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A SPECIAL CASE OF THE VANISHING OF A 
(G, a)-PRODUCT IN A (G, <r)-SPACE 

BY 

K. SINGH 

In [1] we constructed a (G, a)-space and determined a condition which is both 
necessary and sufficient for the (G, a)-product of the vectors vl9 v29.. ,9vn to be 
zero. The purpose of the present paper is to give a criterion for v1 A v2 A • • • À vn 

to be zero, in the particular case when Fis a unitary space and the group G belongs 
to a special class of groups which we shall define below. As a result, we get a 
criterion which is very simple to determine whether vx A v2 A • • • A vn is zero or 
not. We repeat some definitions and results of [1] in order to make this paper 
self-contained. 

1. Let G be a permutation group on the set /={1, 2, 3 , . . . , n}9 F an arbitrary 
field, or a linear character of G into F*, the multiplicative group of the field F. 
Consider the Cartesian product W= Vx Vx • • • x V (n copies), where V is an 
m-dimensional vector space over F. 

1.1 DEFINITION. A mapping/: W->U, where U is any vector space over F, 
is called (G, a) iff 

Oi, w2,..., wn)f = <j(g)(wga)i wgi2),..., wg(n))f 

for all geG, wteV, and / e I. 

1.2 DEFINITION. An element (u>l5 w2,..., wn) e W is called a (G, a) element 
iff 3 g G G such that o-(g)# 1 and wi9 wgW are linearly dependent for all / e /. 

1.3 DEFINITION. A vector space T over F is called a (G, o-)-space of W, iff 3 a 
mapping r on W into T such that 

(i) T is multilinear and (G, a). 
(ii) jfhas a "Universal mapping property", i.e. if U is any vector space over F 

and/is any multilinear and (G, o-) mapping of W into £/, then 3 a unique linear 
transformation / of T into U9 such that Tf=/. 

In [1] we have shown that, given G, o-, and W, there exists a (G, o-)-space which 
is unique up to isomorphism. 

1.4 Notation. If (H>I, W29 . . . , wn) e JF, we denote its image (wl9 w29..., wn)r 
under r by wx A w2 A • • • A wn and call it the (G, o-)-product of the vectors 
wl9w2,...9wn. 
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1.5 DEFINITION. An element (wl9 w29.. .9wn)e W is called a trivial element iff 
wt = 0 for some /. Otherwise it is called nontrivial. 

1.6 REMARK. If (wl9 w29..., wn) G W is a trivial element, then since r is multi
linear, we have wx A w2 A • • • À wn = 0. Thus we shall assume from here on that 
(wl9 w29..., wn) is a nontrivial element of W. 

We have the following sufficient condition for vx A v2 A • • • A vn = 0. 

1.7 THEOREM. If(vl9 v2,..., i?n) G W is nontrivial and a (G, a) element, then v1 A u2 

A-- -A vn = 0. 

Proof, (^1? i?2 , . . . , vn) is a (G, a) element implies there exists ge G such that 
cr(g)#l and i?t, t?y(i) are linearly dependent for all iel. Let vg(i) = Xg(i)vi9 where 
Ag(0 e F for all / G L We shall first show that Aff(1)Aff(2)... Ag(n) = 1. Let g = CxC2 . . . Cfc 

be the cyclic decomposition of g, which also includes the cycles of length one, if 
any. Let Z>f = dom Ci5 / = 1 , 2 , . . . , k. Then /=(Jf=i A a n d if *, 7 G / , J ^ / , then 
Dtn Dj= 0. Let Ci = (a i l , a i > 2 , . . . , aUn), where ^ > 1 is the length of the cycle 
Q, i=l9 2 , . . . , fc. Then nx+n2-i hnk=n. 

V0Ci,m = V9(al,ni-l) = *9(cci,nt-i)
VcCi,ni-l = • • • = • • • 

Hence ELeDi ^<a>= 1> an(* s i n c e * is arbitrary, we have 
k 

o 7̂«o = n n (̂tf) = i-
aeD i = l aeDj 

Thus, 
Vl A V2 A • • • A Vn = (vl9 V29...9 Vn)r 

= <KS")0<7(1)> VgM> • • •> Vg{n))r 

= ^ ^ ( ^ ( D ^ l ? ^(2)^25 • • • > ^ff(n)^(n))T 

= <*(#) EI ^(«oOi* *>2, • • -, Vn)r 
aeD 

= <Kg)i>i A y 2 A - - A y n 

and since o{g)¥" 1, we have ^ A u2 A • • • A ^n = 0. 

1.8 REMARK. The converse of Theorem 1.7 is false ; for take G=S3, and a : G->F*, 
defined by 

, . _ (1 if g is an even permutation, 
\— 1 if g is an odd permutation. 

Then the (G, a) space in this case is the Grassman space /\3 V. Clearly (vl9 v29 

^1 + ^2) G Wis not a (G, cr) element, but it is well known in the theory of Grassman 
space that since vl9 v29 v± + v2 are linearly dependent, we have 

v1 A v2 A (v1 + v2) = vx A r2 A 0 i + tf2) = 0. 
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However if Fis a unitary space and G belongs to a certain class of groups G, which 
we shall define below, then the converse of the Theorem 1.7 is also true. 

2. Particularizing V and G. Let G be a subgroup of Sn9 the symmetric group of 
degree n. If T is an orbit of G, let gT denote the restriction of g to T. 
Let GT={gT | g e G}. Then GT is a subgroup of ST, the symmetric group on T. 
Let G = {G | G is a subgroup of Sn and if T is any orbit of G, then G r is cyclic}. 
Clearly G contains every cyclic group. As to the other members of G, they are all 
abelian. 

Let G s G and W= Vx Vx • • • x V (n copies), where F is a unitary space of 
dimension m. Let a be any linear character of G and consider the (G, cr)-space 
ofW. 

2.1 DEFINITION. If v = (vl9 v2,..., vn) e W, then a mapping y\ I-> I is called an 
indicator of v iff y t=yy, where yi=y{i)9 when and only when vt and Vj are linearly 
dependent. 

2.2 DEFINITION. If y is an indicator of v, then we define GY={g \ g e G, yi=yg(o 
for all iel}. It is proved in [2, Theorem 5, p. 4], that vx A v2 A • • • A vn = 0 iff 
2geGy o"(g) = 0, for any indicator y of r. 

2.3 THEOREM. With G and Was defined in §2, vx A y2 A • • • A vn=0iff(vu v2,...9 

vn) is a (G, a) element. 

Proof. (<=) It is a particular case of Theorem 1.7. (=>) Let y be any indicator 
of v = (vl9 v2,..., vn). Then 2ffeG °r(^)=0- This implies that there exists geG such 
that (/(g)^ 1. Also geGy implies yi=g(i) for all i e I and this implies that v% and 
vg(i) are linearly dependent for all ieL Thus there exists geG such that a(g)# 1 
and i?, and vgW are linearly dependent for all i e I, i.e. (vl9 v2,..., #n) is a (G, a)-
element. 
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