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1. In his book on Fourier Integrals, Titchmarsh [l] gave the solution of the dual integral
equations

f°° 2a
J 0 *

(2)
o

for the case a > 0, by some difficult analysis involving the theory of Mellin transforms. Sneddon
[2] has recently shown that, in the cases v = 0, a = ±i, the problem can be reduced to an Abel
integral equation by making the substitution

COS

o
or

^(A) = X(0 sin (£0 dt, z(0) = 0 (a = £).
J o

It is the purpose of this note to show that the general case can be dealt with just as simply by
putting

ilf(O=£l~" <t>(t)Jv+a(€t)dt. (3)
J o

The analysis is formal: no attempt is made to supply details of rigour.

2. We need the following two lemmas.
LEMMA A. If k> n> - \ ,

r» f 0 (0<a<b),
Jx(at)Ju(bt)tl+ll-xdt = { b"(a2-b2)x-"-1 ,ft , .

Jo ._ ' (0<b<o).
12 aT(]-/i)

This result is well known [3].

LEMMA B. Letf(x),f'(x) be continuous inO^x^a. Let 0 < K < 1. Then the solution of

-t2yKdt=f(x) (0<x<a)

2 sin 7tK d I** ,
= — tf(t)(x-t)K ldt.

n axj o

This is a simple transformation of the solution of Abel's integral equation [4].
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3. In order to determine the function <j>(t) in equation (3), we have to consider separately
the cases when a is positive and when a is negative. The case when a is zero obviously does not
arise, since then equations (1) and (2) reduce to a single integral equation in which the right-
hand side is zero when p > 1.

If a > 0, inversion of the order of integration gives

["UW&P) di = f V(o f V-V.+.KO/.KP) di dt = o,
Jo Jo Jo

when p > 1, by Lemma A, provided that v > — 1. Thus (2) is satisfied.
To deal with equation (1), we modify (3) by integration by parts. For we have

o J o
f1

J o

where $(f) = t1-"-"— ^(Of*""1 }•

Hence if lim t"+"-1^(0 = 0, (5)
J - + 0

we obtain

1 0

Substitution in (1) then gives

/ ( p ) = O ( 0 £ Jv(£p)Jv+*-i(£t)dl; dt-<j>(l)\
J o J o J <

where 0 < p < 1. By Lemma A, this reduces to

2

- « ) Jo
provided that v + l > v + a > 0 , i.e. provided that v > — a, 0 < a < 1. But this is an integral
equation of the type given in Lemma B; its solution is

t 21"" d C"
•ldt,

it being assumed that tvf(t) and its first derivative are continuous in 0 ^ / ̂  1. If we substitute
for O(p) from (4), integrate and use condition (5), we find that
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a result which may also be written as

PV+"<KP) =Z^—A\"' r+if(t)(P
2-t2 fdt. (7)

The conditions on the parameters are 0 < a < 1, v > — a.

When a = - / ? , where /? > 0, we start by integrating the integral in (3) by parts. This gives

o

where *F(f) = tv-" + 1 —
dt

Hence

o

provided that lim tv~p+1<j)(t) = O.

It then follows from Lemma A that condition (2) is satisfied when 0 < /? < 1, v > - 1 .

If we now substitute from (3) in (1) and invert the order of integration, we obtain

=f Vw rv
Jo Jo

I 0

by Lemma A. Using Lemma B, we get

2P d fp

"Jo
which is, in fact, equation (7) with a replaced by — fl: but the conditions now are — 1 < a < 0,
v > — 1. The limiting condition on (j> is evidently satisfied.

4. Having obtained formulae for <j>(p), we can deduce the desired solution of (1) and (2).
The simplest form of the solution is given by using (7), viz.

dpjo
HO = ~7—, {p-*-"J*+JLtP>T \tv+Lf(t)(p2-t2T dt dp, (9)

2r(l + )J dj
valid when 0 < a < l , v > —a or when —1 < a < 0, v > —1. From this, the results given by
Sneddon for v = 0, a = + i readily follow.
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To get the solution valid for 0 < a < 1, v > - a , in the form given by Titchmarsh, we use
(6), which gives

^(^) = ^ - i i — Jv+a(^p)p1 v " t / (0 (P - ' ) dtdp.
T(a) Jo Jo

Lastly, if in addition v+2<x+2 > 0, we may integrate (9) by parts to get

2r(l+a)

[ \ ' ' \ . (11)
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