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THE SPACE GROUPS OF TWO DIMENSIONAL 
MINKOWSKI SPACE 

GEORGE MAXWELL 

Introduction. Let E be an w-dimensional real affine space, V its vector 
space of translations and A(E) the affine group of E. Suppose that (. , .) is 
a nondegenerate symmetric bilinear form on F of signature (n — 1, 1), 0 ( F ) 
its orthogonal group and S(V) its group of similarities. 

A subgroup S of A (E) is called a Minkowski space group if A = 5 H F is 
a lattice in V and the projection K of 5 on GL(V) is contained in 0 ( F ) . The 
lattice A is invariant under K. If {(t(g), g)} is a system of representatives of 
elements of K in S, the induced function I : K —> V/ A is a cocycle. The trio 
{ A, K, I) completely determines S, since 

5 = l(a + t(g),g)\a e A, g £ K}. 

Space groups are considered equivalent if they are conjugate in A(E). In 
particular, conjugation by a translation preserves A and K, but replaces /with 
a cohomologous cocycle; it therefore suffices to study the cohomology group 
Hl(K, VI A) for given K and A. 

The conjugacy classes of space groups in A (E) can be determined as follows. 
Call a subgroup K of 0 ( F ) cry s tallo graphic if it leaves invariant a lattice in V 
and find the conjugacy classes of such groups in GL(V). For each class {K}, 
determine the set of lattices invariant under K. The normaliser N(K) of K in 
GL(V) acts naturally on L(K). For each orbit { A} in L(K) under this action, 
calculate the cohomology group Hl(K, F/A). The subgroup N(Ky A) con
sisting of all elements of N(K) leaving A invariant acts on Hl(K, F/A) by 
the rule (h.t)(g) = ht(h~1gh). The orbits of this action correspond to in-
equivalent space groups with 'point group' K and 'lattice' A. 

The principal purpose of this paper is to carry out this procedure in the case 
n = 2. Earlier, Janner and Ascher [4; 5] had studied possibilities for K and A 
by applying the theory of binary integral quadratic forms. We prefer, however, 
to give a more self-contained geometric discussion of the problem which, per
haps, throws some light on the theory of quadratic forms. In particular, we can 
derive a complete set of inequivalent ambiguous primitive quadratic forms for 
a given discriminant D. On counting them, we rediscover the classical result 
[3; 6] that their number is a certain power of 2, which must divide the total 
class number. 
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Fur ther discussion of space groups can be found in [7; 8]. 

1. P o i n t é r ° u p s . Recall t h a t a similarity f : V— F is a linear map such 

tha t ( / (^ i ) , / (^2)) = m(vi, v2) for some constant m ^ 0, called the multiplier of 
/ , and all Vi, v2 G V. There exists a basis {ei, e2\ of V such t ha t (ei, d) = 
(e2, ^2) = 0 and (ei, e2) = 1. The matrices of similarities with respect to this 
basis have one of the forms 

a 0 
0 b 

0 b 

a 0 

where ab ^ 0 is the multiplier m, and are accordingly called 'direct ' or 'opposite ' 

In particular, the elements of 0 ( F ) have matrices of the form 

a 0 

0 a~l 

0 a-1 

a 0 

according to whether they are ' rotat ions ' or 'reflections'. The fixed line of such 

a reflection is spanned by the vector ei + ae2\ the line spanned by ex — ae2 

is orthogonal to this line and will be called the normal line of the reflection. 

Let W be an abs t rac t group with two generators W\ and w2, subject to the 

relations W\ 

00 

W2 1 ; W is a 'Coxeter group ' with the graph 

Consider those representat ions p 
flections for i = 1,2. Suppose 

W-+0(V) for which p{wt) = st are re-

si = 
0 

La 0 
52 

0 J 
and define n(p) = t r (siS2) = a~lb + ab~1. Since n(p) is a real number of the 
form x + x~l, we have \n(p)\ ^ 2. T h e element 5^2 is of finite order if and 
only if b = dza, in which case n(p) = ± 2 ; otherwise, the representat ion p is 
faithful. Conversely, given a real number n such tha t \n\ ^ 2, we can construct 
a representation p : w —•> 0 ( F ) for which w(p) = w by defining 

p(wi) = 
0 

La„ 0 J ' 
p(w2) Jo '1 

Li oj ' 
where an is the root of an + an~

l = w for which 
representation in 0 ( F ) will be denoted by W(n). 

^ 1. T h e image of this 

1.1 PROPOSITION. If representations pt : W ~^0(V) (i = 1 ,2) are conjugate 
by an element of GL(V), then n(pi) = n(p2). Conversely, if n(pi) = w(p2), then 
pi and p2 are conjugate by an element of S(V). 

Proof. Since n(p) can be characterised as the numerically least trace of the 
elements in p(W), the first assertion is clear. Conversely, suppose n(p\) = 
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n(p2). If the fixed lines of pi(wi) and p2(wx) are spanned, respectively, by 
e\ + ae2 and e\ + be2, the similarity 

1 0 
.0 ba~ 

has the property that gpi(w)g~l = p2(wi). Replacing p2 by the conjugate 
representation g~1p2g, we may assume that 

Piiwi) = 

Suppose 

Pi(w2) = 

P2(Wi) 
0 a 
.a 0 J ' 

0 c 
.c 0 J ' 

P2(W2) Id 0 . 

Since n(pi) = n(p2), we have a~lc + ac~l = a~1d + ad - 1 or (a2 — cd) (c — d) 
— 0, so that either d = c or d = a2c~l. In the first case, p2 = pi, while in the 
second p2 is the conjugate of pi by pi(wi), which is still a similarity. 

The group Win) and its rotation subgroup W(n)+ do not contain, for |n\ > 2, 
the element — 1 F ; adjoining it, we obtain groups denoted by ±W(n) and 
=bPF(?z)+. Since ±PF( — n) = ±W(n), the latter groups will only be con
sidered for positive values of n > 2. 

] .2 PROPOSITION. A crystallographic subgroup K of O(V) is conjugate inS(V) 
to one of the groups W(n), W{n)+, ±W(n), ±W(n)+for some integer n such that 
\n\ ^ 2. No two of these groups are themselves conjugate in GL(V). 

Proof. Consider the rotation subgroup K+ of K. If 6 Ç K+, then tr (6) £ Z 
since K is crystallographic. If K+ is not contained in {=blF}, there exists an 
element 

0 
.0 * =4= IT 

in K+ for which |tr (0)| is least among all such elements. By replacing 6 with 
0~\ we may assume that \a\ > 1. Suppose 

0 

is another element of K+ different from = t l F and for which \b\ > 1. Then 
|tr (\p)\ ^ |tr (0)|, which is equivalent to \b\ ^ |a|, with equality holding only if 
4/ = ±0. Let k > 0 be an integer such that \a\k S \b\ < \a\k+\ i.e. 1 è \ba~k\ 
< \a\. Since 

^0~* = 
ba 

. 0 
0 1 

- 1 k 

a J 

e*+ 
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the choice of 6 implies t ha t \j/ = dtdk. T h u s K+ is either equal to {1 v}, { ± 1 v}, 
generated by 6 or generated by 6 and —\v- In other words, it equals W /(2)+ , 
W( — 2 ) + , W{n)+ or ± l F ( n ) + , where w = t r (6) Ç Z ; in the last case, we can 
ensure t ha t n > 0 by replacing 6 with — 0. 

If K 7± K+, then X must contain a reflection 5. In the first three of the 
above cases, K is the image of a representation which maps wx and w2 to, 
respectively, s and 5, s and — 5, 5 and 6s. By Proposition 1.1, K is conjugate in 
5 ( F ) to the group W(n). In the last case, it is clear t h a t K is conjugate to 
±W(n). 

The final s ta tement follows from the fact t ha t conjugation by an element of 
GL ( V) preserves determinants , traces and the element — 1 v. 

We have not yet shown tha t the groups in Proposition 1.2 are actual ly 
crystallographic. This will be done below when we determine all the lattices 
left invariant by them. 

1.3 PROPOSITION. For all crystallographic subgroups K of 0 ( F ) , we have 
IF(K, V) = 0. 

Proof. If n = ± 2 , this is t rue for the groups W{n) and W(n)+ since they 
are finite. For any n > 2, this holds for ±W(n) and zLW(n)+ since they con
tain — 1 F (if t : K —* V is a cocycle, we have t{ — \v) = t(g( — lv)g~1) = 2t(g) 
+ gt(—lv), so tha t t is the coboundary corresponding to /( — l y ) / 2 ) . For the 
infinite cyclic groups W(n)+, n > 2, this follows from the invertibil i ty of 
1 — 5152. There remain the groups W(n), \n\ > 2. If t : K —> F is a cocycle, 
we must have /(s*2) = (1 + st)t(si) = 0 for i = 1, 2, so t ha t /($i) = 
tfi(ei — (1^2), t(s2) = x2(tfi

 — 02) for some #i, x2 G R. This is the coboundary 
corresponding to the vector 

(1 - ajT1)-1^! - an~
1x2)e1 + (xi - x2)e2). 

1.4 COROLLARY. TWO space groups are isomorphic if and only if they are con
jugate in A(E). 

Proof. This follows from Proposition 1.3 of [7]. 

For n = d=2, the finite groups W(n) and W(n)+ leave invar iant a positive 
definite symmetr ic bilinear form on F. T h e corresponding space groups can 
therefore be also viewed as Euclidean space groups and are well known [2; 7] . 
We shall assume henceforth that \n\ > 2. 

2. N o r m a l i s e r s . If H is the group of all homothet ies of F, HK is clearly a 
normal subgroup of the normaliser N(K) of K in GL(V). Let /x denote the 
similarity 

Tl 0 1 
[_0 - l j 

of V with multiplier — 1 ; we have fxs ii~l = —s for any reflection 5 in O(V). 
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For n > 0, let <rn denote the reflection 

f 0 an~^l 
U 1 / 2 0 J . 

2.1 PROPOSITION, (a) If K = W(n), we have N(K) = HK \J HKan if n > 0 

and N(K) = HK U HK <7_w/x if n < 0. 

(b) IfK = ±W(n),thenN(K) = HKKJ HK <jn\J HK^KJ HK ann. 
(c) IfK = W(n)+or±W(n)+,thenN(K) = S(V). 

Proof. I t is easily verified tha t conjugation by an or cr_w, according to whether 
n > 0 or n < 0, interchanges s\ and s2; conjugation by /* reverses the signs of 
5i and s2. 

In case (a), consider an element g Ç N(K)\ then gsig - 1 is a reflection in i£. 
Since all reflections in K are conjugate within K to one of S\, s2, we may 
suppose tha t gsig~x — s\ by multiplying g by an element of K and possibly 
an or cr_wjLt. Since SiS2 and s25i are the only elements of trace n in W(n), we must 
have gsis2g~1 = S\S2 or s2si, so tha t gs2g~l = s2 or SiS2Si. The second case can be 
reduced to the first by multiplying g by slf which does not affect the assumption 
gsig"1 = Si. Now g commutes with both si and s2 and is consequently a homo-
the ty [1, Chapter V, § 2, Proposition 1]. 

In case (b), the argument is similar, except tha t there are now 4 conjugacy 
classes of reflections in K, represented by ± s i , ±s2, so tha t g may have to be 
multiplied by any one of an, JU or vn\i to achieve the equation g$\g~l — S\. 

In case (c), if g (E N(K), we must have gsis2g - 1 = Sis2 or s2Si for the same 
reason as above. In the second case, we can mult iply g by Si and reduce it to 
the first. I t is easily verified tha t an element of GL(V) commuting with SiS2 

is a direct similarity and, conversely, tha t any similarity normalises K. 
Note tha t in all cases N(K) is contained in S(V). 

3. Lat t i ce s . Since — \ v leaves every lattice invariant , the groups W(n), 
W( — n) and ±W(n) have precisely the same invariant lattices. I t is therefore 
sufficient to consider only the group W(n), for n > 0. This is a i inea r Coxeter 
group' in the sense of [8], so tha t we may apply the results of tha t paper. 

Let «i = an~
1/2(ei — ane2), a2 = — in + 2)1/2(<?i — e2) and at the functional 

(v, âf) = 2(v, oLi)/(au at) on V for i = 1, 2. Then Si(v) = v — (v, a^ai. Let 
nij = (aj> <*<) a n d define N to be the matrix (w^-)î w e find tha t 

A 'basic system' [8] of II7(w) is a set 5 = {fri^i, ft2a2}, where /^ > 0 for 
i — 1,2, and iz -̂frj £ Zft* for i, j = 1, 2. This amounts to requiring 5 to be a 
positive multiple of a set of the form Bp = \pa\, a2), where p > 0 is an integer 
dividing n + 2. The lattice spanned by 5 P is called the root lattice of Bp and 
denoted by Q(BP). The fundamental weights of JBP are the elements {£o>i, co2}, 
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where 

wi = (2 - n)~l(^2ai + a2) 

co2 = (2 - w ) - i ( ( w + 2)ai + 2a2) 

satisfy (œi} âj) = 8ij} the Kronecker delta. 
If A is a lattice invariant under K, we have earlier defined [7] A* to be the 

addit ive group of all v 6 V such tha t v — g(v) £ A for all g £ i£. I t suffices to 
fulfil this condition for a set of generators of K, in view of the equat ion v — 
gig2(v) = (v — gi(v)) + gi(v — g2(v)). Clearly A* contains A and every 
lattice between A and A* is also invariant under K. In our case, it is easily 
seen [8] t ha t Q(BP)* = P(BP) is the latt ice spanned by {pœi} u2] and called 
the weight lattice of Bp. The quot ient group P(BP)/Q(BP) is of order |det iV| = 
n — 2 for every p. 

3.1 PROPOSITION. If A is a lattice invariant under W(n), n > 0, then there 

exists a constant c > 0 and a unique divisor p > 0 of n + 2 such that Q(BP) C 
cA C P(BP) and (cA)* = P(BP). Conversely, every lattice of this form is in

variant under W{n). 

Proof. This follows from Proposition 1.3 of [8]. 

The condition A* = P(BP) is equivalent to saying t ha t 

(1) A H R a p Z M , Ar\Ra2 = Za2, 

or tha t the elements pai/2 and 0:2/2 do not belong to A whenever they happen 
to be weights (the first for p even, the second for (n + 2)/p even) . 

Up > 0 is a divisor of n + 2 and q > 0 a divisor of w — 2, we shall denote 
(w + 2)/p and (w — 2)/q by ^ and g respectively. Note t h a t the GCD of p 
and 5 must divide 4. 

3.2 Definition, (a) If £ and g are both odd, let APjQ be the latt ice spanned by 
pal, a2 and qpa>i. 

(b) If £ and q are both even and A.\p only if g is odd, let APtQ be the latt ice 
spanned by pa\, a2 and qpœi/2. 

(c) If p, p, q and g are all even, 4|g if w = 2 mod 8 and 4:\p if w = 6 mod 8, 
let A P ( / be the lattice spanned by pai, a2 and (qpoii + a2)/2. 

I t is easy to verify t ha t a lattice A of the form APtQ or APg' lies between 
Q(BP) and P{BV) and satisfies (1). Fur thermore , we have 

(2) [A : Q(B„)] = g. 

Since APiQ' 7^ APtQ, for otherwise both would contain a 2 / 2 , this shows tha t the 
lattices APtQ and APt/ are all dist inct and in fact not even related by a homo-
thety . 

3.3 Remark. T h e only case in which both APtQ and A P t / are defined is when 
p, p, q and q are all even, n = 2 mod 8 and 4|g. 
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3.4 PROPOSITION. Every lattice invariant under W(n), W( — n) or ±W(n), 
for n > 0, is a multiple of one of the lattices Ap,q or APtQ' for unique divisors p of 
n + 2 and q of n — 2. 

Proof. In view of Proposition 3.2, it is sufficient to consider a lattice A be
tween Q(BP) and P(BP) which satisfies (1). 

If p is odd, the class of pa>i generates the group P(BP)/Q(BP). Therefore A is 
spanned by pai, a2 and qpwi for some q\n — 2. If q is even, A contains qqpœi/2 
= a 2 / 2 mod Q(BP), contradicting (1). If q is odd, A = APtQ. 

When p is even, but p is odd, P(BP)/Q(BP) is still cyclic (the class of a>2 is a 
generator) bu t the class of pœi is only of order \{n — 2). Therefore either A = 
P(BP) or else A is spanned by pai, a2 and qpoii/2 for some q\\(n — 2), so tha t 
q is even. The first case is excluded since P(BP) contains \{n — 2)co2 = pai/2 
mod Q(BP). In the other cases, q must be odd if 4|£>, since otherwise A would 
contain qqpcoi/4: = pa\/2 mod Q(BP). Therefore A = APtQ. 

When both p and p are even, so tha t n = 2 mod 4 the group P(BP)/Q(BP) 
is no longer cyclic, but rather generated by the class of pœi, of order \(n — 2) , 
and the class of «2/2, of order 2. Since A cannot contain «2/2, it follows readily 
t ha t A is spanned by pai, a2 and one of the elements qpœi/2, (qpoii + a 2 ) / 2 
for some q\%(n — 2), so tha t q is even. In the first case, one sees as above tha t 
4\p only if q is odd, so tha t A = APA. In the second, q mus t be even since 
otherwise A would contain q(qpcoi + a2)/2 — a2/2 mod Q(BP). Fur thermore , 
since q(qp^i + a 2 ) / 4 = —pai/2 + (q/2 — p/2)a2/2, we must have q/2 9e 

p/2 mod 2. Thus , if n = 2 mod 8, p/2 is odd so tha t 4|#, whereas if n = 6 mod 8, 
q/2 is odd so tha t A\p. We have proved tha t A = APtQ'. 

The next step is to sort out the action of the normaliser on these lattices. 
Wri te Ai ~ A2 if Ai and A2 are related by a homothety. 

3.5 PROPOSITION. We have vn(APtq) ~ APtQand <rn(APiQ') ~ APtQ
f unless one of 

the following holds: 
(i) n = 2 mod 8 and 4 \ q, when an(APtQ) ~ APtQ' and an(APiQ') ~ APtQ\ 

(ii) n = 6 mod 8 and 2\q, when <rn( APtQ) ~ ApJ,or± \ p, when <rn( APtQ
f) ~ 

Proof. For a given p\n + 2, let 0 be the composite of an and the homothe ty 
with respect to (n + 2)1/2/p. We find tha t 

(fripai) = a2, <t>(a2) = pau <t>(p o>i) = o)2, 0(o)2) = pcoi-

Therefore 4> maps lattices between Q(BP) and P(BP) to those between Q(BP) 
and P(BP). Since it preserves indices and condition (1), the assertion follows 
from (2) and Remark 3.3, except possibly in the case specified there. To settle 
this case, we note tha t <j>{APtQ) is then spanned by pai, a2 and qœ2/2. Since 
2œ2 = ppcoi + a2 and p/2 is relatively prime to n — 2, qoo2/2 can be replaced 
by qpui/2 if 4|g and by (qpwi + a2)/2 if 4 <f g. Correspondingly, we have 
0(APfff) = Ap((Zor Ap,/ and therefore <t>(APtQ

/) = KPtQ' or APtQ. 
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3.6 PROPOSITION, (a) If n is odd, id(Ap>q) ~ APtq. 

(b) If 4|w, /x(Ap>q) ~ Ap/2,Q/2 if p is odd and n(AptQ) ~ A2pj/2 if p is even. 
(c) If n = 2 mod 4, then n(APtQ) ~ Ap/2,q/2 if p is odd, /*( APtQ) ~ Ap<Q-fi if p 

and p are even and 4|g, while n(Ap>Q) ~ A 2̂ ,572 otherwise. Furthermore, fi(APtQ
f) 

~ APJ if 4:\p or 4|g and /x( APtQ') ~ Ap/2>q/2 otherwise. 

Proof. For a given p\n + 2, let \p be the composite of JU and the homothety 
with respect to (n + 2)1/2/p(n - 2)1/2. Then 

\l/(pai) = œ2} ^(a2) = —pa>u ^(P^i) = — a2/n — 2, 

^(co2) = —pai/n — 2. 

Consider the lattice A = \p(APtQ), where p and q are odd; it is spanned by 
pwi, co2 and a2/q. Suppose A Pi Ra2 = Zca2 for some c > 0; then ca2 — 
xa2/q G P(BP) r o r some x G Z, which implies that c — x/g G Z and hence 
gc G Z, since £> is odd. As a2/q G A, we have c = 1/q. Secondly, let A Pi Rai 
= Zdai for some d > 0; then da\ — xa2/g G P(BP). Applying «i and a2 to 
this element, we deduce that 2d + (w + 2)x/q G £Z and —d — 2x/q G Z. 
This is equivalent to saying that d = p(qy — px)/2q for some y G Z such that 

(3) - £ y + qx G 2Z. 

If £ is even, so is q and (3) is always satisfied. Since GCD(p, q) = 1 there exist 
y and x such that qy — px = 1, showing that d = p/2q. If £ is odd, so is q, 
and (3) requires that y = x mod 2, so that qy — px is even and d = p/q. In 
view of condition (1), we conclude that g A is one of the standard lattices 
associated with the divisor p of n + 2, if p is odd, and p/2 if p is even. 

To determine the index of the corresponding root lattice in qA, we note that 
A contains ^(APii) = P{BP) asasublatticeof index g. The diagram of inclusions 

P(Bp)-> A 

T Î 
Q(BP)-> q-iQ(Bp) 

shows that [qA: Q(BP)] = [A: q~lQ(Bp)] = q(n - 2)/q2 = q, so that 
[qA: Q(Bp/2)] = q/2. In view of Remark 3.3, g A is uniquely determined, except 
if n = 2 mod 8. Since we then have 

(gpcoi + a2)/2 = —\{p — \)qpu\ + g^2 — \{q — l)a2 G g A, 

g A must equal Ap/2<q/2 . 
The argument is similar in the remaining cases, and leads to the stated 

results. 

In view of Proposition 2.1, one can deduce 

3.7 PROPOSITION. If n > 0, a complete set of representative lattices for the 
groups K = W(n), W( — n) and ±W(n), with respect to the action of the nor-
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maliser N(K), is given in Table 1. (The notat ion lp tt p1 means tha t only one 

of the values p, p is to be used for the first index, etc.) 

TABLE 1 

n A p, v # = W{n) K = W(-n) K = dzW-'C») 

n = 1 mod 2 Ap.g — P ~P q^q p ^ p,q ^ q 
n = 0 mod 4 AP )g 2 \p — — (pt q) « (2/?, 5/2) 
n = 2 mod 4 Ap,« 2 Jf p or 4, Jf q — — 2 { p 

APiq 2\p,2\p,±\q P~P q - §/4 p ~ p,q ^q/4 
APiq 4 \p or 4 |§ P~P q ^q p == p,q^q 

3.8 Remark. I t can be seen from Table 1 tha t the lattices APtQ' need only be 
considered if 4|g or 4\p, according to whether n = ± 2 mod 16. Fur thermore , 
if n is even, the lattices APtQ need only be considered for even values of p. 

When K = W(n)+, W( — n)+ or dzW(n)+ (n > 0) , lattices invariant under 
W(n) are of course still invariant under K However, there may exist further 
lattices invariant only under K. The first example occurs for n — 15. Let A be 
the lattice spanned by ax and 6 = (3a i + a 2 ) / 5 ; then 

S2Si(ai) = 2ai - 50, Wi(0) = — 5oci + 130, 

so tha t A is invariant under W(15)+. I t is not invariant under W(15), bu t 
contains the lattice Ai ti, spanned by a\ and a2, as an invariant sublatt ice of 
index 5. Since the normaliser of K is now all of 5 ( F ) , it may happen tha t 
distinct lattices listed in Table 1 for ±W(n) may become equivalent for K. 
In fact, the situation in this case is better described by the classical theory of 
quadrat ic forms (see Section 6). 

4. T h e groups Hl{K, V/A). In accordance with Remark 3.8, we may omit 
certain possibilities for A from the discussion. 

4.1 PROPOSITION. Suppose K = Win) or W( — n), with n > 0. Then: 

(a) Hl(K, V / A) = 0 if A = APtQ, with n odd, or A = Ap>/. 
(b) Hl(K, V/A) £= Z / 2 Z if A = APyQ, with n even and either p odd or 4 \ q. 
(c) Hl(K, V/A) ^ (Z /2Z) 2 if A = Ap><?, with n = 2 mod 4, p and p even 

and 41 q. 

Proof. First consider the case K = W(n). A function /: {si, 52} —» ^ will 
induce a cocycle I : K —> V/ A if and only if 

(4) t(s^) = (1 +st)t(st) e A (i = 1,2). 

Using the invertibility of N, one can show as in Proposition 3.7 of [7] tha t I 
is a coboundary if and only if t(st) = xlai mod A for some xt 6 R. 

By subtract ing from t the coboundary inducing function st —> (t(si), âi)ai/2, 
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we can assume tha t (t(Si), ât) = 0. Condition (4) then simply requires t ha t 

2t(Si) Ç A fo r i = 1,2. 

Let t(si) = aqw2/2, t(s2) = bqpœi/2 for some ft, b £ R. We mus t have 

(5) aqœ2 G A, bqpœi £ A. 

I t is easy to verify t ha t 

A H Rwi = Zqpui if A = APtQ, with n odd, or A = Ap >/ . 

= Zqpui/2 if A = Ap>ç, with w even. 

(6) A H Rco2 = Zgco2 if A = Ap>(?, with p odd or p , /> even and 

and 4 | q, or A = A P t / . 

= Zqw2/2 if A = Ap>(7, with £, £ even and 4|g. 

Fur thermore , for all A, 

, . {w Ç R|mg^>coi/2 = xa2 mod A for some x Ç R} = Z. 

{m 6 R|mgco2/2 = xai mod A for some x Ç R} = Z. 

Condition (5) therefore requires b and a to be either in Z or in ^Z, according to 
the two cases in (6). In view of (7), we may correspondingly assume t h a t b or 
a equals 0, or conclude tha t the choices of 0 and \ for b or a produce non-
cohomologous cocycles. This proves the s ta tement for K = Win). 

With the above notat ion, the group K = W( — n) is generated by —Si and 
s2. A function /: {— Si, s2] —» V will induce a cocycle I: K —• F / A if and 
only if (1 — 5i)/( — Si) £ A and (1 + s2)t(s2) £ A. T h e cocycle I will be a 
coboundary precisely when t( — S\) = Xico2 mod A and t(s2) = x2a2 mod A for 
some Xi, x2 £ R. Subtrac t ing a suitable coboundary from a function / allows us 
to assume tha t t( — Si) = apau ^(s2) = bqpœi/2 for some ft, 6 Ç R. T h e cocycle 
conditions require t ha t 2t( — S\) = 2apa\ £ A, i.e. 2ft Ç Z, and bqpœi Ç A. 
Using the fact t ha t 

{w Ç R|m^>o:i = xw2 mod A for some x £ R} 

= | Z if A = APi(?, with p odd or £>, p even and 

4 | g, or A = Ap >/ . 

= Z if A = APç with p, p even and 4|g. 

the conclusion follows. 

In cases (a) and (b) of Proposition 5.1, the action of N(K, A) on Hl(K, 
V/ A) is necessarily trivial. In case (c), using Propositions 2.1, 3.5 and 3.6, one 
sees t ha t N(K, A) = K except for the following cases: 

(8) (i) K = W(n),n + 2 = p2,A = Ap,g, when N(K,A) = ± X U ±K<I>, 

where <t>(pai) = a2, <j)(a2) = pa\. 

(9) (ii) K= W(-n),n-2 = 4:q2,A= APtQ, when N (K, A) = ±KKJ±K{, 

where Ç(pai) = qpwi/2,Ç{a2) = — qoô2/2. 
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In these exceptional cases, the element 4> or f interchanges the values of the 
coefficients a and b in the above construction of the cocycles, so that there are 
3 orbits in Hl(K, V/A). Otherwise, the action of N(Kf A) is again trivial. 

Applying Proposition 1.2 of [7], we deduce 

4.2 PROPOSITION. Suppose K = ±W(n). Then 
(a) Hl(K, V/A) = 0 if A = A„>(7, TWU n odd. 
(b) f f 1 ^ , ^ /A) ^ Z/2Z # A = A,,/. 
(c) ^ ( X , ^ /A) ^ (Z/2Z)2 if A = Ap>ff, wi/A ei/Aer » = 0 mod 4, or n = 2 

mod 4 awd £ odd. 
(d) Hl(K, V/A) ^ (Z/2Z)4 i/ A = APfff, wi/fe w = 2 mod 4, £ and £ even 

and 4| g. 
By counting the lattices in Table 1 and the inequivalent space groups cor

responding to them, we obtain 

4.3 PROPOSITION. Suppose n > 0 and n2 — 4 = 2VN, with N odd. LetAnandBn 

be as defined in Table 2 and also let Cn
+, Cn~ be as given there provided that n + 2 

or n — 2 is, respectively, a square and equal to zero otherwise. Then the number of 
inequivalent space groups with point group Win), Wi — n) or ztWin) is equal, 
respectively, to An<t>iN) + Cn

+, An<t>iN) + Cn~ or Bn<l>(N) + Cn
+ + C~, where 

<f> denotes the Ruler <&-function. 

TABLE 2 

n An Bn Cn
+ Cn~ 

n = 1 mod 2 | i J0(» - 2) i0(n + 2) 
n = 0 mod 4 2 2 — — 
n = ± 6 mod 16 8 12 cf>((n - 2)/4) <f>((n + 2)/4) 
« = 2 m o d l 6 (5* - 9)/2 (9* - 21)/2 0((» - 2)/4) 30((» + 2) /4) /2 

+ 0 ( (n - 2)/16) 
» = - 2 mod 16 (5* - 9)/2 (9* - 21)/2 3<fr((» - 2) /4)/2 </>(0 + 2)/4) 

+ 0 ( ( » + 2)/16) 

For the remaining point groups, we have 

4.4 PROPOSITION, (a) If K = Win)+ or Wi — n)+ and A is an invariant lattice, 
thenHHK, V/A) = 0. 

(b) If K = doWin)+ and A is an invariant lattice, then HliK, V/A) = 0 if 
n = 1 mod 2 and HliK, V/A) ^ Z/2Z if n = 0 mod 4. / / n = 2 mod 4, /e/ ^ 
awd ^2 be the invariant factors of the sublattice (1 — 5^2) (A) i'w A, with d1\d2. 
Then H^K, V/A) ^ Z/2Z if d1 is odd and HliK, V/A) ^ (Z/2Z)2 if d1 is 
even. 

Proof. In case (a), the group K is infinite cyclic with a generator g such that 
1 — g is invertible; hence HliK, V/A) = 0. Applying Proposition 1.2 of [7], 
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we deduce that in case (b), Hl(K, V/ A) is isomorphic to the quotient of 
(A*/A) by 2(A*/A). Since A* = (1 - s1s2)-

1(A), we have A*/A ^ 
A/(l — sis2)( A) = Z/diZ © Z/d2Z} where d\ and d2 are the invariant factors 
of (1 — SiS2)(A) in A, with di\d2 and d\d2 = |det (1 — SiS2)\ = n — 2. If n 
is odd, both dx and d2 are odd, so that Hl(K, V/ A) = 0. If n = 0 mod 4, di is 
odd and d2 even, so that i ? 1 ^ , Vf A) ÊË Z/2Z. Finally, if n = 2 mod 4, 
Hl{K, V/ A) is as stated in the proposition. 

5. Proper equivalence. The discussion in this section applies to general 
space groups in affine space and is meant also as a supplement to [2] and [7]. 

In certain situations, it is appropriate to consider stronger notions of equiv
alence for space groups. Proper equivalence is defined to be conjugacy in the 
proper affine group A + (E), consisting of those elements of A (E) whose linear 
part has positive determinant. If S is a space group and 6 an element of 
A(E)\A+(E), S and dSd"1 will be conjugate in A+(E) if and only if the nor
maliser N(S) of S in A (E) is not contained in A + {E). In other words: 

5.1 PROPOSITION. An equivalence class {S} of space groups in A(E) splits into 
2 proper equivalence classes if and only if the normaliser N(S) of S in A (E) is 
contained in A + (E). 

The structure of N(S) is described by 

5.2 PROPOSITION. Let A, K and t be the lattice, point group and cocycle of a 
space group S in A (E). An element (b, h) £ A (E) belongs to N(S) if and only if 
h G N(K, A) and h.t — I = ô (̂&), where 8h(b) denotes the coboundary K —» V/ A 
corresponding to the element h(b). 

Proof. Since S = {(a + t(g), g)\a G A, g G K} and 

(b, h)-1 (a + t(g), g)(b, h) = (b - h~igh(b) + h~i(a) + h~H(g), h-'gh) 

the element (bt h) will be in N(S) if and only if h <E N(K) and 

(10) t(h-lgh) = b - h-'gh + hrl(a) + h~H{g) mod A. 

Taking g = 1, we see that h G N(K, A) and, on multiplying by h, (10) simpli
fies to the statement that h.t — t = 8h(b). 

5.3 COROLLARY. The projection of N(S) on GL(V) equals the stabiliser of the 
cohomology class of I in Hl(K, V/ A) under the action of N(K, A). The inter
section of N (S) with V equals A*. 

5.4 COROLLARY. / / N(S) C A+(E), then K C GL+(V) and the cohomology 
class of I is not of order Û 2 in H1 (K, V/ A) if dim V is odd. 

Proof. The first statement is clear from Corollary 6.3, while the second holds 
since otherwise — lv G N(Kf A) would stabilise the class of / and have nega
tive determinant. 

In the three dimensional Euclidean case, looking at the table in [2], one sees 
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tha t there are 11 cases which satisfy the conditions of Corollary 5.4. Spli t t ing 
in fact occurs in all of these cases. In the two-dimensional Euclidean case, the 
stabiliser of the class of / for a point group K C GL+{V) is the entire group of 
orthogonal symmetries of the lattice A, which always contains reflections, so 
tha t split t ing never happens. 

In the situation of this paper, splitting can only happen if K = W(n)+, 
W( — n)+ or ±W(n)+, in view of Corollary 6.4. The group N(K, A) is then the 
group 5 ( A ) of those similarities which leave A invariant . From Proposition 5.4, 
we see tha t split t ing occurs if and only if 5 ( A ) contains only similarities of 
positive determinant (not to be confused with 'direct ' similarities), except 
possibly in case (d) of t ha t proposition (with d\ even), if the similarities of 
negative de terminant in 5 ( A ) do not stabilise the class of I. 

6. Quadrat i c f o r m s . We recall briefly the correspondence between lattices 
and quadrat ic forms. Let V be an ^-dimensional real vector space and (. , .) a 
nondegenerate symmetric bilinear form on V of signature (m, n — m). Given 
a lattice A in V, we associate to A the class {QB} of (integrally) equivalent 
real quadrat ic forms of signature (m, n — m), where B = {ui, . . . , un\ varies 
over the bases of A and QB = J2ij(ui> Uj)X {X j . Conversely, given a quadra t ic 
form Q = J2ij Ç.ijXiXj of signature (m, n — m), there exist vectors U\, . . . , 
un £ V such tha t (uu Uj) = qi:j and we associate the lattice A spanned by 
Ui, . . . , un to Q. A different choice of U\} . . . , un produces a lattice of the form 
0(A) for some 6 in 0 ( F ) , the orthogonal group of V. This establishes a bi-
jective correspondence between classes of orthogonally equivalent lattices and 
classes of equivalent quadrat ic forms. I t is convenient to extend the concept of 
equivalence for quadrat ic forms by considering all positive multiples of a form 
Q to be equivalent to Q. In terms of lattices, this means tha t one should con
sider equivalence with respect to the group H.O(V), where H is the group of 
homotheties of V. When 2m = n, the form — Q is also of signature (m, n — m); 
the corresponding lattices are related by a similarity with multiplier — 1 . Since 
such similarities exist only when 2m = n, if we consider — Q to be equivalent 
to Q in t ha t situation, we obtain in all cases a bijective correspondence between 
classes of lattices equivalent with respect to the group of similarities S(V) and 
classes of equivalent quadrat ic forms in the broader sense. We will adopt this 
point of view in the following discussion. 

Let Aut ( A) be the group of all orthogonal automorphisms of a lattice A in V. 
If A2 = 6( Ai) for some 6 G 5 ( F ) , then Aut ( A2) = 6 Aut ( A i ) ^ 1 , so t ha t the 
conjugacy class of Aut (A) in 5 ( F ) is an invariant of A. Suppose t ha t we have 
determined the conjugacy classes in 5 ( F ) of subgroups of the form Aut (A) 
for some lattice A. I t is then sufficient to consider, for each such class {K}, the 
set L(K) of lattices A in F such tha t Aut (A) = K. Members A] and A2 of 
L(K) will be equivalent if and only if A2 = 0(Ai) for some 6 in N(K), the 
normaliser of K in 5 ( F ) . The remaining problem, therefore, is to find the orbits 
in L(K) under the action of N(K). 
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We now return to the special si tuation of this paper. Denote the quadra t ic 
form Q = AX\2 + BXXX2 + CX2

2 by (A, B} C) and let D = B2 - ±AC be 
its discriminant. We must have D > 0 in order for Q to be of s ignature (1, 1). 
A part icular lattice corresponding to Q is spanned by the vectors {ii\, u2), where 

\ /2"wi = el + Ae2, V^u2 = (B + <s/D)/2A ex + (B - VD)/2 e2. 

The matr ix of a rotation 

(a + a~
l = n > o, a ^ 1) 

with respect to the basis {ui, u2\ is 

[è(n-^) - a 1 
K } L i4fe Hw + s ^ J ' 

where k ^ 0 and 

(13) w2 - ^ 2 = 4. 

Since — 1 F leaves every latt ice invariant , Proposition 1.2 shows t h a t a group 
of the form Aut (A) is conjugate in V to either ±W(n) or ±W(n)+ for some 
integer w ^ 2. If w > 2, we have & ̂  0 in (13) and ^4&, Bk and C& mus t all be 
in Z in order for (12) to represent an automorphism of A. Fur the rmore , Dk2 

cannot be a square in Z, since otherwise (13) would be impossible. Therefore Q 
is equivalent to a form with integral coefficients and a non-square discr iminant ; 
we may also suppose t ha t this form is primitive, i.e. t h a t its coefficients have no 
common factor. Conversely, since the Pell equation (13) is solvable (with 
k 7e 0) when D is the discriminant of such a form, a latt ice corresponding to the 
form is invariant under a rotat ion (11) with n > 2. We shall from now on 
restict our a t ten t ion to such forms. 

Consider the case when Aut (A) = zkW(n), with n > 2. In the l i terature 
(e.g. [6]), such lattices, and the forms corresponding to them, are called 'ambi
guous' . Proposition 3.7 describes a complete set of inequivalent latt ices in
variant under zLW(n). In order for dbW(n) to be the complete group of au to
morphisms of A, (fij k) must be the least positive solution of (13). Given n, 
there is a finite number of discriminants D for which this is t rue (since D di
vides n2 — 4) and which may be said to 'belong' to n. We can pass from the 
lattices to the corresponding forms and group them according to the value of D, 
retraining only those D which 'belong' to n. By doing this for n = 3, 4, 5, . . . , 
we shall eventual ly obtain, wi thout repetit ion, lists of inequivalent ambiguous 
forms with any allowable discriminant D. Conversely, given D, we can first 
find to which n it belongs—i.e. the least solution (n, k) of (13)—and then 
apply the procedure to n. 

ai) P = 
: 0 

Lo <TXJ 

https://doi.org/10.4153/CJM-1978-093-2 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1978-093-2


MINKOWSKI SPACE 1117 

More specifically, choose the following bases for the lattices APtQ and A P i / : 

APtQ (n odd) APtQ {n even) APtQ' 

U\ = qpwi U\ = qpui/2 U\ = cti 

Ui = (qpo)i + a 2 ) / 2 M2 = «? w2 = (g£«i + « 2 ) / 2 . 

On multiplying the resulting forms by q/2p we obtain, respectively, the forms 

FP,Q = (PQ>PQ,l(PQ - PQ))> 

(14) Gp>, = ( i £ g , 0 , -pg), 

HP,q = (-pq, -pg, ï(pq - pq))-

All of these forms are integral with discriminant n2 — 4; however, some may 
not be primitive. If we isolate those for which the GCD of the coefficients 
equals k, then upon dividing them by k we shall obtain the primitive forms 
with discriminant D. 

Since (n + 2) (n — 2) = Dk2, we can express D and fe in the form 

£> = 2 5 D + £L (Z)+|« + 2, £>_|?z - 2; D+ and £>_ odd) 

( i ô J k = 21 / 2<"-*>M- ^+2 |w + 2, M " - 2; &+ and &_ odd) , 

where 2" is the largest power of 2 dividing n2 — 4. 

6.1 PROPOSITION. A complete set of inequivalent primitive ambiguous integral 
quadratic forms with a non-square discriminant D > 0 is listed in Table 3, where 

(16) p = 2«k+p0, q = 2f>k-q0, 

with a and /3 as shown in the table and p0, q0 any divisors of D+ and D- respec
tively such that 

(17) GCD(p0,Po) = 1, GCD(q0, go) = 1, 

where po = D+/p0, q0 — D_/q0. (The notation lp0 œ p0' means tha t only one 
of the values p0, po is to be used in p, etc.) 

Proof. I t is easy to see tha t the odd par t of the GCD of any of the forms (14) 
is equal to the product of the odd par ts of the GCD1 s of p and p and of q and q 
respectively. Consequently, if this GCD is to be equal to k, we can express p 
and q in the form (16) for certain exponents a, fi è 0 and divisors po, qo of D+ 

and Z)_ respectively, which satisfy (17). 
One now examines various possibilities for n. Consider, for example, the case 

when n = — 2 mod 16. Then 2"~2 and 22 are the highest powers of 2 dividing 
n + 2 and n — 2, respectively, and */ ̂  6. According to Table 1, we first have 
the lattices APtQ with 2 \ p, so tha t a = *> — 2 and 0 = 0. Since £g is odd, the 
GCD of the form GPA is odd, so tha t k must be odd and ô = v. Secondly, there 
are the forms Ap>q with 2\p, 2\p and 4| q, so tha t fi = 0. The highest power of 2 
dividing the GCD of the form GPtQ is 

min (a, v - 2 - a ) ^ £(? - 2), 

so t ha t 5 ^ 2 . This power should equal \(y — ô). Since p tt p in this case, we 
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can choose a = \{v — <5), which eliminates p from further discussion, except 
in the case 8 = 2 since p is then also divisible by exactly the same power of 2 
as p ; we must then insist t ha t p0 œ £0. T h e condition q œ g/4 t ranslates in both 
cases into go ^ go- Since 2|£, we have \(v — 8) = 1, i.e. 8 ^ v — 2. 

Finally, there are the lattices A P ) / with 4|£, 4|/>, 2|g and 2|g, so t h a t 0 = 1. 
The highest power of 2 dividing the GCD of the form ifPi(? equals 

min (a — 1, v — a — 3) < J(i> — 4) 

if a 3^ H ? ~ 2) and to either \{y — 2) or \v if a = §(i> — 2), according to 
whether D+D_ = 3 mod 4 of D+D_ = 1 mod 4. Correspondingly, we have 
5 = 5,5 = 2 or 5 = 0. In the last two cases, p is divisible by the same power of 
2 as p, so t ha t we must require t ha t po œ po as well as q0 œ g0. In the first case, 
we can let a = %(v — 8) + 1, which e l imina tes^ , so t ha t only q0 œ g0 is needed. 
Since 4|£, we have £(*/ - 8) + 1 = 2, i.e. 8 = v - 2. 

T o see tha t D+ > 1 when ô = 0 or 2, we argue as follows. If D+ = 1, we 
could write n + 2 = 2'_2&+

2 and n — 2 = D(2kJ)2 or Z)&_2, according to 
whether 8 = 0 or 8 = 2. Therefore either ( 2 1 / 2 ^ - 2 ) ^ + ) 2 - D(2k.)2 = 4 or 
(21 / 2 ( j , - 2 )&+)2 — £>&_2 = 4, in both cases contradict ing the minimali ty of n. 

Since n — 2 is not a square, we always have D > 1. 

7.2 Remark. Let us consider for a moment the more usual concept of strict 
equivalence of lattices (or the corresponding forms), namely equivalence with 
respect to the group H.O+(V). If a form Q corresponds to a latt ice A, then — Q 
corresponds to the lattice /x( A). In view of Proposition 2.1, we can read off from 
Table 1 the 'negatives ' of the lattices KViQ and Ap>q' by comparing the columns 
for K = W(n) and K = ± W(n). Comparing this with Table 3, we deduce t ha t 
the forms listed there are strictly equivalent to their negatives if and only if 
lq0 tt qo appears in the last column and D_ = 1. In the other cases, one should 
add the negative of the form in order to obtain a complete set of representat ives 
for strict equivalence classes. W e also observe t ha t D+ > 1 whenever 'po tt po 
appears in the last column. 

Let 7r(x) denote the number of dist inct prime divisors of an integer x > 0. 
T h e number of divisors d of x such t ha t GCD(d, x/d) = 1 is then equal to 2w(x). 
Using this fact and Remark 6.2, we deduce the following well-known 

6.3 COROLLARY. Let T(D) be the number of distinct prime divisors of D and 26 

the highest power of 2 dividing D. The number of strictly inequivalent primitive 
ambiguous integral quadratic forms with a non-square discriminant D > Ois equal 
to 2^D^ if 8 â 5 and to 2^D)~l if 8 = 4, unless 8 = 2 and D/4 = 1 mod 4, when 
this number is 27r(D)~2. 

We can also supplement this with 

6.4 COROLLARY. Either all or none of such forms are strictly equivalent to their 
negatives. More precisely, the answer is 'none unless D- = 1 and either 8 = 0, 
8 = 2andn = 2 mod 16, or 8 = 3 and n = 6 m o d 16. (This is equivalent to the 
existence of a solution of the equation x2 — Dy2 = —4.) 
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Little of a systematic nature is known about lattices for which Aut (A) = 
zb W(n)+ for some n > 2. We simply remark that the problem, raised in Section 
4, of classifying such lattices for the purpose of finding inequivalent space 
groups is the same as the problem of classifying them for the needs of the 
present Section, since the normaliser of ±W(n)+ is all of S(V). This may not 
be true for lattices invariant under db W(n) if the corresponding primitive form 
has a discriminant D which divides n2 — 4 but does not 'belong' to n. 

Finally, we remark without further elaboration that similar ideas in two 
dimensional Euclidean space also lead to a complete classification of ambig
uous forms with discriminant D < 0. Corollary 6.3 remains true for such 
forms, as is well known. 
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