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All Irrational Extended Rotation Algebras
are AF Algebras

George A. Elliott and Zhuang Niu

Abstract. Let § € [0, 1] be any irrational number. It is shown that the extended rotation algebra By
introduced by the authors in J. Reine Angew. Math. 665(2012), pp. 1-71, is always an AF algebra.

1 Introduction

In [8], a natural embedding of the irrational rotation C*-algebra in a simple nuclear
C*-algebra with trivial K;-group was constructed, which gives rise to an isomor-
phism of ordered K,-groups. For a dense Gs of irrational numbers, the C*-algebra
constructed (by adjoining natural spectral projections of the canonical unitary gen-
erators of the rotation algebra) was shown to be AE.

In the present paper, using the remarkable recent work of Matui and Sato ([18],
[14], [13]), together with what might be called the Winter-Lin—Niu deformation
technique ([20], [11], [12]), the new C*-algebra is shown to be AF for every irrational
number. (See Corollary 4.7.)

By Remark 2.8 of [8], the flip of the rotation algebra extends to the larger alge-
bra, and it is easily seen that the automorphism of order four known as the Fourier
transform does also. It is an interesting question whether the whole of the natural
SL(2,7)-action also extends. Also of interest is whether the (unique) extendibility
of, say, the flip automorphism, determines the embedding up to an automorphism.
(Note that, as pointed out in [9] and [7], all embeddings are approximately unitarily
equivalent, but the question of when two differ by an automorphism—in particular,
ours and the very concrete (if not absolutely unique) one of Pimsner and Voiculescu
constructed in [16]—is clearly an important question—analogous perhaps to the ba-
sic question in subfactor theory.)

2 Irrational Extended Rotation Algebras

Consider the C*-algebra C(T) as the canonical sub-C*-algebra of L°°(T), and denote
by o the automorphism of L°°(T) induced by translation by e*™*:

f(2) = f(&™2).
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Note that C(T) is invariant under the action of 0.

Consider two collections of (closed, open, or half-open) subintervals { f; }ica, and
{gj}jen, of T, and still denote again by f; and g; the spectral projections of the canon-
ical unitary f(z) = zin L°°(T) corresponding to the subintervals f; and g;.

Consider the following two commutative C*-algebras:

C(%) = C* (CMU{o ™ f)sie A, keZ}) CL=(T)

and
C(,) := C*(C(N) U {o"(gj) 5 j € Ay, k € Z}) C L°°(TD),

where 2, and 2, denote the spectra of these algebras. Note that the rotation ¢ can
be extended to an automorphism of C(€2,) (or C(£,)). Denote also by u and v the
canonical generators of C(T) inside C(£2,,) and C(€2,).

Definition 2.1 For an irrational number 6, and two collections of subintervals
{fi}iea, and {gj}en, of the unit circle T, let us (as in [8]) refer to the universal
C*-algebra generated by C(£2,,) and C(€2,) with respect to the relations

i) wv =m0y,

(i) uo*(gj)u* = o**(g;) forany j € Ay and k € 7, and

(iii) vo *(fi)v* = o 1(f;) foranyi € A, and k € Z,

as the (irrational) extended rotation algebra, and denote it by By (= By({fi}, {g;}))-

Remark 2.2 If the intervals in the collections { fi}ica, and {gj} jea, are arbitrary
mixtures of open, closed, or half-open, then by [8, 5.14], there is a short exact se-
quence

0 DK By B, 0,

where By, is an extended rotation algebra which can be generated by half-open in-
tervals with the same orientation, and X is the algebra of compact operators. In
this paper, we will show that the C*-algebra By, is an AF algebra, and hence (by [3]
and [5]) the C*-algebra By is AF as well.

If {fi}ica, and {gj}jea, are two collections of half-open subintervals of T with
the same orientation, then there is another set of generators and relations for By, as
we shall now describe.

By Lemma 2.3 of [8], there is a 6-independent set of real numbers {a; ; k € A, }
for some countable index set A, (finite or infinite) such that the C*-algebra C(£2,,) is
generated by

{o"(pr), 0" (&) 5 € L,k € A},

where py is the spectral projection corresponding to [ay, ax + ) or (a, ax + 0], and e
is the minimal projection corresponding to {a} or zero. Since the half-open inter-
vals f;, i € Ay, are chosen to have the same orientation, the projection e is always
zero. Let us refer to the points {a; ; k € A,} as the cutting points of the canonical
unitary u. A similar argument also works for C(2,); let {b; ; I € A,} denote the
corresponding cutting points of v, where A, is a countable index set.
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Theorem 2.3 ([8, Corollary 2.10])  Assume that { fi}ica, and {gj} jea, are two col-
lections of half-open subintervals of T with the same orientation. The C*-algebra By
is the universal C*-algebra generated by unitaries u and v and positive elements
{huy s k€ Ay} and {h,;; 1 € A,} with respect to the relations

() uv =",

(i) el = ] =1

(iii) u = e2ithutad and

(IV) y = eZﬂi(hKﬁbl),

where {a} and {b;} are as above.

For the extended rotation algebra By in the case considered in Theorem 2.3 (which
we shall usually consider now, unless otherwise specified—see Proposition 2.5 and
Corollary 4.7), one has the following.

Theorem 2.4 ([8, Theorems 3.6 and 5.1]) Assume that {f;}ica, and {g;}cn, are
two collections of half-open subintervals of T with the same orientation. The C*-algebra
By is simple and nuclear, and has a unique tracial state T.

Consider the two C*-algebras
B,:=C*{f,u; f e C(Q,)} and B,:=C*{f,v;feCQ,)}

Then one has
B, =C(Q,) x,7Z and B, =C(Q,) x,Z.

Both B, and B, contain the rotation algebra Ay, and one also has that By = B, *4, B,.

Proposition 2.5 (Propositions 3.4 and 5.3 of [8]) There exist conditional expecta-
tions E,: By — C(Q,) and E,: By — C(,). Moreover, if { fi}ica, and {g;} jen, are
half-open subintervals with the same orientation, then £, and E, are faithful.

3 Strict Comparison of Positive Elements

In this section, we shall show that any irrational extended rotation algebra has strict
comparison for positive elements (Theorem 3.8). The technique we are going to use
is that of the (one-sided) large sub-C*-algebra due to N. C. Phillips (based on the
method of Putnam in [17]; see [15]). Since (as shown in [8]) irrational extended
rotation algebras are simple and nuclear, and have a unique tracial state, by a result
of Matui and Sato these C*-algebras are Z-stable, i.e., By ® Z = By.

Lemma 3.1 Let q be a spectral projection of v, and let e > 0. Then thereis § > 0 such
that if e is a spectral projection of u with support in an interval with length at most 9,
one has

llege — T(q)e|| < e,

where T is the canonical tracial state.
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Proof The proof is almost the same as the proof of Lemma 5.7 of [8]. Let f,g €
C*(v) be such that f > g > gand
T(f—g) <e/2.
Choose polynomials F(v) and G(v) such that
If —F||<e/2 and |g— G| <e/2.

Denote by n the larger of the degrees of F and G. Since 6 is irrational, there is 6 > 0
such that if e is a spectral projection of u with support in an interval with length
at most &, one has evle = O foralll < i < n. In particular, this implies that
eFe = F(0)e and eGe = G(0)e, where F(0) and G(0) are the constant terms of F
and G, respectively. Note that

|[F(0) — 7(q)] <&/2 and |G(0)—T(q)| <¢&/2,
and also note that
F(0)e = eFe ~. ), efe > eqe > ege ~./, eGe = G(0)e.
Then
(T(q) +e)e > eqe > (1(q) — €)e,
which is the conclusion of the lemma. [ |

Lemma 3.2 Leta € By. Foranye > 0, there is § such that if e is a spectral projection
of u with support in an interval with length at most 9, then

|leae — E,(a)e|| < e

(where E,, is the canonical conditional expectation from By to C(€1,,)).

Proof Choose Z;’Zl cjp;jq;j such that
Ha - ZlcjqujH <e/3.
i=
Then, by Lemma 3.1, there is § > 0 such that if e is a spectral projection of u with
support in an interval with length at most J, then

H E(Zn:lcjquf> €= (Xn:lePjT(q]‘)) eH <e/3.

Note that

n

E, ( > CijqJ‘) =2 ¢ipiT(q))

j=1 j=1
and, therefore,
||leae — E,(a)e|| < H e( Zl cjp]-qj) e—E, ( > Cij‘Ij) eH +2¢/3
iz

j=1
<e

)

as desired. [ |
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Lemma 3.3  Assume that {fi}ics, and {g;}ica, are two collections of half-open
subintervals of T each with the same orientation. Let b be a non-zero positive element
of By. Then there is a non-zero element a € C(§2,) such that a = b. In particular, the
C*-algebra By has the property (SP).

Proof By Proposition 2.5, the conditional expectation IE, is faithful. Choose € with
0 <e < |Eub)]/2.

By Lemma 3.2, there is e € C(£2,,) such that
|lebe — E,(be|| < e.

Moreover, again since E,(b) # 0, the spectral projection e can be chosen so that
€
[ Eu(D)ell = [EDI] < -

Put
a :=E,(b)e € C(Q,)
andseta = (a’ —¢),. Then
a =< ebe <X b.

Note that
3£
2 b
and hence a # 0, as desired. |

3
o[} = [EuB)ell > LB} = 5 >

Lemma 3.4 Let A bea C*-algebra and let ay, ay, . ..,a, € A. Then
(@ +-+a) (a+--+a,) <nafa, +---+na,a,.
In particular,

(m+ - +a) (a+ - +a,) Jaja @ - Da,a,.

Proof Foranya,b € A, since (a — b)*(a — b) > 0, one has

a*b+b*a<a*a+b*b.

Then
n n
(g +--+a)(m+--+a,) = Za?aisz(“f‘ljJr“;“i)
i=1 i<j
n n
* * *
<> aja;+) (aja; +ajaj)
i=1 i<j
n
=n), ala,
i=1
as desired. |
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Lemma 3.5 Assume that {fi}ics, and {g;}ica, are two collections of half-open
subintervals of T with the same orientation. For any a € By, any ¢ > 0, and any
b € By \ {0}, there are c € Ag and g € By such that

i) Jla—(c+9l<s

(i) g*g 2 bin By

Proof By Lemma 3.3, one may assume that b € C(£2,), and hence one may assume
that b is a projection in Ay.
By Theorem 1 of [9], one can choose Z?:l ¢ipiqi such that

n

H a— Z Gipiqi

=1

<eg/2,

where p; and g; are spectral projections in C(£2,) and C(£2,), respectively. Then
choose a projection e € Ay with e < b and 4n[e] < [b].
Since (by [17]) the C*-algebra C(£2,) X 7Z is an AT algebra, it has strict comparison

of positive elements. Then, for each spectral projection p;, we can choose f,, f;
and f* such that

pi=fi +fitf
with f; € C*(u) and
i fif e i=1,...,n
Similarly, one also chooses g, g; and g/ such that
G=g *g&itg,
with g; € C*(v) and
g .8 Se i=1,...,n
Then,

n n

Soapigi =y alf + fi+t g +g+g)

i=1 i=1
=Y afg+yaf qityafai+ ) cfiag + 3 cifiag-
1=1 1=1 =1 1=1 =1

Put

n

c=> c¢fig

i=1
and

g= Zl Gfai+ le cfiai+ ; cifiag; + ; cifiqg

By Lemma 3.4, one has
. noo n . no n N
Fe2Pf 2D oD @ Dg
i= i= i= i=

4n
=@e=b,
as desired. |

We thank N. C. Phillips for communicating to us the following two lemmas ([15,
Lemmas 1.13 and 1.15]).
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Lemma 3.6 (1.13 of [15]) Let A be a C*-algebra, let a,b € A be positive, and let
a, 3> 0. Then

(a+tb—(a+PB), Z(@a—a)+ (=P 2 (a—a) @ (b— P

Lemma 3.7 (1.15 of [15]) Let A be a C*-algebra, and let a,b € A be such that
0<a<b Lete >0. Then(a—¢e); = (b—¢),.

Theorem 3.8  Assume that {fi}ica, and {g;}jca, are two collections of half-open
subintervals of T with the same orientation. The irrational extended rotation algebra By
has strict comparison of positive elements.

Proof Leta, bbe positive elements of By (or of a matrix algebra over By) such that
d.(a) < d.(b) — 0 for some 6 > 0, where 7 is the canonical trace.
Suppose that 0 is not an isolated point of sp(b). Choose d; > 0 such that

d-((b—n);) > d.(b) —6/4, forallne (0,5).

Fixe > Owith e < §;/9. Since 0 is not an isolated point of sp(b), we may also assume
that h./2)(b) # 0 and h. ;) (b) # 0 for continuous positive functions (. /,) and
h(z/»,-) with support in (0,/2) and (£/2, ¢), respectively.

By Lemma 3.5, there are by € Ag and b; € By such that H(b — )2 — (b + bl)H
is sufficiently small that

(3.1) |(b— &)y — (bo+b1)*(bo +b1)|| < e
and also
(3.2) biby = he/2)(b).

Moreover, we may assume that
(3.3) |6 — 8)y — ((bo+b1)"(bo +b1) — 7¢) || <e.
Then, by Lemma 3.4,
biybo = (by + by — b1)* (bo + by — by) < 2(by + by)* (by + by) + 20} by,

and then by Lemma 3.7 and Lemma 3.6,

(3.4) (bybo — 3€)+ = (2(bo + by)*(by + by) + 2b7by — 3¢) |
= (2(1’)0 + bl)*(bo +b) — 25) + + (2171771 — &)y
= (b—¢€)s +hpe(b) (by(3.1)and (3.2)).

In particular,

d-((b5bo — 3¢).) < d-(b).
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On the other hand,
(3.5) (b—9e); = ((b—82), —¢) R
=< (b + b)) (b + b)) — 72) , (by (3.3))
= (2bgbo + 2b7by — 7¢e)4
= (2bgby — 6¢)y + (2b1b] — )4
= (bybo — 3¢); @ biby.
In particular,
do((b—92),) < d.((Bybo —3¢),) +d, (biby),
and hence
(3.6) d ((bgbo —3¢)+) > d-((b—9e)s) —d.(b}by)
>d.(b)—6/4—06/4=d.(b) — /2.
Applying Lemma 3.5 to a'/?, we define ay € Ag and a; € By such that
lla — (ap + a1)"(ao + a1)|| < &,
aya; = hir(b),
and
|[(a=72)y — ((ao + a))*(ap + ar) — 7¢) +|| <e.
Then the same argument as for (3.5) shows that
(3.7) (a—8¢); X (ajag — 3¢e)4+ + ajay,
and since
agag < 2(ag + a1)*(ap + a1) + 2aiay,
the same argument as for (3.4) shows that

(agao —3e)+ 2 ((ag +a))*(ap + 1) —€) + (ajay —€/2)+
<adaja.
Therefore, by (3.6),
dT((agao — 35)+) < d;(a)+d;(aja;) < d;(a)+5/2
< d-(b) —0/2 < d-((bjbo — 3¢)+) .

Note that (ajap — 3¢)+ € Ag and (bjby — 3¢)+ € Ag. Since (by [6] or [2]) Ag has

strict comparison for positive elements, one has
(agag — 3e)y = (boby — 3¢)+,

and hence

(a—8¢); =X (agag — 3¢)+ +aja; (by (3.7))
= (bgbo —3e), + aTal
2 (b =€)+ +heay(b) + hipae(b) (by(3.4))

<b
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Since (by Lemma 3.3) ¢ is arbitrary, and the left side converges to a as € converges to
zero, by inspection of the definition of Cuntz comparison, one has

a=<b.

Suppose now that 0 is an isolated point of sp(b). Then the range projection of b in
the bidual of By belongs to By, and is Cuntz equivalent to b, and so we may assume
that b is a projection. Since (by Lemma 3.3) By has property (SP), if b # 0 (as we may
suppose), there is a non-zero projection p < b such that 7(p) < 7(b) — d;(a). Pick
a positive element ¢ € pByp with sp(c) = [0, 1], and consider the positive element

b :=({b-p)+c
Then
d-(t") > 7(b - p) > d.(a),
sp(t') = [0,1],and b’ < b. By the first part of the proof, one has that
a=<"v.

Since b’ < b, we again have a < b. [ |

Corollary 3.9  Assume that { fi}ic, and {g;}jen, are two collections of half-open
subintervals of T with the same orientation. Then the irrational extended rotation alge-
bra By is Z-stable.

Proof By Theorem 5.1 and Theorem 3.6 of [8], By is simple and has a unique tracial
state. By Corollary 7.5 of [8], By is nuclear. Hence, by Theorem 1.1 of [13], By is
Z-stable. ]

4 Quasidiagonality and the UCT

In this section, let us show that any By is quasidiagonal and satisfies the UCT. Then,
by a result of Matui and Sato in [14] and a recent classification theorem, it will follow
that the C*-algebra By is an AF algebra.

Theorem 4.1  Assume that {fi}ica, and {g;}jca, are two collections of half-open
subintervals of T with the same orientation. Then, for any irrational 0, the extended
rotation algebra By is quasidiagonal.

Proof Since By is nuclear ([8, 7.5]), it is enough to show that By can be (unitally)
embedded into 5~ M,,, (C)/@D}2, M, (C) for suitable natural numbers 1.
Let m,, n, be natural numbers such that m),/ny, — 6 as A — oco. Set w) =

eZm’mA/nA
0 1 o o0 --- 0
0 0 1 o --- 0
wom | emy
o 0 0 O 1
1 0 0 O 0
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and
vy = diag{w)\, wi, e ,UJKA} € Mm((C).
For each k € A, pick

1 .
h = — log(uye '™
wkA = 5 g(uy )

with 0 < h, 1, < 1, and for each I € A,, pick

1 .
By = — | —ibi
A= 5 og(vae ™)

with 0 < By < 1.
Consider the elements

wi=(uy), vi=), hugi=(hugy), and b= (hyry)

in [T52, My, (O) /D52, My, (€). We shall show that that the C*-algebra generated by
these elements is isomorphic to By, giving the desired embedding.
By Theorem 2.3, it is enough to show that u, v, hy t, h,, satisfy the relations

(1) uv = & 0yy,

) [Pl = Voil] = 1,
(3) u = e¥ihutad) and
(4) v = 2milhthy)

One only has to verify condition (1) since the other conditions are satisfied straight-
forwardly. A calculation shows that

UAVAUNYY = gmim/m.

and hence
lim uyvyuivi = lim &™m/m = 2%
A—00 A—00

which implies

uv = ™ yy
in [T50, My, (©)/D52, M, (C). Therefore, the elements u, v, hy, h,; generate a
copy of By in 52, M,,, (O) /@32, My, (C), as desired. [ ]

Let us now show that the C*-algebra By satisfies the UCT. It will be convenient to
show at the same time, for use in the final classification, that K;(By) = {0} and that
Ko (By) is torsion free.

Note that By = By, *4, B,. (In the case that there is only one cutting point for each
of u and v, it follows directly from the Cuntz—Germain-Thomsen exact sequence that
Ko(By) = Z + 07 and K, (By) = {0}.) Denote by i, and i, the embeddings of Ay
into B, and B,, respectively, and denote by j, and j, the embeddings of B, and B,
into By, respectively.

Before looking at K..(By), let us consider the C*-algebras B, and B,, and rewrite
them as certain amalgamated free products.

Recall that B, = C(£2,) x, Z, and suppose that there are only finitely many cutting
points {b; ; | € A, } for the unitary v. Put 0 = by < b < --- < by, | < L.

https://doi.org/10.4153/CJM-2014-022-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2014-022-5

820 G. A. Elliott and Z. Niu

Foreach! € A,, denote by I; the closed interval [b;, by, ] (assume by, |, = 1), and
consider the C*-algebra ealeAv C(I}). For each I € A,, define a function A;: [0,1] —
[0, 1] by

N t — by, ift € Uszlls,
t+(1—1b;), otherwise.

Then {1,k ; I € A,} is a set of generators for the C*-algebra @leAv C(I)). Regard
the unitary v as the function

t ™ e U,
in P, A, C(I1). Then a direct verification shows that
v=mi) e A

On the other hand, in the concrete C*-algebra B, the commutative C*-algebra
C(£2,) contains a copy of @16 A C(I). Let &y denote the generator in C(£2,) corre-
sponding to the element #;. Then, there is a homomorphism ¢ from the amalga-
mated free product Ay *¢(r) (@le A, C(Il)) to B, induced by

(4.1) o) =u, ¢(h) =h, 1eA,.
Since the image contains {u~"hju" ; n € 7,1 € A,}, it contains all the elements of

C(£2,), and therefore ¢ is surjective. Let us show that the map ¢ is also injective.

Lemma 4.2  Under the assumption that |A,| < oo, the map ¢ defined in (4.1) is
injective. In particular, the C*-algebra B,, is isomorphic to Ag *c(T) (@leAv C(Iz)) .

Proof The argument is similar to that of Theorem 2.9 of [8]. Set

B, = Ag *c(m) ( & C(Il)) :
leA,
Choose a faithful representation 7 of B], on some Hilbert space H, and let us still use
the same notation for the images of the elements of B, as for the elements themselves.
Since v = 2™ (*h) gne has

1 .
(4.2) h = i log(e*”’b’v) + ¢,

where ¢ is a subprojection of the spectral projection E, ({e*™%'}).
Consider the positive elements g, := f1(h;) and g := f,(h;), where

0 if0<x<1/2,
filx) = qlinear if1/2<x<1-46,
1 otherwise,
and
1 ifo<x<89,
fr(x) = ¢ linear iff <x <1/2,
0 otherwise.
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Then
Q= fl(zim 10g(V)> + e,
&= fi( 5 log) + (B{E™)) ~ e,
and hence
(4.3)
&1 (ugu™)
= (fl ( % 10g(V)) + el) (ufz ( i log(v)) u* + u(E,({e™"}) — e) u*)

= fi ( 2%” log(v)) “ufy ( 2%71 log(v)) u* +e+ u(Ev({ezmbl}) — el) u*

= E,((by — 0,b)) + &1 + u( E,({&™"'}) — &) u*.

Therefore, the element gjug,u™ is a projection. Let us define

n+1

diy = u ! (gl(ngu*)) u

Then the elements
{d,snelkel}

satisfy the set of relations R’ of [8], and by Lemma 2.6 of [8], the C*-algebra gener-
ated by {v,d,;n € Z,k € A,} is isomorphic to C(€2,) under the map

vz, diy = 0 (X b))
Therefore, there is a homomorphism
Y: B, 2 C(Q,) xZ — B,
with
Yw) =u and V(o " (X)) = din.
In particular, by (4.2) and (4.3), one has

() =h, 1A,
and hence ¢ o ¢ = idp,, which implies that the map ¢ is injective. ]

Lemma 4.3 Consider the C*-algebra B, (or B,). Let a € Ky(B,) such that na €
(iu)o(Ko(Ag)) for some non-zeron € N. Then a € (iu)o(Ko(Ag)).

Proof Assume that |A,| < co. By Lemma 4.2 and Theorem 6.4 of [19], a straight-
forward calculation shows that the sequence

0 — Ko(C(T)) 5 KolAe) @ (D Ko(C))) —2=", Ky(B,)

is exact, where
(1) =(0,1) @ 1,...,1),
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and 7 is the embedding of ), C(I)) into B,.
Let (a,b) ® (c1, ..., ¢, )—1) € Ko(Ag) ® (D Ko(C(I)))) be a representative of a.
One then has that

((na,nb) & (ncy, ... nepp, 1)) — ((@,b) ®(0,...,0)) = (0,m)® (m,...,m)
for some a’,b’', m € 7. In particular, this implies that m is divisible by n, and
€L == Cp -1 = m/n.
Then the element
(a,b) @ (1, ..., qn,)—1) — (0,m/n) @ (m/n,...,m/n) = (a,b—m/n) & (0,...,0)
is still a representative of a4, and it is in the image of Ky(Ap), as desired.

If A = {b1,b2,...,bi,... }| = oo, then for eachn = 1,2, ..., denote by ,,,,
the commutative C*-algebra generated by the spectral projections

Xkt b 51 =1,...,n k€ 2},
and consider the C*-algebra crossed product
Bu i= C(,) %, 7.
Then, as a sub-C*-algebra of B,, each B, , contains Ay, and B, = m The

n=1
conclusion follows from the preceding case, that there are only finitely many cutting

points. [ ]

Lemma 4.4  With the setting as above, the following facts obtain:

(i) Ki(By) = {0}, and Ko(By) is torsion free.
(ii) The map (i,, —i,): Ag — B, @ B, induces an injective map on the K-groups.

Proof Since B, = C(2,) x Z and the action of ¢ on (2, has no nontrivial clopen
subset, a direct calculation using the Pimsner—Voiculescu six-term exact sequence
shows that K;(B,) is isomorphic to Z, and is generated by the canonical unitary u.
The same argument also works for B,. In particular, this implies that (i,, —i,) (or
(i4,1,)) induces an isomorphism between K; (Ap) and K;(B,) & K;(B,).

For the injectivity on Ko-groups, by applying the standard trace on B, (or B,),
one has that the map ¢, (or ¢,) also induces an embedding of Ky(Ap) into Ko(B,,) (or
Ko(B,)). In particular, the map (i,, —i,) (or (i,,i,)) induces an injective map from
Ki(Ap) to Ki(B,) @ K((B,).

By Theorem 6.4 of [19], one has the exact sequence

iuo:ivo) Jug—Jvo

Ko(Ag) 2% Ko(B,) @ Ko(B,) 22—"2 Ko (By)

| l

K1 (By) T K;(By) ® Ki(B,) =—— K (Ap).

(fursiv)

Since (i,;,1,1): Ki(Ap) — Ky(B,) & Ki(B,) is an isomorphism, one has that
K, (By) embeds into Ky(Ag) with image the kernel of the map (7,0, ivy): Ko(Ag) —
Ko(B,) @ Ko(B,). But the map (i, 1) is injective, as shown above. Therefore,
Ki(By) = {0}
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Let us show that Ky(By) is torsion free. As shown above, one has that
Ko(Bg) = (Ko(B.) ® Ko(By)) /(iuo, ivo) (Ko(Ap)) -
Let (a,b) € Ko(B,) @ Ko(B,) with n(a, b) = 0 for some nonzero n € 7; that is
n(a,b) = ((iu)o(c), (i )o(c))
for some ¢ € Ky(Ay), and hence

na = (iy)o(c) and nb= (i,)o(c).

By Lemma 4.3, one has that

a € (iy)o(Ko(Ag)) and b€ (i,)o(Ko(Ap)).
Denote by ', b’ € Ko(Ay) the preimages of a, b, respectively. Since the maps (i,)o
and (7, ), are injective, one has
na' =c=nb'.
Since K (Ay) is torsion free, one has @’ = V', and therefore

(a,b) = ((iw)o(a"), (i)o(b")) € ((iu)o, (i)o) (Ko(Ag)),
which implies
(a,b) = 0 € Ko(By).
This shows that the group Ko(By) is torsion free. [ |

Let A, B be C*-algebras. In what follows, let
v(A, B): KK(A, B) — Hom(K.(A),K.(B))

denote the canonical homomorphism. Let us also use the same notation for the
analogous homomorphism with domain E(A, B).

Proposition 4.5 (23.8.1 of [1]) Let A be a separable C*-algebra. Suppose that for
every separable C*-algebra B with divisible K-groups, y(A, B) is an isomorphism. Then
for every separable C*-algebra B, the exact sequence of the UCT holds for A and B.

Theorem 4.6  For any irrational 0, the extended rotation algebra By satisfies the UCT.

Proof Since By is nuclear, the group E(By, D) and KK(By, D) are canonically iso-
morphic for any separable D. Therefore by Proposition 4.5, it is enough to show that
v(By, D) is an isomorphism between E(By, D) and Hom(K*('Bg), K, (D)) for any
separable D with divisible K-groups.
By Theorem 6.3 of [19], one has the exact sequence
Jusdv

(4.4) E(Ag, D) <" E(B,, D) & E(B,, D) <" B(By, D)

l T
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Applying the functor «y to the lower-right corner of (4.4), one has the commutative
diagram

E(B,, SD) ® E(B,, SD) o E(Ag, SD)

W(Bu,SD)EB')(BV,SD)\L J/'Y(ABA,SD)

Hom(K..(B.), K.(SD)) © Hom(K.(B,), K+ (SD)) ——= Hom(K.(A9), K.(SD)).-

By Lemma 4.4 (ii), the map (i,, —i,): Ay — B, & B, induces an embedding of K-
groups. Then, since K. (D) is divisible, the map i}, — i} in the bottom row is a surjec-
tive homomorphism. Since the C*-algebras B, B,, and Ay are nuclear and satisfy the
UCT, the vertical maps induced by the functor 7y are isomorphisms, and therefore the
map

ir —iy: E(By, SD) ® E(B,, SD) — E(Ay, SD)

u
must be surjective.
Then, by exactness of the sequence (4.4), the map E(Ap, SD) — E(By, D) is zero,
and therefore the map

(]:7 ]j) E(Bﬁ’; D) — E(BuvD) @ E(BV; D)
is injective.
Let us consider the map (By, D) and show that it is an isomorphism. Applying
the functor ~ to the top part of (4.4), one has the commutative diagram

(4.5)
iz =iy Ui i)
Hom (K. (Ag), K.(D)) <—— @ Hom(K.(Bs),K.(D)) <2 Hom(K.(By), K.(D))
7(Ag.D) ",I(Bu.D)EBW(BV.D)T 7(By,D)
iz =i; (i)
E(4g, D) @ E(B.,D) - E(By, D),

o=uv

Since the map (j, j¥) in the bottom row is injective, and as before, the first two
vertical maps (actually, we only need the middle one here) are isomorphisms, the
map v(By, D) must be injective.

Let us show that v(By, D) is also surjective. Note that the sequence
(i =iy) Jutiy
0 — Ko(Ag) — Ko(B,) & Ko(B,) — Ko(By) — 0

is exact, and K;(By) = {0}. Then a direct calculation shows that the top sequence
of (4.5) is exact in the middle, and the map (j}, j¥) (in the top row) is injective.
Since the C*-algebras Ay, B,, and B, satisfy the UCT, the maps (Ag, D), v(B,, D),
and y(B,, D) are isomorphisms. Let a € Horn(Ko(‘Bg)7 KO(D)) , and denote the
image of a in E(B,,, D) @ E(B,, D) by a’. Then, by the exactness of the top sequence,
the element a’ must be sent to 0 in E(Ag, D), whence, by the exactness of the lower
sequence, there is an element a” € E(By, D) which is sent to a’. Since (j, j¥) is
injective also at the level of Hom (in the top row), the element a”” must be sent to a
under the map v(Bgy, D). This shows that the map v(By, D) is surjective, as desired.

|
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Corollary 4.7  For arbitrary collections of sub-intervals { fi}icx, and {g;}jen,, the
irrational extended rotation algebra By = Bo({ fi}, {g;}) is an AF algebra.

Proof Suppose that {f; }ica, and {gj} jea, are two collections of half-open intervals
with the same orientation; then By is simple, unital, nuclear, and has a unique tracial
state. It is quasidiagonal by Theorem 4.1. Hence by [14, Theorem 6.1], By ® Q is TAF
for the universal UHF algebra Q. In other words, By is rationally TAE.

By Theorem 4.6, By satisfies the UCT; and by Corollary 3.9, it is Z-stable. There-
fore, it is covered by the classification theorem of [20], [11], and [12]. By Lemma 4.4
(i), the group K;(By) is zero and Ky(By) is torsion free. Also, as By is Z-stable,
by [10], the ordered group Ky(By) is unperforated. Since By has a unique tracial
state, the ordered group Ko(By) has a unique state. (It is the same to show that
Ko(By ® Q) has a unique state, but this holds as By ® Q has a unique tracial state and
is TAF—see above.) Furthermore, the image of Ko(By) is dense in R (it contains the
subgroup Z + 70). Therefore, Ko(By) is a Riesz group.

It follows by [4] that there is an AF algebra with the same invariant, which is also
covered by this classification theorem, and so the C*-algebra By is isomorphic to that
AF algebra.

For the general case, that {fi}ica, and {gj}jea, are two collections of arbitrary
intervals, by 5.14 of [8], there is a short exact sequence

0 PxK By 'Bé 0,

where B} is an extended rotation algebra which can be generated by half-open inter-
vals with the same orientation, and X is the algebra of compact operators. Since the
previous argument shows that Bj, is an AF algebra, the C*-algebra By is an extension
of AF algebras, and therefore (by [3] and [5]) it is an AF algebra as well. [ |
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