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Abstract. This paper discusses the relations between the following properties of finite
measure preserving ergodic actions of a countable group G: strong ergodicity (i.e.
the non-existence of almost invariant sets), uniqueness of G-invariant means on the
measure space carrying the group action, and certain cohomological properties.
Using these properties one can characterize all actions of amenable groups and of
groups with Kazhdan’s property 7. For groups which fall in between these two
definitions these notions lead to some interesting examples.

1. Introduction

The aim of this paper is to clarify the relation between a number of concepts and
recent results concerning finite measure preserving ergodic actions of a countable
group on a probability space (X, &, u). By definition, an ergodic action of a countable
group G will not have any non-trivial invariant sets. It may happen, however, that G
admits sets which are ‘almost’ invariant (for a precise definition we refer to § 2).
Following [2] we call a finite measure preserving ergodic action of G strongly ergodic
if it admits no almost invariant sets. From Rokhlin’s lemma it is clear that single
ergodic transformations can never be strongly ergodic {15], and a recent result by
Connes, Feldman and Weiss implies that no measure preserving action of an
amenable group G can ever be strongly ergodic. The situation is quite different for
groups satisfying Kazhdan’s condition T (like SL (n, Z), n =3, for example): they
can be characterized as precisely those groups for which every finite measure
preserving ergodic action is strongly ergodic [2]. In three recent papers [4], [7], [12],
another concept has been introduced which is fairly closely related to strong
ergodicity: the uniqueness of G-invariant means on L*(X, %, 1) (this means that
integration is the unique G-invariant mean on L*(X, &, u)). Again one can charac-
terize amenable groups as those groups for which no finite measure preserving action
admits a unique G-invariant mean, and groups with property T as those for which
every finite measure preserving ergodic action has a unique invariant mean.
Amenability and property T are, however, not complementary notions, and there
exist groups which fall between these two definitions, like SL(2, Z), for example, or
like any free group on more than one generator of infinite order. For these groups
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there exist finite measure preserving ergodic actions on (X, &, u) which are strongly
ergodic and others which are not, and there exist actions with and without unique
G-invariant means. Furthermore, one can have strongly ergodic actions without a
unique invariant mean, but not the other way round.

§ 3 studies the relations between these various notions and certain properties of
the first cohomology groups of G on (X, ¥, u). Again one can characterize both
amenability and property T by cohomological properties, and can find some
interesting examples and conclusions for groups falling into the gap between
amenability and property T. § 4 deals with the characterization of property T in
terms of cohomology with values in an amenable group A. This section also contains
a general necessary and sufficient condition for a cocycle of a countable group G to
be cohomologous to a cocycle with values in a compact subgroup.

While a final version of this article was being prepared the author received a
preprint by R. Zimmer [17] containing some of the results of this paper: in particular
[17] contains the implications (4)=> (1), (4)=(2) and (4)=>(3) of theorem 3.4, and
proposition 4.1 of this paper.

2. Strong ergodicity and invariant means

Let G be a countable group and let B be a complex separable Banach space. A
representation V :g - V, of G by linear isometries of B is said to contain the trivial
representation weakly if there exists a sequence (v,) in B with |lv,|| = 1 for every n and
with lim lon — Vev,||=0 for every g€ G. In the special case where there exists a

non-zero vector v € B with V,u = v for every g € G, we say that V contains the trivial
representation. Let now (X, &, u) be a fixed standard non-atomic probability space
and let (g, x) > gx be a measure preserving ergodic action of G on (X, %, u). For
every p with 1=p<oo we define a representation U® of G by isometries of
LP(X, &%, u) by setting

UPHx)=fg™" x), xeX,

foreveryge G, feLP (X, &, w). L§(X, &, u) will denote the space
{rerrx 2, w); [ rdu =}

and V¥ the restriction of U™ to L5(X, &, ). The ergodicity of G implies that V*
does not contain the trivial representation. It may happen, however, that v
contains the trivial representation weakly.

A sequence (C,, n = 1) in & is called an I-sequence (I stands for invariance) if
w(C,)>0foreveryn, li’rln u (C,)=0,and li'xln w (G AgC)/ u(C,)=0foreveryge G
(cf. [4]). For our next definition we assume that I' is a (not necessarily countable)
group and (y, x) > yx an ergodic, measure preserving action of I' on (X, &, ). A
T-invariant mean is a linear functional M : L*(X, &, u)» C with M(1)=1, M (f)=0
for f=0, and with M(f - y) = M(f) for every f € L°°(X, &, ) and yeI'. We quote
the following result from [12].
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(2.1) LEMMA. The following two conditions are equivalent.
(1) G admits an I-sequence in &.
(2) G has more than one invariant mean on L*(X, &, u).

Although some of the results in this section will have obvious analogues in the case of
uncountable groups, we shall deal almost exclusively with countable groups in order
to keep notation simple. If G is a countable group and (g, x)-> gx a measure
preserving ergodic action of G on (X, &, u), we call a sequence (C,) = & asymp-
totically invariant under G if li'rln u(C.AgC,)=0 for every ge G (cf. [15]). An

asymptotically invariant (a.i.) sequence (C,) is said to be trivial if

lim p(G,) - (1-u(G) =0,

and the action of G is called strongly ergodic if every a.i. sequence (C,,) in & is trivial.
If the action of G is not strongly ergodic, it admits many a.i. sequences. In fact, one
can find, for every € with 0 <e <1, and an a.i. sequence (C,) < & with u (C,) = ¢ for
every n. We mention in passing that strong ergodicity is an orbit-gquivalence
invariant (see [15] and theorem 2.6 of this paper). From the abundance of a.i.
sequences for actions which are not strongly ergodic and from lemma 2.1 one
concludes immediately:

(2.2) PROPOSITION. If the action of G on (X, &, u) is not strongly ergodic then G has
more than one invariant mean on L™(X, %, ).

(2.3) PrROPOSITION. Let G be a countable group and let (g, x)> gx be a measure
preserving ergodic action of G on (X, ¥, u). The following conditions are equivalent.

(1) There exists a p with 1 <p <o such that V'* ) contains the trivial representation
weakly. )

(2) For every p with 1<p <o, VP contains the trivial representation weakly.

(3) G admits more than one invariant mean on L™(X, &, ).

Proof. The implication (2) = (1) is trivial. To prove (3) = (2), assume that the action of
G admits more than one invariant mean. By lemma 2.1 and the countability of G we
can find an I-sequence (C,) in &. Put h,(x)= xc, (x)—u(C,), where xc, is the
indicator function of C,. We fix p and put f,, = h./||h.|,, n =1, where || - ||, denotes
the p-norm. One checks easily that linm If — VPF.ll, = Ofor every g € G, so that (2) is

satisfied. The remaining implication (1) = (3) is slightly more involved, although the
proof is quite standard. Assume that (1) is satisfied, and choose a sequence of
real-valued functions (f,,) in L§(X, &, u) with ||f,]|, =1 for every n and with

lim |fu = Vfull, =0

for every ge G. We define a sequence (o,) of probability measures on R by
setting ,(D)=u{x: f.(x)e D}), D <R, and observe that this sequence (o) is
uniformly tight [10, theorem 6.7]. Without loss of generality we may therefore
assume that (o,) converges weakly to a probability measure o on R. If o is not
concentrated in a single point, we can find an @ €R with o({a})=0 and with
0<o((—%0, a))< 1. Since a is a continuity point of o, we have 0 < li'rln T ((—00, a)) =
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o((—%0, a))< 1, and, putting C, ={x: f,.(x) <a}, we obtain lim u(C, A gC,) =0 for

every g€ G. The action of G on (X, ¥, u) is thus not strongly ergodic, and
proposition 2.2 implies (3). To complete the proof we have to deal with the case
where o is concentrated in a single point a,. Since

[ 1Al =1V fu (P dis (o)
= [ Mol = 1fule 000 i)

SJ Ifu ) =1fule ™) - p - (P + 1 fulg )P dia(x)
SZp : ”fn _fn . ghlllp : ”fn"s-l’
we obtain, for h, =|f,|%,
J-h,.du.=1,n21,
and

lim A, —h, - g =0

for every g € G. Let now, for every n =1,
ho(x)  ifhy(x)=|ao)” +1,
. { ()2 el

|aol” otherwise.
Since o is concentrated in a, and since | f, ||, = 1 for all n, the functions k¥ will satisfy
lim I h¥du =1,
lim ess sup h¥ = oo,
and
lim A% — % - g7'i=0

for every ge G. Using a technique due to I. Namioka we set, for every seR,
xeX geG,
1 ifs=h¥(g'x),
F.(g, s,x)={ , 8
0 otherwise,
and obtain

Wk —hk g7 =j L |Fo(e, s,x)—F,(g, s, x)| ds du(x)

=j0 IlF,.(e, 5, x)—Fa(g, s, x)| du(x) ds, 2.1)

where e denotes the identity element in G (this adaptation of I. Namioka’s method is
due to A. Connes). Furthermore,

1A%l =I L°° F.(e, s, x) ds du(x) =J‘

0

[ ]

I F.(e, s, x) du(x) ds. 2.2)
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Let now (Gi) be an increasing sequence of finite subsets of G with G =|_JG, and
choose, for every k =1, an integer n, =1 with

Z ” hfk _h:':k ' 3_1”1

2.3
W nh T @3)

The inequality

oo

¥ I JIFnk(e,s,x)—Fnk(g,s,x)|du(x)ds<l-J J-Fnk(e,s,x)dp,(x)ds,
0 0

k

geGi

which is a consequence of (2.1)-(2.3), implies the existence of a real number
s(k)>|ao|’ with

0= L IFulestk), 1)~ Fu(g. s(k), x)| dus(x)

<%-J‘Fnk(e,s(k),x) du(x). 2.4)

Put
Ce={x: hy (x)=s(k)}.

Our assumption on (o,) implies that hlrcn un(C)=0, and (2.4) yields

5wl gG< (G

2e Gy
We have proved the existence of an I-sequence for G in &, and (3) is now implied by
lemma 2.1. The proof is complete. O

Propositions 2.2 and 2.3 now allow us to turn to the main results of this section.

(2.4) THEOREM. Let G be a countable group and let (X, %, n) be a standard
non-atomic probability space. The following conditions are equivalent.

(1) No ergodic measure preserving action of G on (X, &, ) is strongly ergodic.

(2) No ergodic measure preserving action of G on (X, %, u) has a unique G-
invariant mean on L (X, %, ).

(3) G is amenable.

Proof. (1)=>(2) follows from proposition 2.2. The implication (2)=>(3) has been
proved in [7]: assume that G is not amenable and let K be a compact metric abelian
group with Haar measure A and dual group K. Put X'=K° (the space of all
functions x :G->K) and u'= A€ (the product measure). X' is a compact metric
abelian group with Haar measure u' under the product topology and pointwise
addition as composition. For ge G and xeX', let g-x(h)=x(g"'h). This
‘Bernoulli’-action of G on (X', ¥, u'), where & is the product Borel field, is ergodic
and measure preserving, and the adjoint action of G on the dual group X' of X'is
free on the complement of {1} (1 is the identity element in X’). From this and from the
non-amenability of G it is easy to see that this action of G on (X', ¥, u') has the
property that the representation V® of G on L3(X', &/, u'), given by

(VPHx)=fg-x), =xeX', feLP X', ¥, u), geG,
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does not contain the trivial representation weakly (cf. [6, p. 61]). Proposition 2.3
now implies that this action of G has a unique invariant mean on L*(X’, ¢, u"), and
we conclude that (2) implies (3). The final implication (3)=> (1) follows from the fact
that every (measure preserving) action of G on (X, &, u) is approximately finite (cf.
[3]) and hence not strongly ergodic (cf. [15]). An application of proposition 2.2
completes the proof of the theorem. O

For our next result we recall that a countable group G is said to satisfy Kazhdan’s
condition T if the trivial representation is an isolated point in the dual space GofG
or, equivalently, if, for every unitary representation W of G on a complex separable
Hilbert space, W contains the trivial representation weakly if and only if W contains
the trivial representation.

(2.5) THEOREM. Let G be a countable group and let (X, ¥, u) be a standard
non-atomic probability space. The following conditions are equivalent.
(1) Every ergodic measure preserving action of G on (X, ¥, u) is strongly ergodic.
(2) Every ergodic measure preserving action of G on (X, %, ) has a unique
G-invariant mean on L™(X, &, ).
(3) G has property T of Kazhdan.
Proof. The equivalence of (1) and (3) is the subject of [2]. (3)=> (2) by proposition
2.3, and (2)=> (1) follows from proposition 2.2. O

Although the uniqueness of G-invariant means distinguishes amenable groups from
groups with property T as long as these groups are countable, the situation is quite
different for full groups. Recall that the full group [G] of an action of G on (X, &, u)
consists of all automorphisms S of (X, &, u) with{$"x:n € Z} = {gx: g € G}for u-a.e.
x € X. I am grateful to H. A. Dye for pointing out this fact to me and for allowing me
to include the following proof.

(2.6) THEOREM. Let G be a countable group and let (g, x) - gx be an ergodic measure
preserving action of G on a standard non-atomic probability space (X, &, ). Then [G]
has a unique invariant mean on L™(X, %, ).

Proof. Let M be a[G]-invariant mean on L™(X, &, u) with M(f) # J. fdu for some
fe L*(X, ¥, u). Without loss in generality we may assume that M is singular, i.e. that
there exists a set B e % with u(B)>0, but M(xz) =0. By decreasing B we may
assume that u(B)=1/n for some n > 1, and we choose elements Sy, ..., S, in [G]
such that $;B =B, S.B,...,S,B forms a partition of X. We obtain 1=M(1)=

Y M(xs.z) =0, and this contradiction proves our assertion. O
k=1

‘Although theorems 2.4 and 2.5 might suggest the equivalence of strong ergodicity
and the uniqueness of a G-invariant mean, the actual situation is more complicated
and we conclude this section with an example which shows that there exists a measure
preserving ergodic action of a countable group G on a standard non-atomic
probability space (X, &%, u) which is strongly ergodic, but which has more than one
G-invariant mean on L™(X, %, u).
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(2.7) Example. In the following we shall construct a finite measure preserving
ergodic action of the free group G on three generators a, b, ¢, which is strongly
ergodic, but which has more than one invariant mean. Let G, be the free subgroup of
G generated by a and b, and let (Y, 7, v) be the 2-torus with its usual Borel field and

1 1 1 0
Lebesgue measure. The two matrices ( 0 1) and ( 1 1) act as linear automor-
phisms of (Y, 7, v), and one can either prove directly or as a corollary to the results in
11 1 0
[15] that the action of G, defined by letting a act as ( 0 1) and b as ( 1 1) on

(Y, 7, v) is ergodic, measure preserving and strongly ergodic (in [15] we prove that
the action of all of SL(2, Z) on (Y, 7, ») is strongly ergodic). Let now X = Y X N,
where N={1, 2, ...}, and let & be the product Borel field of X. u will denote the
probability measure on (X, &) given by

wB)=25 a7 wllye Y (,n)eB)

forevery B € &. Forevery g€ G,, (y, n)e X, put g(y, n) =(gy, n), where (g, y) > gy is
the earlier described action on G, of (Y, 7, v). The action of G, on (X, &, u) is again
measure preserving, but not ergodic. We shall now describe the action of the third
generator ¢ of G on (X, &, ). We choose a measure preserving automorphism S of
(X, &%, 1) such that

S(Yn)c Yn—l

for every n =2, where Y, ={(y, n):y € Y}, and represent ¢ on (X, &, u) by S. Since
the action of G, on (Y, 7, v) is strongly ergodic, one can check quite easily that the
action of G on (X, &, u) is again strongly ergodic. On the other hand, if we set
C.=U Y,n=1, we see that aC,=bC,=C, for every n=1, and that

m=n

lim u(C, A ¢C,)/u(C,)=0. An elementary computation now implies that
lim u(C, A gC,)/r(C,) =0 for every g€ G. Using lemma 2.1 we conclude that G

has more than one invariant mean on L°(X, &, n).

3. Cohomology and property T

Let G be a countable group, (X, %, u) a standard non-atomic probability space,
(g, x)~ gx a non-singular ergodic action of G on (X, &, 1) and A a locally compact
second countable group. U (X, u, A) stands for the group of u-equivalence classes of
Borel maps ¢ : X - A, furnished with the topology of convergence in measure and
pointwise multiplication as composition. We note that U (X, u, A) is a polish group
and carries a natural G-action given by (g, ¢)> ¢ - g "“Amapa:G-U(X, u,A)is
called a (1-)cocycle for G if

a(gy, g2x) - a(gz, x) = a(g182, x) (3.1)

for every g1, g2€ G and for u-a.e. x € X (we are writing a(g, x) instead of a(g)(x)).
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A cocycle a: G- U(X, u, A) is said to be a coboundary if there exists a Borel map
be U(X, n, A) with

a(g x)=b(gx) 'b(x) (3.2)

for every g € G and u-a.e. x € X. Finally, we call two cocycles a;, i = 1, 2, cohomolo-
gous if there exists a b € U(X, u, A) with

ai(g x)=b(gx) 'ax(g, x)b(x) (3.3)

for every ge G and u-a.e. x e X, Z G, U(X, u, A)) will denote the set of cocycles
for G and B'(G, U(X, u, A)) the subset of coboundaries. Z'(G, U(X, u, A)) is a
polish space in the topology of pointwise convergence on G.

If A is abelian, Z'(G, U(X, u, A)) is an abelian group and B'(G, U(X, u, A))
a subgroup. H'(G,U(X,u,A)) will then denote the quotient group
ZNG,U(X, u, A))/B' (G, U(X, u, A)). For the general background of these
definitions we refer to [5], [13] and [16]. For A =C and for a measure preserving
action of G on (X, &, u) we define further cohomology groups H WG, L°(X, %, n) =
ZN G, L°(X, %, 1))/BN G, L°(X, &, u)) by replacing U(X, u, A) everywhere by
LP(X, %, u) for some p with 1 <p <co. Again ZNG, L7 (X, %, n))isa polish group
under the topology of pointwise convergence on G.

(3.1) THEOREM. Let G be a countable group, (X, ¥, n) a standard non-atomic
probability space, and (g, x)-> gx a measure preserving ergodic action of G on
(X, &, 1). The following conditions are equivalent.

(1) There exists a p with 1<p <o such that BY(G,L°(X, %, 1)) is a closed
subgroup of Z'(G, L*(X, %, u)).

(2) The representation V' of G on L§(X, ¥, u) does not contain the trivial
representation weakly, for some p with 1 <p <o,

(3) (1) and (2) are true for every p with 1 =p <0,

(4) G has a unique invariant mean on L(X, %, u).

Proof. This is an immediate consequence of proposition 2.3. O

(3.2) THEOREM. Let G be a countable group, (X, ¥, u) a standard non-atomic
probability space, and (g, x)-> gx a measure preserving ergodic action of G on
(X, &, 1). The following conditions are equivalent.

(1) There exists a locally compact second countable abelian group A # {0} such that
BY(G, U(X, u, A)) is a closed subgroup of Z'(G, U(X, u, A)).

(2) Forevery locally compact second countable abelian group A, B NG, U(X, u, A))
is a closed subgroup of Z'(G, U(X, u, A)).

(3) The action of G on (X, &, u) is strongly ergodic.

Proof. This is theorem 2.4 in [15]. O

For the following lemma we assume again that G is a countable group and (g, x) > gx
a measure preserving ergodic action of G on (X,%, u). For a fixed ce
Z\ (G, U(X, u, 1)) (T is the circle group), consider the representation U° of G on
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L¥(X, ¥, @) given by
(UghHx)=c(@™, x)f(g 'x), xeX, (3.4)
for every g G and fe L*(X, %, ).

(3.3) LEMMA. U contains the trivial representation if and only if ¢ is a coboundary.

For every c € BY(G, U(X, u, T)) (the bar denotes closure in Z'(G, U(X, u, 1)), U*
contains the trivial representation weakly.

Proof. From (3.4) it is obvious that any function foeLz(X, &, ) which is invariant
under U° must have constant modulus and cobound c. The second assertion is
equally obvious: if c(g, x) =lim b, (gx)—lb,. (x) in x-measure, where b, € U(X, u, T),

then (b,.), considered as a sequence in L*(X, #, u), will be asymptotically invariant
under U*. The lemma is proved. O

(3.4) THEOREM. Let G be a countable group and (X, &, u) a standard non-atomic
probability space. The following conditions are equivalent.

(1) For every locally compact second countable abelian group A, every measure
preserving ergodic action (g, x)>gx of G on (X,% u), and for every
aeZY (G, U(X, u, A)) there exists a compact subgroup K of A and a cocycle a’
cohomologous to a and taking values in K.

(2) For every measure preserving ergodic action of G on (X, %, u),
H'(G, U(X, u, 2))=0.

(3) For every measure preserving ergodic action of G on (X, u),
HY(G, U(X, u, 1)) is countable.

(4) G has Kazhdan’s property T.

Proof. (1)=>(2) is obvious. To prove (2) = (4) note that (2) implies in particular that
B'Y(G, U(X, u, Z)) is a closed subgroup of Z'(G, U(X, u, Z)). Theorem 3.2 and
theorem 2.5 combine to give (4). Assume now that (4) is satisfied. Kazhdan’s
property T implies that there exists a finite set Gy in G and an ¢ >0 with the
following property: if W is any unitary representation of G on a complex
separable Hilbert space H, and if there exists an element fe H with ||fl=1 and
max |Wf —fll < e then W contains the trivial representation. To apply this condition.

we ﬁx a measure preserving ergodic action of G on (X F,u) and a c¢o€
BY(G, U(X, u, T)). By lemma 3.3, U has a fixed vector foc L*(X, %, u) with unit

norm. For every ¢ € Z(G, U(X, u, T)) with J le(g™", x)~colg™", x))|du (x) < § for

every g € G, where § is sufficiently small, we obtain |U g fo — fol < € for every g € Go.
U° will thus contain the trivial representation, so that c is a coboundary. We have
proved that BY(G, U(X, w, T))is an open subgroup of Z'(G, U(X, u, T)). Hence H'
is discrete, and countable on account of its separability. Having proved that (4)
implies (3) we now turn to the remaining 1mp11cat10n (3)=>(1). Let A be a locally
compact second countable abelian group, A its dual group, and let ae
ZY G, U(X,n, A)). For every xcA, let ¢, denote the cocycle y-a in
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ZYG, U(X, u, T)). The map x - c, is continuous from A into Z(G, U(X, u, T))
and hence defines a continuous map y - [c, ] from A into H'(G, U (X, u, T)) (note
that B' is closed as a consequence of (3)). Since H ! is countable, [c, ] must be trivial
for all y in a neighbourhood N (1) of 1in A. Let A, be the open subgroup generated
by N(1). Then Ao=A/K for some compact subgroup K of A. The cocycle
a*.:G->U(X, u, A/K)), given by a*(g, x) =a(g, x) + K, is a coboundary by [13]. A
standard argument now shows that a is cohomologous to a cocycle a’ with a'(g, x) €
K for every g€ G and a.e. x € X. The proof is complete. O

(3.5) Remark. The equivalence of (3) and (4) is a special case of a result in [1], and
the implication (4) = (1) has also been noticed by H. Furstenberg. It is interesting to
compare the statement of theorem 3.4 with the following assertion which is a
consequence of [11] and of theorem 2.4: a.countable group G is amenable if and only
if, for every measure preserving ergodic action of G on (X, %, 1), and for every
locally compact second countable abelian group A, BI(G, UX, u, A)#

BY(G, U(X, u,A))=Z"(G, U(X, u, A)).

Let G and I' be two countable groups with measure preserving ergodic actions
(g, x) > gx and (v, x) > yx on (X, &, u). The two actions are called orbit equivalent if
there exists a (necessarily measure preserving) automorphism V of (X, &, u) with
V[G]V '=[T]. If G =T one can ask whether two different actions of G are orbit
equivalent. The results in [3] imply that any two measure preserving ergodic actions
of a countable amenable group G are orbit equivalent, since they must both be
approximately finite. Theorem 2.4 and theorem 2.5 have the following corollary.

(3.6) COROLLARY. Let G be a countable group which is neither amenable nor
satisfying property T. Then G has two measure preserving ergodic actions on (X, &, u)
(namely one which is strongly ergodic and one which is not).

(3.7) Example. Let G =SL (2, Z), acting as the group of linear automorphisms on
the 2-torus (Y, 7, v) (cf. example 2.7). This action is strongly ergodic (cf. [15]).
Consider now the cocycle a € Z'(G, U(Y, v, Z)) satisfying

S (i R

((0 _1> ) -1 fory=(s,t)withO<s,r<>andi=<s <1,
a ,y)=
1 0 1 otherwise.

As shown in [15], a is a well defined cocycle for SL (2, Z), and the corresponding
infinite measure preserving skew product action of G on Y X Z, given by g(y, n) =
(gy,n+a(g y)), g€ G, ye Y, neZ, is ergodic with respect to u Xm, m being the
counting measure on Z. Let now a € [0, 1) be irrational, and consider the action of G
on Y XT(T =R/Z) givenby g(y, t)=(gy,t+a - a(n,y)(mod 1)) foreveryye Y, teT,
and g e G. Since the Z-action (n, t) > t+na(mod 1) on T is not strongly ergodic,

and
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we can find a sequence (B,) of Borel sets in T with A(B,) =1 for every n(A is the
Lebesque measure on T) and with lim A (B, A (B, + ma (mod 1))) =0 for every

m e Z.Setting C, = Y X B, we obtain a non-trivial a.i. sequence for this action of G on
Y x T = T°. We have thus constructed a measure preserving ergodic action of G on
the 3-torus which is not strongly ergodic. It is well known that countable groups may
have many orbitally inequivalent actions, but this example may be of interest for its
simple and explicit nature. This example also leads to insight into the following
phenomenon: if G is amenable and (g, x) » gx a measure preserving ergodic action
of G on (X, ¥, 1), then any cocycle a for G with values in a locally compact second
countable abelian group A i's\cohomologous to a cocycle a’ taking values in a given
countable dense subgroup A"of A. If G has property T, if A is a compact abelian
group, and if a € Z'(G, U(X, ., A)) is a cocycle for G which is not cohomologous to
any cocycle taking values in a closed proper subgroup of A, then a is also not
cohomologous to any cocycle with countable dense range in A (any such cocycle
would give rise to an action of G which is not strongly ergodic). Using the methods of
[8] one can make this last statement stronger by specifying which dense subgroups of
A can occur as ranges of cocycles, but we shall not go into this.

4. Property T and boundedness of cocycles

Let G be a countable group, (X, &, u) a standard non-atomic probability space, and
(g, x) » gx a measure preserving ergodic action of G on (X, &, u). The following
assertion was mentioned to me as a conjecture by H. Furstenberg. During the
preparation of this paper I received a preprint by R. Zimmer containing the same
result with a different proof (cf. [17]).

(4.1) PROPOSITION. Let A be a locally compact second countable amenable group. If
G has property T, and if ae Z'(G, U(X, u, A)) is a cocycle for the action of G on
(X,.%, 1), then there exists a compact subgroup K of A and a cocycle a' cohomologous
to a taking values in K.

(4.2) CorROLLARY. Let G be a countable group. The following conditions are
equivalent.

(1) For every measure preserving ergodic action of G on (X, &, u), every locally
compact second countable amenable group A and every cocycleac Z WG, Ulx, u, A))
there exists a cohomologous cocycle a' taking values in a compact subgroup
of A.

(2) G has property T.

Proof. Apply proposition 4.1 and theorem 3.4. O

(4.3) COrROLLARY. Suppose G has property T and A is a locally compact second
countable group. Let Ao be the maximal unimodular subgroup of A, ie. Ao=
{a € A:Ala) =1}, where A is the modular function of A. Then every cocycle a €
ZXG, U(X, wu, A)) is cohomologous to a cocycle taking values in Ao.

Proof. The cocycle A - a € Z'(G, U(X, u,R")) is a coboundary. O
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Turning now to the proof of proposition 4.1 and of some related results we let A be a
locally compact second countable group with left Haar measure and assume that G is
a countable group, (X, ¥, u)a standard non-atomic probability space, and (g, x) - gx
ameasure preserving ergodic actionof G on (X, &, u). We put X =XxA, A=u XA
and write & for the product Borel field on X. LetnowaeZ (G, U(X, u, A)), and
consider the skew product action

gx,a)=(gx, a(g, x)a) 4.1

of G on (X, 2 i), where geG, xeX, acA. W* will denote the unitary
representation of G on L*(X, &, () given by

(Wef)(x, a)=f(g"'x, a(g™", x)ax) 4.2)
for every fe L*(X, #, 4i) and (x, a)e X.

(4.4) LEMMA. Suppose that W* contains the trivial representation. Then there exists a
compact subgroup A' of A and a cocycle a’ cohomologous to a and taking valuesin A’

Proof. Consider the ergodic decomposition of £ with respect to the action (4.1) of G
on(X, %, ). The existence of a G-invariantset B € Pwith0< u{B)<ooimplies that
a.e. measure in the ergodic decomposition of 4 is finite. For everya € A, (x, B) € X,
let R.(x, B)=(x, Ba™"). The action (a, (x, B))> R.(x,8) of A on X, %, n) is
measure preserving and commutes with the G-action. A standard measure theoretic
argument allows us to assume that every measure o in the ergodic decomposition of
£ has the following properties:

(a) o is finite and invariant under G;

() if m1:X > X denotes projection onto the first coordinate, then omi'isa
constant multiple of w (cf. [14, theorem 1.3]);

(c) foreverya € A, oR, ! is either equal to o or singular with respect to o.
We choose and fix a measure o on (X, &) satisfying (a)—(c) and decompose it with

respect to 1r1:a'=j o, du(x), where each o, is concentrated on the set A, =

{(x, a):a € A}. We define o¥ on A by setting o¥ (D) = o, ({(x, @) : & € D}) for every
Borel set D = A. Condition (c) above, combined with the fact that the measures o *
are all finite, implies the existence of a compact subgroup A’ of A with normalized
Haar measure A’ such that o¥ is a constant multiple of a left translate of A’ on A, for
u-a.e. x € X. In other words we can find Borel maps :X > A and ¢: X >R" with
a¥(B)=c(x). A'(b(x)- BN A") for every Borel set B< A and for a.e. xe X. We
conclude that a'(g, x) = b(gx) 'a(g, x)b(x)e A’ for every g€ G and for u-a.e. x € X.
The lemma is proved. O

(4.5) LEMMA. Suppose G has property T and A is amenable. Then W* contains the
trivial representation.

Proof. Let (K,.) be a sequence of compact subsets of A which increases to A, and let
(K¥) be an increasing sequence of compact sets in A with
AK¥ AaKF)
YT s
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We set
AMK*) 12 foraeKE,
0 otherwise,

fn(x,a)={

and observe that, for every g€ G,

lim (W3 )= [ (Wi) (0 @) ulx, @) di (5, ) = 1.

Hence the representation W* contains the trivial representation weakly. Property T
implies that W* contains the trivial representation. The lemma is proved. O

Proposition 4.1 is now an immediate consequence of lemmas 4.4 and 4.5. Turning
now to the related problem of boundedness for cocycles we recall the following
definition from [9].

(4.6) Definition. Let G be a countable group, (X, %, u) a standard non-atomic
probability space, (g, x) > gx a measure preserving ergodic action of G on (X, &, u),
and A alocally compact second countable group. A cocyclea € Z YG, UX, u, A))is
called bounded if, for every >0, there exists a compact set K., <A with
w(x:a(g x)2K.})<e for every ge G.

(4.7) THEOREM. Let G be a countable group, (g, x) > gx a measure preserving ergodic
action of G on a standard non-atomic probability space (X, ¥, u), and A a locally
compact second countable group. A cocycle a € Z'(G, U(X, u, A)) is bounded if and
only if it is cohomologous to a cocycle a’ taking values in a compact subgroup A’ of A.
Proof. Suppose a is bounded and choose a compact set Ki<A with
w(x:a(g, x)¢ Ki})<3forevery g € G. Let N (e) be a compact neighbourhood of the
identity in A with A(N(e))=1andlet K = K1'N(e). Put

1 ifaeN(e),

0 otherwise,

filx, @)=

and
1 ifaek,

0 otherwise.

falx, @)=

Clearly we have (Wgf,, f2)>3 for every ge G. Let C be the closed convex hull of
{Wifi:ge G}in L*(X, &, ). Every element ¢ € C satisfies (¢, f») =3, so that 0¢ C.
The Ryll-Nardzewski fixed point theorem implies the existence of a function ¢oe C
with Wgdo= ¢, for every ge G, and we conclude that W* contains the trivial
representation. Lemma 4.4 completes the proof of the theorem, since the converse is
obvious. O

(4.8) CoROLLARY. Suppose G has property T. Then every cocycle for G with values in
a locally compact second countable amenable group is bounded.
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