irjk(p)-t)

,

c31 -f=+/rjW4.i -L 2mM(m)a[2vj-t/M(m))

)-t log Af(m)+2TOn]-sin(2iTjAf(m)-t log

By the transformation q = 2-njM{m) - t log M{m) + 2wn , we get

1

2m(q)M{m(q))

• 2-njM' [m(q))-tM' [m(q)j/M[m(q))+2v

= 0 = 0(1) ,

since M'(m) > 0 and increases and M' {m)/M(m) decreases. Similarly

' T n e r e f o r e ^31 = 0 ( l ) ' S i n c e ^'(P) =
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we have X, = 0(l) , *, = 0(l) . Thus we have proved X[_ = 0(l) .

X t e "
t/3

j=(t/3ir)log(3/2)*l 'a. m >M(m) fcar, p n i \ 1.J.UMV—CII,/I\. y jii

E j O g " ^ <^ l J " jt/3 r~ _ . -_^J .T 7. o~_-7.\ r r~ r" l s in2Tim

j=(t/3Tr

where I is bounded.

t/3ir (-(•9 f^

I \ \ \ dm
(-(•9 f00^ r00

+ \\dk\
U 3 / 2 J 9 J JK/2(l+K

Xu = I \ \ \
j=(t/3TT)log(3/2)+l U3/2 J9J JK/2(l+K/k)

sinp^9
noop 2-

,7=(*/3ir)log(3/2)+l Jl8irj-tlog9 k(p) [2vj-t/k{p))

. r
fe(p)

sin2Trw ,
OT

= 0
j= ( t /3Tr ) log(3 /2 )+ l

and

= 0(1) ,

' sin2Trm„
ftt/3ir]4* f9 x

= 2 J(j)dj k cos(t log k-2njk)dk
J(t/3iT)loe(3/2)+* J3/2

^ ^ ^ + 0(1) .
K/2(l+K/k)

Writing
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we get

r

^221 = 2 ^ n s i n

4221 „_, n l [( t / 3 i r ) l o g (3/2)]+%
£ i f *

n=l n J[(t/3Tr)log(3/2)]+4

. f l{k)kX~a cos(t log k-2-njk)dk + 0(1)
J3/2

°° i r9 i „
- L n \ J-KK)K OK.

n=l J3/2
f[t/3ir]+%

(sin(t log ?c-27Tj(?c-n))-sin(t log k-2i\j
J[(t/3TT)log(3/2)]+%

+ 0(1)

* , , = L - 1 I(k)k sin(t log- y i Jr !-

(•[£/3TT]+% r9 1 _

[(t/3Tr)log(3/2) ]+% 3/2

r [t/3ir]+%

J[(t/37r)log(3/2)]+%

cos( t log ?c)c£fe

= y + y
111 112

We sha l l wr i t e 9X = 1/ ([ ( t /3ir)log(3/2) ]+%) , &2 = l / ( t t/3ir]+%) , and

8 , rrn f9

n=2 w 3 / 2 Jn ' n=l,9

= z + z + X + o( i ) ,
«=1,9

[*/3ir]+*

[(t/3ir)log(3/2)]+*

n-(

" - i
J--« J[(t/3TT)log(3/2)]+%

[£/3ir]+%
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rn f[t/37r]+£
\ dk \ da
J«-6O •/[(t/3Tr)log(3/2)]+%

Z12

1 n

sin(tlogfc)
n-k

= Z l l l + Z112 •

In order to estimate Z-,-,-̂  > divide the range of integration into

(3/2, T/U) and (7 A . n-Q ) ; then the integrand of the first integral is

bounded, but the second is 0(l/6.t) = 0(l) , using the transformation

p = 2TT( [t/3fr]+%)fc - t log fe - 2TT( t*/3ir]+%)n . About Z , in the cases

n - 3 , use the transformation p = t log fc + 2ir([( t/3Tr)log(3/2) ]+%) (n-fe)

and, in the cases n > h , divide the integration range into (3/2, n-l)

and (w-1, "-9-,) > then the integrand of the first integral is bounded and

the second integral is O[l/Q t) = 0(l) . Thus we have proved that

Z = 0(1) . Z is similarly estimated.

= 0

Z . is also similarly estimated to become bounded. Thus we have proved

that is bounded. is also, and then %
• , - , • , ?,•,, is derived from
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y , interchanging sine and cosine, and hence ^yy? i s bounded, and then

X is so. X „ is easily seen to be bounded. This proves that "

is bounded. Thus we get that Xs- is bounded.

Now we shall estimate X, , .

p
>M{m)

sin(tloRk-2-n.ik)

7=1

(t/3ir)log(3/2)
J dk +

Jl- J,

sin2TTW
m

:t/3ir)log(3/2)log(3/2) r°°

7=1 '2T\nk.-

= 0
U/3TT)log(3/2)

3=1 °
= O(log t)

Therefore

(t/3ir)log(3/2)

J=l

Now,

125 -i r
1=1 Jo

• I .

| 1 - O

sin2irw
m

dm

m

O(log t)
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sin (tlozk-2%jk-kTi,jm)

(k+2m)

OO -00 #O0

V sin2mn ,
= L —Z— dm

3=1 JaQ 'M{m)-2n

= £ I sln2wl dm [ {sin(t log fe-2irjfe)oos Uitfm
3=1 >cQ

 m >M(m)-2m

- cos(t log k-2f[jk) sin h-njm} -. o dk

v _ v f~ sin2ir(2J+1 )m-sin2ir(2.7-1 )m , f~ fe ~gsin(tl0Kfe-2irjfe) -^
../£,_-, — /_, I ^ con | 7-, (_li_ u / c

'0

511 A 2ir.2eo(2,7+l) ' _ '

cos2Tr(2j+l)w , f°° fe ~asin:j'+l)w ^ f™

y [°° cos2ir(2.7-t-l)w [M(m)-2m)1~c

A J UITTW( 2,7+1) M(m)

. (Af'(m)-2)sin(<: log(Af(m)-2m) - 2irj [M(m)-2m))dm

• r°° 11—0
cos2ir(2j+l)w , k sin(tlogfe-t:ii./^; „

'0

Let t ' = t/2ir(3/2-2c ) and k. be the solution of the equation

2Ttjk = t log k . We use the transformation

(7) P = 12-irjk - t log fc| ,

where c^ vanishes for k = t/2irj . We write
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2ff( 2,7+1 )c n H 7 +f +r
Ji/9-0n 1+IO-nA >V

dk

J-P+l
dk

3/2-a,0

By the transformation (7)> the integral in Y^ becomes

t/2-nj
sin(t log k-2Tij,

rtlog(t/2-nje)
k(p) ~°sinpdp

= 0

For k = t/2Trj - 6 (0 < 9 < */2TTJ) , in the transformation (7) p is

given by

log
(2TTJ8)'

2t 3t2.

If we take 0 = i V^TTF , then

Therefore, the range [t/2 j, t/2T\j-V t/vj ) on the k line can be

transformed to the interval on the p line, which covers the range of

integration of the last integral with respect to p . Thus we get
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dk

= 0
t' 1 V t/TTJ.2

3=1 j (t/2Trj)a

.2 r

t'
= 0 A .a-* .2-1.2-a

= 0(1) .

Similarly X , Y , and JT ^ are bounded, and then X,--,-,-, = 0( l) •

5112

t/2ire

.7=1
J

C Q
 JM(m)-2^ Jt/2TTj

1mQ >M(m)-2m k. }M(m)-2m

I \
=t/2Tte 'cj=t/2Tte

miax {M{m)-2m,e)

M(m)-2m Jmax [M(m)-2m,e)r dk

t/2ne

1 o\-\ + I 0|77T-r;
J=lJ=l

= O(log t) ,

using an estimate similar to ¥„ where m and m are the solutions of

the equation of m : M(m) - 2m = t/2irj and M(m) - 2m = k . ,
3

respectively.

Since k = M(m) is the solution of the equation

m =

we have

-e-l-> 2

- l

a-e a-e

and then
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5113

y 1 C
fix M2J+1) Jc

. {sin t{log[M(m)-2m)-2-m-2-njM(m))+sin[t log[M(.m)-2m)+2-m-2-nj[M(m)^km))}dm

t/2-nc]

J = l

r(t/2-nj) f° r
= 0(1) .

X ,1 is also of the same order as L , and then

J = 0(log t) .

f̂ _ is similarly estimated, and then X- is also of order 0(log t) ,

and X_p is also. Therefore

F125 = 0(log t) .

V r is quite similar to V ? , so that

log(3/2) A

=l J3/2

Combining with the estimation of §7-2.1 we get

0(log t)

Vl = 712

3/2

0(log t) .

Denoting the inner integral of V by g(k) , we have
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2 t .
=3/2

-n3/2 2TTJ7C 1 + 0 3/2
2irj

= 0(1) .

We easily see that k . , the upper limit of the outer integral in V. , can
3 ^~

be replaced by t/jv . Therefore, combining with the estimation of T.

and T =0 (1 ) , we get

1 " 3=1 J3/2

T I3/2

-

E-r
0(log t) .

111

+ 0(log t )

dm + 0(log t)

Now

•a • X i
r«=

,7=1 J3 /2

132 '

where

Hk) •n sin2ii?n

h(k)dk

We write

;31 = j
3/2

'*£• h(k)dk

where
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"I-1 3/2 k

[tth
= 0 dk

' 3 /2 k2a~ek

,t/2-nk
h(k)dk cos 2-njkdj + 0( i )

Ik

+ 0(1) = 0(1) ,

and using the transformation t log(t/2wj) = t Xog(t/2vj') + IT

U' = Ad)
2TTJ

.2

sin(t log k) sin

tt/2-nk

C L W 3 T T J + *

+ 2TT Ad)dj

rt/ir ct/̂ TTK
= 0(1) + 2tr k h(k) sin(t log fc)dfe sin 2i\jkJ{j)dj + 0(1)

os 2-njkdJ(j)

h(k)dk

= 0(1) + 0
t/ir

-, = 0(log t) .

Thus we have proved that y-!^i = <^(1) • Similarly f' is bounded, and

then T' is also. Since 21', is also bounded by a similar estimate, we

get

2\ = T̂
3/2

8. Estimation of the remaining terms

8.1. Estimation of T~ •

cos( i log fe+w)

r am - e
{l-a)w/t f.witk{eW/t-l)/2

sin2TTm
dw
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- ,tlog(i+*/fc) u - u - a ; U / t u - a ; w * .
2, — \ | cos(t log k+u)(_e -e Jdj

k=2 fe

• rkd-e-^/2 m
Cfftl

( l _ a ) u / f ( ) s i n 2 i m

cos(t log k+u))e du) dm

T
22 '

•f(

rtlog(l+K/k)
sin(t log k+w)

{(2n-l)W
2M-2J(k,

by using the expansion formula for e , and denoting by I{k, w) the
inner integral in the last formula, we get

cos(t log k+w)w I{k, w)dw
'0

= [sin(t log k+u)w ~ I(k, u)]

and then r?1 = 0(l) . 2" _ is also bounded by the same method. Thus we

have proved that T = 0(1) .

8.3. Estimation of T^ . Similarly as the estimation of T , we get
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T = I -i-
3 CT

cos(t log

r
(

0(1) .

8.3. Estimation of

y t [k~X

, and

s±n2wn

k=2

e cos vdv

e cos vdv

icos(k-eV/t}

= - \ *l " 2̂ 2̂ '

where

1 fe=2 " ]0

(i-a)v/t

k-eV/t

t/ir °°
= I + I +0(1)

k=2 k=t/i\+i

sin27rm
—m

.

cos2irw

We use the transformation p = v - ire , where dp = \l - —• e \dv ,

vanishing at u = t log — . For v = t log(t/ir) , we have p = t log(i/ire)

and for t> = t log(i/Tr) - 6 ,

p = t log(t/TO) - 9 - t ( l - e " 9 / t )

If we take 9 = Vhitt , then we see that p changes over an interval of
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length greater than 2ir when v changes from t log(t/ir) - Vtirt to

t log(t/Tr) . Therefore

» x /•tlog(t/ir) e(X-a)v/t

= 0 t1 " 0 4 * ^ iTTTZJ

Similarly,

Thus i?^ = 0(1) .

-

k=2

= I r
k=2

= 0(1) .

ft/ir ,1-a

11 1 ^ k fca-e t- = 0(1)

cos vdv

/•riog^K-A; -V

Thus we have proved that £2?2
 i s t > o u n d e d > Similarly Soo-a a n d

are bounded.

Collecting the above estimates we get

= _ *f ft™
j=l J3/2

For the real part of t,(s) , we get a corresponding formula where sine is

replaced by cosine. Therefore

JVL J3/2

Thus Theorem 1 is proved.
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9. Proof of Theorem 2

G =
3=1 hi 2

- Gl + °2 •

By change of order of integration, we can easily see that G. = 0(1) .

[t/2-nj „.„,+•,_!, o _ . ^ f[*/3ir]+% rt/tf
dJU) dk

By integration by parts,

c
2 1

( 2 7 r )
l - a

where

2ir

212 '

fe cos(t log k-2-njk)dk

-, f[t/3ir]+% w .x
t1"0 ^ sin(t log(t/2vje))dj

y + 0(1)
n=l

TT ,tiog(*/2Tme)V/3T\ r
dp

= 0
1 t / 3 7 T 1

= 0(1) ,
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k. ~° cos(t log k)dk
t/2-nk

+ (the term where the cosine is replaced by sine) + 0(1)

0(1) .

Using integration by parts,

J3/2

t/2-nk r

- 2 ^ J%
 sin

-•- TJ Jl

~ 2V 1 1 " 2ir 12 '

— sin

= sin

= sin

h/2

*%\
t/iT

t I
n=l

cos(tlogk)

k°
t/2-m

t/2ir(n+l)

78

J t/2ii(n+l)

' t '
[2TTkJ

+ 0(1)

-
ft/2

dk

where t/2v(n+l) < 9 < t/2iT(n+%) < 6' < t/2Tm . Using the transformation

p = t log k , dp = {t/k)dk , we get

i/ir f+i 1-0
flu = 0 X | ^ j = 0(1) .

Further

cos(tlogfe) - , , . _
3/2 k° D [ t / ^ ] ^ ^

where D (k) denotes the nth conjugate Dirichlet kernel at the point

k , and then

Vt/2ir rt/2-nn it/v Vt-1 rm+1 rt/2v{ [Vtjl

*12 = „?! lt/2,(n+l) + 1/2, + J i L + ivt]
121 + 122 + 123 + 121+ '

where
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•n ft/2Ttn
cos(tlogfe) -

k° n

Jt/2-n

n=l

n rt/2Tmn [1 I
1=1 J

sin(.tl0Kk-2Ttlk)

£/2ir(n+l)
dk + 0(1)

= 0 T n-l r.\l-a
I —I

1=1 W

log t) ,

+ I -t-lt/n [t

and H a r e t o u n < i e d - we have proved tha t H i s of

order 0[t log t) . H. i s also and then G i s of the same

order. (?„„ can be estimated similarly and more easi ly . Therefore we have

proved that G = o[t ~ log t) , which proves Theorem 2.

Appendix

It is sufficient to prove that

dm
Jr.

f o r

and

_ f COs(tlOgK) , f
c o s 2imu • 0 a s M •*•<*>.

m

Now, suppose L > t log £ ,

rM

J cos (2irro<-tlosM) +cos (2imtu+tlogu) ,

By the transformation u = 27rmM - t log u and denoting by w(y) the

solution for u of the above equation for fixed v ,
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cosvdv

= 0
rO I, 2

u(vf[2m-t/u(v))

a s £ ->• « .

By the transformation v = 2mru + t log u , we can prove similarly that

dmJ(m) cos 2mru — =
m

1 f \
— J{n) cos 2Tmudn\
m > I

dm [m

cos 2mudn

where

r cos 2mudn

—77 s i n 2irfcw cos 2unudn

m
{si s in

k=\

fcos2-n(k+u)M-cos2-n(k+u)m cos2ir (k-u )M-cos2T\(k-
2-n(k-u)

u )m\
j

and then

1 flim — J(n) cos

COS

fe=l (2ir)

k=l (2*)2Mk k+u

cos2ir(fc+M)w COS2TT(k-u)m-COS2TI{k-u)M

and
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J- = cos(
k=l (2-n)d(k-u)k

...
cos2v(k-u)m-cos2'n(k-u)M dm

m
du + o(l)

3

f

r +1
J l 3=2 >3

_ 1 f
(2TT)2 ' l

3-1 °°

1*1*1
k=X k=j k=3+X

j [°° cos2Tt{3-u)m-cos2yU-u)M ,

>M m2

- 1 I ^ ••

1 r
TT)2 J=2 'J-%

= 0\ dM dm + f dm 3/2

1+1/M (u-X)u

' 1 f* fcosfaog(.7+K))L ' i f f:
9 ^ -I I

I T ) ^ J = 2 J J 0 >•

•f
(j'+u) [j-u

cos2Trw-cos2Tr(.7*-M)Af

(j-u)M m

= o(l) .

Thus we have proved that the order of integration of S_ can toe

interchanged, that i s ,

Qn = t \ Z'" ' au I ^ r - ^ cos= t f cogt
Ji m

du
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