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EXISTENCE OF OPTIMAL CONTROLS FOR A
CLASS OF NONLINEAR DISTRIBUTED PARAMETER SYSTEMS

NikoLAOS S. PAPAGEORGIOU

In this paper we examine a Lagrange optimal control problem driven by a non-
linear evolution equation involving a nonmonotone, state dependent perturbation
term. For this problem we establish the existence of optimal admissible pairs. For
the same system we also examine a time optimal control problem involving a mov-
ing target set. Finally we work out in detail an example of a strongly nonlinear
parabolic distributed parameter system.

1. INTRODUCTION

In this paper we establish the existence of optimal controls for a class of strongly
nonlinear, parabolic optimal control problems, with an integral cost criterion and with
state dependent control constraints. Our work extends those of Ahmed [1], Ahmed and
Teo [2], Avgerinos and Papageorgiou [4), Flytzanis and Papageorgiou [9)], Joshi [11],
Lions [12] and Vidyasagar [18]. From these works, Ahmed [1] and Ahmed and Teo
[2] assumed that the differential operator A(t)(-) is linear (semilinear system) and in
Ahmed and Teo (2] there was a state—dependent perturbation term, which though was
monotone as was A(t)(-). In the problem studied by Avgerionos and Papageorgiou [4],
the operator A(t, -) was nonlinear, but there were no nonmonotone terms. In Flytzanis
and Papageorgiou [9] again the dynamical equation is nonlinear, but it is assumed
that the partial differential operator is of the subdifferential type and in addition the
semigroup of nonlinear contractions S(t) generated by it is compact for ¢ > 0. In
Lions [12] only time invariant monotone operators were allowed, while finally Joshi [11]
and Vidyasagar [18] examined systems described by Hammerstein and nonlinear finite
dimensional equations respectively, but under restrictive overall hypotheses. We should
also mention the recent work of Cesari [8], who studied a different class of nonlinear
control problems, using results from operator theory and the nice book of Ahmed and
Teo [3], which has a comprehensive introduction into the modern approaches of the
theory of optimal control of nonlinear evolution equations in Banach spaces.
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In our problem, the important feature is the presence of a nonlinear, nonmonotone
state dependent perturbation, which in concrete examples can incorporate certain par-
tial differential operator terms of nonmonotone type. We examine a nonlinear Lagrange
optimal control problem and under mild hypotheses we prove that it has a solution.
We also consider a time optimal control problem, involving a moving target set and for
this we establish the existence of time optimal controls. Finally we work out in detail
an example of a nonlinear, parabolic distributed parameter system.

2. PRELIMINARIES

Let (Q, X) be a measurable space and X a separable Banach space. By Py)(X)
we will be denoting the family of nonempty, closed, (convex) subsets of X. A mul-
tifunction (set valued function) F: Q@ — 2X \ {0} is said to be graph measurable
if GrF = {(w,z) € 2 x X:z € F(w)} € £ x B(X), with B(X) being the Borel
o-field of X. A multifunction F: @ — Py(X) is said to be measurable, if for all
z € X, w — d(z, F(w)) = inf{||z — 2| : z € F(w)} € L} . Measurability implies graph
measurability. The converse is true if there exists a complete, o-finite measure u(-) on
2, X).

Let Y, Z be Hausdorff topological spaces. A multifunction G: Y — 2%\ {0} is said
to be upper semicontinuous (u.s.c.), if forall U C Z open, Gt (U) ={y € Y: G(y) C U}
is open in Y. Also we say that G(-) is closed, if GrG = {(y, 2) €Y x Z: z € G(y)} is
closed in Y x Z. A closed valued, u.s.c. multifunction is closed.

Let H be a separable Hilbert space and X a subspace of H, carrying the structure
of a separable, reflexive Banach space and which embeds continuously and densely
into H. Identifying H with its dual (pivot space), we have X — H — X* with
all embeddings being continuous and dense. Such a triple of spaces is called in the
literature “Gelfand triple”. To have a concrete example in mind let Z be a bounded
domain in R™ with smooth boundary 8Z = T'. Set H = L*(Z) and X = W;"?(2)
with m € Z4+, 2 < p < 00o. Then W™?(Z) — L¥}(Z) — W-™P(Z) = [W, ?(Z))*
(1/p + 1/g = 1) with all embeddings being continuous, dense and furthermore compact
(“Sobolev-Kondrachov embedding theorem”). By ||| (respectively ||, ||-]|,) we will
denote the norm of X (respectively of H, X*). Also by (-, -) we will denote the duality
brackets for (X, X*) and by (-, -) the inner product in H. The two are compatible in
the sense that if z € X C H and v € H C X*, then (z, v) = (z, v).

3. EXISTENCE THEOREMS

Let T = [0, ] and (X, H, X*) a Gelfand triple of spaces with all embeddings
being in addition compact. Also Y is a separable, reflexive Banach space modelling the
control space.
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The nonlinear optimal control problem under consideration is the following:

b
J(z,u)= -/o L(t, z(t), u(t))dt — inf =m

(*) such that 2(t) + A(t, z(t)) + f(t, z(t)) = B(t)u(t) almost everywhere
z(0) = =, u(t) € U(t, =(t)) almost everywhere

u(-) measurable

We will need the following hypotheses on the data of (*).

H(4). A:T x X — X* is an operator such that
(1) t— A(t, z) is measurable,
(2) =z — A(t, z) is hemicontinuous, monotone,
(3) 1A, =), < c(||:4':||”—1 + 1) almost everywhere with ¢> 0, p > 2,
(4) (A, z), =) > cz2||z||” almost everywhere with ¢z > 0.

H(f). f:TxX — H is a map such that

(1) t— f(t, 2) is measurable,

(2) =z — f(t, z) is continuous and sequentially weakly continuous,

(3) there exists c3 > 0 such that —c3 < (f(¢, z), z) almost everywhere for
alze X,

(4) f(t,z)l < aft) + b|jz||?™" almost everywhere with a(-) € L%,
b>0(1/p+1/g=1).

H(B). B(-) € L=(T, L(Y, H)).

H(U). U:T x H — P¢(Y) is a multifunction such that
(1) U(:, ") is graph measurable,
(2) U(¢, ") is sequentially closed in H X Yy,
(3) |U(t, z)| < a1(t) almost everywhere with a;(-) € L.
H(L). L: T x H xY — R is an integrand such that
(1) L(, -, ) is measurable,
(2) L(t, -, ) is lower semicontinuouson H x Y,
(3) L(t, z, -) is convex,
(4) o(t) — M(|z| + |lu|l) € L(t, z, v) almost everywhere with ¢(-) € L!,
M>0.
Finally to avoid trivial situations, we need the following admissibility hypothesis:

H, . there exists admissible “state-control” pair (z, u) such that J(z, u) < oo.
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Let Wpo(T) = {z(-) € LP(X): (-) € L9(X*)}, with the derivative involved defined

in the sense of distributions. Furnished with the norm

Izl wp(ry = {llzl 2oy + 181 Zaqxy} /2

Woq(T') becomes a separable, reflexive Banach space. Furthermore we know (see Ahmed
and Teo [3, Theorem 1.2.15, p.27]) that W, (T) — C(T, H) continuously. The trajec-
tories of (*) lie in Wpo(T) (see Barbu [6] and Hirano [10]).

THEOREM 3.1. If hypotheses H(A), H(f), H(B), H(U), H(L) and H, hold,
then there exists admissible “state—control” pair (z, v) such that J(z, uv) =

PROOF: Let {(zn, ¥n)}n>1 be a minimising sequence of admissible pairs for (*).
Then for all n > 1, we have:

Zn(t) + A(t, za(t)) + (¢, 2a(t)) = B(t)un(t) almost everywhere
zn(0) = o, un(t) € U(t, zn(t)) almost everywhere

un(-) measurable

Multiply the evolution equation with z,(-). We get

(Zn(2), 2a(1)) + (A2, za(), 2a(2)) + (f(2; 2a(1)), zn(1))
= (B(t)un(t), zn(t)) almost everywhere

= dit [2a(t)[? + 2(A(2, 2o (1)), Ta(t)) + 2(f(t, za(t)), un(t))
= 2(B(t)un(t), zn(t)) almost everywhere .

Using hypotheses H(A) (4) and H(f) (3), we get
% |z ()] + 2¢2 [|l2a ()||P — 2¢5 < 2(B(t)un(t), za(t)) almost everywhere.
Integrating and using Hélder’s inequality, we get
2¢2 [|znll L x) < 2¢3b + 2 || Bunl| poqary Znll 2o xy -
Invoking Cauchy’s inequality with £ > 0, we get
2c; ”1’»“LP(X) 2c3b + 25 ”"’n“ ey t 2 ||B"n”1,q(y)

< 2esh + ”zn”m(x) + "B"Loo(r v, my llaally -
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By choosing € > 0 sufficiently small so that ¢; > ?/p, we get from the above
inequality that there exists M; > 0 such that [|za|l px) < M) forall n > 1.

Then using hypotheses H(A) (3) and H(f) (4) and recalling that (p — 1)q = p,
we get:

lZn (017 < 42 (|2 ()P + 1) + 8%(a(t)? + b]|2a(2)]7)
+2¢ “B”qLeo(T' LY, H) M (t)? almost everywhere.

Integrating over T' = [0, b] and recalling that |[za|| 5(x) < M1, we deduce that
there exists My > 0 such that ||:i:,,]|Lq(x.) € M, for all n > 1. Hence we have
proved that {z,(-)}a>1 is bounded in Wy,(T). Recalling that Wp(T') is reflexive and
by passing to a subsequence if necessary, we may assume that z, — z in Wpye(T).
Furthermore since by hypothesis X — H compactly, from Lions [13, Theorem 5.1,
p.58], we have that Wy (T) — LP(H) compactly. So we can say that z, 5 z in
LP(H). Furthermore since L4(Y) is reflexive (Y being reflexive and ¢ > 1), by passing
to a subsequence if necessary, we may assume that u, > u in L4(Y). Then hypothesis
H(L) allows us to apply Theorem 2.1 of Balder [5] and get that

b b
/ L(t, =(t), u(8))dt < kim / L(t, zn(t), un(t))dt = m.

So it remains to show that (z, u) is an admissible “state—control” pair for (*).
First we claim that:

Bm(A(t, z.(t)) + f(t, za(t)), za(t) — 2(t)) > 0 almost everywhere .
Suppose that this is not the case. Then we will have
(1) Bm(A(t, za(2)) + (8, zn(t)), za(t) — z(¢)) < O for t € E, A(E) > 0.
Invoking hypotheses H(A) (3) and (4) and H(f) (3) and (4), we have

(A(t, 2a(t)) + (¢, z(1)), za(t) — 2(t)) > c1 + 2 [z (D7 — es

@ (el +1) (o)l - (a(t) + llza()IP™*) llz(t)|l almost everywhere

Combining (1) and (2) above, we get that {||z,(t)]|}n>1 is bounded for t € E\N =
E', M(N) =0. Fix t € E'. By passing to a subsequence (depending on ¢ € E') if
necessary, we may assume that z,(t) 5 Z(t). Since by hypothesis X < H compactly,
we have z,(t) = Z(t) (the Limit will depend on ¢ € E'). On the other hand recall
that z, > z in Wpy(T) and as we have already said Wpe(T) — LP(H) compactly. So
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we may assume that z, — z in LP(H) and z,(t) - z(t) almost everywhere in H.
Thus we have Z(t) = 2(t) for all t € E" = E\ Ny, A(N:) = 0. Then exploiting the
monotonicity of A(t, -), t € E”, we have:

(A(t, 2a (1)), 2a(2) — (1)) > (A(2, (1)), zn(t) — 2(2))
= Bm(A(t, za(t)), za(t) — z(t)) 20t € E".
Hence finally, using hypothesis H(f) (2), we have
Lm(A(2, za(t)) + f(1, za(t)), za(t) — z(t)) > 0t € E", A\(E") = A(E) > 0,

and this contradicts (1). So we have proved our claim.
Set n,(t) = (A2, za(t)) + f(, 2a(2)), za(t) — z(t)). From Fatou’s lemma we have

(3) 0< / " lim m(8)dt < lim / " malt)dt
< lim ((Z(zn) + f(z,,), Ty — z))o

where A: AP (X) — L%X*) is the Nemitsky operator corresponding to A(t, z),
F: LP(X) — L9(X*) the Nemitsky operator corresponding to f(t, z) and ((-, -)), the
duality brackets for the dual pair (LP(X), LI(X*)).

Now we claim that
lim ((Z:c,. + f(2n), Tn — :c))o =0.

From the dynamics of the system for every n > 1, we have:

((Zzn + f(z,,), T, — a:))o = ((—:i:,, + Eu,., T, — z))o

with B being the Nemitsky operator corresponding to B(t). Recall (see for example
Tanabe [17], Lemma 5.5.1, p.151) that:

(8(8) — £a(8), 2(t) = 2n(8)) = 32 ((t) — 2a(t), 2(2) — 2a(1)
1d
= 33 (+(6) ~ 2alt), 2(8) ~ 2a(®)
1d
=5 12(t) - za(t)[’
1

5 12(8) — zn(8)[*

= —((2nyz—20))p = 5 |2(8) = 2a(B)I* = (¢, 2 = 2n))s-

> ((2—2n, 2 —2n))y =
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Recalling that Wpe(T) — C(T, H), we have:
((-—z’:,. + Eu,., Ty — z))o =((~2Zn, 2n—2))p + ((Eun, Ty — :c))

1 2 . -
= 5 12(b) = 2a(B) = (3, = = 2a))q + (Bun, 20 - °)mm. pogany = 087 %0

0

So we deduce that
H((an + f(z,.), T — :1:))0 =0

which proves our claim. Putting this fact back into (3) we get
b b _ " -
0= / lim 5,(t) < h;n/ Na(t)dt < lim((Azn + f(2a), zn — z)) =0.
0 0 0

From the above inequalities, we deduce that fob [7n(t)|dt - 0 as n — 00 = 7, 0
in L'(T) and so we may assume that 7,(t) — 0 almost everywhere => (A(t, za(t)) +
f(t, za(t)), zn(t)—=z(t)) — O almost everywhere. From this and inequality (2) above, we
see that {||z.(t)||}n>1 is bounded for almost all ¢ € T. Hence as before, by passing to a
subsequence (depending in general on t) if necessary, we may assume that z,(t) — Z(t)
for almost all £ € T. On the other hand recall that since z, — z in Wpo(T), we
can write that z,(t) > z(¢) almost everywhere in H. Thus 2(t) = z(t) almost
everywhere and thus since for almost all ¢t € T, every subsequence of {zn(¢)}n>1 for
almost all £ € T has a further subsequence converging weakly in X to z(t), we deduce
that z,(t) = z(t) almost everywhere in X. Then (f(¢, zn(t)), za(t) — z(t)) — 0
and so (A(2, z,(1)), z(t) — 2(t)) — 0 almost everywhere. Now note that since by
hypothesis H(A) (2), A(¢, -) is hemicontinuous, monotone, everywhere defined on X,
it is pseudomonotone (see Browder [7]). So A(t, z.(t)) > A(t, z(t)) almost everywhere
in X* = Az, 3 Az in LY(X*). Also from hypotheses H(f) (2) and (4), we see that
f(zn) > f(z) in LI(H) (bhence in LI(X*)). Finally note that since z, — z in
Wpo(T) = 2 5 % in LI(X*), while Bu, > Bu in L9(H) (hence in LI(X*) too). So
for any h € LP(X), we have:

(s B)o + ((A2ns 1)), + ((Fan), 1)), = ((Bums 1)),
= (2 Mo + (A2, 1)), + () 1)), = ((Bes 1))
= (& W) + (&=, 1)), + (), 8)), = ((Bus 1)),

Since h € LP(X) was arbitrary, we deduce that

{ z(t) + A(t, z(t)) + f(1, z(t)) = B(t)u(t) almost everywhere}
z(0) = zo '
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Also recall that we have u, — u in LI(Y) (since {un(-)}n>1 is bounded (hypoth-
esis H(U) (3)) in the reflexive Banach space L(Y)). Then from Theorem 3.1 of [15]
we have u(t) € conv w — lim U(t, z,(t)) almost everywhere. But because of H(U) (2)
we have that w—Lim U(t, zn(t)) C U(2, z(t)). So u(t) € U(t, z(t)) almost everywhere,
u(-) measurable. Hence (z, u) is an admissible “state—control” pair for (*). Therefore
we conclude that (z, u) is the desired optimal pair; that is, J(z, u) = m. 1]

We can also solve a time optimal control problem with a moving target set. So let
G: T — 2H\ {0} be the moving target. Our goal is to reach G(-) in minimum time
moving along trajectories of (*).

We will need the following hypothesis about the moving target:

H(G). G: T - Py(H) is an upper semicontinuous multifunction from T into H,,
where H,, is the Hilbert space H endowed with the weak topology.

Also hypothesis H, will be replaced by the following controllability type hypoth-
esis:

H.. E={t € T: G(t) N P(z)(t) # 0} £ 0, where P(z,) is the set of trajectories of
(*) and P(zo)(t) = {=(?): =(-) € P(z0)}.

THEOREM 3.2. If hypotheses H(A), H(f), H(B), H(U), H(G) and H. hold
with p = q =2 and X is a Hilbert space, then there exists time optimal control.

PROOF: Let 7 = inf E. It exists because of H.. Take {tn}n>1 C E such that
t, | 7. Then by definition there exist z,(-) € P(zo) such that z,(t,) € G(t,) n > 1.
Recall (see the proof of (Theorem 3.1) that m:;l is w-compact in W3 »(T). Since
X is a Hilbert space and X — H compactly, from Nagy [14], we know that W3 »(T) —
C(T, H) compactly. So m;>1 is compact in C(T, H) and thus by passing to a
subsequence if necessary, we may assume that z,, = z in C(T, H) = z,(t,) = z(7) in
H = z(7) € w—limG(t,) C G(7) (hypothesis H(G)). So z(:) is the desired optimal
trajectory and any control generating z(:) is a time optimal control. O

4. AN EXAMPLE

In this section we work out in detail an example illustrating the applicability of
our results.

Solet T = [0,b] and Z be a bounded domain in R™ with smooth boundary
8Z =T. On T x Z we consider the following nonlinear parabolic distributed parameter
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optimal control problem.
(**)
( b
Iz, u) = / / L(t, 2, 2(t, z), u(t, 2))dzdt — inf = m

az(t z)

such that + 3 (-1 4, 2, n(=(t, 2))) + (8, 2, 6(=(2, 2)))

la|<m

ﬁ = (p(t, z), u(t, z)) on T x Z, DPz(t,z) =0 for (t,2) e Tx T, |B| < m—1
z(0, z) = zo(z) on {0} x Z, ‘/;lu(t, 2)I° < /Z'r(t, z, z(t, z)) dz

| u(-, -) measurable )

Here n(2(2)) = {D%2(2): |a| < m} and 6(z) = {DPz(z): 8] <m — 1}.
We will need the following hypotheses on the data of (**).
H(A)'. Aa: T x Z xR™ R are maps such that
(1) (¢, 2) = Aalt, 2, 7) is measurable,
(2) n— A(t, 2, 1) is continuous,
(3) |4alt, 2, 1) < c(|11|"’_1 + 1) almost everywhere, c > 0, p > 2

(4) X (Aa(t, 2, ) — Aalt, 2z, 7'))(ma — nl,) 2 0 for every z € Z and every
lal<m

7, ' € R®», with n, = ((n + m)!)/(nlm!),
B) Y (Aalt,z,m)a=c2 Y [nal” almost everywhere, c; > 0.

lalsm lal€m

H(f)'. f: T xZ xR" R is a function such that
(1) (¢, z) — f(t, 2, 8) is measurable,
(2) 6— f(t, z, 8) is continuous,
(3) 1f(t, 2,0 < a(t, z) + b|0P"" almost everywhere with a(-,-) €
LY(T, L>=(2)),
(4) f(t,2,60)0 > —cs, cs > 0.
H(p). p(,) € L=(T x 2).
H(r). T xZ xR > Ry is a function such that
(1) (@, z,v) - r(t, z, v) is measurable,
(2) v — (2, z, v) is upper semicontinuous,
(3) Ir(t, z, v)| < as(t, z) almost everywhere with ay(-, -) € L?(T, L*(Z)).
H(L)'. L: T x Z xR x R” — R is an integrand such that
(1) L(,:,-, ) is measurable,
(2) (=, u)— L&, z, z, u) is lower semicontinuous,
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(3) Lf(t, 2, z, -) is convex,
(4) o(t, z) — M(|z| + ||lu]]) < L(¢, 2, z, u) almost everywhere with ¢(-, ) €
LYT x Z) and M > 0.

Ho . :!:o(-) € Lz(Z)

H, . There exists admissible “state—control” pair such that J(z, u) < co.

We will reduce (**) to the abstract optimal control problem (*) and then apply
Theorem 3.1.

In this case X = Wy"?(Z), H = L*(Z) and X* = W~™9(Z). This is a Gelfand
triple and furthermore all embeddings are compact. Also Y = L2(Z) (the control
space). We consider the time varying Dirichlet form a: T x Wy '?(Z) x W, '?(Z) - R
defined by

ot 2,9)= 3 [ Aalty 3, n(e(a)D"y(a)

|aj€m

Using Minkowski’s and Holder’s inequalities, we have

s (/ |4a(t, 2, n(2(2)))I® dz)l/q (/ZID.,y(Z)lp dz)llp
(Z /|D7z(z)|‘1(r l)dz+1) /q(/z 'Day(z)lpdz)]/p

Jvism

I/z Aal(t, 2z, n(2(2)))Dy(2)dz

= la(t, 2, )| <E([12l5m.s +1) l¥llwpr(z)s €> O
o (Z)

Hence af(t, z, ) is continuous and linear on Wy ?(Z). Thus there exists A: T x
Wo'?(Z) - W~™9(Z) defined by

a(t’ z, y) = (A(t, :B), y)

where (-, -) denotes the duality brackets for the pair (Wy'?(Z), W™ 19(Z)).
Observe that for all y € W ?(Z),

t— (A(t, ), 9) = > / Aa(t, 2, 1(2(2)))D*y(2)dz

lajsm

is by Fubini's theorem measurable. So t — A(t, z) is weakly measurable from T into
W ~™9(Z) and since the latter is separable, invoking Pettis’ theorem, we conclude that

t — A(t, z) is measurable.
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Next let z, = z in W;™?(Z). Then by Krasnoselski’s theorem, we have

|<A(t) zn) - A(t1 3)7 y)l
<X /Z|Aa(t, z, N(2a(2))) — Aalt, 2, 1(2(2)))| - |D*y(z)|dz — 0

lal<m

= z — A(t, z) is demicontinuous, in particular then hemicontinuous.
Also from hypothesis H(A)' (4), we have

(A(t, :!:) - A(t’ y)v z - y)
= / D (Aalt, 2, n(2(2))) — Aalts 2, 7(y(2)))) (Ma(2(2)) — na(y(2)))dz >0

lx|€m

= z — A(t, z) is monotone.

Furthermore from the growth property of a(-, -, -} we have

KAt 2), )1 < (E(lelllytoogzy + 1)) - Inlwpzy

- -1 ~
= 14, D), <E(llliymp gy +1), E> 0.
Finally from hypothesis H(A)' (5), we have:
(A(t, z), z) > 2 ||::||';V5..,,(Z) ;> 0.

Thus operator A: T x Wy'?(Z) — W~™:9(Z) defined above satisfies hypothesis
H(4).
Next let F: T x Wy '?(Z) — L%(Z) be defined by

F(tv z)(z) = f(t’ z, 9(2(2)))

Because of hypotheses H(f)' (1), (2), (3) and since p > 2 and Z C R™ is
bounded, from Krasnoselski’s theorem, we have that F(t, z) is well defined. Also
for every h € L?(Z2), (f(4, -, 8(=("))), h)L’(Z) = [, f(t, 2, 8(z(z)))h(z)dz and so Fu-
bini’s theorem tells us that t — f(¢, -, 8(z(-))) is weakly measurable, hence by Pet-
tis’ theorem measurable. So t — F(t, z) is measurable. Furthermore, if z, 2z
in WJ"?(Z), then since Wy™?(Z) — W;* 1'?(Z) compactly, we have z, — z in
W 1'?(Z) and then using Krasnoselski’s theorem, we conclude that F(t, -) is com-
pletely continuous from Wy"'?(Z) into L?(Z). Hence F(t,-) is continuous and se-
quentially weakly continuous. In addition, because of hypothesis H(f)' (3), we have
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IF (2, )Lz < a(t)+b|[z||¢;;;}., »(z)» With a(t) = |la(¢, -)llgeo(z), s0 that @(-) € LI(T).
Finally from hypothesis H(f)' (4), we have —¢; < (F(t, z), Z)p3(zy with €3 > 0. Thus
F: T x Wg™'?(Z) — L*(Z) defined above satisfies hypothesis H(f).

Next let L: T x L?(Z) x L?(Z) — R be defined by

L(t, z,u) = /ZL(t, z, z(2), u(z))dz.

From Pappas [16] we know that we can find Li: T x Z xRx R* — R Caratheodory
integrands (that is, measurable in (t, z), continuous in (z, u)) such that ¢(¢, z) —
M(|z| + ||ul|) < Lk(t, 2, 2z, u) < k and Li T L. Then set

Li(t, z, u) = /ZL;,(t, z, z(2), u(z))dz.

Clearly i,,(-, -y -} is Caratheodory (that is, measurable in ¢, continuous in (z, u));
thus it is jointly measurable. By the monotone convergence theorem, we have ik T
L, so L(-, -, ) is jointly measurable too. Also L(t, z, u) > #(t) — M(ljiz)l, + |lull,)
while from Balder [5] we have that i(t, -, ) is sequentially “strongly x weakly” lower
semicontinuous on L?(Z) x L%(Z).

Finally let U: T x L*(Z) — P;.(L3(Z)) be defined by

U(t, z) = {u € L2(2): |lullpa(z) <7t 2)}

with 7(t,z) = [, r(t, z, z(z))dz. As we did for integrand f(, -y -) we can show
that 7(-, ‘) is measurable. This time since r(t, z, -) is upper semicontinuous, the
Caratheodory approximations are from above. Hence GrU = {(t, z, v) € T x L*(Z) x
L%(Z): 7(t, =) — ||lu|l, > 0} € B(T) x B(L*(Z)) x B(L%(Z)) = U(:, -) is graph mea-
surable. Also |U(t, z)| < @1(t) almost everywhere with @ (t) = |la(2, -)l|g2(z); thus
@1() € LY. Finally if (za, un) € GrU(t, -) and (zn, ua) = (z, u) in L%(Z) x L}(Z),
then ||ull, < lim ||lun|l, < Iim ||u,||, < im (2, z,) < 7(t, z) (the last inequality coming
from Fatou’s Lemma). So we have satisfied hypothesis H(U).

Next let B(t): L2(Z) — L?*(Z) be defined by (B(t)u)(z) = (p(t, 2), u(z)). Because
of hypothesis H(p), B(-) € L=(T, L(L%(Z), L*(Z))). Finally let Zo = zo(-) € L*(2Z)
(hypothesis Hp).

So we can rewrite (**) in the following equivalent abstract form:

_~ b ~
Tz, u) = /o £(t, 2(2), u(t))dt — inf = m

(+%)' such that z(t) + A(¢, z(t)) + F(¢t, z(t)) = B(t)u(t) almost everywhere
z(0) = zo, u(t) € U(-,z(t)) almost everywhere

u(-) measurable
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This has the same form as (*). So we can apply Theorem 3.1 and get:
THEOREM 4.1. If hypotheses H(A), H(f)', H(p), H(r), H(L)', Ho and H,

hold, then there exists admissible “state-control” pair (z,u) € LT, Wy ?(Z)) x
Li(T, L¥(Z)) such that J(z,u)=m.
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