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Hyperbolic one-relator groups

Marco Linton

Abstract. We introduce two families of two-generator one-relator groups called primitive extension
groups and show that a one-relator group is hyperbolic if its primitive extension subgroups are hyper-
bolic. This reduces the problem of characterising hyperbolic one-relator groups to characterising
hyperbolic primitive extension groups. These new groups moreover admit explicit decompositions
as graphs of free groups with adjoined roots. In order to obtain this result, we characterise 2-free
one-relator groups with exceptional intersection in terms of Christoffel words, show that hyper-
bolic one-relator groups have quasi-convex Magnus subgroups and build upon the one-relator tower
machinery developed in previous work of the author.

1 Introduction

Since the introduction of hyperbolic groups by Gromov in the 80’s, a wealth of power-
ful tools have been developed to study them. Thus, when studying a class of groups, a
classification of those that are hyperbolic can be very useful. We here focus on the class
of one-relator groups; that is, groups of the form F(X)/{{w)), where F(X) denotes
the free group generated by X. The best possible statement that one could hope for is
known as Gersten’s conjecture [Ger92b] which asserts that one-relator groups without
Baumslag-Solitar subgroups are hyperbolic. In this article, we present some progress in
this direction, building on our previous work in [Lin22a, Lin22b].

A Magnus subgroup of a one-relator group is a subgroup generated by a subset of the
generators X, omitting at least one generator mentioned in the cyclic reduction of w. The
theory of one-relator groups originated in 1930, when Magnus proved the Freiheitssatz
[Mag30].

Theorem Magnus subgroups of one-relator groups are free.

The proof of the Freiheitssatz makes use of a hierarchy of one-relator groups known
as the Magnus hierarchy: a one-relator group G splits as a HNN-extension with one-
relator vertex group H of lower ‘complexity’ and where the edge groups are Magnus
subgroups of H. By understanding the splittings that arise in this way, one may use
induction to make conclusions about G. See [MKS66,1.501,Lin22a] for various versions
and applications of the Magnus hierarchy.

Almost a century later, the Magnus hierarchy is still a powerful tool for the study
of one-relator groups. However, the splittings that arise remain somewhat mysterious.
In [Lin22a], the case that G is a 2-free one-relator group was considered in detail: there it
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was shown that if G is a finitely generated 2-free one-relator group, then G is hyperbolic
and acts acylindrically on any Bass-Serre tree associated with a one-relator splitting.
When G has torsion, the same properties hold [New68, Wis20, Lin22a]. On the other
hand, the fact that Baumslag—Solitar groups cannot act acylindrically on a tree [MO15]
implies that the general case is more complicated.

We say that a one-relator group F(X)/{{w)) has an exceptional intersection if there are
subsets A, B C X that generate Magnus subgroups and such that the following holds in
the quotient:

(A)N(B) #(ANB).
These groups were first studied by Collins in [Col04]. Howie then obtained generali-
sations in the context of one-relator products of locally indicable groups in [How05].
Examples of one-relator groups with exceptional intersections include torus knot
groups (a,b | a? = b?) and closed orientable surface groups of genus at least two
(al, bl, ceey (Jg, bg [al, bl] = [(12, bz] ...[ag, bg]>

In [Lin22a), it is shown that if G = Hx, is a one-relator splitting where G does
not contain any Baumslag-Solitar subgroups, H is hyperbolic and the edge groups of
the splitting are quasi-convex and do not have exceptional intersection, then G acts
acylindrically on its Bass-Serre tree and so is hyperbolic by [BF92]. In light of this (and
Theorem 4.7), when attempting to understand the hyperbolicity of one-relator groups,
the case of interest lies when H has an exceptional intersection. In this article, we take
a step in this direction and characterise 2-free one-relator groups with exceptional
intersection.

Theorem 3.17. Let G be a one-relator group with exceptional intersection. One of the
following holds:

(1) G is 2-free,
(2) there is a two-generator one-relator generalised Baumslag—Solitar subgroup H < G such
that every non-free two-generator subgroup of G is conjugate into H.

It turns out that 2-free one-relator groups with an exceptional intersection have
presentations of a particular form that can easily be described in terms of Christoffel
words. We call these primitive exceptional intersection groups; see Section 3.1 for their
description. The two-generator generalised Baumslag—Solitar subgroup appearing in
the statement is a w-subgroup in the sense of [LW22].

Thanks to the dichotomy provided by Theorem 3.17, with a little work we are able
to establish quasi-convexity of Magnus subgroups of all hyperbolic one-relator groups.

Theorem 4.7. Magnus subgroups of hyperbolic one-relator groups are quasi-convex.

As a consequence, we prove Theorem 4.8, a strengthening of the main tool from
[Lin22a]. Note that hyperbolic one-relator groups can have distorted free subgroups
as there are many hyperbolic (finitely generated free)-by-cyclic one-relator groups. See
[Kap99] for an explicit example. Theorem 4.7 was already known in the case of one-
relator groups with torsion by Newman’s Spelling Theorem [New68]. It was also known
in the case of hyperbolic one-relator groups with quasi-convex one-relator hierarchies
[Lin22a].
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Hyperbolic one-relator groups 3

Before stating our main result, we introduce two new families of two-generator one-
relator groups. Let p/q € Q¢ and denote by

Ai,j ={a;, a1, --~,aj} .
The first family is the fundamental group of the following graph of groups:

(Ao k-1)=(A1,k)

F(Aok-1)

F(Ayk-1) * {w)

F(A1 1)

(A1 k-1,X)=(A1 k-1,WP) (Al g-1,w?)=(A1 k-1,y)

where {(x), (y)} form a malnormal family in F (Ao ) and x,y ¢ F(A1k-1). The
upper edge homomorphism simply shifts the generators along. The second family is the
fundamental group of the following graph of groups:

(Ag,k-1)=(A1,k)

F(Ag k- H F(A
( 0.k 1) (AL k-1,X)=(A1 k-1,X) (AL k-1,Y)=(A1,k-1,Y) ( l’k)

where H takes the following form

(z)=(wP) (wa)=(xy)

F(Ajk-1) (w) F(x,y)

and where (z) is malnormal in F(A; x-1) andx,y € F(A; x-1). We call these groups
primitive extension groups. See Definition 5.1 for their formal definition.

In Section 5 it is shown that primitive extension groups are two-generator one-
relator groups. Examples of primitive extension groups include all one-relator ascend-
ing HNN-extensions of finitely generated free groups and, in particular, BS(1, ). These
correspond to the families where x = ag and p = 1, see Example 5.5. By [Mut21], the
hyperbolicity of one-relator groups in these subfamilies are understood. Although two-
generator one-relator hyperbolic groups have received some attention [KW99, GKL.21],
there are currently no further criteria that do not rely on small cancellation-like criteria
to determine when a primitive extension group is hyperbolic.

Our main result can now be stated as follows.

Theorem 5.6. A one-relator group is hyperbolic (and virtually special) if its primitive
extension subgroups are hyperbolic (and virtually special).

It is immediate that Gersten’s conjecture [Ger92b] needs only to be proved for
primitive extension groups in order to hold for all one-relator groups.

Corollary 5.7. Gersten’s conjecture is true if it is true for primitive extension groups.
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Outline of the article

We begin the article with some preliminary results on free groups which we shall need
for the proof of Theorem 3.17. In Subsection 3.1 we define primitive exceptional inter-
section groups and prove that they are all 2-free. In brief, the proof involves showing
that any 2-generated subgroup of the underlying free group containing the relator must
contain it as a primitive element. We may then appeal to a result of Louder—-Wilton
[LW22]. This is the most involved part of the article as the proof is rather technical and
splits into several cases. Then Subsection 3.2 is dedicated to finding Baumslag—Solitar
subgroups in all other one-relator groups with exceptional intersection and thus estab-
lishing Theorem 3.17. In Section 4 we refine the tools established in [Lin22a]. We first
show that one-relator complexes admit stable hierarchies that terminate at a primitive
extension complex. This is the key result from where the importance of primitive exten-
sion groups for understanding the structure of one-relator groups can be derived. The
main point in the proof is that if G is a one-relator group that is not a primitive exten-
sion group, then we can always find a HNN-splitting of G over another one-relator
group without exceptional intersections. As such, primitive extension subgroups arise
essentially as the obstructions to acylindrical hierarchies. Using this ‘relative’ hierarchy,
we may then appeal to the combination theorems proved in [Lin22a] in order to estab-
lish Theorem 4.7 and Theorem 4.8. Finally, in Section 5 we define primitive extension
groups, show that primitive extension complexes have primitive extension fundamental
group and combine our results to prove Theorem 5.6.
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2 Preliminaries on free groups

In this section, we recall some standard material from the theory of free groups and
prove some technical results that will be of use to us for the proof of Theorem 3.17.

If X is a set, we denote by F(X) the free group, freely generated by Z. If A is another
set, we write F(Z,A) = F(X U A).

2.1 Proper powers

We say an element w € F(X) is a proper power if there is some u € F(X) andn > 2 such
that w = u".
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Lemma 2.1 Let1 # y~lzy € F(X) be freely reduced with z cyclically reduced and not
equal to a proper power. Then:

(1) if y = 1 and there is some i € Z, g, h € F(X) such that 7' = gzh is freely reduced, then
i>landg,h € (z),

(2) if y # 1 and there is some i, j € Z, g, h € F(X) such that y~'z'y = gy~ 'z/yh is freely
reduced, then g, h = landi = j.

Proof Suppose for a contradiction that the first assertion does not hold. We may
assume thati = 2 ori = —2. Then 7z = 7’7" = 7’7’ in the first case and 7 = 7’7" =
(z")7(z”)7" in the second. But then the first case cannot happen by [LS62, Lemma 3]
and the second case cannot happen as a non-trivial element of a free group cannot be
conjugate to its own inverse. Thus, the first assertion holds.

For the proof of the second assertion, we use the first assertion and the fact that z is

cyclically reduced. u

Lemma 2.2 Let F(X) be a free group with ¥ = AU Bandlet b € (B) and 7 € F(X) be
freely reduced elements. Suppose that 7 begins and ends with generators in A U A~ that zb
is not a proper power and that there are elements i € Z, g, h € F(Z) such that (zb)" = gzh
is freely reduced. Theni > 1and g € (zb).

Proof By Lemma 2.1, we may assume that b # 1.Ifi < —1, since b does not mention
any ALIA™! generators, it follows that z has a non-trivial prefix equal to its own inverse.
Since this is not possible, we may also assume thati > 1.

Now suppose for a contradiction that i > 1 and g ¢ (zb). Then we have equalities
of the form:

2 =212223,

z =z3bzy,
for some z1, 22, z3 € F(Z), where the words on the right hand side are freely reduced.
We show by induction on |z;| + |z3| that z; = b. If |z1| = |z3], then clearly z, = b.
So suppose that |z;| < |z3], the other case is symmetric. Since the first letter of z3 is in

AU A "and b € (B), we have that |z3| > |z122|. Now by [LS62, Lemma 2], we have
73 = (2122)'7’ for some i > 1 and where 7’ is a proper prefix of z;z,. Then we get:

z=(zz2)™"'7,
7= (2122)"'7'bz; .
By comparing suffixes, we have:
’ ’
21222 =27'bzy .

But now we obtain equalities of the same form as before, with z” playing the role of z3.
Since |7’| < |z3|, by induction, we see that z; = b.

If z; = b, then zb is a conjugate of itself and so must be a proper power by [LS62,
Lemma 3]. Thus we obtain the required contradiction and conclude that g € (zb). =
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2.2 Subgroups

A graphis a 1-dimensional CW-complex. A morphism of graphs " — A is a map sending
vertices to vertices and edges homeomorphically to edges. A morphism of graphs is an
immersion, denoted by +, if it is locally injective. It is a fundamental observation due
to Stallings [Sta83] that subgroups of free groups can be represented by immersions of
pointed graphs (I, x) s> (A, y). The core of a graph I, denoted by Core(I"), is the union
of the images of all immersed cycles S! s> T'. Then conjugacy classes of subgroups of
free groups can be represented by immersions of core graphs I = A.

Lemma2.3 Let F(A, B, C)beafreegroupandletx € (A, By—(B)andy € (B,C)—(B).
If H < F(A, B, C) is a subgroup of rank two, containing (x,y), then one of the following
holds:

(1) there are elements u, v and non zero integers i, j, such that H = (u, v) and x = ul,y=v/,
(2) there are elements u, v, w and non zero integers i, j such that H = (u_lwu, u_lv) and
x=u"'wiy, y= v iwly,
Proof Let A be a rose graph with one edge for each element in A LI B U C so that
we may identify 71 (A) with F (A, B, C). Then we may represent (x, y) and H by graph
immersions I' = A and A + A. By assumption, I' = A factors through A = A.
Thus, there must be loops based at the same vertex in A with labels x and y, covering A.
Since a path labelled by x cannot traverse any C-edges and a path labelled by y cannot
traverse any A-edges, it follows that there is a decomposition Q") = Q| U Q, where
x(01), x(Q2) = 0and Q; only contains A-edges and B-edges and Q, only contains
B-edges and C-edges. Moreover, the path labelled by x is supported in Q; and the path
labelled by y is supported in Q5. If @1 N Q) is connected, (1) must hold. If 01 N Q5 is
not connected, then (2) must hold. ]

Lemma 2.4 Let F(A, B, C) be a free group and let x € (A, B) — (B), y € (B,C) — (B)
and z € (B) — 1.If H < F(A, B, C) is a subgroup of rank two, containing (xy, z), then
there is an element u and a non zero integer i, such that H = (xy,u) and z = ul.

Proof Just as in the proof of Lemma 2.3, let A be a rose graph with one edge for each
element in A U B U C so that we may identify 7; (A) with F (A, B, C). Then we may
represent (xy, z) and H by graph immersions I' - A and A - A. By assumption,
I' = A factors through A = A. Thus, there must be loops based at the same vertex in
A with labels xy and z, covering A. Since z only traverses B-edges, it follows that there
is a decomposition 0M =0, UQ,UQ; where x(Q1) =0, Q1 only contains B-edges,
x(02) = x(Q3) = 1, Q; only contains A-edges and B-edges and Q3 only contains B-
edges and C-edges. Moreover, z is supported in Q1, x is supported in Q; U O, and y is
supported in Q1 U Q3. Now the result follows. [ ]

The fibre product I" Xa A of two graph immersions f : "« A, g : A +> Ais defined
as the graph with vertices:

V(I xa A) ={(vr,va) € V(I) X V(A) [ f(vr) = g(va)}
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and edges:
E(T'xa A) ={(er,epn) € E(T') X E(A) | f(er) = g(en), respecting orientations}

As elucidated in [Sta83], there is a correspondence between the double cosets
71 (A)hry(T) such that 711 (T) N 711 (A)" # 1 and components of the core of the fibre
product graph Core(I" X5 A) given by the 7y functor.

3 Exceptional intersection groups

The interactions between Magnus subgroups of one-relator groups are well understood.
The following is [Col04, Theorem 2].

Theorem 3.1 Let F(X)/{({w)) be a one-relator group and suppose ¥ = A U B U C. If
(A, B) and (B, C) are Magnus subgroups, then one of the following holds:

(1) (A,B)N(B,C) =(B),
(2) (A,BYN(B,C) = (B) +Z

We say the Magnus subgroups (A, B) and (B, C) have exceptional intersection if the
latter situation occurs.

Definition 3.1 A one-relator presentation (X | w) is an exceptional intersection pre-
sentation if there are disjoint subsets A, B,C C X such that (A, B) and (B, C) have
exceptional intersection. A one-relator group G is an exceptional intersection group if it
has an exceptional intersection presentation.

The following result appears as [Col04, Corollary 2.3].
Corollary 3.2  Exceptional intersection groups are torsion-free.

3.1 Primitive exceptional intersection groups

In this section, we introduce two families of one-relator groups called primitive excep-
tional intersection groups. Our aim will be to show that they are precisely the excep-
tional intersection groups that are 2-free.

Before defining our groups, we first need to discuss certain primitive elements of the
free group of rank two. Recall that an element of a free group w € F(X) is primitive if w
forms part of a free basis for F(X). Otherwise, w is imprimitive. The primitive elements
of interest to us are known as Christoffel words and were first introduced in [Chr73].
They are parametrised by a rational slope p/q € Qso. Let ' € R? denote the Cayley
graph for Z? on the generating seta = (1,0), b = (0, 1). Let L C R? be the line segment
beginning at the origin and ending at the vertex (g, p). Now let P C I" be the shortest
length edge-path connecting the endpoints of L, remaining below L and such that there
are no integral points contained in the region enclosed by L U P. See Figure 1 for an
example. The word in a and b traced out by P is denoted by:

pry/4(a.b).
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Figure 1: L is in green with slope 5/6. The a edges are in blue and the b edges are in red,
so prs/g(a, b) = a*babababab.

By [OZ81, Theorem 1.2], every primitive element of F (a, b) is conjugate into the set

:ail,bil,prp/q (a*!, b*1) ‘ ;_7 c Q>o} '
Now consider the free group F (A, B, C), freely generated by disjoint sets A, B, C.
Let p/q € Qs¢ and let:
xe€(A,B)—-(B),
y€(B,C)—-(B).

Then we call pr,,, (x,y) a primitive exceptional intersection word of the first type if the
following hold:

(1) {{x), {¥)}isa malnormal family (that is, (x) and (y) are malnormal and no conjugate
of (x) intersects (y) non-trivially),

(2) if p/q = 1,thenthereisnoa € (A, B) —(B),c € (B,C)—(B) such thatpr,(x,y) =
pry(a, c¢) and {({a), (c)} is not a malnormal family.

By definition, we see that (x, y) is an infinite cyclic subgroup of G = F (A, B, C)/{{w)).
We find that G has the following exceptional intersection:

(A,B) N (B.C) =g (B) » (xT) = (B) x (y") .

The following example demonstrates why we require the second condition in the
definition.

2024/04/30 17:55

https://doi.org/10.4153/S0008414X24000427 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000427

Hyperbolic one-relator groups 9
Example 3.3 Consider the word pr, (a*b™',bc®) € F(a,b,c). Although the sub-
groups {(a?b~1), (bc?)} form a malnormal family, we have
pr,(a’b~!, be?) = pr,(a?, ¢?) = a*c?,

where {(a?), (c?)} is not a malnormal family. Hence, pr, (a?b~', bc?) is not a primitive
exceptional intersection word of the first type.

Now let z € (B) — 1. We call pr , . (xy, z) a primitive exceptional intersection word of
the second type if the following hold:

(1) (z) is malnormal,
(2) if p/q = k € N, then thereisnoa € (A,B) — (B),c € (B,C) — (B) such that
pry(xy,z) = pry(a, c) and {{a), (c)} is not a malnormal family.

By definition, we see that (xy, z) is an infinite cyclic subgroup of G = F(A, B, C) /{{w))
and so (xy)~'z(xy) =g z. We find that G has the following exceptional intersection:

(A,B) N (B,C) =g (B) * (x"'zx) = (B) * (yzy™") .
Awordw € F(A, B, C) is a primitive exceptional intersection word if w is a primitive

exceptional intersection word of the first or second type.

Definition 3.2 A group G is a primitive exceptional intersection group if G = F(X)/{{w))
where w is a primitive exceptional intersection word.

Example 3.4 Consider the word pr (a?b*c?,b) = a*b*c*b* e F(a,b,c). Since
this is equal to pr, (a?b* =%, b=k c?b*) where (b=*c?b*) is not malnormal, it is not a
primitive exceptional intersection word of the second type. However, it is also equal to
the word prz(azbz_k, b~*cb¥) (or Pry)> (a, b*c*b?) when k = 2) whichis a primitive
exceptional intersection word of the first type. Thus

G = F(a,b,c)/((a*b*c*b"))
is a primitive exceptional intersection group for all .

The proof of the following theorem is rather involved and will take up the remainder
of this section.

Theorem 3.5 Primitive exceptional intersection groups are 2-free.

Before proceeding with the proof, we mention some important definitions and a
result from [LW22]. Define the primitivity rank of an element w € F(X) as the following
quantity:

m(w) = min {rk(K) | w € K < F, w not primitive in K} € N U {oo}.

Givenanelementw € F(X) suchthat 7(w) < co,asubgroup K < F(X) isaw-subgroup
if the following hold:

(1) w € K and w is not primitive in K,
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(2) rk(K) = n(w),
(3) if K < K’, then rk(K) < rk(K’).

In [LW22], Louder and Wilton connect the primitivity rank 7 (w) with subgroup
properties of the one-relator group F(X)/{{w)). The result we shall need is the follow-
ing, appearing as [LW22, Theorem 1.5].

Theorem 3.6 A one-relator group F(X)/{{w)) is 2-free if and only if m(w) > 2.

The idea of the proof of Theorem 3.5 will then be to show that if w € F(Z) is a
primitive exceptional intersection word, then there cannot be any two-generator w-
subgroups.

Proof If G is a primitive exceptional intersection group, then there is a free group
F(A, B, C), arational number p/q € Q-0, and elements:

x € (A,B)—(B),
y€(B,C)—(B),
ze(B)-1,

such that G = F (A, B, C)/{{w)) where one of the following holds:

(1) w =pr,,,(x,y) is a primitive exceptional intersection word of the first type,
() w =pr,,,(xy, z) is a primitive exceptional intersection word of the second type.

Let us assume for sake of contradiction that G is not 2-free. Then by Corollary 3.2 and
Theorem 3.6, we have that 7 (w) = 2. Thus, there is some w-subgroup K < F(A, B, C)
such that rk(K) = 2. We will handle the two cases at the same time as they are very
similar.

Let A be a rose graph with one edge for each element in A U B LI C. The edges of A
can then be partitioned into A-edges, B-edges and C-edges. Denote by w : S' & A the
cycle representing w. There is an immersion of core graphs A +> A representing the
conjugacy class of K and such that there is a lift A : ST «> A of w. Now let " > A be
the graph immersion of core graphs representing the conjugacy class of (x, y) < m{(A)
(or (xy, z) if we are in the second case). Then there is a lift y : S + T" of w.

Lemma 3.7 There is some connected component ® C Core(I" X A) such that ® = S' and
A=pa|@.

Proof By [Ken09, Theorem 1] (see also [LMO09, Theorem 1.1]), either y (Core(I" Xa
AN)) = 0, or rk({(m1(A)8, m1(I"))) = 2 for some g € m1(A). In the first case, we must
have that A factors through some component S! C Core(I" X5 A). Since G is torsion-
free, w cannot be a proper power by [KMS60]. Therefore, w and A cannot factor through
S! as a proper cover and we are done.

Now suppose that rk ({71 (A)8, 71(I"))) = 2. By definition of w-subgroups, we must
have that 711 (I") < 71 (A)8. Now it follows from our assumptions on x, y, z and Lemmas
2.3and 2.4, that 71 (I") = 71 (A)$, contradicting the fact that w is not primitive in K. ®
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We will make use of the following factorisations of x and y:
x=b1 'Xl_l X2 X1 ‘bz,
y=bs -y y2-y1-ba,
as freely reduced words, where by, b, b3, by € (B),x[1 - X - x1 and y;l -y, - y1 donot
begin or end with a B-letter and x, and y; are cyclically reduced.
If n > 1, denote by u, the free reduction of xl_lxle (bzblxl_lxle)"_l. Similarly,

denote by v, the free reduction ofyl_lyzyl (b4b3y1_1y2y1)"_1.

Lemma 3.8 Letn > landlet @ : I « A be a path labelled by u,, or v,. Then o must

traverse a vertex of degree at least three, other than at its endpoints.

Proof We shall prove the result for u,, as the other case is identical. Firstly, we show
that I" supports at most one path with label u,,. If 7;(I") = (xy, z), then I" supports
one path with label #; and no path with label uy for any k > 2. Let us suppose that
m1(I") = {(x, y) and that there are two paths in I" with label u,,. Since u,, begins and ends
with an A-letter and does not contain any C-letters, it follows that:

(1) if b,by # 1 0r byby = x1 = 1, then u,, must be a subword of u,,4; that is not a prefix
or a suffix, or u,, is a subword of u;il,
(2) if byby = 1 and x; # 1, then u,, must be a subword of ufnl for some m > n.

Since (x) is malnormal by definition, x is not a proper power. The first situation cannot
happen by Lemma 2.2. The second situation cannot happen by Lemma 2.1.

Now, since there is at most one path in I" with label u,,, there can be at most one lift
of @ to Core(I" Xp A) by definition of the fibre product graph. If & does not traverse ver-
tices of degree three or more, except possibly at its endpoints, then each edge it traverses
can have at most one preimage in Core(I" Xa A). So by Lemma 3.7, since A is surjective,
it must traverse some edge in A precisely once. But then this would imply that A rep-
resents a primitive element of 71 (A), contradicting the fact that K was a w-subgroup.
Therefore, we conclude that @ must traverse a vertex of degree at least three, other than
at its endpoints. |

We now use Lemma 3.8 to derive a contradiction to the definitions of primitive
exceptional intersection words. Let @ : I = A be a path satisfying the following:

(1) a factors through 4,
(2) aislabelled by u,, for some n > 0,
(3) thereisno patha’ : I + A, strictly extending « and satisfying the above.

We similarly define 8 : I «> A, replacing u,, with v,,. Such paths exist by definition of w.
By Lemma 3.8, @ and S must traverse a vertex of degree at least three, away from their
endpoints. Now the idea is to use this fact to divide A according to where @ or 8 are
supported. Since @ does not traverse any C-edges and 8 does not traverse any A-edges,
they will block each other from traversing certain regions of A.
Since y(A) = —1, and A is a core graph, we only have three topologically distinct
cases to consider:
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Figure 2: Rose graph cases.

(1) Aisarose graph, see Figure 2,
(2) Aisatheta graph, see Figure 3,
(3) Aisaspectacles graph, see Figure 5.

Figures 2, 3 and 5 contain all the different cases, up to symmetry. Before proceeding
with the case analysis, we briefly explain the diagrams. The red regions indicate sections
that @ traverses and must contain an A-edge; 8 cannot traverse any edge in a red region.
The blue regions indicate sections that 5 traverses and must contain a C-edge; @ can-
not traverse any edge in a blue region. The yellow regions indicate sections that @ or 8
or both @ and 3 traverse. In any case, the yellow regions must only contain B-edges, but
are allowed to have length zero when this does not change the topology of the under-
lying graph. The black regions indicate sections that are not traversed by either @ or
and are also allowed to have length zero when this does not change the topology of the
underlying graph. The red vertices and blue vertices indicate the start and endpoints of
a and S respectively.

Topologically, in each diagram there can be at most three edges. The path @ must
leave one of these edges by Lemma 3.8 and re-enter another edge, leaving enough space
for B to do the same elsewhere. Given these constraints, the reader should check that
these are indeed all the cases to consider.

Case 1. We handle this case more in detail than the others as the arguments are mostly
identical. We have three subcases to consider, according to Figure 2.

Suppose we are in the situation of the first subdiagram. When A traverses a red seg-
ment from a red vertex, it must then be followed by the other red segment. Otherwise we
would obtain a contradiction to Lemma 3.8. Similarly for the blue segments. Thus, since
A is primitive, it must traverse each edge precisely once. Hence, A would not represent
a primitive element of 711 (A) which is a contradiction.

Now consider the second subdiagram. Any (maximal) u,, labelled path must begin at
one red vertex and end at the other red vertex. Similarly for the v,, labelled paths. But
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this then implies that only one power of x and one power of y appears in w. Thus, if w
is of the first type, then it must be equal to xy. If w is of the second type, it must be equal
toxyz' for somei > 1. By Lemma 3.8,  must traverse both loops at least twice. We may
now deduce that there exist elements:

a €(A,B)—(B),
be(B)-1,
c € (B,C) —(B),

such that w = (ab~!)(bc) and that m(a),n(c) # 1. Hence, {{a),{(c)} is not a
malnormal family, contradicting our assumptions on w.

Let us move onto the third subdiagram. Similarly to the second subcase, we see that if
w is of the first type, it must be equal to xy and if w is of the second type, it must be equal
toxyz' for somei > 1.From the diagram we may now deduce that there exist elements:

a€(A,B)-(B),
b e(B),
c €(B,C)—(B),

such that w = (ab~!)(bc) and that (a)8 N {c) # 1 for some g € F(A, B, C). Hence,
{{a),{c)} is not a malnormal family, contradicting our assumptions on w. It follows
that A cannot be a rose graph.

Case 2. Consider the first subdiagram in Figure 3. By collapsing the yellow edge, we
see that we may handle this case in the same way as the first subcase of the rose case.
Similarly, we may reduce the second and third subcases to the second and third subcases
of the rose case.

So now let us consider the new cases appearing in the fourth and fifth subdiagrams.
Now if b,b; # 1 and @ was labelled by u,, with n > 2, then we would have that A would
support a path labelled by u; that does not traverse a vertex of degree at least three, away
from its endpoints. But this contradicts Lemma 3.8. So if b,b; # 1andn = 1, then there
can be no other u,,-labelled path beginning or ending at a red vertex as A = A is an
immersion. This would imply that there can be no other u,,-labelled paths in A for any
m > 1and so A traverses the red segments only once by Lemma 3.7. Hence, A could not
represent a primitive element of 71 (A), a contradiction. So now we may assume that
b,b; = 1. By a symmetric argument, we may assume that b4b3 = 1. Similarly, we must
have x1, y; # 1. As before, there must be at least one other path @’ : I > A labelled
by u, for some m > 1. We may assume that ¢’ is maximal in the same sense that «
was maximal. We see that @ and @’ must traverse a common segment. We now have
two subcases to consider, up to symmetry, depending on whether @ and @’ traverse a
common segment in the same direction or the opposite direction. See Figure 4. In either
case, there can only be one lift of the segment with label x7"x; to Core(I" Xa A) for the
following reason: the projection of any loop in Core(I" X A) traversing the segment
labelled x}"x1, must then traverse a blue segment labelled by yl_lylz‘ forsome k > 0. Since
there is only one path in I" with this label, there can be only one lift of these segments to
Core(I" Xp A). Now Lemma 3.7 tells us that A does not represent a primitive element
of w1 (A). It follows that A cannot be a theta graph.
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Figure 3: Theta graph cases.

—1_n m —1 -1 _n—m

1 5Ty 5T

Figure 4: Extra theta cases.

Case 3. The first subdiagram in Figure 5 is analogous to the first subdiagram of the
rose case. The second, third and fourth subdiagrams are analogous to the second subdi-
agram of the rose case. The fifth subdiagram is analogous to the third subdiagram of the
rose case. Hence, A cannot be a spectacles graph.

Now we may conclude that there can be no w-subgroups of rank two and hence, G
must must be 2-free. [ ]
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Figure 5: Spectacles graph cases.

3.2 The general case

In this section, we consider the general case and show that primitive exceptional
intersection groups are the only exceptional intersection groups which are 2-free.

Theorem 3.1 was generalised to one-relator products in [How05]. By specialising
[How05, Theorem C] to the case of one-relator groups, we may obtain the following
result.

Theorem 3.9 Let F(X)/{{w)) be a one-relator group and suppose ¥ = ALUBLIC. If (A, B)
and (B, C) are Magnus subgroups with exceptional intersection, then there is a monomorphism

of free groups

t: F(a,c) — F(Y),
with the following properties. There is some r € F(a, c) with «(r) conjugate to w and some
m,n # 0, such that one of the following holds:

(1) a™ = c"in F(a,c)/{{r)) with «(a) = x, t(c) = y and
x € (A,B)—(B),
y € (B,C)—-(B).
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(2) ac™a™! = c"in F(a,c)/{{r)) with(a) = xy, 1(c) = z and
x € (A,B) - (B),
y €(B,C)-(B),
ze€(By—-1.

Using this result and the algorithm to compute the centre of a one-relator group from
[BT68], Howie also showed that a generating set for the intersection of given Magnus
subgroups is computable [How05, Theorem E].

In the discussion following [Col04, Theorem 4], Collins points out the following.

Corollary 3.10  Assume the notation of Theorem 3.9 and suppose that we are in the first case.
Denote by

H =(B) * F(a,c)/{({r)) .

Then we have:

G = (A, B) C).

s H * (
(B,u(a))=(B,a)  (B,c)=(B,¢(c))

Corollary 3.11 Assume the notation of Theorem 3.9 and suppose that we are in the second
case. Let t(a) = x - y where x € (A, B) — (B) and y € (B, C) — (B) and denote by

H=(B)  « F@o/in) = Fd.e).

Then we have:

G = (A,B) (B,C) .

* H *
(B,x)=(B,d) (B,e)=(B,y)

Remark 3.12 There is a minor typographical error in the splitting provided by Collins
for the second case. Corollary 3.11 is the corrected version.

The following follows directly from Corollaries 3.10 and 3.11.

Corollary 3.13  Assume the notation of Theorem 3.9. The monomorphism ¢ descends to a
monomorphism of one-relator groups:

L:F(a,0)[{(r)) = F(Z)/{(w)) .

Theorem 3.9, coupled with Corollary 3.13, finds us two-generator one-relator sub-
groups of exceptional intersection groups. We now characterise precisely what these
subgroups can be.

Lemma 3.14 Let H = F(a,c)/{{r)) be torsion-free such that a™ = c¢" in H for some
m,n # 0. Then one of the following hold:

(1) r € F(a,c) is primitiveand so H = Z,
(2) H is non-cyclic with non-trivial centre.
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Proof Note that H has non-trivial centre as (@) is an infinite subgroup contained in
the centre. By [LSO1, Chapter I Proposition 5.11], H is cyclic if and only if r is primitive.
u

Lemma3.15 Let H = F(a,c)/{{r)) betorsion-free such that a~'c™a = " in H for some
m,n # 0. Then one of the following hold:

(1) r € F(a,c) is primitive and so H = Z,

(2) H is non-cyclic with non-trivial centre,

(3) rorr~is conjugate to pr,,;, (c™',a""ca) for some p/q € Qsq and so H = BS(p, q).

(4) rorr~1is conjugate in F(a, c) to an element r' € {c,a™'ca) such that {c,a™'ca) =
F(c,a " ca)[{{r'y) is non-cyclic with non-trivial centre.

Proof Suppose that [m|is smallest possible.If n = m = +1, then either r is primitive or
H = 7% 1fn = m # +1, then H has non-trivial centre generated by ¢". So if n = m, we
have obtained conclusion (1) or (2). Now suppose that n # m. Therefore, the exponent
sum of ¢ in r must be non-zero. There is a single epimorphism, up to sign change, ¢ :
F(a,c) — Z such that ¢(r) = 0, given by

—0¢(1)
ﬁ 9
ged(oa(r), oc(r))
oq(r)
H 9
ged(oa(r), oc(r))
where 0, (r), 0. (r) denote the exponent sums of a and ¢ in r respectively. But now
#(a~'c™ac™™) = 0 from which it follows that

0=¢(c") = ¢(c") = (m—n)oa(r) .

By Magnus rewriting, since 0, () = 0, we have that

— -1 _ -1 _ ’
H = {co,....,cr,a|acoa™" =cy,...,aci_1a " =cr,r’),

where r’ is the rewriting of 7 in terms of ¢ = ¢y, ..., k. By the Freiheitssatz (see [MKS66,
Theorem 4.10)), it follows that k = 1. If (c,aca™!) = Z, then we have obtained
conclusion (3). If not, then we have obtained conclusion (4). [ ]

Recall that a generalised Baumslag—Solitar group is group that splits as a graph of groups
where each vertex and edge group is infinite cyclic.

Proposition 3.16  Let G = {a, c | r) be a one-relator group in which either a™ = c" or
ac™a™! = ¢" holds. Then G is a generalised Baumslag—Solitar group.

Proof The first case follows from Lemma 3.14 and [Pie74, Theorems 1 & 3]. Similarly,
in the second case we may conclude that G is a generalised Baumslag-Solitar group by
Lemma 3.15, unless n # m and r or r~! is conjugate in F(a,c) to an element w €
(c,a"'ca) such that H = {c,a"'ca) = F(c,a"'ca)/{{w)) is non-cyclic with non-
trivial centre. So let us suppose that we are in the latter case. Since ac™a™! = ¢ holds
in H, the rank of the abelianisation of H must be one. Then by [Pie74, Theorem 1], we
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have:

H={(ay,....an|a’ =al', .. al™ =ai
where p;,q; > 2 and ged(p;,qj) = 1foralli > j. Then by [Pie74, Lemma 3], ¢ and
a~'ca are both conjugate within H to some subgroup (a;) < H. Suppose that ¢8 = a{.‘
and (a”'ca)t = ai.. Then we have that:

~ pr _ q1 Pm-1 _ _qm-1 -1 kg _ 1
G=(ay,...amb|a]" =a;,..,a," =ay,"",b aib—ai)

where b = g~'ah. Thus, we may conclude that G is a generalised Baumslag—Solitar
group. [ ]

We are now ready to prove the main result of this section.

Theorem 3.17  Let G be an exceptional intersection group. Then one of the following holds:

(1) G is a primitive exceptional intersection group and so is 2-free,
(2) there is a two-generator one-relator generalised Baumslag—Solitar subgroup H < G such
that every non-free two-generator subgroup of G is conjugate into H.

Proof Assume that G is not a primitive exceptional intersection group. Let H < G =
F(A, B,C)/{{w)) be the two-generator subgroup from Theorem 3.9. We may assume
that H is maximal in the sense that there is no subgroup properly containing H and that
is of the same form as the two-generator subgroup from Theorem 3.9. By Proposition
3.16, H is a generalised Baumslag—Solitar group. Clearly H has rank at most two, so we
now consider the two possible cases.

Let us first assume that H has rank one. Thus, G has one of the following presenta-
tions:

(1) G = (Z|pry,,(x,y)) forsomex € (A, B) - (B) and y € (B,C) - (B),
2) G =& prp/q(xy,z)) for some x € (A,B) — (B),y € (B,C) — (B) and z € (B).

where H = {x, y) in the first case, and H = (xy, z) in the second case.

Suppose that we are in the first situation. By Definition 3.2, we may assume that either
{(x), {(y)} is not a malnormal family (in F(A, B, C)), or that p/q = 1 and that there
exist elements a € (A, B) — (B) and ¢ € (B, C) — (B) such that pr,(x,y) = pry(a,c)
and {(a), (c)} is not a malnormal family (in F (A, B, C)). As the two cases are identical,
it suffices to assume that {{x), (¥)} is not a malnormal family. Now, if {{x), (y)} is not
a malnormal family, then either x is a proper power, y is a proper power, or a conjugate
of (x) intersects (y) non-trivially. If either x or y is a proper power, by adjoining a root
of x or y to H, we obtain a contradiction to maximality of H.If (x)/ N (y) # 1 for some
f € F(X), it follows that there must be elements g € (A, B) — (B), h € (B, C) — (B),
d € (B) such that (x)8 N (y)h_l < (d) < (B).Now H would be properly contained in
(gh, h~'dh). However, since (gh) (h='dh)"*(gh)~' = (h~'dh)™ holds for some m, n #
0, we obtain a contradiction to maximality of H again.

Now suppose that we are in the second situation. As before, we may assume that (z) is
not malnormal by Definition 3.2. Then z is a proper power and we contradict maximality
of H once again.
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We may conclude from the above that H must have rank two. Since H cannot be
free, we have that 7(w) = 2 and G has a two-generator w-subgroup K into which H is
conjugate by [LW22, Corollary 1.10]. If H # K, we get a contradiction to maximality of
H by the definition of w-subgroups and Lemmas 2.3 and 2.4. Thus, (2) holds by [LW22,
Corollary 1.10]. ]

Remark 3.18 The w-subgroup from Theorem 3.17 is always a subgroup of the form
given in Theorem 3.9.

It follows from [Lin22a, Theorem 8.2] and Theorem 3.17 that an exceptional inter-
section group is hyperbolic if and only if it contains no Baumslag—Solitar subgroup.
Note that this can also be derived using Corollaries 3.10 and 3.11 and the combina-
tion theorem [BF92]. However, in order to prove our main results, we need the stronger
dichotomy established in Theorem 3.17. This dichotomy is harder to establish using
Corollaries 3.10 and 3.11 as the splittings do not satisfy the hypothesis of existing 2-free
combination theorems (see [Bau68] for example).

Example 3.19 We give two examples of groups with exceptional intersection that are
not 2-free. Let p/q € Q¢ and n, m # 0. Consider the group with presentation:

G = {co,c1 | prp, q(cg'scr™))

The relation cgm = Cf " holds in G and so it has an exceptional intersection of the first

type. In [MPS73], this group was shown to be isomorphic to a non-cyclic generalised
Baumslag-Solitar group with presentation:

(co,b,cy | cg =bP,bT =y,

and so is not 2-free.
Now consider the HNN-extension:

(co,b,cr,a | cgt =bP, b = cq’,acoa_1 =c1) = (co,c1,a | acoa™! = cl,prp/q(c?,cl_"))
- -1,.-
= (a,c|pr,,(c" a c"a))
The relation a~'¢™Pa = ¢ holds in this group and so
(ag,ay,c | pr,, (<™, (aoar)™'c " (aoar))

has an exceptional intersection of the second type. This group also contains a non-cyclic
generalised Baumslag—Solitar subgroup and so is not 2-free.

4 One-relator towers

A one-relator complex is a combinatorial 2-complex with a single 2-cell. If X is a one-
relator complex, we write X = (I", 1) where I" is a 1-complex and A : S o Tis the
attaching map. In this section we are going to use and generalise some of the results
from [Lin22a, Lin22b].

If p : Y = X is an infinite cyclic cover of a CW-complex, a tree domain for p is a
subcomplex Z C Y satisfying the following:
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1) z-Z=Y,
(2) forallk € Nandeverycellc C Z,ifk - ¢ C Z,theni-c C Zforall0 <i <k,
(3) ZN1-Zisconnected and non-empty.

By [Lin22a, Proposition 3.10], if the map 71 (Z N 1 - Z) — m{(Z) induced by inclusion
is injective, then we obtain a splitting

m(X) = 1((ZL)*x,(zn1-2)

By [Lin22a, Proposition 4.7], if p : ¥ e X is an infinite cyclic cover of a one-relator
complex, then there always exists a one-relator tree domain Z for p. Moreover, by the
Freiheitssatz, the maps 711(Z N 1 - Z) — m(Z) are always injective.

A one-relator tower is a sequence of immersions of one-relator complexes

XN HHX] q—)X():X,
where X, + X; factors as
¢ p
Xi+1 — Y Xi

where p is an infinite cyclic covering map and ¢ is an inclusion of a tree domain for p. A
one-relator tower is maximal if y (Xy) = 1.

By the above, it follows that one-relator hierarchies correspond to iterated HNN-
extensions over one-relator groups.

The following is [Lin22a, Proposition 5.1] and can be interpreted as a modern version
of the well-known Magnus—Moldavanskii hierarchy.

Proposition 4.1 Let X be a finite one-relator complex. Then X has a maximal one-relator
tower.

If X = (T, ) is a one-relator complex, then for each w-subgroup K < 7 (I"), where
w = [A], there is an immersion of one-relator complexes Q = (Q,w) +> X where
Q o> I is the core graph immersion representing K. We say that Q +» X represents a
w-subgroup. The following is [Lin22a, Theorem 5.15].

Theorem 4.2 Let X be a one-relator complex and let Q > X be an immersion of a one-
relator complex, representing some w-subgroup. There exists a one-relator tower

Q:XK Hq—)Xl q—)X():X.
Equipped with Theroem 4.2, we make the following definition.
Definition 4.1 We say a one-relator tower Xy + ... = Xy = X is factored if for every
immersion Q +> X; representing a w-subgroup of 71 (X;) with y(Q) = 0, either there

is some j > O such that X;,; = Q = X;, or Q + X; factors through Xy + X;.

The proof of the following is essentially identical to that of Proposition 4.1, but we
include it for completeness.

Proposition 4.3  Every one-relator complex has a maximal factored one-relator tower.
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Proof Let X = (I, 1) be a one-relator complex. Denote by deg(1) the largest degree
covering map ! +> S! that A factors through and denote by X the smallest one-relator
subcomplex of X. Then define the quantity
14 )
¢(X) = (m ! —X(X)) :
The proof proceeds by induction on ¢(X).

If 11 (X) is 2-free or has torsion, then any maximal one-relator tower is a factored
tower by definition and so the result follows from Proposition 4.1. If Q +> X represents
aw-subgroup, then it is clear that we must have ¢ (Q) < ¢(X) with equality if and only if
Q = X.Thus, by Theorem 4.2, we may assume that y(X) = 0. Thenas y(X) # 1,71(X)
is indicable and there is some infinite cyclic cover p : ¥ + X. By [Lin22a, Proposition
4.9], there is some one-relator tree domain Z for p such that ¢(Z) < ¢(X). Hence, by
induction, the proof is complete. u

4.1 Acylindrical, quasi-convex and stable one-relator towers

Let Xx = ... = X; +> X, be a one-relator tower. Denote by 7; the Bass-Serre tree
associated with the splitting 711 (X;) = m;(Xiy1)*y,. We call this an acylindrical one-
relator tower if there is some constant k > 0 such that the stabilisers of segments of length
k in T; are finite. We call it a quasi-convex one-relator tower if the inclusions A4, By <
X; are quasi-isometric embeddings, where A;y;1 = X431 N1+ Xj4; and Bjyy = —1 -
Xi+1NX;41. This last definition is due to Wise [Wis2 1], adapted to the one-relator case. In
[Lin22a], a stable one-relator tower is defined in terms of the identifying homomorphisms
;. Since we shall not need this definition, we instead record the following, which is a
reformulation of [Lin22a, Lemma 7.4].

Lemma 4.4 A one-relator tower Xy o> ... &> X1 +> Xy is stable if and only if there is some
k > 0 such that the pointwise stabilisers of segments of length k in T; have rank at most one.

In [Lin22a], the author established a connection between these three types of one-
relator towers. The aim of this section is to improve on that result.

4.2 Primitive extension complexes

A one-relator complex X is a primitive extension complex if y(X) = 0 and there is a
one-relator tower Z +> X where 71(Z) is 2-free and such that

m(ZNn1-Z)nm(ZN-1-Z)+m(-1-ZNZN1-2),

after possibly adding edges to Z and extending the Z-actionsothat—1-ZNZN1-Z
is connected. By Theorem 3.17, we can see that 7;(Z) * F is a primitive exceptional
intersection group for some finitely generated free group F.

Let X = (T, 2) be a one-relator complex with y(X) = 0. Let T C T be a spanning
tree and let (a, b | w) be the induced one-relator presentation. If a’”* = b" for some
m,n € Z — {0} and 1 (X) is not cyclic, then we call X a powered one-relator complex. By
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Proposition 3.16, 71 (X) is a generalised Baumslag—Solitar group. Moreover, we have
the following.

Lemma 4.5 Powered one-relator complexes are primitive extension complexes.

Proof Let X = (I', 1) be a powered one-relator complex. Then there is a spanning
tree in I" such that @™ = b™ where {(a, b | w) is the induced presentation for 771 (X). By
virtue of the fact that a” = b", there is only a single epimorphism ¢ : 7;(X) — Z and
by [Mur64], we have that ker(¢) is finitely generated and free. Now let p : ¥ +» X be
the induced cyclic cover and Z C Y a one-relator tree domain. Since 7 (Y) is finitely
generated, this in particular implies that

m(ZN1-2)=m(Z)=m(-1-ZNZ)

and so that X is a primitive extension complex. |
It turns out that primitive extension complexes obstruct stable one-relator towers.

Proposition 4.6  Let X be a one-relator complex and Xy + ... ©» X; = Xo = X a
factored one-relator tower. Then one of the following holds:

(I) Xy & ... X; v Xo = X is stable,

(2) Xk + ... » X1 & Xo = X is stable and Xk is a primitive extension complex for some
K <N,

(3) Xk is a powered one-relator complex for some K < N.

Proof Letp :Y > X be the cyclic cover such that X; is a tree domain for p. Let A =
X1N—1-X;and B = X;N1-X;, where the Z action is the covering action. Up to possibly
adding finitely many edges to X (and so to X;), we may assume that A N B is connected.
Now by [Lin22a, Lemma 7.8], either X; +» X, = X is stable, or 71;(A) N m(B) #
m1 (AN B).If X; v X is stable, we proceed by induction. So suppose that it is not. By
Theorem 3.1, either 7 (X1) is 2-free, or there is an immersion Q s> X representing a
w-subgroup such that y(Q) = 0 and 71 (Q) is a generalised Baumslag—Solitar group.
Let us first consider the latter case. By definition of factored one-relator towers, there
is some i such that X; = Q. Moreover, by Lemmas 3.14 and 3.15, either X; is a powered
one-relator complex, or X;,1 is. So now let us consider the case that 771 (X7) is 2-free. If
x (X) < 0, then by definition, we have that X is 2-free. Thus, by [Lin22a, Theorems 7.8
& 7.9], we have that Xy > ... - Xy = X is a stable tower. If y(X) = 0, then X is a
primitive extension complex. ]

4.3 Improved one-relator towers

Recall that a Magnus subgroup of a one-relator group (X | w) is a subgroup generated
by a subset of the generators A C X such that A omits a generator that appears in the
cyclic reduction of w. Using Proposition 4.6 we may now prove that Magnus subgroups
of hyperbolic one-relator groups are quasi-convex. This was previously known in the
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case of one-relator groups with torsion by Newman’s spelling theorem and in the case
of 2-free one-relator groups by [Lin22a, Theorems 8.1 & 8.2].

Theorem 4.7  Magnus subgroups of hyperbolic one-relator groups are quasi-convex.

Proof Let X be a one-relator complex with 71 (X) hyperbolic. By Proposition 4.3,
there is a maximal factored one-relator tower Xy + ... = X; - Xp = X. By [Ger96,
Corollary 7.8], w1 (X;) is hyperbolic for all i > 1. By Proposition 4.6, either this tower
is stable, or there is some 1 < L < N such that X; + ... - X is stable and X is a
primitive extension complex.

In the first case, since hyperbolic groups cannot contain Baumslag-Solitar sub-
groups, the result follows by [Lin22a, Theorems 8.1 & 8.2]. So now let us assume that we
are in the second case. The proof proceeds by induction on tower length. For the base
case L = 1,since y(Xp) = 0, all Magnus subgroups of 71 (X ) must by quasi-convex as
they are all cyclic. So now we assume the inductive hypothesis. In other words, that all
Magnus subgroups of 771 (X1) are quasi-convex. Then by [Lin22a, Theorems 3.6 & 6.10],
all Magnus subgroups of 711 (X) are quasi-convex and the proof is complete. [ ]

As a consequence, we may improve on the main tool developed in [Lin22a].

Theorem 4.8  Let X be a one-relator complex and let Z + X be a one-relator tower. If 11 (Z)
is hyperbolic (and virtually special), then the following are equivalent:

(1) Z + X is a quasi-convex tower and 71 (X) is hyperbolic (and virtually special),
(2) Z +> X is an acylindrical tower,
(3) Z +> X is a stable tower and 1 (X) contains no Baumslag—Solitar subgroups.

Moreover, if any of the above is satisfied, then m\(Z) < m1(X) is quasi-convex.

Proof By Theorem 4.7, Magnus subgroups of 71(Z) are quasi-convex. By [Lin22a,
Theorem 7.16] and [Wis21, Theorem 13.1], we may establish the equivalence between (2)
and (3). Similarly, by [Lin22a, Theorem 3.6] and [Wis21, Theorem 13.1], we may establish
the equivalence between (2) and (1). ]

Combining Proposition 4.6 and Theorem 4.8 and using induction, we obtain the
following corollary.

Corollary 4.9 Let X be a one-relator complex and suppose that my(X) contains no
Baumslag—Solitar subgroups. If Xy + ... = X; + Xy = X is a maximal factored
one-relator tower, then one of the following holds:

(1) m1(X) is hyperbolic and virtually special and Xy + ... v X; + Xy = X isan
acylindrical tower,

(2) Xk is a primitive extension complex for some K > 0 and, if 11 (Xk) is hyperbolic (and
virtually special), then 71 (X) is hyperbolic (and virtually special) and Xk +> ... = X; &
Xo = X is an acylindrical tower.
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5 Primitive extension groups

Leti < j € Z and denote by

ti+l

Aij= {a",a"",..,a"} c F(a,1)

k
where a’* denotes t~%at*. The reader should remind themselves of the definitions of
primitive exceptional intersection words from Subsection 3.1. For each p/q € Q~¢, we
define two new families of one-relator groups. The first family is parametrised by two

words
x € (Aok-1) — (Ark-1) »
y € (A1) = (Ark-1) »
such thatpr (x,y) is a primitive exceptional intersection word of the first type (as an

element of (Ao x)). We then define:

Ep/q(x’ y) = <a’t | prp/q(x’y)> . (5'1)

We call this a primitive extension group of the first type.
The second family is parametrised by three words

x € (Aok-1) — (Ark-1) »
Yy E€(ALK) —(ALk-1) >
Z€(Ak-1) -1,

such that pr, (xy, z) is a primitive exceptional intersection word of the second type
(as an element of F (A r)). We then define:

Fprg(x,y,2) =(a,t| Prp/q (xy,2)) . (5.2)
We call this a primitive extension group of the second type.
Definition 5.1 A group G is a primitive extension group if G is a primitive extension
group of the first type

G = E]J/q(x, )’) = <aat | prp/q(x9 )’)>
asin (5.1) or if G is a primitive extension group of the second type

G = Fp/q(x’y’ Z) = <a’t I Prp/q(x)’, Z)>
asin (5.2).
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It follows from Corollary 3.10 that E,,/,(x, y) has the following graph of groups
decomposition:

(Ao,k-1)=(A1 1)

F(Aok-1) F(Ap 1) *(w) F(A1 1)

(A k-1,X)=(A1 k-1,WP) (A g-1,w)=(A1 k-1,y)

Similarly, it follows from Corollary 3.11 that F),/,(x, y, z) has the following graph
of groups decomposition:

(Agk-1)=(A1,k)

F(Aok-1) (Al k-1,X)=(A1 k-1,X) H (A1 k-1,)=(A1,k-1,Y) F(Avi)

where H takes the following form:

(z)=(wP) (w) (w)=(xy)

F(A1 k-1) F(x,y)

Note that since xy is primitive in F(x, y), we see that

H = F(Ayg-1,x) *  (w).
(z)=(wP)

If G is a finitely presented group, we denote by 0 its Dehn function. Although the
class of one-relator groups containing groups with Dehn function not bounded by any
finite tower of exponentials [Ger92a], the Dehn function of primitive extension groups
cannot be worse than exponential.

Lemma 5.1 If G is a primitive extension group, then 5 (n) =< exp(n).

Proof Since primitive extension groups split as graphs of hyperbolic groups with
finitely generated undistorted edge groups, the upper bound follows from [Ber94,
Theorem 2]. ]

We say two one-relator complexes X = (I', ) and Q = (A, w) are Nielsen equivalent
if there is a homotopy equivalence f : I’ — A and a homeomorphism s : S! — §! such
that f o 4 ~ w o s. This is a strong version of homotopy equivalence for one-relator
complexes, introduced in [LW22].

Lemma 5.2 If X is a primitive extension complex, then X is Nielsen equivalent to a
presentation complex for (5.1) or (5.2).
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Proof Denote by X = (I', 2). Without loss, we may assume that I" is a rose graph.
Denote by a and b the two edges in I'. This then yields a one-relator presentation {(a, b |
w) for 71 (X).

By definition, there is a cyclic cover p : Y +> X and a one-relator tree domain Z C Y
such that

Jrl(ZﬁlZ)ﬂﬂl(Zﬂ—IZ);tﬂ'](—lZﬂZﬁlZ),

after possibly adding edges to Z and extending the Z-actionsothat—1-ZNZN1-Z
is connected.

Now the epimorphism 7{ (X) — Z is induced by an epimorphism 71 (I") — Z. Sup-
pose that @ maps to zero and b maps to +1 (or vice versa) under this homomorphism.
Then we see that 711 (Z) is conjugate to {(a, b~'ab, ..., b~Fab*) for some k > 0. More-
over,that —1-ZNZN1-Zis connected and that {a, b | w) is thus a primitive extension
presentation.

Suppose instead that @ maps to p and b maps to —g under the homomorphism to Z,
with p,g > 0. Let X’ = (I'", A”) be the one-relator complex where I has two edges,
x and y, and A’ is pulled back via the homotopy equivalence f : I” — T defined by
mapping x to pr, . (a, b) and y to pr.,(a, b), where ¢, d are integers such that cp —
dq = 1. The two one-relator complexes are Nielsen equivalent by construction. Now
the induced epimorphism 71 (X’) — Z maps x to zero and y to one and so, as before,
there is a one-relator tree domain Z’ C Y’/ +» X’ suchthat—-1-Z"NZ' Nn1-2"is
connected. There is also an induced homotopy equivalence between Z’ and a one-relator
subcomplex of Y. In particular, we see that we must have

7(Z'N1-ZYnm(Z'Nn=-1-Z")Y+m(-1-Z"nZ' n1-2Z").

Therefore, this implies that X’ is a presentation complex of a primitive extension group
of the form (5.1) or (5.2). ]

Before proving our main theorem, we first mention some examples of one-relator
groups that are primitive extension groups.

Example 5.3 If p, q > 0 are coprime integers, then:

E,4(a,t™'a*'t) = BS(p, ¢*")

Example 5.4 A one-relator group (a,b | w) in which (a) N (b) # 1 is a primitive
extension group by Lemma 4.5. More concretely, for all non-zero integers m, n, the one-
relator group (a, b | @™ = b™) is a primitive extension group.

Example 5.5 Any one-relator group that splits as an ascending HNN-extension of a
finitely generated free group (or in other words, has non-trivial BNS invariant) is a prim-
itive extension group for the following reason: if X is a one-relator complex, then by
Brown’s criterion [Bro87], 1 (X) splits as an ascending HNN-extension of a free group
if and only if there is a one-relator tower Z +» X such that 71(Z) = m;(Z N 1- 2Z)
or 11(Z) = m(=1-Z N Z) (see also [Lin22a, Section 5.3]). Thus, when 7;(X) has
non-trivial BNS invariant, 711 (Z) has an exceptional intersection and is free, so X is
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a primitive extension complex. In fact, all such one-relator groups correspond to the
subfamily £, (a, y).

Theorem 5.6 A one-relator group is hyperbolic (and virtually special) if its primitive exten-
sion subgroups are hyperbolic (and virtually special).

Proof Let G be a one-relator group. Suppose that all primitive extension subgroups
of G are hyperbolic (and virtually special). Since BS(1, n) is a primitive extension group
and all Baumslag-Solitar groups contain some BS(1, n) as a subgroup, G contains no
Baumslag—-Solitar subgroup. Now by Corollary 4.9 and Lemma 5.2, it follows that G is
hyperbolic (and virtually special). [ ]

It is now immediate that in order to characterise hyperbolic one-relator groups, one
only needs to characterise hyperbolic primitive extension groups.

Corollary 5.7  Gersten’s conjecture is true if it is true for primitive extension groups.
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