BuULL. AUSTRAL. MATH. Soc. 46803, 46B20
VoL. 57 (1998) [415-425]

STRUCTURAL IMPLICATIONS OF NORMS WITH
HOLDER RIGHT-HAND DERIVATIVES .

MICHAEL O. BARTLETT, JOHN R. GILES AND JON D. VANDERWERFF

We study a nonsmooth extension of Gateaux differentiability satisfying a directional
Halder condition. In particular, we show that a Banach space is an Asplund space if
it has an equivalent norm with a directionally Hélder right-hand derivative at each
point of its sphere.

1. INTRODUCTION

An Asplund space is a Banach space where every continuous convex function on
an open convex subset of the space is Fréchet differentiable on a dense G; subset of its
domain. It is well known that a Banach space is Asplund if it has an equivalent norm
Fréchet differentiable on its unit sphere, but Haydon [14] has given an example of an
Asplund space which has no equivalent norm Gateaux differentiable on its unit sphere.
Several variant differentiability properties have been studied which, when applied to an
equivalent norm or a continuous bump function imply that a Banach space is Asplund.

A real-valued function ¢ on an open subset A of a Banach space X has a right-hand
derivative at £ € A in the direction h € X if
(L1) #,(z)() = lim 2EFH) ~¢(@)

t—0+ t

exists and has a Fréchet right-hand derivative at z if given € > 0 there exists a § > 0
such that
|<l5(3c + th) — ¢(z)
t

If ¢, (z}(h) exists for all h € X and is linear in h then ¢ is Gateauz differentiable at z
and if ¢ is also Fréchet right-hand differentiable at = then ¢ is Fréchet differentiable at
z. Godefroy [12] showed that a Banach space is Asplund if it admits an equivalent norm
which has a Fréchet right-hand derivative at each point on its unit sphere.

We say that ¢ is directionally Hélder differentiable at x € A if there exists a linear
functional ¢'(z) € X* and & > 0 such that given h € Sx there are o, > 0 and Cj, > 0

where
(1.3) |6(z + th) — ¢(x) — t¢'(x)(B)| < Chlt]"*** for all J¢] < 6.

(1.2)

- ¢, (x)(h)| <€ forall 0<t<é andall he Sx.
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It has been shown in [18] that a Banach space is Asplund if it has a continuous bump
function which is directionally Holder differentiable on X.

These two results have motivated us to study continuous convex functions whose
right-hand derivative satisfies a directional Holder condition.

We say that ¢ has a directionally Holder right-hand derivative at © € A if there
exists 4 > 0 such that given h € Sy there are a5, > 0 and Cj, > 0 where

(1.4) |6(z + th) — 4(z) — t¢!,(z)(h)| < Cut**e* forall 0 <t <.

If there exists an & > 0 such that this inequality is satisfied with o, = « for all h € Sx
we say that ¢ has a directionally a-Hoélder right-hand derivative at z. Notice that for a
continuous convex function ¢ on an open convex subset A of X, ¢/, (z)(h) exists for each
h € X and is a continuous sublinear function in h, [17, p.5].

In Section 2 we study the particular properties of Holder right-hand derivatives
of continuous convex functions on open convex subsets of a Banach space. Although
for such functions directional Hélder differentiablity implies Fréchet differentiablity, we
give an example to show that directional Hélder right-hand differentiabilty does not
necessarily imply Fréchet right-hand differentiability. Notwithstanding, we show that if
such a function has a directional Holder right-hand derivative on a residual subset of its
domain then it is Fréchet differentiable on a residual subset of its domain.

In Section 3 we develop the notion of Holder exposed faces of the dual ball and the
relationship to the directionally Holder right-hand differentiability of the norm. Using
the result of Godefroy [12] based on Simons’ inequality we show that a Banach space is
Asplund if it has an equivalent norm directionally Holder right-hand differentiable on the
unit sphere. Finally, we see that a Banach space with an equivalent norm directionally
Holder right-hand differentiable on a residual subset of the unit sphere is superreflexive if
the strongly exposed points of the unit ball are dense in the unit sphere. We also observe
that Kunen’s Asplund space does not admit an equivalent norm with a directionally
Holder right-hand derivative on its sphere.

2. HOLDER RIGHT-HAND DERIVATIVES OF CONVEX FUNCTIONS

Given a continuous convex function ¢ on an open convex subset A of a Banach space
X, we say that ¢ is Hélder differentiable at * € A if there exist @ >0, C >0and § > 0
such that

(21) @z +th) — () — t¢'(z)(h) < C|t|'** forall |t| <& and h € Sx.

Clearly, if ¢ is Holder differentiable at z € A then it is Fréchet differentiable at z. We
begin with a variant of a surprising result of Borwein and Noll [2, Proposition 2.2].
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Theorem 2.1. Ifa continuous convex function ¢ on an open convex subset A of a Banach
space is directionally Holder differentiable at x € A, then ¢ is Holder differentiable at z.

ProOF: We include the proof sketched in [16, p.615] for completeness. Consider
0 < & < 1 such that given h € Sy there exists ay > 0 and Cj, > 0 for which

B(z + th) — ¢(z) — t¢'(z)(h) < Ch |t|'T® for all |t] < 4.
For each n € N, write
Fo={he Bx: ¢(z+1h) - ¢(z) — t¢'(z)(h) < m [i¢hll+ /™ for all |t < 6}.

Now F, is closed and |J F,, = Bx. Since By is second category and F,, is symmetric

neN
there is an ny € N such that +ho + rBx C F,,, for some r > 0 and Ay € Bx. Given
h € Sx, then +hy + rh € F,,;, and for [t| < r§ we have

6(z +th) — ¢(z) — t8'(z)(th) < % [¢(z + (b +7h)) — 9(a) - ¢'(z)(;(ho + rh))]
+ % [6(z+ 2(~ho + 1)) - (@) - #(@)(L(~ho + )]
1+(1/no) 14(1/no)
< Sl ™ 3
o o (YT _ o eama
& N - = Itl
where C = ng/rit(1/m0), 0

However, the analogue of Theorem 2.1 does not hold for Hélder right-hand deriva-
tives.
ExXAMPLE 2.2. On any infinite dimensional Banach space there is an equivalent norm
and a point on its unit sphere where for any given o > 0 the norm has a directionally
o-Hoélder right-hand derivative but does not have a Fréchet right-hand derivative.

PRrOOF: Our construction is similar to that in [1, p.1126]. Write X =Y x R. Now
Y is infinite dimensional, so by the Josefson-Nissenzweig theorem [6, p.219] there is a
sequence fp € Sy- such that fy =4+ 0. Define an equivalent norm on X by

|, 0] = sup{llvll + 1, l4fita) + (1 = 1/k)el}.

We consider the right-hand derivative of ||-|| at (0, 1) in the arbitrary fixed direction (y,7).
To compute this, we fix N > 0 such that | fk(y)l < |yl /4 for all k > N and we choose
§ > 0 such that

1
; < — .
for |t] < 6; and ®) |yl < 8N for jt| < 6

N =

(2.2) (@) 1+tr>
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According to (2.2a), we have
(2.3) ltyll + 1 +tr|=t|yll +1+tr for0<t <6
On the other hand, for £ < N and 0 < t < 4, using (2.2a) and then (2.2b) we obtain

[4felty) + A= 1/B)A+1r)| < 4lityll +1+tr — 1/(2K)
<

(2.4) 4ltyll +1+tr —1/(2N) < 1+ tr.

Now, |fk(y)| < |ly|| /4 for k > N, and so for £ > N, (2.2a) implies that
(2.5) |4fk(ty) +(1-1/k)(1+ tr)l Sty + 1 +tr]=tlyl| +1+tr for 0Kt < 4.
The definition of ||-|| along with (2.3), (2.4) and (2.5) imply that

|©+ty, 1+tr)|| =ty + 1+t forogt<o.

Using this and the fact that ”(0, 1)” = 1, we obtain

0+ty,1+tr)| =01 _
ool 0 - g L2 DUNOD_ it er ity
Consequently,
(2.6) |0,1) +t(w,7)]| - |0, )] - | o, 1)||’+(ty, tr)=0 for0<t <4
which implies that for any a > 0, ||-|| has a directionally a-Holder right-hand derivative
at (0,1).

To complete the proof, we show that ||-|| does not have a Fréchet right-hand derivative
at (0,1). For this we consider the directions {(yk, 0)}32, where yx € Sy is chosen so that
fi(ye) = 3/4. Then

[(0+ 2y, 1+ 20)] - 1
1

k

> k[afe(u)/k+(1-1/k) —1] > 2

Because ”(O, 1)||’+(yk,0) = |lyel] = 1, this shows that the right-hand derivative is not

approached uniformly over the set of directions {(yk,O)}:1 C Bx. 1]

Using the fact that sup{|z7| D] < ||a:||°o} < ||z|lo for z = {z4} € co(T), we can
easily establish the following example.
ExaMPLE 2.3. The usual norm on ¢y(T") has a directionally a-Holder right-hand deriva-
tive at each point on its sphere.

The separable reduction argument known as Gregory’s Theorem will enable us to
deduce information about the differentiability of convex functions that have directionally
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Hélder right-hand derivatives on residual subsets of their domain. For our purposes we
need the following technical variant of the form of the theorem given in [10, p.163]. We
recall that a set-valued mapping ® from an open subset A of a Banach space X into
subsets of the dual X* is said to be norm upper semicontinuous at z € A if for every
open subset W of X* where ®(z) C W there is an open neighbourhood U of z such
that ®(U) C W. A continuous convex function ¢ on an open convex subset A of X is
Fréchet differentiable at z € A if and only if the subdifferential mapping z —> 8¢(z) is
single-valued and norm upper semicontinuous at € A, [17, p.19].

PrOPOSITION 2.4. Consider a set-valued mapping ® from an open subset A
of a Banach space X into subsets of the dual X* such that the set of points where ®
is single-valued and norm upper semicontinuous is not residual in A. Then given any
residual subset A,, of A there exists a separable subspace Y of X and an open subset G
of A such that GN A, NY is a residual subset of GNY and ®|y is nowhere single-valued
and norm upper semicontinuous on GNY.

PROOF: As in [10, p. 163], let G be an open subset of A where for some my € N
the set

{z € A: there exists an f € ®(z) and sequences {yx} — z as k — oo and

{g9x} where g, € ®(yx) satisfies ||gx — f|| > 1/my for all k € N}

is dense in G. The separable subspace Y is constructed as the closure of the union of
a nested sequence of separable subspaces {Y¥,} as in [10, p.163], but we put an extra
constraint on their construction. Let Y be any separable subspace such that GNY, # 0,
but having constructed Y, we choose a countable set D, in GN A, such that GNY, C D,
and insist that Y,y include D, in its span. So as in [10, p.163] we obtain that ®|y is
nowhere single-valued and norm upper semi-continuous on GNY. As GN A, NY is
residual in G N'Y we need only check on density. Given z € GNY and £ > 0 there is
an s € N such that d(z,Y,) < €. But by the constraints of our construction we have
d(z,D,) <eand D, CY,;; NGNA, CYNGNA,. 0

While Examples 2.2 and 2.3 show that a directionally Hélder right-hand derivative
is not an overly restrictive concept, the following result gives us insight into its structural
implications which we shall explore more fully in the next section.

Given a continuous convex function ¢ on an open convex subset A of a Banach space
X we say that ¢ is locally uniformly Holder differentiable on A if given zy € A there exists
an open neighbourhood U of z in A and o > 0, C > 0 and é > 0 such that

(2.7) é(x +th) — ¢(z) — t¢'(z)(h) S C|t|'™ forall |t|<f, he Sx andallz € U.

THEOREM 2.5. Consider a continuous convex function ¢ on an open convex subset
A of a Banach space X. If ¢ has a directionally Holder right-hand derivative on a residual
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subset A, of A, then ¢ is locally uniformly Hélder differentiable at each point of a dense
open subset of A.

PROOF: Suppose that the set of points where ¢ is Fréchet differentiable is not resid-
ual in A. Then by Proposition 2.4 there is a separable subspace ¥ of X and an open
subset G of A such that A,NG is residualin G and ¢|y is not Fréchet differentiable at any
point of GNY. However, by Mazur’s Theorem [17, p.12], ¢|y is Gateaux differentiable
on a dense G subset G; of GNY. Now A, NG, # 0 and ¢|y is Hélder differentiable
at each point of A, N G, which contradicts ¢|y being not Fréchet differentiable at any
point of GNY. Therefore ¢ is Fréchet differentiable on a residual subset D of A and ¢ is
Hélder differentiable on the residual subset A, N D. Consider o € A and choose § > 0
such that o+ 6Bx C A. For each n € N, write

Fo={z € 20+ 6Bx : $(z + k) — ¢(z) - ¢'(z)(h) < n ][R for all || < %}.

Now F;, is closed and ¢ is Holder differentiable at z € z¢ + d Bx if and only if z € F, for

some n € N. Therefore {J F; is residual in zy + §Byx. Since |J F, is second category
neN neN
there exists ng € N such that F;,, contains a nonempty open set on which ¢ satisfies (2.7)

with a = 1/n,. 0

The variant of Gregory’s Theorem given in Proposition 2.4 enabled us in Theorem
2.5 to assume that the differentiability property of ¢ occurs only on a residual subset
of A rather than on all of A. Proposition 2.4 can similarly be used to improve [11,
Theorem 2.2] where the differentiability property of ¢ is weak Hadamard right-hand
differentiability.

3. STRUCTURAL IMPLICATIONS OF NORMS WITH HOLDER RIGHT-HAND
DERIVATIVES

Given a Banach space X, for u € X \ {0}, write J(u) = {f € Sx« : f(u) = ||u||}
As in [9, p.49] we develop a notion of “exposed faces” of the dual ball which is dual
to directional right-hand differentiability of the norm. This result can be viewed as a
nonsmooth directional analogue of {7, Proposition 2.2] and as such has an analogous
proof.

LEMMA 3.1. Consider a Banach space X with u € Sx and h € X. Then given
a > 0, the following are equivalent.

(a) There exists C > 0 such that
”u + tﬁ" = llult =t llull} (ﬁ) < Ct'™*® for t > 0 and h € {—h, h}.

(b) There exists K > 0 such that dist,*/® ( fd (u)) <K [1 —f (u)] for each
f € Bx-, where disth(f, J(u)) = inf{l(f —g)(h)l:g€ J(u)}.
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ProOOF: (a) = (b): If disth( fiJ (u)) = 0, the result is obvious. So we consider
disth(f, J(u)) > 0. Now, either f(h) = sup{g(h) g € J(u)} + disth(f, J(u)) or
f(=h)= sup{g(—h) :g € J(u)} +disth(f, J(u)). So we fix h € {h,—h} such that

f(ﬁ) = sup{g(ﬁ) 1g € J(u)} + disth(f, J(u)).

Choose f, € J(u) such that |ful|, (7;) = fu (ﬁ) Then for ¢ > 0, (a) implies that

(f = £)(th) = Ce™** < (f = £.)(th) = [ju + eh]| + llull + £u(¢R)
= f(u+th) = [u+th]+ (fu - H)
< (fu— Hlw) =1- f(u).

Putting ¢t = ((( f—fu) (7;)) / (C(l + a))) e which is positive in the inequality yields
~\ [1+(1/a) 1/a 1
|(f - fu)(h)l < K[l - f(u)] where K = [C(l + a)] (1 + E)'

This shows that (a) implies (b) because disty ( fiJ (u)) < l( f- fu)(ﬁ)|.
(b) = (a): Fixh € {—h,h} and t > 0. Choose f, € J(u) such that f,‘(ﬁ) = |lul’, (71)
and choose f € Sx- such that f(u + tﬁ) = ||u + tﬁ". Then
0< [ju+ e — llull — tlrully (B) = f(u+1th) = fu(w) - tfu(R)
(f - fu)(tR) - (1 - f(w)
(f = ) (£F) =~ mdisty* O/ (£, J(w).

(3.1)

N

Now, fu(ﬁ) = max{f(ﬁ) : f e J(u)} and so 0 < (f—f.,)(tﬁ) = min{(f—g)(tﬁ) :
gelJ (u)}. Consequently, (f — fu)(t‘fz) = tdisty ( f,J (u)). Putting this in (3.1) yields

[+ tR| = llull - tflully (B) < tdista(f, J(w)) - —ll?dist,lf(l/“) (£,7(u) < Ct**e

where C = K°/a(l + (1/a))1+a is independent of ¢ and f. 0
According to Example 2.2, the exposed faces given in Lemma 3.1(b) are not neces-

sarily strongly exposed in the sense of [9, p.49]. Nevertheless this duality is sufficient to

prove Lemma 3.3 which is what we shall need to establish our Asplund space property.

We use the following computational property.

Fact 3.2. If for a Banach space X given x € Sx and h € By, there exist C, > 0, ap > 0

and § > 0 such that

llz + thll — l|zll — ¢ llzll', (h) < Cat™*e* for all0 < t < &
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then for 0 < o < ay, there exists K > 0 such that

llz + th|| — ||| — tl|l|, () < Kt'** for all t > 0.

ProoF: For all t > 0, ||z + th|| — |lz|| — t|lz|’, (k) < 2t. Then ||z + th|| — ||z -
t||zll’, (h) < Kpt'*e» for all ¢t > 0 where K, = max{C}, 2/6°+}. But also for 0 < ¢ < 1,
|z + thl|—llz]| -t ||zl (h) < Knt'*® for 0 < & < ay. Then ||z + th||—||z|| -t |||, () <
Kt'** for 0 < a < oy where K = max{2, K;}.

LEMMA 3.3. If the norm on a Banach space X has a directionally Holder right-
hand derivative at each point on its unit sphere and W is a weak*-dense subset By-.,
then for any u € Sx, we have dist(W, J(u)) = 0.

Proor: Using Fact 3.2 we have that given u € Sx and h € Bx there exist K > 0
and ap, > 0 such that ||u + th“ —Nzll -t |lull’, (71) < Kt'tes forallt > 0 and b € {—h, h}.
Lemma 3.1 implies that for each h € By, there exists Cy > 0 and ay, > 0 satisfying

(3.2) disty ™/ (f, J(u)) < Cu[1 - f(u)] for all f € By-.
For each n € N, write
F,={h e Bx : dist}(f,J(u)) < n(1 - f(u)) for all f € Bx-}.
It can be easily checked that F, is closed. Moreover, LGJN F, D Bx/2 because for ||hl|

< 1/2 we have disty (f, J(u)) £ 1 for all f € By-, and this with (3.2) implies that

distﬁ(f,.](u)) < n[l - f(u)] for all f € Bx+, and n > max{l + -&1—"—,0;1}.

Since |J F, is second category there exists an N € N, hy € By and é > 0 such that
eN
ho + 6Bx C Fy. Therefore

(33)  disty(f, J(u)) < N(1 - f(u)) forall h € ho+ 8Bx, and all f € Bx-.

Given £ > 0, and using the weak*-density of W in Bx. we fix z* € W such that
oNeN
2NN

Now suppose dist (:c*, J (u)) > ¢. Because J(u) is weak*-compact and convex, we use the

(34) (a) z*(ho) > sup{f(ho) : feJ(u)}—%E and (b) z*(u) >1-—

separation theorem to choose h € Sx such that
z*(h) > sup{f(h) 1 f€ J(u)} +e.
This implies that
z*(6h) > d(sup{f(h) 1 fe J(u)} + s), which with (3.4a) implies

z*(ho +6h) > sup{f(ho+5h) :f€ J(u)} + %E
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Consequently distpy4sn (:c‘, J (u)) > 6¢/2 which with (3.3) and then (3.4b) implies that

oNeN . oNeN
SN <N(1—z(u))< SN
This contradiction shows that dist (a:‘, J (u)) < g, and so dist(W, J (u)) £e. a0

With Lemma 3.3, using ideas and results based on Simons’ inequality that were
discovered by Godefroy [12] and later refined in [3, 13] we can readily prove our main
result. First, let us recall that a subspace N C X* is said to be I-norming if ||z|| =
sup{lf(:c)| 1 fe NﬂBX-} for all z € X.

THEOREM 3.4. A Banach space X where the norm has a directionally Hélder
right-hand derivative at each point on its sphere is an Asplund space and its dual X*
contains no proper closed 1-norming subspaces.

ProoF: To show that X is an Asplund space, it is sufficient to show that every
separable subspace Y has separable dual Y*, [17, p.24]. As in the proof of [13, Lemma
3], consider N a closed 1-norming subspace of Y*. Because Y is separable, we fix a
countable set W that is a weak* dense subset of N N By.. Then W is weak*-dense
in By. because IV is 1-norming. Because the restricted norm on Y has a directionally
Holder right-hand derivative at each point on its sphere, it follows from Lemma. 3.3 that
(W + %By) N J(y) # @ for each y € Sy. According to [3, Lemma 2.2}, Y* is the closed
linear span of W. Therefore Y* is separable and moreover N = Y*. So X is Asplund
and moreover Y* has no proper closed 1-norming subspace. Because Y was an arbitrary
separable subspace of X, [13, Lemma 4] shows that X has no proper closed 1-norming
subspace. 0

The norming result in this theorem has the following immediate consequence.

COrROLLARY 3.5. Ifa Banach space X has an equivalent dual norm on X* with
a directionally Holder right-hand derivative at each point of its unit sphere then X is
reflexive.

We observe that not every Asplund space has an equivalent norm with a directionally
Holder right-hand derivative on its sphere.

REMARK 3.6. Kunen’s C(K) Asplund space where K is constructed using the continuum
hypothesis does not have an equivalent norm with a directionally Holder right-hand
derivative at each point on its sphere.

PRrOOF: This follows from Theorem 3.4 and [15, Corollary 4.4(i)] which shows that
given any equivalent norm on X, X* has a closed proper l1-norming subspace. 0

As a final illustration of the structural implications of directionally Holder right-hand
derivatives we sketch the following result that complements [8, Theorem 3.3].

THEOREM 3.7. A Banach space X is superreflexive if the norm has a directionally
Hélder right-hand derivative at each point of a residual subset of Sx and the set of strongly
exposed points of By is dense in the Sx.
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PRrROOF: By Theorem 2.5, there exists an open ball U centred on Sx where the norm

is uniformly Hoélder differentiable. But this implies that the norm is uniformly smooth
on UNSx. Since UN Sx contains a strongly exposed point of By we follow the proof of
[4, Proposition V.1.3, p.188-189] to show that X is superreflexive. 0

Comparable results from papers [5, 16, 18] lead us to pose the following questions.

QUESTIONS 3.8.

(1]

2]
3]

(4]

(5
(6]

8]

Q
[10]
[11)
[12)

(13]

(a) Is a Banach space an Asplund space if it has a continuous bump function
with directionally Hoélder right-hand derivative?

(b) Is a Banach space superreflexive under the conditions in Corollary 3.57 Or
more generally is it superreflexive if it has the RNP and a continuous bump
function with a directionally Hélder right-hand derivative at each point of
its domain?
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