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Abstract

Let f be an integrable function on an infinite measure space (S, 4, ). We show that
if a regenerative sequence {X,}n>0 with canonical measure 7 could be generated then
a consistent estimator of A = [¢ f d can be produced. We further show that under
appropriate second moment conditions, a confidence interval for A can also be derived.
This is illustrated with estimating countable sums and integrals with respect to absolutely
continuous measures on R? using a simple symmetric random walk on Z.
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1. Introduction

Let (S, 4, ) be a measure space. Let f: S — R be 4 measurable, and fs |fldmr < oo.
The goal is to estimate A f ¢ fdm. If m is a probability measure, that is, 7(S) = 1, a
well-known statistical tool is to estimate A by sample averages f, = )¢ ,=|f (&;)/n based
on independent and identically distributed (i.i.d.) observations, {£;}" fIRE from w. This i.i.d.
Monte Carlo (i.i.d. MC) method is a fundamental notion in statistics and has made the subject
very useful in many areas of science. A refinement of this result is via the central limit
theorem (CLT) from which it follows that, if f sf 2dm < oo, then an asymptouc (1 — a)-
level confidence interval for A can be obtained as I, = (fy, — za0n//1, fu + 220n//1), Where
a,,2 = ;5=1f2(§'j)/n - f_,,2 and z, is such that P(|Z| > z,) = «, where Z is an N(0, 1)
random variable. Here, P(A € I,) > 1 —a asn — oc.

On the other hand, if it is difficult to sample directly from 7 then the above classical
i.i.d./ MC method cannot be used to estimate A. In the pioneering work of [13], the target
distribution r was the so-called Gibbs measure on the configuration space (a finite but large
set) in statistical mechanics, but it was difficult to generate an i.i.d. sample from this. In [13]
a Markov chain {X,},>0 was constructed that was appropriately irreducible and had 7 as its
stationary distribution. The authors used a law of large numbers for such chains, that asserts that
if { X }n>0 is a suitably irreducible Markov chain and has a probability measure 7 as its invariant
distribution, then for any initial distribution of Xy, the ‘time average’ Z —1f(Xj)/n converges
almost surely (a.s.) to the ‘space average’ A = |, g fdm asn — oo; see [14, Theorem 17.0.1].
So Y " =1 (Xj)/n provides a consistent estimator of A. In the late 1980s and early 1990s a
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number of statisticians became aware of the work of [13] and adapted it to solve some statistical
problems. Thus, a new statistical method (for estimating integrals with respect to probability
distributions) known as the Markov chain Monte Carlo (MCMC) method was born. Since
then the subject has exploded in both theory and applications; see, e.g. [16]. Here also, if
f s f2 dm < oo then under certain conditions on mixing rates of the chain {X,},>0, a CLT
is available for the time average estimator Z;f:] f(X;)/n, from which a confidence interval
estimate for A can be produced.

Recently, [2] have shown that the standard Monte Carlo (bothi.i.d. MC and MCMC) methods
are not applicable for estimating A in the case of improper targets, that is, when 7 (S) = oo. In
particular, the authors showed that the usual time average estimator, ) ;_, f(X;)/n, based on
a recurrent Markov chain {X,},>¢ with invariant measure 7 (with 7 (S) = oo) converges to 0
with probability 1 and, hence, is inappropriate. The authors provided consistent estimators of
A based on regenerative sequences of random variables whose canonical measure is .

A sequence of random variables is regenerative if it probabilistically restarts itself at random
times and can thus be broken up into i.i.d. pieces. Below is the formal definition of regenerative
sequences.

Definition 1. Let (2, ¥, P) be a probability space and (S, §) be a measurable space. A
sequence of random variables {X,},>0 defined on (2, ¥, P) with values in (S, §) is called

regenerative if there exists a sequence of (random) times 0 < T3 < T, < --- such that the
excursions {X,: Tj < n < Tj41,7j}j>) areiid., where t; = Tj; — T for j =1,2,...,
that is,

]P(Tj =kj,XTj+q GAq,j,Oﬁq <kj,j=1,...,r)

r
=[P =kj, X144 € Ag,j,0 < q < k)
j=1

forall ky, ...,k € N, the set of positive integers, A, ; € 4,0 < q <kj,j=1,...,r,and
r > 1 and these are independent of the initial excursion {X;j: 0 < j < Ti}. The random times
{Th}n>1 are called regeneration times.

The standard example of a regenerative sequence is a Markov chain that is suitably irreducible
and recurrent. A regenerative sequence need not have the Markov property. In particular, it
need not be a Markov chain (see [2] for examples). Let

-1

n(A) = ]E(Z 1A(xj)) for A € 4, (1)

Jj=T

where 14 is the indicator function for some set A. The measure  is called the canonical (or,
occupation) measure for regenerative sequence {X,},>0 with regeneration times {7, },>0. Let

w=kif Ty <n < Tpy1,k,n=1,2,.... Thatis, N, denotes the number of regenerations
by time n. Athreya and Roy [2] showed that the following estimator An, called the regeneration
estimator for estimating A = f g f dm (assuming f s |fldm < 00) is indeed consistent. That s,

Ny

Thus, given a (proper or improper) measure 7, if we can find a regenerative sequence with
as its canonical measure, then A = [, s fdm can be estimated by (2). It may be noted that

A as. (2)
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this regenerative sequence Monte Carlo (RSMC) works whether 7 (S) is infinite or finite.
If 7(S) < oo then the strong law of large numbers implies that N,,, the number of regenerations
by time n, grows at the rate n/mx(S) (since E(T» — T7) = n(S)) as n — oo. Thus, when
(S) is finite we have at least three choices of Monte Carlo methods of estimation, namely
the i.i.d. MC, MCMC, and RSMC. This last Monte Carlo method, that is, RSMC has a natural
universality property, namely, it works whether one knows the target 7 is a finite or infinite
measure.

The regenerative property of positive recurrent Markov chains has been used in the MCMC
literature for calculating standard errors of MCMC-based estimates for integrals with respect to
a probability distribution; see, for example, [1, Section 1V.4], [10], [15], and [16, Chapter 12].
Regenerative methods for analyzing simulation-based output also have a long history in the
operations research literature; see, for example, [6] and [9]. But in these methods, the
excursion time 7; is assumed to have finite second moment, which does not hold when the
target distribution is improper. In fact, E(t;) = E(T; — T1) = 7(S) = oo when 7 is improper.
On the other hand, the RSMC method does not require the existence of even the first moment
of 7;.

Athreya and Roy [2] developed algorithms based mainly on random walks for estimating A
when S is countable as well as § = R foranyd > 1. This leads to the very important question
of how to construct a confidence interval for A based on An. An approximate distribution of
(A — A) can be used for estimating the Monte Carlo error of the regeneration estimator A,,
In this paper we obtain an asymptotlc confidence interval for A under the assumption of finite
second moments of Z =7 f (X;) (this is not the same as requiring E(T; — T1)? < oo0) and a
regularly varying tail of the distribution of the regeneration time 7;. We make use of a deep
result due to [12] in order to obtain the limiting distribution of (suitably normalized) ():,, —A).
‘We then apply our general results to the algorithms based on the simple symmetric random walk
(SSRW) on Z presented in [2] for the case when S is countable as well as S = R4 for some
d > 1. We provide simple conditions on f under which a confidence interval based on A is
available in both cases, that is, when S is countable or S = R and 7 is absolutely continuous.
The algorithms based on the SSRW [2] are used for estimating A.

2. Main results

Theorem 1. Let {X,},>0 be a regenerative sequence as in Definition 1. Let m be its canonical
measure as defined in (1). Let f: S — R be 8 measurable.

(i) Assume that

Tr—1 -1
(Zlf(X )I) /Ifldﬂ<oo (Z f(X,) < 0.

J=T J=T

LetUp =Y [“0 7 f(X)),i=1,2,3,...,and 0 < 0> = EU} — 32 < 0o, Let
k
—1(U; —A)
o=2==0"0 7 frk=1,2,.. ..
(3 "y S
Then
(a) ask — oo,
Yi = N(O, 1).
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(b) Let Y(t),t = O be the linear interpolation of Yy on [0, 00), that is,
Wikn+1 —2)
Vko

Then as k — oo, {Yr(t): t > 0} LY {B(t): t = 0}, in C[0, 00), where {B(t): t >
0} is the standard Brownian motion.

Yi(t) = Yir) + (kt — [kt])

(ii) Assume that
P(t; > x) ~x"*L(x) asx — oo, 3

where 0 < o < 1 and L(-) is slowly varying, i.e. for all 0 < ¢ < 0o, L(cx)/L(x) — 1
as x — o0o. Then
(@ 7(S) =E(T2 — T1) = o0.
(b) Let Ny =k if T <n < Tiy1,k>1,n> 1. Then
Np
n®/L(n)
where P(Vy > 0) = 1, andfor 0 < x < oo, P(V, < x) = PV, > x~ Vo)

with V, being a positive random variable with a stable distribution with index o
such that

5 Vo asn — oo, “4)

E(exp(—sVy)) = exp(—s*T(1 — a)), 0<s <o
where I'(p) = fo°°x1’_l exp(—x)dx, 0 < p < 00 is the gamma function.

(iil) Assume that
-1

2
E(Z If(Xj)I) <00 )

Jj=T
and (3) holds. Then

M 2 NO, 1) asn— oo, (6)

— Q asn — oo, @)

(on = NPT b
o

where Q = B(Vy)/ Vy, {B(t): t > 0} is the standard Brownian motion and V,, is as in
(4) and independent of {B(t): t > 0}.

(a) Let
Nn 2

U' ~

2 i 2

=y L_i
g, 2 N . 8)

Then R
An — A)/N,
Gn =MV Nu 5 N(@©0,1) asn— oo, ©)
On

(hn — MR JL() b

— Q asn— 00, 10)
On

where Q isasin (7).
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Using the results in Theorem 1 we can construct asymptotic confidence intervals for A based
on the regenerative sequence {X;}_, as discussed below in Corollary 1.

Corollary 1. Fix0 < p < 1, and let z, qp be such that P(|1Z| > z,) = pand P(Q > q,) =
p, where Z ~ N(0, 1) and Q is as in (7). Let I; = (A, — 2p0n/~/Nu, An + 2,00 /+/Ny), and
Inp = (in - qp/zan/m, in — ql—p/ZUn/\/’m)- Let I(In1) = 2Zp0n/x/N_n: and
1(I1n2) = (gp/2 —q1-p/2)0n/~/n¥[L(n) be the lengths of the intervals I,1 and Iy, respectively.
Then we have the following:

Q) Prel,)>1—pasn—>oofori=1,2;

@11) /n®/L(n)l(1,;) LA 2sz/JV_a, where V, is as in (7);
(iii) +/n®/L(n)l(In2) = (gp/2 — q1-p/2)0 a.s.

Below we consider a special case of Theorem 1 in the case when S is countable. We use
an algorithm [2, Algorithm I] based on the SSRW on Z for consistently estimating countable
sums. We provide a simple sufficient condition for the second moment hypothesis (5) in this
case so that we can obtain confidence interval as well. Since S is countable, without loss of
generality, we can take S = Z in this case.

Theorem 2. Let {X,},>0 be an SSRW on Z starting at Xo = 0. That is,
Xnt+1 = Xn +8n+1, n=>0,

where {8p}n>1 are i.i.d. with distribution P(8; = +1) = % = P(8; = —1) and independent
of Xo. Let N, = Z;;o 1ix;=0} be the number of visits to 0 by {X ;};_,. Assume that 7; =
nw(i) > O0foralli. Let f: Z — R be such that Zjez | fDIm(j) < oo. Then

Yo F(X (X))

A
n Nn

i

—>)~st(1‘)71,~ asn — 00 a.s. (11
ieZ

Assume that, in addition, ZjeZ [ fDIm()V/1]] < oo. Then
@) BT 1 f (X))l (X))? < 00, where Ty =min {n: n > 1, X, = 0},
(ii) and

2 N@©,1) asn — oo, (12)

Ny G = A)
o2

where 62 = ]E(X:;LBIf(Xj)YT(Xj))2 -2
(iii) then
Gon = M)n'% 5 B(Vi2)
—

asn — 00, (13)
o iz

where {B(t): t > O} is the standard Brownian motion, V\;; is a random variable
independent of {B(t): t > 0}, and Vi, has the same distribution as /1 [2|Z|, Z ~
N(, 1).

(iv) Also the analogues of (9), (10), and Corollary 1 hold.
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Lastly, we consider the algorithm presented in [2, Algorithm III] that is based on the SSRW
on Z and a randomization tool to estimate integrals with respect to an absolutely continuous
measure 7 on any R?, d < oo. Let f: R? — R and 7 be an absolutely continuous measure
on R? with Radon-Nikodym derivative p(-). Assume that fRdl fxX)|p(x)dx < oo. The
following theorem provides a consistent estimator as well as an interval estimator of A =

Jra f(x)p(x)dx.

Theorem 3. Let {Xp}n>0 be a SSRW on Z with Xo = 0. Let {Ujj:i = 0,1,...;j =
1,2,...,d} be a sequence of i.i.d. uniform (—%, %) random variables and independent of
{Xn}ns0. Assume that k: Z. — Z¢ be 1 — 1, onto. Define W, := k(X)) +U", n=0,1,...,
where U" = (Up1,Up2, ..., Ung). Note that the sequence {Wy},>0 is regenerative with
regeneration times {T, }p,>0 being the returns of SSRW {X,},>0 to 0. Then

i 2 T f(;;mp(wj) .,

where N, = Z i—0 1{x;=0) is the number of visits to 0 by {X ;}}_,.
Letg: Z — ]R+ be defined as

Efdf(x)p(x) dx as., (14)

g(r) = JE(f (c() + D) pe(r) + U))?
172
= ( / (fGe(r) +w)|ple(r) + u))? du) , (15)
(—1/2,1/2)¢

where U = (Uy, Ua, ..., Ug) withthe U;s, i = 1,2, ...,d, are i.i.d. uniform (— % %) random

variables, and [— % %]d is the d-dimensional rectangle with each side being [— % %]. Assume

that )", .7 8(r)«/Ir| < co. Then
@) IE(ZTl o L fF(WHIm(Wj))? < 00, where Ty =min {n:n > 1, X, = 0}

(ii) and .
m(kn —-2)

— N@©,1) asn — oo,

where 62 = IE(ETl ]f(WJ)ﬁ(Wj))2 — 22,

(iii) then )
(A = 0n'* B(Vip)
_)
o Vi

where {B(t): t > 0}, and Vi3 are as in (13).

(iv) Also the analogues of (9), (10), and Corollary 1 hold.
Remark 1. A sufficient condition for ), .5 g(r)+/[r| < oo in Theorem 3 is as follows. Let

h(r) = sup | fk(r) +u)|p(k(r) +u).
ue[—1/2,l/2]"

n— oo,

From (15) it follows that g(r) < h(r) for all r € Z and so a sufficient condition for

EC I F (W)l (W;)? < oois Y,z ()T < oo.

The proofs of Theorems 1-3 are given in Section 4. The proof of Corollary 1 follows from
the proof of Theorem 1 and Slutsky’s theorem and, hence, is omitted.
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3. Examples

In this section we demonstrate the use of the results in Section 2 with some examples. We
first consider estimating A = Y oo, 1/m?. The SSRW chain mentioned in Theorem 2 was
used in [2] to estimate A, that is, the authors used X,, defined in (11) to consistently estimate A.
Note that, in this case f(j) = 1/j2if j > 1, f(j) = O otherwise, and 7 (j) = 1 for all
J€Z.Since Y ;7 f(Nr(NVTIT = ;51 i~ F!2 < oo, we can use Theorem 2 to provide
a confidence interval for A based on A,. In particular, an asymptotic 95% confidence interval
for A is given by (A, = 1.960,/+/N,), where o2 is defined in (8). In Figure 1a we show the
point as well as the 95% interval estimates for six values (log,on = 3,4, ..., 8, where log,,
denotes logarithm base 10). The point and 95% interval estimates for n = 102 are 1.636 and
(1.580, 1.693), respectively. Note that, the true value A is 72/6 = 1.645. The time taken to run
the SSRW chain for 108 steps using R ({17]) on an Intel® Core™?2 Q9550 2.83GHz machine
running Windows® 7 is about three seconds.

The next example was originally considered in [5]. Let

f(x,y) =exp(—xy), 0<x,y<oo. (16)
Let £ )
. X,y — _
fxiv(x | y) = f]R.,. oy v yexp(—xy), 0<x,y<oo.

Thus, for each y, the conditional density of X given Y = y is an exponential density.
Consider the Gibbs sampler {(X,, Y»)}n>0 that uses the two conditional densities fx|y(- | y)
and fy|x(: | x), alternately. Casella and George [S] found that the usual estimator

Z": fxiy(x 1Y)
=0 n

for the marginal density fx(x) = fR+f(i,y) dy = [g. fxiy(* | y)fr(y)dy = 1/X breaks
down. It was shown in [2] that the Gibbs sampler {(3(,,, Y2)}n>0 is regenerative with im-
proper invariant measure whose density with respect to the Lebesgue measure is f(x, y) as
defined in (16). Thus, [2, Theorem 3] implies that Z';zo fxiy(X | Y;)/n converges to 0
with probability 1. In [2], the authors used A, defined in (14) for consistently estimating

254 .
0759
i, 151 — PV NG e

0.50 - =

0.5 A :
T T T T — 0.25 T T — T
3 4 5 6 7 8 3 4 5 6 7 8
Number of iterations (log; scale) Number of iterations (log;q scale)

(a) (b)

FiGURE 1: Point and 95% interval estimates of (a) Z;’,f;, 1/ m? and (b) fx(0.5).

https://doi.org/10.1239/jap/1450802757 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1450802757

1140 K. B. ATHREYA AND V. ROY

fx(x). In this example, using Remark 1, we have h(r) = O for all r < —1, h(0) = 1, and
h(r) = exp(—X(r — 1)) forall r > 1. Since

D enWirl <Y exp(—i(r — 3))/r < oo,

reZ r=1

from Theorem 3, we obtain a confidence interval for fx(x) based on ):,,. In Figure 1(b) we
show the (point and 95% interval) estimates of fx(2) = % for the same six n values mentioned
in the previous example. The estimates for n = 108 are 0.497 and (0.490, 0.505), respectively.

4. Proofs of results
We begin with a short lemma that is used in the proof of Theorem 1.
Lemma 1. Let (§;}i>1 be i.i.d. random variables with E|§| < co. Then &,/n — 0 a.s.

Proof. Since E|§| < oo, for all ¢ > 0, ZZ‘;I P(|&| > en) < oo. By the Borel-Cantelli
lemma, Z‘;l P(l&.| > en) < oo implies that P(|&,|/n > £i.0.) = 0, where i.0. stands for
infinitely often. This implies that lim sup |£,|/n < & with probability 1 for all ¢ > 0. This in
turn implies that £,/n — 0 a.s.

Proof of Theorem 1. From (1) it follows that A = [E(U;). Since the U;s are i.i.d. random
variables with var(U;) = o2, Theorem 1(i)(a) and Theorem 1(1)(b) follow from the classical
CLT and the functional CLT for i.i.d. random variables; see [4].

From (1), we have 7(S) = E(T; — T}). Since 3) holdsand 0 <« < 1, E(T» — T) =
E(t1) = oo implying Theorem 1(ii)(a).

The proof of (4) is given in [8] (see also [2] and [12]).

Now we establish (6). Note that

An = VR _ T lf(X)+z}"="1(U,~—;\)+ Tty FOX)
o v Npo VNpo VN

Now since P(T} < o0) =1, ]P’(IZT' lf(X,)l < oo) = 1. Also, N, — oo with probability 1
asn — oo and 0 < o < oo. This 1mp11es that z o f(X i)/v/Nno — 0 a.s. Next,

amn

| hary, S ST DNy,

Npo - Npo = Npo'
where n; = ZT':IT, 1| f(X; j ),i = 1,2,.... Since the condition (5) is in force, we have

En% < 0o. By Lemma 1,n;/n — 0as. ThlS implies that n,/./n — 0 a.s. Since N, — 00
a.s.,asn — oo, we have ny, //N, — O as.
So to establish (6), it suffices to show that

T Wi =4 o
i - N, ).
Let, for0 <t < o0,
[nt} ry _
Bn(t) = ;"il(U’_)‘)_*.(m_[nt])(U[ﬂl_)‘) (18)

N i
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and
T
An(t) = t‘z"" (nt — [ne]) 2,

n n
where {a,} is such that na,“L(a,) — 1. Then, it is known ( see [4]) by Donsker’s invariance
principle that {B,(-): 0 < t < oo} converges weakly in C[0, c0) as n — o0 to a standard
Brownian motion B(-). Also, it is known ( see [8, p. 448]) that forany 0 < #; < £, <

- <t < 00, (An(t1), An(t2), ..., An(t)) convergence in distribution as n — oo to
(A(11), A(r2), ..., A(t)), where {A(t): t > 0} is a nonnegative stable process of order o
with A(0) = 0, a.s. and E(exp(—sA(1))) = exp(—s*T(1 — «)),0 < s < oo. It has
been pointed out in [12, p. 525] that [18] has shown that this finite-dimensional convergence
of A,(-) to A(-) implies the convergence in law in the Skorokhod space D[0, o). Next, it
can be shown that (A, (-), B,(-)) converges in the sense of finite-dimensional distributions as
n — oo. Since both {A,(-)}s>1 and {B,(:)}»>1 converge weakly in D[0, co) (as pointed out
above) both are tight. This implies that the bivariate sequence {A,(-), Bn(-)}a>1 is also tight
as processes in D?[0, 00) = DI[0, 00) x D[0, 00). Since the finite-dimensional distributions
of (An(), Bn(-)) converge as n — oo, this yields the weak convergence of {A,(-), Bn(-)}n>1
as n — oo in D?[0, 00). For the limit process (A(-), B(-)), we conclude that the process
C(:) = A(:) + B(-) is a Lévy process on [0, 00). Now, since B(-) has continuous trajectory
and A(-) has strictly increasing nonnegative sample paths, it follows by the uniqueness of the
Lévy-Itd decomposition of C(-) that the processes A(-) and B(-) have to be independent. This
argument is due to [12].

As noted by [18] (see also [4]) it is possible to produce a sequence of processes (An(), Bn ()
and a process (A(-), B(-)) all defined in the same probability space such that for each n,
(A,,( ), Bn(- )) has the same distribution as (An(), Bn(: -)) on D2[0, 00), and (A( ), B( )) has the
same distribution as (A(-), B(-)), and (An (), B,,( )) converges to (A( ), B( -)) with probability 1
in D?[0, co). More specifically, we can generate on the same probablhty space sequences
{U,, i}i=1,n>1 and {Tn i}i=1,n>1 such that for each n, the sequence {U,, is Tn,i}i>1 has the same
distribution as {U;, T;}i>1 and for each n, the processes A,,( ) and B, (+) are defined in terms of
the sequence {U,, i T,, i}i=1 and another sequence {U, , T, }i >1 also having the same distribution
as {U;, T;}i>1 such that (A( ), B( )) is defined using {U,, T,},>1

Next, let A, () and A~!(-) be the inverses of the nondecreasing nonnegative functions
A, (+), A(:) from [0, 00) to [0, 00). (For a nondecreasing nonnegative function H on [0, 00),
we define the inverse H~!(-) by H™!(y) = inf {x H(x) > 550 <y < o0) Itcan
be shown (see also [11, Theorem A.1]) that (A,,, B,,) converges to (A Al B) with
probability 1 in D3[0, 00). This, in turn, yields by the continuous mapping theorem and the
fact that P(A~!(1) > 0) = 1, as n — o0,

By(A;'(1))  BA~'(1)
VAT AT

Now by the independence of B and A and the fact that P(A~!(1) > 0) = 1, the limiting random
variable on the right-hand side of (19) is distributed as N (0, 1).

Let b, 1 oo be a sequence such thatap, /n — 1 asn — oo, where {a,} is as defined earlier,
satisfies na,; *L(a,) — 1. Such a sequence {b,} exists as a, 1 0o as n — co. By definition

19)

AN = inf{x: A,(x) > 1}.
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Let y < A;!(1), then A,(y) < 1. This implies that Ty (4y)/an < 1. Let {Nym}m>1 be the
sequence of regeneration times associated with {ﬁ,,,i, f",,,i}izl. Then, T,,,[,,y] /an, < 1 implies
that 1\7,,,‘,,l > [ny] > ny — 1. So, N",an/n > y — 1/n. Since this holds for all y < A;'(l), we
have

N : 1
=4 > A7) - - (20)
n n

Similarly, letting y > A;l(l), we conclude that N,,,an /n < y+ 1/n. As this holds for all
y > A;1(1), we have

Nn.a, 1

< A'() + - (21)
n n
From (20) and (21), we have
. 1 N . 1
ATl — = < 2 < A1) 4 -,
n n n
and, more specifically,
~ 1 Nb ,ap 1
A7) — — < 228 < 47Ny + — 22
bn( ) bn b = bn ( )+ b ( )

Since ap, /n — 1 asn — oo, foralle > 0, n(1 —¢) < ap, < n(1 + ¢) for all large n. This

implies that for all large n, Ny, n(i—) < Nb,.a5, < Nb,.n(14+¢)- This yields, by (22),

A7 l(1)— — Nb" n(1+e) anv"(l+e) bu(1+e) 23)
b b" by bn(1+¢) b,

As {b, }issuchthatab,, /n — landna,*L(a,) — 1, whichimpliesthatb,(ap,) *L(ap,) — 1,
that is, b, ~ ab /L(ap,) ~ n%/L(n). So bn(1+6)/bn ~ (1 +€)*L(n)/L(n(1+¢&)) > (1+¢)*
asn — oo forall ¢ > —1. Since Ab l(1) — A~1(1) a:s. and (23) holds for all ¢ > 0, we
conclude that

N N
A~1(1) < lim inf —2n-"
n

with probability 1.

Similarly, A~!(1) > lim sup N, /b, with probability 1 and, hence, lim Ny, /b, = A~'(1)
with probability 1. o
By the definition of (A,, B,),
Bb,, (Nn /bn)
NNy /by
has the same distribution as L
Bb,, (Nb,,,n/bn)

\/ Nb,,,n/bn

Since Ny, n/bn — A~'(1) ass., By, () = B(-) as. in C[0, 00), and B(-) has continuous
trajectory
By, (Np,n/bn)  B(A™'(1))

\/Nb,,,n/bn - \1A~_1(1)
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From (18), we see that
YN (Ui =2 By, (Na/by)
JNyo N /b,

hence, (6) is proved.
Next, to prove (7), we see from (17) it suffices to show that

Z,NQI(U,‘—X) n¢ —"»Q:B(V"‘)
Nyo L(n) v,

Applying the above embedding used to prove (6), it is enough to show that

Bb,.(ﬁb,,.n/bn) n¢ >0 as
an,"/bn L(n)b, o

This follows from the argument used in the proof of (6) and the fact that n® /{L(n)b,} — 1 as
n — oo.

Since by the strong law of large numbers, anz -0
from Slutsky’s theorem, (6) and (7).

Proof of Theorem 2. The SSRW Markov chain {X,},>0 is null recurrent (see, e.g. [14,
Section 8.4.3]) with the counting measure on Z being the unique (up to multiplicative constant)
invariant measure for {X,},>0. Hence, the SSRW Markov chain {X},},>0 is regenerative with
regenerationtimes 7o =0, T, = inf{n: n > T, +1, X, =0},r =0, 1, 2, ... and the proof
of (11) follows from the strong law of large numbers; see also [2].

Let N(j) = ZT_O 1;x;=j} be the number of visits to the state j during the first excursion

{Xi }TI ! for Jj € Z. Note that X¢g = 0 and N(0) = 1. Without loss of generality, for the rest
of the proof we assume that 7; = 1 for all j € Z. Since

2 as.asn — 0o, (9) and (10) follow

-1
DIFEPI= D IFDING),
j=0 jez

by Minkowski’s inequality, we have

(TZI 1) =5(Sirome) = (SIroyENG?)

je€zZ JjEZ
For the SSRW on Z, it has been shown by [3] that for r # 0, E(N(r)) = 1 and var(N(r)) =
4ir| — 2. So
4r| -1 ifr #0,
1 ifr =0.

Thus, 3,z () I/I]T < oo implies that E(7L, ' (X)1)? < co.
Since P(Ty > n) ~ /2/nn~ 172 asn - o0 (see e.g. [7, p. 203]), from (4), we have

N, D‘/?
- [ =|Z],
=32

where Z ~ N(0, 1); see, e.g. [8, p. 173].
Then (12), (13), and Theorem 2(iv) follow from (6), (7), and Theorem 1(iii)(c).

E(N(r))? = var(N(r)) + 1 = [
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Proof of Theorem 3 The proof of (14) is given in [2]). We now show that ), 2(r)/Ir] <
oo implies that IE(Z =0, I fFW)|m(W; )2 < 0o. Without loss of generahty, we assume that
(x) lforallxeR Since the {U;j: i =0,1,...;j = 1,2,...,d} are i.i.d. uniform

—— —) and are independent of {X,},>0, we have

Ti—1 N(r)
(Z If(W,)I) = E(Z D Ifkn) + U')|)

reZ i=1

where N(r) is as defined in the proof of Theorem 2, the number of visits to the state r
during the first excursion {X;}/15' and U! = (Uj1, Ui, ..., Uia), with the U;; being i.id.
uniform(—%, %). By Minkowski’s inequality, we have

N(r) 1/2 N(r) A2y 12
{ (ZZf(x(rHU)) ] sZ{E[Z f(lc(r)+U’)] } N2

rez i=l1 reZ i=1

For any fixed r € Z, another application of Minkowski’s inequality yields

N(r) N(r)
[Z fle@r)+ U’ )] = IE( {[Z fle@) + U )]

i=1 i=1

N(r)}) < g(r)?E(N(r)?),

where g(r) is defined in (15). Hence, the rest of the proof follows from (24) and using similar
arguments as in the proof of Theorem 2.
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