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On the Riemann zeta-function |

Masako lzumi and Shin-ichi lzumi

Dedicated to Professor Bernhard H. Neumann

We prove an approximation formula for the Riemann zeta function.
We show that a classical theorem:
t(e) = 08192 45 tow (s = osit)

uniformly in the domain % = ¢ < 1 , is an immediate consequence
of our approximation formula. Our method is real and free from

complex analysis.

1. Introduction and theorems

1.1. The Riemann zeta function is defined by
oo
t(s) = ¥ 1/n° (s = oit) ,
: n=1

which converges in the half plane ¢ > 1 and represents a regular
function. Riemann proved that it is analytically continued to the whole
plane and regular there except at the point 8 = 1 , which is its simple
pole. Riemann supposed that g(s) # 0 in the strip ¥ < 0 <1 . This is
called the Riemann hypothesis. Lindelof conjectured that

t(s) = O(te) uniformly for ¥ <0 <1

for any € > 0 , which is equivalent to g(%+it) O(te)
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We shall prove an approximation formula for the zeta function.

THEOREM 1.

t(s) =

t/3m jt/nj e—i(tlogk-2njk)

5 dk + O(log t) as t > = ,

J=1 ‘3/2 k
uniformly in the interval % =0 <1 .

As an immediate consequence, we get

THEOREM 2.
t(s) = O(t(l-c)/2] as t >
uniformly in % <g <1 .
b [b]
1.2. We use the notation ) = 3 and k, L, m, n, ... are used

n=a n=lal

to represent continuous variables as well as discrete variables.

2. Proof of Theorem 1

It is known that

c(s)=sj L) v Lov gy (ks> 0)
1

s+l
u
(see [2]1, p. 14), where

o r
Z sin2mmu
U '

J(u) = [ul ~u+ %~
7n=1

We suppose that s =0 + 1t , ¥<0 <1, and ¢t is a large positive

number. Then

z(s) (cn't)j —(—J-(ig—du+0 1)

e du + 0(1)

® J(u) ~itl
it J u) ~titlogu
1u

|~
I
=

= ¢ J: Tvo (i cos(t log u) + sin(t log u))du + 0(1)

iP + P* + 0(1)
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We shall estimate P only since P* can be done quite similarly.

Using the Fourier expansion of J(u) ,

Pp= Y % r cos(t log u) sin 2mmu ?:1
m=1 1 u
= j % (a?n+dJ(m)) r cos(t log u) sin 2mmu dl:l
% 1 u°
= (y+p)/m .

By the transformation mu = v

bl
‘ am l v dv
=t —_ cos {t log -—] sin 2TV
1 ¥ ml-o m m vo+1

. v
t J‘n-s-lﬁi—;_mdv J cos[t log %] (limo .
¥ v ¥ m

ael
I

Further we write ¢ log(v/m) = n ; then

= v/t , dm= -(v/t)e_n/tdn .

and then

]
P
& :
o 3
&
|
S——
w8
o]
3]
[\V]
<
&
[}
2
e

By integration by parts,

du
o+1
u

P =tJ &g)—cﬂnj cos(t log u) sin 2mm
¥ m 1

1 u(J

- 27t Jmﬂr;:ll dm r cos(t log u) cos 2mmu du
%
= Ql - 21rQ2 .
3. Estimation of Q]

By changing the order of integration,
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o+l
m

Ql [w cos(tlogu) du jm J(m) sin 2mmu dn s
1 %

where the inner integral of the right side is

Ql(u) _ Z #%_Jm 51n2ﬂkm51n2nmu dn

k=1 % m

- Z _;E'Jw cos2n(k—u)mz§os2w(k+u)m,dw
k=1 % m

= L

S on [Qll(u)_Ql2(u)]

We write
Q _ cosftlogu Q ( Y
11 1 0+l

0+l

ng £ Jw cos(tlogu) Q ( )du

3.1. Estimation of le .

1
x x
a8 1

12 2
m

1+ g] f” cos2mm dm
[ k (k+u)/2 m2

Q. () - % fm cos2m{k+u)m dm
%

and then
(tlogu cos2mm
Q =tzrc°s dr SO i
12 k=1 41 o+l (k+u)/2  m°
+ § t J cos{tlogu du cos2mm dm
k=1 k u° (k+u)/2 m2
=@ * 9o
where
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_ - cosv cos2mm
Ql2l B kgl J‘: eov/t » r v/t nt i
(k+e"" ") /2
- E r coszmmJtlog(Zm-k) cosv_ o
k=1 J(ke1)s2 At 0 KL
+ Z rcosv d”r cosandm
k=m+l 70 eov/t v/t m2
k+e®' ") /2
t ©
dm 1 dv
A o d] o3
[k=1 (k+1)/2 m2] [k=t+1 12 1o OVt
= 0(log t) + 0(1) = O(log t) ,
and
o 0 om-k
Q - Z t cos2117nde cos(tlogu) du
122 “ k 2 o
k=1 (k+1)/2 m 1 u
o tlog(2m-k)
=y %—Jﬂ cosgﬂm J e(l_o)v/t cos vdv
k=1 (k+1)/2 m 0
© 1-0
=0[2% Lem_—@_dm]:om.
k=1 (k+1)/2 m

Therefore le = 0(log t) as t > o,

3.2. Estimation of Qll .

Q.. =t rcosgtloguz E ;Jﬁcosmrgk—u!m dnldu .
11 1 =1 K P

g+l 2
u m
Since
- 2
r cosZﬂS: u)m dn = |k-u| cosemn dm
% m |[k-ul/2 m

is bounded for |k-u| <1 and 0(1/|k-u|) for |k-u| > 1 , we can
interchange the order of summation and integration on the right side; that

is
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_ - t kcos(tlogu} cos2mn(k-u)m
Q.= F du dm
11 42 k g+l 2
=1 1 u % m
cos(tlogu) cos2m(u-k)m
+ du dm
k u0+l ¥ m2
=9y e
where
Q _ of: t J(k_l)/z cos2Tl7ndm[k (k-u)cos(tlogu) du
111 el k 0 m2 ke2m uo+1
. J.oo cosg‘nm dn Jk ﬂ-u)co:fltlogﬁ du
(k-1)/2 m 1 u
_ - 1 (k-1)/2 cos2‘ﬂ7ndm tlogk k—ev/t d
= % — o/ oS v
=2 0 m tlog(k-2m) e
+ O[E lr cos2Tm dml
k=2 U(x-1)/2 wP
- 1 k/2t 1 m tm
"ol % k"
=2 0 m- (k-2m)
k/4 (k-1)/2
A, ] ]‘15—'"—?"’"}] * o)
k/2 k/b m- (k-2m)
© © k/h o (k-1)/2
=0[Zﬁ+fﬁj o5 L —d’"o]*"‘“
=2 k k=2 k k/ot k=2 k° 'k/k4 (k-2m)
= O(log t) ,
and
_ - t cos(tlogu) (u-k)cos2mm
“io= X % ol W 2 dm
k=1 k u (u-k)/2 m
- 1 cos2mm ¢log(k+2m) !eu/t—klcosv
=1 % > oolt X
=1 0O m tlogk e
o k/2t k
B 3 e [ e
=1 0 m (m+2k)® k/et Ik m® (meek)®
= 0(log t) .

Thus we have proved that Qll = O(log t) and then
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Q =, - @, =0(log t) .

11 1

It remains to estimate Q2 .

4, Estimation of QZ

O
n
[}

trﬂm—)dmrcos(t log u) cos 2117m¢éli
z m 1 o

u

t Jw cos(tlogu) du Jw J{m) cos 2mmudm ,
P

1 u

which will be proved in the Appendix. The inner integral of the right side

is
@ (u) = —r sin 2mkm cos 2mmu =—
2 *=1 Tk ¥ m
5 dm
= Z: A [” {sin 2m(k+u)m + sin 2n(k-u)m} &=
%=1 2Tk ¥ -
= Q21(u) + Q22(u) .
We write
t1
Q=t r cos( c‘ogu) (Q2l(u)+Q22(u))du
1 u
=8 * 9y
5. Estimation of P
We get
.y ot cos(tlogu) sin2mm
Q= % _J“’ i sinemn
21 =1 2k 1 uO (k+) /2 m
- ; tlog(2m-k)
=y ﬁr s:u:ﬂZmn de L(1-0)v/t wos vd
k=1 (k+1)/2 0
b tlog(2m-k)
=X ﬁr dm_mJ {sin(2mmtv) + sin(2m-v)}e(l'°)v/td_v
=1 (k+1)/2 o)
= L
el RIS
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5.1. Estimation of @ By the transformation 2mm + v = w ,

211 °
_ ® dm tlog(2m-k)+2mm (1-0) (w-2mm) /¢ .
Q211 = ) z o e sin wdw .
k=1 (k+1)/2 2mm

The function w = t log(2m-k) + 2mm is an increasing function of m on
the interval ((k+l)/2, °°) and then its inverse function m = M(w) is

also increasing on the interval ((k+l)1r, °°) ; therefore

oo

_ 1 . (1-c)y/t 2727 dm
9 = L Ef:kﬂ) s "’d"[e J 2m(1-0)m/ | °

k=1 Mw) me

If we denote by y(w) the function in the bracket on the right side, that

is,

m(1-0)m/t °’

y(w) = el 10N/t fw/m dm
Mw) me2

then y(w) is non-negative on the interval ((k+1)m, ®] and vanishes at

both ends of the interval. For, by the second mean-value theorem,

(M(w) < 8 < w/em)

e(l-—d)w/t Je dm

ylw) = M(w) M(w) eznm(l-o)/t

< t (1-0) (w-2mM(w)) /¢
= n(1-0)M(w) ¢

t (2M(w)-%)*7°
21(1-0)M(w)

=0(l) as w+® ,

since
(1) w =t log(eM(w)-k) + 2mM(w) .
Now
' (1-0)w/t
") = =0 1__Mwe
y' W) = = ylw) + 5 - PRYELIEEI I O
_ 10 1 M'(w) (omw)-k)"C
Tt yw) oo M(w)
()R ) (ww)-k) 0 1 (1-oh/e J“’/ 2n dn
omM(w) M{w) 21 M(w) m262117n(1-0)/1:

/am

_ tM' (w e e(l—o)w/t J” dn
T oaM(w) (2M(w)-k] T 27w M) m222ni1-0)m/t >
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using (1) at the first step, integration by parts at the second step, and

using the relation

(2) M (w) = l/[21r + Wt)_k]

at the last step. Therefore

«©

1
Q = Yy —'r y'(w) cos wdw
211 k=1 k (k+1)7

o«

t M'(w)cosw
KT J (el )w M) (2MG0)-K)©

© /2w
oy L r (1-0)w/t 0 J”" dm
51 2™ ) gy cos () m2e2™A-0)m/t

k=1

We shall first estimate Rl . By (2),

M(w) (2M(w)-k) /' (0) = M(w) (2M(w)-k) (2m+2t/ (2M(w)-k))
1

-0

M(w) (2n (2M(w)-k) +2t) / (2M(w)-k)
Consider the function of x :

z(x) = x(2ﬂ(2x—k)+2t)/(2x—k)l_° ;

then its logarithmic differential coefficient is

a2'(x) _ 1, L7 2(1-0)
z(x) x  om(2x-k)+2t =~ 2z-k

= zo(x)/x(2n(2x—k)+2t) (2z-k) ,

where

(2x-k) (ew(2z-k)+2t) + bmx(2x-k) - 2(1-0)x(2m(2z-k)+2t)

z.(x)

8m(1+0)z> - L((2+0)mk-0t)z + 2k(mk-t) ,

which vanishes at

o= lm(1+0) {(2+0)k - ot + V ((2+0)mk-0t) -hﬂ(lm)k(nk-t)}

k .

1A

Therefore, z(x) takes a minimum between (k+1)/2 and k or is monotone
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increasing in the interval of =z : ((k+l)/2, °°] . For each case

- _1
R. =0 =0(1) .
1 [kgl kl+°]

The integral in the kth term of R2 is

/e
{1-0)w/t dm
R (k) = r e os wdw r —_—
2 (k1) ¢ () 22T (1-0)m/¢

2mm+tlog(2m-k )
[ e(l—o)w/t cos wdw

r‘ dm
(k+1)/2 mzezn(l-o)m/t

[ =]l

and then

Therefore,

5.2. Estimation of Q212 .

sin(2mm-v)dv

R
i}
x|

@ 0 @_ tlog(2m-k) (1~0)v/t
212 e

J(7<+1)/2 mJo

I
18
x

L r e(l-c)v/tdv r sin{2mm-v) dn
k=1 0 (ev/t ) m

2 1 [ (1-0)v/t cos([e?! t+k)n-v)

) € 0Tt

nk
E Lkr (l—o)v/f:dvf37 cos(2mm-v) dm
=1 0

k=1 0
2
(/tx)2 "

I
Lt

1" 2w P2

where
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0 tlog(2m-k)
s, = Z 732- r @2 J e(l—o)v/t cos(2mm-v)dv
k=1 (k+1)/2m ‘0
© 1-0
= 0 Z i (—2”'—32)—. dn = 0(1) .
(k+1)/2 m
Now
@ k o (1-0)v/t
(-1 J e /t
5. =3 cos (me”’ “—v)dv
1 k=1 k 0 ev/t+k
_ - 1 ® e(l_c)v/tcos(ﬂev/t—vl
=1 2k v/t v/t dv
=1 0 (e F+2k) (e”/ "+2x+1)
o 1 o (l—o)v/t s[“ev/ti e(l—c)v/t v/t
+ 2 2k(2k+l) / dv - __Lvt_ cos (TTe —v)dv
k=1 0 +2k+1 o] +1
= Sll + 512 - 5'13 .
We consider the function zx(v) = Trev/t - v , which has two roots vl and
v, such that = < v, =T+ 0(1/t) and v3 satisfies the relations
vy = t log(v3/n) s Vg > ¢t log(t/m)
and
t log E <t log[t log t] <t log[t log[t log t]] < ...
_ 3 t 1+0(1)
< 1)3 = t{log Tt log log “[l + 108(15/")]} .
We write

45}
-
=
|
kl
[}
Sk
n
R|=
—_——
S—
o
l_l
+
—
<
n
+
Sm————
<
w
+
< b
W
|
&

_ ¢
where v -Stlogn and
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v/t

We shall use the transformation w = v - Te for the estimation of

5115 + We denote it by w = w(v) and its inverse function by v = v(w) .

Then

coswdw

S -
w(UlJ (ev(w)/t+2k)(ev(w)/t+2k+l)(l_ﬂev(ET/t/t)

112

= ;L.Jw(vz) L(1-0)w(w) /¢
k=1

For large ¢ and for w(vl) <w < w(vz) s

ev(w)/t> 1)2/1'; E[t]h/'j);f’

1 - (m/t)e =1-Z 1y

W
-7 n

and the function of x : y(x) = xl_c/(x+2k)(x+2k+l) (x > 0) takes its

maximum at the point

[V (441)%- (1-0%) + o(¥k+1)} = 2k + & .

%o T 2(1+0)
Therefore,
4/s v/t
(t/m) ylx o ( 2 )
‘9112=0[ L (kO)]+0[ ) ek ]
=1 4/5
k=(t/m) ' “+1

k" kl+°

L/5
(¢/m = o
0{ 2 _1_]+0l 5 _t__3__]
=1 k

k=(t/m)H5
= 0(1) ,

)
|

@ (1-0)k/5
=0 z: %.E_E______ v
113 = /5+k)2 3

L/5
t o
=0 —-1ogt _ Z S + O(t(9-’+0)/5 log t Z L
[t(ho—l)/s k=1 k =th/5+l k3

It

o(1) .

Using the transformation

for the integral of Sllh , we get
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o (1-0)v3/t

- le
Sllh ; 0[k§l k v3/t
. (e +k

1
log(t/m)

)

Thus we have proved that Sll = 0(1) . We shall now estimate

© (1-0)v/t

S,= L s )
12~ g5 2k(2k+1)

cos[ne
ev/t+2k+1

e
dv
v

w 1 {1 Yo tlog(t/m)-VE
away |, | )
0 v

>
k=1 2k(2k+1) v,

v

tlog(t/m) tlog(t/m)+VE 3
| ] g of Je
tlog(t/ﬂ)—VZ tlog(t/m) tlog(t/m)+VE 03

[~

s...=0Y i =0(1).
121 [k=l 2 k]

Since the function y(x) = xl-o/(x+2k+l) takes its maximum at the point

x = (1-0)/(2k+1)/0 ,

L ©  (1-0)k/5
5190 = 0| L S5 +okz —— = 01) ,

k=1 k =L+1 k
L/5
__G t . . - v/t
where L = ETE:ET [n] - % , using the transformation w = v - Te
For the estimation of 5123 , we use the transformation
w=wlv) =v - nev/t ,
= (-(r/0)e” V) aw .

By v = v{w) we denote the inverse function of w = w(v) in the interval

(v, t log(t/m)-VE) . Then the integral of the kth term of 513

becomes
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v'
J' 2 e(l-c)v/tcos (v-ﬂev/tl v
ev/t+2k+1

9]
[}

123

w(ve') e(l-o)v(w)/tcosw

L; (vz) (ev(w)/t+2k+1) [1_(ﬂ/t)ev(w)/t)

where vé = t log(t/m) - VEZ . We consider the function of z :

l-o

y = ylx) =« [(x+2k+1)(1-mz/t) ,

whose logarithmic differential coefficient is

¥y - 1o _ 1 1
(3) y x okl | (t/7)-x

_ (1+0)x2+0(2k+1—t/1r)x+(1-0)(2k+1)t/ﬂ
- z(oc+2k+1) [(E/T)-) :

If 2k + 1> ¢t/m, then y' >0 . In the case t/m =2k + 1 , the

discriminant of the number on the right side is
o (2k+1-¢/m)% - h(l—GEJ (2k+1)t/T

242 242
= o° [%_ 1_"/0_1‘..0_] (2k+1) %_ [1'*_‘/01:.0_] (2k+1)|

which is negative for

2y =2 2y2
t 1V 10 t_ {1V 107" ¢
?22k+1>[ o ] n"[ o ]T[

Therefore, if
252
1-V 1-0 t
Il = —_— - =
k> 2[ 5 ] 7o F=kyos

then the function y(ev(w)/tJ increases in the interval (w(vz) s w(vé))

and
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(1-o)vé/t
- e
5 p3(k) =0 v/t 03/t
(e © +2k+1) (1-(m/t)e © )
[ tl-oe—(l-o)/V? }
=0
[te'l/vg;2k+1)[l—e'l/vgj
1-
- o[t tﬁ] =0(1) ,
and then
S o s )=o)
=i+ 2K(2k+1) T123°70 ’
0

In the case k < ko , the numerator of the right side of (3) has two roots

z' and 2" (x' <z") and

2
=" = 5rgy {o[% - (2k+1)] + /02[% - (2k+1)] -1 (1-02) (2k+1) %}

= E%E L% - (2k+1)] .

A

n
Writing z" = &’ /t

>

t log(% - (2k+l)] - t log égg-i ué ,

<
IA

8
|

2
= 2(5;0) {0[% - (2k+l)] - V/oz[%-- (2k+1)] -4 (1-02) (2k+1) %}

(1-o)(2k+1)t/TW
olt/m-(2k+1) )
v'/¢t

If k > (20-1)/2(1-0) , then z' > 1 , and then, writing =z' = e ,

IR

(1-c)v!/¢t
e 2

e(l—c)v’/t
v/t +o v/t v/t
) 2 )J

+2k+1) (1-(T/t)e 2

S103(k) = 0[( v/t
e (e +2k+1) (1-(n/t)e

o(1) ,
and then

k
0 N i
k=(20-1)§:2(1—0)+l ek S123tk) = 00 -
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If 1 2k = (20-1)/2(1-0) , then »' £ 0 . Similarly as above

5123(k) = 0(1) for such k . Thus we have proved that Sl is bounded.

23

The function y(v) = e(l_o)v/t/[ev/t+2k+l) takes a maximum at

v = ¢ log((1-0)(2k+1)/0) and its maximum value is 0{1/k”) . Writing

X gt

2 = 3oy~ *
and
t oVt
k. = ——————— _ >k - =
1 2 " 2(1-o)m?
2(1-0)1Tel/\/£
we get
Sypy =0 > —15\/_ , max y(v)
\k=1 k vzivstlog(t/n)
rkl 1-0 k2 © 1-0
=02Llfft_+ Y _l.ﬁ+ ) A Ve
=~ 2 t _ 2,0 2 t
Lk—l k k= l+1 k“ k k=k2+1 k

o(1) .
5125 and Sl26 become bounded by similar estimations. Putting

w=w(v) = nev/t - v and denoting by v = v(w) the solution of the

equation in the interval (v3, m] , the integral of the kth term of 3127

is

(1-o)v/t 1-0
r _——ev/t cos (‘nev/t-v) dv = 1° r wv(w)) cosw;:)&gw)/t
vy e 42k+l 0 (wro(w)+(2k+1)w) ((1/¢t)e -1)

2T
0 J d = 0(1) ,
0 (w+v(w)]olog(t/'n)

which shows that 512 is also bounded.

7
Summing up the above estimate, we see that 512 is bounded. Since
513 is also bounded by an estimation similar to 512 R Sl is bounded.

Combining with the estimation of 52 , we get
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Combining the estimation of §5.1 and §5.2, we get

Q,, = 0(1) .

21

Therefore it remains to estimate 022 .

6. Estimation of Q22

o k .
Q22= Z 2%{[ cosftéogg) du s:.n:ﬂmcbn
k=1 1 u (k-u)/2
_ r cos(tlogu) dur sin2mm dm}
L (u-k)/2 ™
® . k-1
- _{I cos{tlog(k-u du sin2mm .
K=o 27k U, (k-u)° w2 ™
rcosltlogfkﬂt}] r sin2mm dm}
(k+u) u/2 m
t cosg tlogu) sin2nm
- Er o du r m 9"
(u-1)/2
- § LJK {cos(tlog(k—u)) - cos(tlog(k-i-u)l} r sin2mm dm
k=2 2Tk (k-u)° (k+u)° w2 ™
© k-1
_t cos (tlog( k-u[ ) sin2mm
+ g 21TkJ dur m dn
k=2 K = u) u/e
- t cos | tlog(k+u sin2mm
- L o r du | ~ETdn
k=2 (k+u)® u/2
t cosg tlogg! sin2mm
T om r g du m "
1 u (u-1)/2
2 (@)% 222~9237%21) >

where K (< k-1) will be determined later.

By the transformations ¢t log(k-u) = v and ¢ log(k+u) = v , we get
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921 =
_ E t JK {cos (£log(k-u)) _ cos (tlog(kﬂ{))}dufm sin2mn dn
k=2 K Jg (k-)° (k+u)° w2 "
o« tlogk .
= ) %{J e(l_c)v/t cos vdv r _511:;2117" dm
k=2 tlog(k-u) (k—ev/t)/2
tlog(k+K) .
- J e(l-o)v/t cos vdv ______s1r;r12m dm}
tlogk (ev/t_k) /2
o -tlog(1-K/k) .
=y % U e_(l—o)w/t cos(t log k-w)dw —511’;"271"7 dm
=2 ° , k(l-e‘”/t)/z
tlog(l+K/k) .
- J e(l—o)w/t cos(t log k+w)dw r % dm}
0 k(ew/t—l) /2
®© tlog(1+K/k) .
) —]3- f e_(l-o)w/t cos(t log k-w) r —-—sn:fﬂm dm
k=2 k 0 k(l_e—w/t) /2
- e(l—o)w/t cos(t log k+w) r ﬁmg_m_n_ dm]dm
k(1) /2
~tlog(1-K/k) .
+ J e-(l-o)w/t cos(t log k-w)dw r -SI—H”“’?M dm
tlog(1+K/k) k(l_e-w/t) /2
© tlog(1+X/k)
=y *lc- j (cos(t 1og k-w) - cos(t log km))e_(l-c)w/tdd
k=2 k 0
o . tlog(1+K/k)
. I % dm + f cos(t log k+w)
k(1-e2/t) /2 °
[e-(l-o)w/t sinomn . _(1-0)w/t f” si?fﬂm dnl o
k(1-e7'?) /2 k(1) /2
-tlog(1-K/k) g .
+ J cos(t log k-w.)e_(l—c)w/tdw J _511;"211771 dm

tlog(1+X/k) k(l-e‘w/t)/e

=2Tl+T2+T3.

https://doi.org/10.1017/50004972700022577 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700022577

The Riemann zeta-function 179

7. Estimation of T]

o . tlog(1+K/k) .
Tl - sin( téogk) J € e—(l-o)w/t sin wdw r sn:nan dn
k=2 k 0 k(l_e—w/t) /2
- sin(tlogk)
k=2 K°
K/2(1+K/k) . -tlog(1-2m/k)
) {J sin2mm J e—(l-o)w/t sin wdo
0 m 0
. tlog(1+K/k)
. Jm sin2mm J o (1-0w/t o wdw}
K/2(1+k/k) ™ 0
=Tyt
Tll - J sin(téogk! (dk+dJ(k))
3/2 k
K/2(1+K/k) . —tlog(1-2m/k)
) J sin2mm de e-(l—o)w/t sin wdw
0 m 0
=Ty Y Tae
7.1. Estimation of T111 . We take
kK=k"% (0<e<oq);
then

e

o . . —-t1 1-2m/k

7 - I sin2mwm dm r sanﬁtiogk) dk J og( /%) e-(l-o)w/t sin wdw
0 3/2 k 0

-tlog(1-2m/k)

e-(l-o)w/t sin wdw

+ Jm sin2mm dmr sin(tlogk) ko
c m M(m) k° 0

=0t
where e, = (3/2)°%/2(1+(3/2)°"*1) and M = M(m) is the solution of the

0

equation m = K°°/2(14°€ ) | then Mz (2m?/(97€)

estimate Ul . By the formula

We shall first
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(1+a°) f e® sinwds = 1 - é® cos b + ae® sin b
0

with a = -(1-0)/t and b = -t log(l-2m/k) , the inner double integral of

Ul becomes

{s2]

J singtcl;ogkz dk J-tlog(l-%/k) e—(l—o)w/t sin wdo
3/2 k 0
-1
|y . @e® r _sygms&{[l _ [1 ) 2_m]l'° cos[t 1og[l i z_m] ]
t2 3/2 1 k k
1-0
- ;_L;_O [l - 7{—] sin[t 1og[l - %i"—]]}dk
-1
- (1-o
= [1 + = } (Ull'(l'o)ulz)
Now

Uy, = r %&)— (1 - cos(t 10g(1-2m/k))}dk + 0(1)
3/2 k

2/ (1v0)
= sin(tlogk) (1 - cos(t log(1-2m/k)))dk + 0(1)
3/2 K°
2/ (140)
=% {2 sin(t 1og k) - sin(t log(k-2m))
3/2
- sin(t log(t log(kz/(k-2m)]))} % + 0(1)
k
=y -U

where

2/(1+0)) tlogt
= l-I( ) ORIt i kak

U
1Y 2 ] 40g(3/2)

- 0[% tz(l-c)/(lw)] = 0(1) ,

i . f = .
and similarly Ull and Ull are bounded. Therefore Ul o(1)

2 3 1
Since 012 is also bounded, we have proved that Ul is bounded.
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Now, the inner double integral of U2 is

Ua('”) =

r sin(tlogk) dk J"thg(l'z’"/k) e—(l—o)w/t sin wds
M(m) x° 0

-1
= (1 + ___L(l—g 2 r _J___sin(tlo k) {[l - [l - %)1—0 cos [t log{l - %"-”]
t M(m) k°

2 2] sl -

-1
2
[1 + Ll-_OL] (Ual(m)-(l-c)llze(m)] )

2

where

. [0 sin(tlogk | om 19

U21(m) = -[M(m) Lnk_oﬁﬁ_l {l - cos[t 1og[l - k]]}dk + o[me/(c—e)]
22

_ t™m 1 \

-0 m(m)/(o-a)] ' "[me/(o-en
and

m

_ - 1|
Ugplm) = O[Mo/(o-e)] = O[me/(o-e)J :

Therefore, writing a = 2(o-€)/(1-o+2¢) ,

o -1 +2
v = [l . (1-0) ] J siz:n21rm dn
e

2
t 0

. J:(m) sin(zlogk) {l - cos(t 1og[l - %’—]]}cﬂ( + 0(1)

kc

=1 a 1/0

= %1 + (1-0)° Jt sin2mm . J(Mt) {sin(tlogk)-sin(tlog(k-zrnﬂ
t2 co & M(m) ko
+ sin(tlogk)-sin(ilogj&z/(k—m)]]}dk + 0(10g )
k
-1
2

= 35[1 + ﬁl'TgL} (021+U22) + 0(log t) ;
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i (1/0)tlog(mt)
U21 = % I ____su;zmn dm {[ e(l—o)k/t sin kdk
e, tlogM(m)
t10g ((mt)%-2m) k/t
- J Tjt 5 sin kdk}
tlog (M(m)-2m) (e “+om)
a
t . (1/0)tlog(mt) .
= %J S dn {J [ 7T - T o) sin kdk
e, tlogh(m) e (e”' “+om)
(1/0) tlog(mt) ek/t
+ J _72/t—-—0 sin kdk
t10g((mt)>%-2m) (7 +2m)
tlogM(m) ek/t
- J —k7t—_(—7' sin kdk}
tiog (M(m)-2m) ("' “+om)
= Vo1 * Upip = Uy
Since
Aoz ___§ [-g] o
(z+m)° jo1 \J LI-1%0
we get, writing x = ek/t R
(e | an
1 ~0
v ol |2 ) ] 2
211 t eo [.7'= J M(m)'j-lm m
a a
ot £ e 91 et
t o 0/ (0-€) t i 1L e m(a—l)(l—o+e)/(c-e)+0/(o—e)J
= 0(1)
Since the function y = x/(x+2m)° is increasing,
# (1-0)/
- nll 1 1-0)/0 1 -
Vo1 = O[t Jc m (mt) (mg) (10070 d’"] 0(1)
0
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Thus we have proved that 021 is bounded. Similarly U22 is bounded, and

then

U2 = 0(log t) .

Therefore, Tlll is also of order O(log t) .

7.2. Estimation of T112'

r = r sin(tlogk) g7z
He g g
jK/2(1+K/k) sin2mm

: e—(l-c)w/ t

-tlog(1l-2m/k)
J sin wdw .

0 0

We use the formula: if f is absolutely continuous and f' 1is of bounded

variation in the range of integration, then

[ rwoarw = - [ s
.y L J f'(k) sin 2mjkdk = 2 E J f(k) cos 2njkdk ,
=™ i1

where both limits of integration are half of odd integers. Then

_ - sin(tlogk)cos2mjk
The =2 Z: r g dk
J=1 ’3/2 k
K/2(1+K/k) . -tlog(1-2m/k)
. J §i%§ml J e_(l—o)w/t sin wdw
0 0

-1
=21 - Llﬂlﬁj E f” sin(tlogk)cos2njk dk
3/2

=1 x°

m

[T sipzm [ - 2" cos[s 10as @]]]
l-o s
_ 1—;"- [1 - %ﬁ] sin['[: log[l - -ekﬂ}] dm

-1
2
=21 - ﬁl;"l—} (v,-(1-0)¥,)

t2
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L« -3 CO
Vl - Z J sn:nEnm dn
J=170
. . 1-¢
] r sm(tlogko)cosznak [l _ [l _ %{ﬂ} cos [t log[l - zk—m]]]dk
3/2 k
+ 3y dmjm dk
J=l e M(m)
=Vt

11 °

o) 10
. r {2 sin(t log k+21rjk)-[l - —k—] sin(t log(k-2m)+2mjk)
3/2

1-o0
- [1 - -2—7:1-] sin(t log (ka/ (k-2m))+2mjk)

o) 10
+ 2 sin(t log k-2mjk) - [1 - ?] sin(t log(k-2m)-2mk)

l-0
- [1 - %] sin(t log(ke/(k—%))-eﬂjk)}‘@
kc

[«]

o .
=%J M[zv v
0

m 1117711271572y Y115 V116) 9 -

We use the transformation p = t log k + 2njk and denote by k(p) the

solution of & of this equation for fixed p . Then
i © E r ol
471 ‘3mi+ti0g3/2 k(p)° (2nj+t/k(p))
- g (—1)‘7+lcos(tlog;L2) + § r _(1-0)k (p)cosp
371 (3/2)%(2ng+2t/3)  §=1 I 3mj+tiog3/2 k(p)° (2mjk(p)+t)

o0

ongk_(p)k(p) L %cosp

2,
J=1 ‘3nj+tlog3/2 (emik(p)+t) 2

o) ,
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. d , .
since k'(p) = l/a%-= l/(2ﬂa+t/k(p)] . Similarly V112 and Vil3 are

also bounded.

For the estimation of Vllh , we use the transformation

(%) p = |t log k-2mjk| .
The curves
(5) y =t log k and y = 2mjk

touch each other at the point k = e for j = t/2me . The lines
y = 2njk (j > t/2%e) do not intersect the curve y = ¢ log k , but the
lines y = 2ujk (J < t/2me) intersect the curve y = t log k . If

Jd < g%-log 3/2 , then they intersect at only one point kj in the range

(3/2, ») such that

k.
—d - _t_.
logk S eng ’

that is,

X ilog[—t— Log t} . o[loglog(t/ZﬂjZ}

i~ i 1% 2nj 12
J - 2m eng J (108(t/2m4))
Further, the curve (4) takes its maximum at the point k = t/2nj . If

L
3w

range (3/2, @) , one being less than e and the other greater than e .

§%2~, then the curves (5) intersect at two points in the

log 3/2 24 <
If t/eme = j < t/3m , then the curve (4) becomes
(6) p = 2njk - t log k

and takes a minimum between 3/2 and e . If j = t/3m , then the curve

(6) increases; that is, 2nj - t/k > 0 . We write

(t/3m)log(3/2) t/3m o
Viay = ) * ) +
J=1 J=(t/3m)log(3/2)+1 gj=t/3m+1
Jm sin{tlogk-2m7jk) ak
3/2 K°
=Wy W,
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Using the transformation, (6) and denoting by k(p) the solution of the
equation (6) for fixed p ,

_ E r sin(2mjk-tlogk) dk
d=t/3m+1 3/2 K°

X
]

co 00

J' sinpdp
d=t/3m+1 J3mj-t1083/2 k(p)° (2nj-t/k(p))

L—l)jcos(tlog3/2) _ § r (1-0)k'(p)cosp
g=t/3m1 (3/2)%(2nj-2t/3)  j=t/3m1 !3mj-t1iog3/2 k(p) (enik(p)-t)

(o]

©0

- s r 2ﬂjk'(p)k(p)l_ccosp
J=t/3m41 J3mj-tiog3/e  (emjk(p)-t)2
=0(1) ,
since k'(p) = 1/(2mj-t/k(p)) .
k

. (t/3")353(3/2) j i, Jm sin(tlogk-2mjk) o
1 =1 372 Uk K°
=Wt
By the transformation (6),
- (t/3ﬂ)3?g(3/2) Im sinpdp
12 = 2njk ;- tlogk k(p)° (2mi-t/k(p))
(¢/3m)1log(3/2)
- 0[ > —1—0] =0(1) .
=t (t/§) 7
Now we shall estimate
Wg - /30 r sin(tlog:—Q'ﬂjk) dk
J=(t/3m)10g(3/2)+1 /3/2 k

1]

t/3m 10
> [J +rdk
J=(t/3m)log(3/2)+1 [‘3/2 10

Woy ¥ Wyp -

For (t/3m) < 4 < (t/3m)log(3/2) , we have

(3/2)/10g(3/2) < (t/2nj) < (3/2)
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and then kj < 10 . By the transformation p = 2njk - ¢t log k ,

(3T sinpdp

J=(t/3m)log(3/2)+1 J:;)jn-tloglo k(p)0(2nj—t/k(p))
t/3m 1

0{ '7] = 0(1)
J=(t/31)1log(3/2)+1 ¥

oo

and
J[t/3ﬂ]+% i+ () Jlo sin(#logk-27k) 4

21 3/2 ko

[(¢/3m)1og(3/2) ]+%

= W11 * Wopp s

where

W =

[#/3n]+% dj Jlo sin(tlogk)cos2njk-cos(tlogk)sin2mjk dk
21l 3/2

[(£/37)10g(3/2) 1+% K°

10 . [¢/3n]+%
= J EEELE%ggkl-dk J cos 2mjkdj
3/2 k [(t/3m)1og(3/2) 1+%

10 [t/3w]+%

_ J cos{tlogk) g J sin 2njkdj
3/2 k [(z/3m)1log(3/2) 1+%

= 0(1) ,

and similarly W212 = 0(log t) . Thus we have proved that W2 = 0{log t) .

Now we shall estimate Vil

5 ¢
«© 1-g . .
Vils =3 jw [l _ gzq 51n(tlog(k;2m)—2ngk] dk
Jg=1 ‘3/2 k
t/3m o0
PRI
J=1  g=t/3m+lj 73/2
=Wy, + W,

=
[}

£/ (3-be) ™ (3 orom o
R | IR A LN
> J=t/3n+l 3/2 3/2+2m j=t/(3-hco)n+l 3/2

= W5l + W52 + W53 .

For WSl » change the order of summation and integration and use the order
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of the integral of Dirichlet and conjugate Dirichlet kernels; then we can

easily see that it is O(log ¢t) . For W52 and W53 , we use the

transformation p = 2Tk - ¢t log(k-2m) , then dp/dk > 0 and the method

used for V. can be applied to them. Thus we get W_ = O(log t) . Now

111 5

0 - té%ﬂ f” [1 i %?) o sin(tlog(k;Zm)-Zﬂjk] dk

t/3n (t/emgeem [
Y J + f + Jm dk
J=1 3/2 t/2nj+2m ké

Wiy * Wyp + W5 s

where k(;. is the solution of the equation k = % log(k-2m) , greater

than t/2ﬂj + 2m 3 that is,

r__t _t_ _tt_ 2m 1 .
ki = 23 log[znj 1oe 2nj] Tog(t/2m3) © 0[(log(t/2ﬂj))2 ;
v = ¢/3m (t/2mg om \*9 sin {t1ogk-21] (k+2m)) dk
L1 £ T k+2m o >
J=1 ‘3/2-2m (k+2m)
and then
c
o .
J sin2mm W dm
m L1
0
c ,
- £/3m J 0 Sinpmm cos Lmjmdn J»t/21rg [l __onm ]l-c sin(tlogk-2mjk) dk
=1 [lo T 3/2-m keram (k+2m)®
%0 sin2mm t/enj om 1-o cos{ tlogk-217k)
- J =5 sin Ymgmdm J [1 - %o ] & -Oj dk
0 3/2-2m m (k+2m)
=My - My o
Iel
t/31r , t/ong l-¢ . 0
WV _ s:Ln2‘rrm E&lﬂﬂ’l J {l _ Zm] sin(tlogk-2mjk) dk
411 Lmg 3/2-2m k+2m (k+2m)° o

J %0 [31n2ﬂm} sinlmngm dn Jt/znj [l _ _2m ]l—o sin(#logk-2mjk) dk
o Lng 3/2-2m k+2m (k+2m)o
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c

. 0o . . . . .
_ 2(_1)J J sin2mm 51Ez;gm (1-hm/3)l_0 sin(tlog(3/2-2m)+hnjm) dn

o " (3/2)°

¢/2nj -0

sin(t log k-2mjk)dk

o . . .
+ 2 j sin2mm sinlimgm dm I 5
0

m b 3/2-2m (k+2m)

Now we put p = ¢t log k - 2njk ; then p increases as % increases in
the interval (3/2-2m, t/2nj) , and the function

y(k) = K2/ (keom)(£/k-277)

increases as k increases. If % = t/27j , then p = t log{t/2uje) .
Suppose k = tf2nj - 8 (6 > 0) ; then

t log(t/2nj-8) - t + 2150
t log(t/2nje) + t log(1-2nj6/t) + 2unje .

p

If we take 6 = %—Vt/n , we see that p increases more than 27 when k

increases from ¢t/2nj - Vt/n/j to ¢t/28j . Therefore

t/2ni ,1-0
J Zl%@m— sin(t log k-2njk)dk = o[l VEfw __.1__0]
3/2-2m J (t/2m5)
= o1/t ¥y |

and then W) ., = O{log t) . Similarly Wyo = O{log t) . Therefore W,y
is of order log t . Similarly th is also of order log ¢ . Since Vh3

is bounded, Wh is of order log t . Thus we have proved that

[«

Joo Ei%fﬂm'Vils = O0(log t) .
A similar estimate holds for VilG . Collecting the above estimations, we
get
e
Vi1 = % Jo Ei%?ﬂﬂ Wyydm + 0(log t)

(¢/3m)1log(3/2)
)

-]

c kl
o . J { i
[ sin2mm dm[ sin(tlogk-2m7k) dk + O(log t) .

=1 o M 3/2 k°
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7.2.2. Estimation of V We shall estimate

12

_ - sin2mm

VlZ - 'gl e m dn
J )
. . 1-¢0
) I . 51n§tlogkkc)c0521r,7k {l _ [1 _ g}:n_] cos[t log[l _ %]]}dk
M(m
_ - (7 sin2mm
Sy § [ sy,
J=1 e,

00 om 1-0
. J {2 sin(t log k+2ﬂjk)—[l - ?—] sin(t log(k-2m)+2mjk)
M(m)

1-g
- [ - %”-] sin(¢ log(k?/(k-2m))+2njk)

e i
+ 2 sin(t log k-2mjk) - [1 - 7;} sin(t log(k~2m)-2mjk)

1-g
- [l - —27(&] sin (1; log(k2/(k—2m))—2ﬂjk)} :13
ko
-z v - v
5(2v) 51150 V123%V 104 V105 V126)

By the transformation p = t log k + 2 jk , used for V 1 > ve get

1
v =% sin2mn mr’ sin(tlogk+2njk)
127 o m i) 2O
= E J‘” S_lr;:_ﬂmmj Osinpdp
i<l ‘e, tlogM(m)+2njM(m) k(p)~ (2nj+t/k(p))
_ - sin2mmeos (tlogM{m)+2miM(m))
= ) = dm
J=1 e, mM(m)° (2ng+t/M(m))
- (1-0) g Jm M@r k' (p)cospdp
j=1le, T tlogM(m)+2miM(m) k(p)° (2mmk(p)+t)
_ E o J sinemm . Jw k()% " (p)cosp dp
J=1 oy tlogM(m)+2niM(m)  (2mjk(p)+t)®
=X -X._ - X,
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X, =% ¥ r {sin(t log M(m)+2njM(m)+2mm)
J=1 S
. . . dm
- sln(t log M(m)+2ﬂJM(m)~2ﬂm]} P
mM(m)° (2mj+t/M(m))
= %(an'xuz)

By the transformation gq = t log M(m) + 2wjM(m) + 2mm ,

dq

(tM' (M) /M(m) + 2miM'(m) + 27)dm
‘ p1/(9-8) 5 ip(1-0+€)/(0-€)
[(o-e)m * o-€

112

+ en]dm s

since

d ko€ ] ok1-0*€

(1-c+€)/(0o-€)
Mm) -1/ 21?[ ( o 2(2m)
2

o—e-l)J O-€ O-€ d

I

1+k
M'(m)/M(m) = 1/m(o-€) ,
and then

X,..= 3 1
111 J=1 JtlogM(co]+21rjM(co)+21Tco m(q)Mﬁw(q)]0(2nj+t/M[m(q)))

1 .
M (m(q)) /M(m(q)) +anght’ (m(q))+am 5" adq

10 _
z _2']'0(l)a

J=1d

0

n

since m/M(m)l-O increases. We can see that X112

similar estimate, and then Xll is bounded. For the estimation of X12 N

use the relation k'(p) = 1/(2nj+t/k(p)) eand that the function of =z :

is also bounded by a

1-0/

y=x (2ﬂjx+t)2 takes its maximum at the point x = (1-0)t/2(1+0)mj ;

then we can see that X12 is bounded. Xl3 is also similarly bounded.

Therefore V121 is bounded. Similarly Vi22 and Vi23 are bounded. We

shall estimate V12h .
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_ - sin2mm sin(tlogk-2mik)
Viey = X r m 9" r o dx
e M(m)

J=1 o k
(t/3m)log(3/2) /37 o
= Y + +
J=1 J=(¢/3m)log(3/2) g=t/3m+l
=Xt At hys -

By the transformation p = 2wjk - t log k and integration by parts, we get

5.=- % rgi_nz_nmmr sinpdp
43 . m . o(. .
J=t/3ml ‘e, 2njM(m)-tlogM(m) k(p)~ (2mj-t/k(p))
- E {r sin2mm cos(zan(m)—tlogM(m)l
j=t/3m1 Ye 7 M(m)° (enj-t/M(m))
sin2mm (1-0)k'(p)cosp
- r m dn r o
ey 2njM(m)-tlogM{m) k(p) [Enjk(p)—t)
r sin2mm dn 21Tjk(p)l_0k'(p)cosp a
- m . . 2
N 2ngM(m)-tlogM(m) (Zan(p)-t)
= Hy31 " Xyze - Az e
X = 5 dn
B31 7 sct/3mer Yo omm(m)® (2mj-t/M(m))

0
{sin (21rjM(m)—t log M(m)+2ﬂm)—sin (21TjM(m)—t log M(m)—21rrn)}
= Hy311 = Az -
By the transformation gq = 2mjM{m) - t log M{m) + 2wm , we get
a

X = X [w L
4311 J=t/3m+l ‘3mj-tlog3/2+2me 2m(q)M(m(q))°(21rj-t/M(m(q)))

singdg
* 2ngM (m{q) ) -tM* (m{q) ] /M{m{q)]+2n

0{ T l/(j-t/3ﬂ+l)2J = 0(1) ,
J=t/3n

since M'(m) > 0 and increases and M'(m)/M(m) decreases. Similarly

X1, = 0(1) . Therefore X, =0(1) . Since k'(p) = 1/ (2nj~t/k(p))
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we have Xh s = o(1) , Xh33 = 0(1) . Thus we have proved Xh3 = 0(1) .

3

Xyp =

t§:3 r sin2mm dmr sin(tlogk-2mjk) dk
g=(t/3m)log(3/2)#1 Je, T M(m) x°

té3 J“’ sin(#tlogk-2mjk) dk[r __J“’ ] sinlmm o
J=(t/3m)1og(3/2)+1 ’3/2 x° k/2(1+k/k)) "

o)

Xyo1 = ypp o

where Xh2l is bounded.

t/3m 9
teet 2 AL e[ an
J=(t/3m)1log(3/2)+1 V3/2 9 K/2(1+K/k)

= Xyoo1 * Xyopp o

t/3w .
Xh222 = Jm o siopdp
J=(t/3m)1log(3/2)+1 ’18nj-tlog9 k(p)" (2nj-t/k(p))
sin2mm dn
o-€ o-e-1 m
k(p)~ = /2(1+k(p) )
[ t/3m 1
=0 Z =1 = 0(1) )
g=(t/3m)1log(3/2)+1 ¢
and
[¢/3n]+% 9 . .
Xypoy = f (aj+d()) J sin(tlogh-217k) g
(¢/3m)1og(3/2)+% 3/2 k
r sin2mm
K/2(1+k/k) ™
[t/3m])+% 9
=2 J J(F)dj I kl—ocos(t log k-2mjk)dk
(t/3m)1log(3/2)+% 3/2
. sinm 4 oy
K/2(1+K/k)
Writing
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I(k) = Jm sin2mm dn
k/2(1+k/k) ™ ’

we get
® [z/37]+%

1l . . g
¥ — _.I sin 2mgdj
4221 TS 7 ) (4/3m)108(3/2) 14k

9 1-0
. J I(k)k cos(t log k-2njk)dk + 0(1)

3/2
2 1 (7 1-0
- ;-J (k)0
n=1 3/2
[z/3m)+%
. J (sin(¢ log k-2mj(k-n))-sin(t log k-2mj(k+n)))dj
[(t/3m)1log(3/2) ]+%
+ 0(1)
=¥, -, v o),
Y. = E l{f (k)& sin(¢ log k)dk
u -5 n sy,
[t/3m]+% 9 1-g
. J cos(2nj(k—n))dj + J I(k)k cos(t log k)dk
[(£/3m)1og(3/2) ]1+% 3/2
[t/3T]+%
. j sin(2ﬂj(k—n))dj}
[(t/3m)1log(3/2) 1+%
=Ty Y

We shall write 0. = 1/([(#/3m)10g(3/2))+%) , 6, = 1/([¢/3m]+%) , and

1 2
8 n 9
¥ =z£[ a + dk]+ T+ 0(1)
111 n=2 " J3/2 Jn n=1,9
=Zl+ze+n=§9+0(l) ,
8 n-8; [t/3m]+%
z,= L = J ko
n=2 3/2 [(t/3m)log(3/2) ]+%
m=8, [ 1/(n-k) [£/37)+%
+ J dk J dj + I dk

n-el [(t/3M)10g(3/2) 1+% 1/(n-k)
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. I:-e & J[t/3ﬂ]+%

5 [(t/3m)10g(3/2) 1+%

Sy Yt i3ty

n-0
8 1 I(k)kl_osin(tlogk)

1
11 nzé n J3/2 n-k
{sin(2m([t/3n]+%)(n-k))-sin (2n ([(£/3m)1og(3/2) 1+%) (n-k)) }dk

In order to estimate lel , divide the range of integration into

(3/2, 1/4) ana (7/4, n—el) ; then the integrand of the first integral is
bounded, but the second is O(l/elt) = 0(1) , using the transformation

p = 2n([t/3m]+%5)k - t 1log k - 2n([t/3m]+%)n . About Z112 , in the cases

n = 3 , use the transformation p = t log k + 2n[[(t/3ﬂ)1og(3/2)]+%0(n-k)
and, in the cases 7 > 4 , divide the integration range into (3/2, n-1)

and (n-l, n—el) ; then the integrand of the first integral is bounded and

the second integral is O[l/elt) = 0(1) . Thus we have proved that

Z), = o(1) . Z13 is similarly estimated.
8 1 7’1—92 N
21 = X ;J I(k)k ™9 sin(t log k)dk
n=2 n-el
1/(n-k) © m
) J ) %%%%r (2nj(n-k)) P"dj
[(t/3m)10g(3/2) ]+% m=0 !
n-9
_ o _l)m [2n22m 8 1 2 1
- ,,EO (om)1  2m+l n§2 n Jn_el I(k)k sin(t log k)
[(—n_i—)m - ([(t/3m)10g(3/2) 14%) 2”’*1] (n-k)?"dk
had 2m 8
= (2m) 1 _
=0 mz:o (om+1)1 n§2 n92 (91—92)] = 0(1) .

Zlh is also similarly estimated to become bounded. Thus we have proved

that Zl is bounded. 22 is also, and then Ylll . Yll2 is derived from
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Yill , interchanging sine and cosine, and hence 1112

Yll is so. le is easily seen to be bounded. This proves that Xh221

is bounded, and then

is bounded. Thus we get that Xh2 is bounded.

Now we shall estimate Xhl .

¥ = (t/3ﬂ)E§g(3/2) fw sin2m .- Jm sin(tlogk-2mjk) dk
41 =1 e, " M(m) x°
0-€ o-e-1
_ (t/3ﬂ)ﬁsg(3/2) Jm sin(tlogk-2mjk) dk Ik /2 a4k ) sin2mm .
j=l 3/2 ko c0 "
(t/31r)1§g(3/2) Ukj = r" dk] Jk°_€/2(l+ko-e_l) n
= +
J=1 3/2 kJ o)
= fya Y Ao
p _ (t/3n)%§g(3/2) J“ sinpdp
hio =) ek -t1ogk; k(p)® (2nj-t/k(p))
Jk(p)°'€/2[1+k(p)0_€_l) sinmm
o
(t/3m)1log(3/2) 1
=0 y | = O(log t) .
J=1 I
Therefore
Vl2h = Xhll + O0(log t)
k. o-€ o-e-1
_ (t/3ﬂ)3§g(3/2) J J sin(tlogk-2mjk) dk Jk /2(1+k ) sin2mm .
J=1 3/2 K° o
+ 0(log t) .
Now,
v E r’ sin2mn d’"r [1 _ %]1-0 sin(tlog(k-2m)-2njk) .
125 j=1 e m M(m) ko

0
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_ OZO: Jw sin2mm dmr [ k ]l-o s:.n(tlogk-21rgk—h1rgm)
e, ™ (m)-2m (k¥2M (k+2m)©
=y sirfwn dm j {sin(t log k-2mjk)cos Lmjm
J=1 e, M(m)
kl—O
- cos(t log k-2mjk) sin Lujm} o dk
= X5l - X52 R
S o . . o 1-0
_ sin2m{(2j+1)m-sin2m(24-1)m k sm(tlogk—zmkl
K51 = 2 J 2m dn k+2m dk
J=1 ey M(m)-2m
=X " X510
. _ E cosZn(2j+l)cO J°° kl_osin(tlogk-mﬁ) Z
511 =1 217.200(2J+l) 3/2_200 k+2c0
_ § J cos2m(2j+1)m . J ° 51n(kt+12<2”gk—2m1@ dk
J=1 ‘e hﬂm (24+1) M(m)-2m
oi cos2m(24+1)m (M(m)- m)l-c
- Lmwm(27+1) M(m)

J=1 ‘e,

(M'(m)-2)sin(t rog(M(m)-2m) - omj (M (m)-2m))dm

E J coszn(2,z+1)m r 1- 9sin(tlogk- 2nlek
J=1 M(m)-2m

Lhmm(27+1) (k+2m)2

1 1

Tnc, %5011 " Tm (X5112+X5113+X511h)

Let t' = t/2ﬂ(3/2-2co) and kj be the solution of the equation
2njk = t log kK . We use the transformation
(1) p = |a2njk - ¢ log k|

where dp vanishes for k = t/2nj . We write
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k

¢! cosam(2j+l)e, | t/2n J
Y11= 2 25+1 J +J +r &

g= J 3/2-2¢, ‘t/enj Ik

©  cos2m(2j+l)e Jw
0
+ - - dk
J'=t2+l 2% 3/2-c
Syt It it Iy, -

By the transformation (7), the integral in Y21 becomes
t/2mng AR
J Tiso- sin(t log k-2mjk)dk
3/2-cO 0

k(p) s inpdp i
t10g(3/2-2¢ ) -2nj (3/2-2¢,) (k(p)+ae ) (#/k(p)-2n7)

Jtlog( t/2ngje)

0 Jtlog(t/2ﬂje) k(p)l_odp
t10g(t/2mje)-om K(P)+2e 1 ¢/k(p)-2nj) | *

For k = t/enj - 8 (0 < 6 < ¢t/2mj) , in the transformation (7) p is
given by

e

t .
p==t log[-é“—j - 6] - 2mj on7

=t log onie + ¢t log[l - ] + 2mj0
b gen t_ _ (2ng®)®  (omje)3 (0 < 218 ¢ 3
=t C8Gnje - 2t 2 T t
3t
If we take € = % Vt/m , then
p = t log t__ 28 - o(1)
2nje

Therefore, the range (t/2 J, t/eng-v t/ﬂjz) on the Kk line can be
transformed to the interval on the p 1line, which covers the range of

integration of the last integral with respect to p . Thus we get
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] .
0 t 1 Jt/EﬂJ &
21 ] «°

t/emi-V t/T5°

)
|

1]
l»]
—
)

Similarly Y2 » and Y, are bounded, and then X = 0(1) .

2° Y23

t/ome | Mo ( t/emj ks
Ysme = 2 J dn J * J * Jw &
> i1 ey Ummem Je/emg

5111

m
1 dJ
S RS R
e M(m)-2m k‘7 m M(m)-2m
© ax (M(m)-2m,e)
+ ) dm[m + r dk
j=t/ame ‘e, M(m)-2m max (M(m)-2m,e)
t/2me t/2me © -
1 1 3
R S D o P Y S
o1 42-9,0-% 1 Y o J(g-t/2me)
= O(log t) ,
using an estimate similar to Y21 where m0 and ml are the solutions of
the equation of m : M(m) - 2m = t/2nj and M(m) - 2m = kj ,
respectively.

Since k = M(m) is the solution of the equation

m = k%21 |

we have
Vo) = 9K dan
M'(m) = n = 1 / &
-1
i (0-e)x96"1 i (U_E_l)kz(o—e-l)]
2(1+k0'€_l) > (l+k0-e—l)2 J
o-£-1
~ 2 Mk T 2 l-o+€
= o-¢ 01 “o_¢ M(m)
and then
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X5113 =
_ E 1 r (a(m)—2m) X% (4 (m)-2)
=1 ha(2j+1) o mM(m)
. {sin t(10g(M(m)-2m)-2mm-2nM(m))+sin (¢ log(M(m)-2m)+2mm-2m (M(m)-lm)) }dm
1/(0-€)
#/ne, (t/215)°7 °
S A Y S R
g=1 o (¢/2m5)° "¢ j=t/2ncé/(0—€) )
= 0(1) .
XSllh is also of the same order as XSllB , and then
XSll = 0(log t) .
X512 is similarly estimated, and then XSl is also of order O(log t) ,
and X52 is also. Therefore
V125 = 0(log t) .
V126 is quite similar to V125 , SO0 that

V12 = %Vl‘?h + 0(log t)

k. o-€ o-g-1
_, #3mwel3/2) (G nnegkeengh) o (K 20T inom
=¥ 2 5 a Sn
J=1 3/2 k s
+ O(log t) .
Combining with the estimation of §7.2.1 we get
V=Vt
k. o-€ o-e-1
BT 1T sin(#1ogk-2mik) K /2 1k ) sinomm
=% ) o d =n
J=1 ‘3/2 k 0
+ 0(log t) .

Denoting the inmer integral of V, by g(k) , we have
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<~
|

= % 5 Einjtlogk)(s’inmrgk g(k)il
J=1 2ngk k=3/2

® tcos(tlogk)sin2ugk sin(tlogk)sin2ngk (g(k)
- glk)dk + Jw -
I3/2 omjkt 0 3/2 2nJ x°

=0(1) .
We easily see that kj , the upper 1limit of the outer integral in Vl
be replaced by t¢/jm . Therefore, combining with the estimation of Tl

and T12 = 0(1) , we get

. - -g-1
t/3m t/gm . . x° e/2(l+k0 S I
Tl =y j 51n(tlo%f-2nak) dk J 312$nm dn + 0(log t)
J=1 ‘3/2 k 0
t/3m [ ct/omj t/ng
= ;E I + J fm Jw dm + O(log t)
J=1 3/2 t/a2ng xo- e l+k0—e—l)
— t
=1/, + T, (Tl3+Tlh) + 0(log t) .
Now
= tg?n ft/2nj sin(tlogk)cos2njk-cos(tlogk)sin2njk n(k)dk
13~ o
j=1 ’3/2 k
—_mt '
=Tz~ g o
where
Rk) = j‘” sin2mm o
_6/2 (l+kG—E—l)
We write
[t/3m]+% t/eng . .
Ti31 - J (dj+dJ(j)) I 51n(tlo%f)c052ﬂgk h(k)dk
% 3/2 k
- U' + U' ,
where
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174 BN t/2mk
vl = j sin(t1ogh) 4 )a J cos 2mikdj + 0(1)
3/2 k %
t/m
=OJ Tglf-e—+0(l)=0(l),
3/2 k k
and using the transformation ¢t log(t/2mj) = ¢ log(t/2uj') + m ,
1
= J‘[t/3ﬂ]+2 7() t  sin(tlog(t/2m7))cost h[—t—-]dJ
2 g omni® (t/215)° ang
[t/3m]+% t/eng 4
+ 21 J J(J)dj J k sin(t log k) sin 2ngk . h(k)dk
% 3/2
t/m 1o t/2mk
= 0(1) + 27 J k™ "h(k) sin(t log k)dk J sin 2njkJ(j)dj + O(1)
3/2 %
t/m . t/2mk
= 0(1) + J h(k)51nc(’tlo k) dk{— cos w(z—fri] + J cos 2Trjde(j)}
3/2 k %
T g (£/21k)
=0(l)+0[ —ﬁ—gﬁ——dk = O0(log t) .
3/2 k5T
Thus we have proved that TJ'_31 = 0(1) . sSimilarly Tl'32 is bounded, and
then T]'_3 is also. Since TJ'_h is also bounded by a similar estimate, we
get
t/3m t/gm . ,
7, =_1ér_ 5 f mn(tlogck—zﬂmdk + 0(1og £) .
J=1 ‘3/2 k
8. Estimation of the remaining terms
8.1. Estimation of T2 .
T2 =
® tlog(1+K/k)
= 3y _C;I cos(t log k+w)
k=2 k~ ‘0
[e—(l—o)w/t J sir;z’anm dn - e(l-c)w/t r sir;”21mz dml @
k(1-e/t) /2 k(t0) /2
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© tlog(1+X/k)
= 3 —15 I cos(t log k*w)(e (l—o)w/t_e(l o)w/t)dw
k=2 k 0
31rr1n211m dn
x(1-e"%) /2
/t
tlog(1+K/k) k(¥ *1)r2
- f cos(t log kﬂd)e(l—c)w/tdw -51—?"2& dm
0 x(1-"%) /2
=T - Ty s
2n-1 o tlog(1+XK/k)
2(1-0 1 2n-1
T _ = 2(1-0) ° Z —-——-—J cos(t log k+w)w dw
21" Lo (ene1) 5, poenl
si!:nZTml dm
k(l—e_w/t)/z
by using the expansion formula for e~ , and denoting by I(k, w) the
inner integral in the last formula, we get
tlog(1+K/k) onel
J cos(t log k+w)w I(k, w)dw
0
tlog(1l+K/k)
= [sin(t log k) Ik, w)]
w=0
tlog(1+K/k)
- J sin(t log k+w)
0
. -w/t
{(zn_1>w2"‘21(k, w)w?L ketntk(loe ") o/ t}dm :
kt(l-e )
and then T2l = 0(1) . T22 is also bounded by the same method. Thus we
have proved that T2 =0(1) .
8.3. Estimation of TS . Similarly as the estimation of T2 s We get
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© -tlog(1-K/k)
T3 = —%J cos(t log k—w)e—(l_c)wlta‘w
k=2 k° 7 tlog(1l+K/k)
. r sin2mm dn
-w/t m
k{1-e=" ") /2
= 0(1) .
8.3 Estimation of Q222, 0223 , and sz4 .
o k-1
t cos [tlog(k-1)] sin2mm
Q =y ——I du r — du
222 5, omk g (kr2)® wz M
@ tlog(k-K) .
= Y = {1000/t oo v sinam o,
r 2nk 0 o/t m
(k-e""%) /2
® tlog(k-K)
1 (1-0)v/t
= Y —[ e cos vdv
= 2k o
cosjk-ev/tl cos2mm
‘ (x ev/t) ) v/t 2t o
- (k-e"' ") /2
1 ’ 1 '
= — R - — R
27r2 1 lm2 2°?
where
o k (tlog(k-K) (1-o)v/t
Ri = L'—i-L J e_z_f/t_ cos (Trev/t-v) dv + 0(1)
k=2 0 k-e
t/m ©
=)+ Y +0(1)
k=2  k=t/n+l
- ! 1]
= Rll + 1?12 +0(1) .
We use the transformation p =v - 'nev/t’ , where dp = [1 - %ev/t]dv N
vanishing at v = ¢ log L For v = t log(t/m) , we have p = t log(t/me)
and for v = t log(t/w) - 6 ,
p = t log(t/me) - 6 - t(l—e—e/t)
~ 2
=p0 - % 9 /t .
If we take 6 = VLWt , then we see that p changes over an interval of
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length greater than 27 when v changes from ¢t log(t/m) - Vimt to
t log(t/m) . Therefore

o 1 tlog(t/m) (1-0)v/¢t
R_]’_2 =0 Z EJ e . ‘U/t dv
k=t/m+l tlog(t/m)-Vhnt k-e
1-0+% 1
= 0|t T = 0(1) .
[ k=t/ms1 k(k‘t/")]
Similarly,
/T
1 k t _
[§ Ekc—e t- kn+K1r] = 0(1) .
Thus Ri = 0(1) .
o tlog(k-K)
Ré = % J e(l-o)v/t cos vdv £2§§El dm
=2 4} (k-ev/t)/Q m
® g k/e-% tlog(k-K) 0 tlog(k-K)
=Zi{f de dv+[ dm[ dv}
k=2 4 tlog(k-2m) k/2-% 0
=0(1) .
Thus we have proved that Q222 is bounded. Similarly Q223 and @

are bounded.

Collecting the above estimates we get

sin(tlogk-2mjk) dk + 0(log t) .

g

t/3m (t/ng
Ig(s) = - J

J=1 ‘3/2 k

205

224

For the real part of g(s) , we get a corresponding formula where sine is

replaced by cosine. Therefore

oy - & Jt/"j Ji(#logk-2mjk) &

_(-5- + O(log t) .

J=1 73/2 k

Thus Theorem 1 is proved.
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9. Proof of Theorem 2

- t/3n Jt/ﬂj sin{¢logk-2mjk) dk
J=1 ‘3/2 K
i j[t/3n]+% (di+ar()) Jt/"j sin(tlogk-2mjk) dk
% 3/2 kc
= Gl + 62 .

By change of order of integration, we can easily see that Gl =0(1) .

. - J[t/3ﬂ]+% S0 Jt/2ﬂj Sin(tlggk-gﬂjkl,dk . J[t/3ﬂ]+% 05 Jt/ﬂJ 7
2 g 3/2 x° % t/2ng
=Gy * Gy -
By integration by parts,
G = J[t/3ﬂ]+% 7(7) t sin[tlog(t/2mje)) dj
2y 2 (s/2nf)°
[t/3mw]+% t/enj 1-
+ 2m J J(g)dj J k cos(t log k-2mjk)dk
% 3/2
= _11— Gor1y * 2MCh30 »
(2m) -0 11

where

[t/3m)+% ., .
GEll - J ié%% sin(t log(t/2nje))ds

¥ J
t/3n mel
= 170 Y J dj + 0(1)
n=1l ‘n
_ Ao t/3m Jtlog(t/Zﬂne) e(l—o)p/tsin i
n=1 Jtlog(t/en(n+lle)  (t/2me)?™°
t/3m
1 1
=0 S = 0(1) ,
{to n=1 nl_o}
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t/m 1-g t/2onk
J k7" cos(t log k)dk j

Q
|

= cos(2njk)J(J)ds
212 3/2

+ (the term where the cosine is replaced by sine) + 0O(1)
Hl + H2 + 0(1) .

Using integration by parts,

t/m t/21rk t/2nk
Hl = J e cos(t log k){l:suzli;‘jk J(J )] J sin 21Tjde(j)}
3/2 %
1 1

on H11 ~ or Typ 0

5]
]

t/m
cin £ J cos(tlogk) J[L]dk

11 3/2 ko 21k
t/m t/2mm
= sin ¢ J + 0(1)
t/om(ntl)

sin ¢t

tﬁ“ [Je _ Jt/2ﬂn} cos(tlogk) dk
t/2m(n+l)

b
n=1 e’ K°
where t/2m(n+l) < 8 < t/2w(n+)) < ' < ¢/2m . Using the transformation
p=tlogk , dp= (t/k)dk , we get

t/m

1l-0
1l 1t
H_=0|)Y T fq = 0(1) .
11 [n=l t (n }
Further
i = t/m cos(tlogk) 7] (k)dk
12~ o {t/2mk]

3/2 k
where En(k) denotes the nth conjugate Dirichlet kernel at the point

k , and then

VE/om t/2mm t/m Vi-1 m+l t/on{ [VE/2m]+1)
Hp= L j * j * J + j —
t/2m(n+l) t/e2r m=l m [Vt]

S Hip) v Hpy v Hp t

n=1

where
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t/2n (t/2mn _
J cos(téogk) Dn(21rk)cﬂ<

H =
el n=l ‘¢/2m{n+l) k
ve/ew | n (t/2mn .
=y J snx(tlo;ijk—mrlk)dk + 0(1)
n=l |l=1 ‘t/21(n+l) k
~ vt/en [n-1 A0 2\ VE
=0l 2 n  TEm g )t
| n=1 [I=1
= O(t(l-o)/z log t) R
{.
VE-1
1 t (1-0)/2
H =0 Z —log—=0(t 1ogt),
123 [ m=1 C 2mm
and H122 and Hth are bounded. Thus we have proved that Hl is of

order O(t(l—c)/2 log t) . H, is also and then G,, 1is of the same

order. 022 can be estimated similarly and more easily. Therefore we have

proved that G = O(t(l_c)/2 log t) , which proves Theorem 2.

Appendix

It is sufficient to prove that

M
I = J J{m) dm r cos(tlogu)cos2mmu du+0 as L>w , forall M>0 ,
1 ¥ m L uo

and

* t “ dm
IZ=I Mdn[ J(m) cos 2 =— >0 as M+ o ,
1 uo M mn

Now, suppose L > t log t ,

=k IM J(m) dn rcos(21Vnu—tlogu)+cos(2mm¢+tlogu) du

y ™ I 0
= 5(1),4)

By the transformation v = 2mmu - ¢ log u and denoting by u(v) the

solution for u of the above equation for fixed v ,
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cosvdy

ETWLL tlogl u(v) (2‘mn-t/u(v)]

ey
E)

111=J

A

By the transformation v = 2mmu + t log u , we can prove similarly that

Il2 = o(1) .

m

}=o(l as L >,

g
=T

leo]
J J(m) cos 2mmu i
M

m an M
J J(n) cos 2mnudn - r_éf J(n) cos 2mwnudn
M Mm ‘M

m=co

where

m
J J(n) cos 2mnudn

M
_ E 1 (™. n
= T sin 2mkn cos 2Tnu
k=1 M
- E 1 m{ i k i k }d
= ik sin 2m(k+u)n + sin ew(k-u)nldn
k=1 M
- ozo 1 [ecos2m(k+u)M-cos2u(k+u)m + cos2m{k-u)M-cos2n(k-u)m
K1 2nk 2n(k+u) 2n(k-u) ?
and then
;1
lim EJ 7(n) cos 2mudn = o(1) ,
mre M
an = 1 cos2m{k+u )M
J{m) cos 2mmu = = - %
f; mo R (emP K
+ - 1 1 r cos2n(k+u)m dn + 1 r cos2m{k-u)m-cos2m({k-u)M anl |
k=1 (2m) oMk e ktu ]y "
and
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I = eocos(l':logu) [;\i 1
2 fl u° k=1 (2m)2(k-u)k

rcoszﬂ(k-u)m-cosmr(k—u)M
M

2
m

dmldu + o(1)

(=

J-1
Y+ Lo+ Y | +o(1)

U3/2+ E Jj+!5 cos(tcl;oguz du
=2

1 J % u k=1  k=j k=j+1
__1 f3/2 cos(tlogu) . Iw cos2n(j-u)m-cosem(j-u)¥ .
(2m? 1 (u-1)u° M n
, 1 - E jj#g cosog tlogu) 4. Jm cos2ﬂ(j-u)m-20082ﬂ(j—u)M dn + o(1)
(2n)™ g=2 ‘j-% Ju (J-u) M m
Y flﬂ/M@- J»l dn r@ lF/e du
1 &L - ™ 1r?) M (ue)d®
L. 1 g} ;_J% [cos(tlog(j+u)l,_ cos(tlog(j—u))]du
(2m? j=2 7 Jo (d+u)° (§-u)°
. r coseﬂm-cozz’ﬂ(j-u)M dm + o(1)
(G-u)M m

= o(1) .
Thus we have proved that the order of integration of Q2 can be
interchanged, that is,

Q2=tJ Qi%gﬂdur%ﬁlcos 2mmudm .

1 u %
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