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ISOMORPHISMS BETWEEN RADICAL WEIGHTED
CONVOLUTION ALGEBRAS
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In [4] we have shown that any two semi-simple weighted convolution algebras Mw,)
and L'(w,) are isomorphic. In this paper, given any two radical weighted convolution
algebras I'(w,) and I'(w,) we find necessary and sufficient conditions, in terms of e,
and w,, for I!(w,) and !(w,) to be isomorphic.

We call a continuous and positive function @ on the non-negative real numbers R* a
weight function if w(s+1)<w(s)w(t) for every s,teR*, and if w(0)=1. The weighted
convolution algebra L'(w) is the (complex) Banach algebra of all equivalence classes of
Lebesgue measurable functions f such that || f||={&|f(f)|w(f) dt < oo, under pointwise
addition, scalar multiplication of functions, and convolution product:

(f*g)(x)=;ff(x—t)g(t)dt (f.gell(®), ae xeR®)

The elementary properties of the algebras I!(w) are given in [3]. We use the theory
developed in [1], [2] and [4], and adopt the notation of [4].

We shall repeatedly use Titchmarsh’s convolution theorem, which asserts that, if u#0
and v#0 are any two locally finite measures, then u*v#0, or in its equivalent form
op *v) =a(p) + o v), where for every u#0, a(u) is the infimum of the support of u (see
[1] for a proof).

If 0 is an algebra isomorphism from I}w,) onto I}(w,) then it is continuous [5;
Remark 3(a)].

In this paper all of the algebras [!(w) are radical, or equivalently lim,_, . () =0.

In the following proposition, M(w) is as defined in [4].

Proposition 1. Suppose 8 is an isomorphism from [}(w,) onto L}(w,). Then the formula
BW(f)=0(u=0"'(f) (ueM(w,), fel'(w,) defines a continuous isomorphism
8:M(w,)— M(w,) which extends 0.

Proof. For every pe M(w,), let T,:L(w,)—L!(w,) be defined by T,(f)=6(u*07'(f))
(f € N(w,)). Then T, is obviously linear and we have

T(f*)=0(n+0""(f+g)=0(u+0""()*0"'(g)

=0(ux0"'()*g=T(f)*s
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Thus, T, is a multiplier on I}(w,). By an identification of the multiplier algebra of L'(w,)
with M(w,) [4; Theorem 1.4], there exists a measure, say 0(y), in M(w,) such that T,(f)
=0(u) * f (f el (w,)). We prove that the map u—08(u) is an extension of 6 to an
isomorphism from M(w,) onto M(w,). This map is obviously linear. Let u,ve M(w,)
and f e(L'(w,)\{0}). Then

Ouxv) f=0(uxvx07'(f)=0(ux0""0(v%071(f))
=0(u* 071 (00) * £)=0(w) » () * f,

which together with Titchmarsh’s convolution theorem implies 8(u * v) = () * 8(v).
Let 8(u) =0. Then for every f e(*(w,)\{0})

O(u*0~'(f)=08(w) » f=0,

whence u+0~'(f)=0, since § is an isomorphism. Hence by Titchmarsh’s convolution
theorem pu=0. Thus 8 is injective.

To show that @ is onto, let ue M(w,), then f -0~ (u*0(f)) is a multiplier on L}(w,),
whence there exists ve M(w,) such that 67 '(u*0(f))=v+* f (f e (w,)). If we apply 8 to
both sides of this equality we obtain u*0(f)=8()*6(f) (fell(w,)). Another
application of the Titchmarsh’s convolution theorem implies u=8(v). It is easily verified
that & extends 6.

We also note that () 1=(971).

Lemma 1. Suppose 0 is an isomorphism from [}(w,) onto I}w,) and § is its extension
as described in Proposition 1. Then there exists a constant Ay>0, such that

«(B(0,))=4x  (x€R"),

where 6, is the unit mass concentrated at x.

Proof. We consider the function B:R*—R* defined by B(x)=a[f(6,)]. For every
x,ye R™*, by Titchmarsh’s convolution theorem we have,

B(x +y) =a[8(6, +,)] = [8(5,)%0(3,)]
=a[8(6,)] +al6(5,)] = B(x) + B(y)- )
Next we prove that § is continuous from the right at every xe R*. It suffices to do

this for x=0. Let x,>0 and x,—0. Then (5,‘"&» d,. (For the definition of the topology

bso and the topology ¢ which follows, sec [4].) Since § is an isomorphism from M(w,)
onto M(w,) we have

85, )—> B(80) = o, ¥)
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whence

8(5,)— 8. (3)

[4, Lemma 12]. This implies f(x,)=af(d,)—0, for otherwise there exists a positive
number b such that for infinitely many values of n, af(B, )>b. Then if f is a continuous
function with supp f =[0,b] and f(0)=1 we get [ f(1) d9(5 (=0 for infinitely many
values of n, while (§ f(t)ddo(f)= f(0)=1, and this contradicts (3) Hence f is continuous
from the right, whence there exists 4,=0 such that a(5(d,)) = f(x) = Ax for every xeR*.
Next we prove that 4,>0. If 4,=0, then «(8(5,))=0 for every xe R*. We prove that
this implies a(6(f))=0 for every f eI!(w,) having a compact support and with «(f)>0.
Suppose f € }w,), with a(f)=a, supp f =[a,b] where 0<a<b<oo. Then if g=f *5_,,
we have geI!(w,), ®(g)=0 and suppg<[0, b—a]. Therefore, I}(w,) * g is dense in }w,)
[1; Theorem 2]. Since # is an isomorphism between I!(w,) and I}Nw,), I}(w,) * 8(g) is
dense in I'w,), whence a(f(g))=0. We have f =g x3J,. Hence 0(f)=0(g) « 8(3,). Thus,

o(6(f)) = a(6(g)) + «(8(3,)) =0.

To obtain a contradiction we show that there exists f eI!(w,) having a compact
support with a f) >0 and with «(0(f))>0.
There exists K=1 and M >0 such that

w1(K")

wz(n) M (neN), 4

[2; Theorem 4.1]. Since for each 6 >0, (1/w,(6n))*'"—> 00 as n—co, by [2; Theorem 3.2.IT]
there exists f in I}(w,) with a(f)=K, with supp f =[K, K +1], and such that

” f*n
For this f, by (4) and (5) we have
6>

and so by [2; Theorem 3.6], af(f)=1. From this contradiction we conclude that 4,>0
and the lemma is proved.

<, (Kn) (neN). &)

jw (M SM||6l]  (neN)

The following proposition strengthens the statement of our Lemma 1.

Proposition 2. Suppose 0 is an isomorphism from L(w,) onto [}w,) and 8 is its
extension as described in Proposition 1. Then there exists a constant Ay>0, such that

o(B(w) = Agop), for every peM(w,).

Proof. By Lemma 1 there exists Ag>0 such that
a(B(8,)) = Agx (xeR™).
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Suppose

where x, <...<xyand q;#0,i=1,...,N. Then

and we have
af(0, )= Agx; <...<aB(d,, )= Agxy.
Hence,
w(B()) = Agx; = Age(). (1)
For a general ue M(w,), we first prove that o(0(n)) = A,e(p). Let (1) = M(w,) be a net
such that u,ﬁa u, o(p;)=ofp) and such that each y; is a finite linear combination of
point masses [4; Lemma 1.3]. Since 8 is an isomorphism we have 8(y;)—2% 8(u), whence
O(u) > 0(yn), [4, Lemma 1.2]. If o(f(p)) <Agn), then we choose b such that

aB(u)<b< Agx(y) and we let g be a continuous function with suppg< [«f(u), b] and
with [§ g(x) dB(p)(x) #0. Since Aga(p) < of(p;), we have [ g(x) dB(p;)(x)=0. Then

0 T 2(x) dB(p)(x) =lim :fg(x) a0 (x) = 0.

From this contradiction we conclude
aB(p) = Agolp)- )
Now, let fel!(w,) have compact support and let a(f)=a. Then h=f *5_,eI}w,),
and a(h)=0. Thus, }(w,)*h is dense in [}(w,) [1; Theorem 2]. Hence, [}(w,) * (k) is
dense in I}(w,). Therefore, a6(h)=0. We have 0(f)=6 (h*,)=0(h) + 0(5,). Hence,
0(f)) =(6(h)) + a(B(3,)) = 0+ Age = Agax(h). (3

Now, suppose fE(Ll((Ul)\{O}) af)=c. Let f,= fX[c c+1]p fz—fX(c+1 w)- Then f=
f1+ /. Therefore, 6(f)=0(f,)+0(f;). By the conclusion of the previous paragraph we
have afl( f;) = Ayc, and by (2) we have af(f,) = Al(c+ 1) > A,c. Therefore

«(6(S)) =min {a(0(f1)), d(0(12))} = Agc = Ago(f). 4
Finally, if ype(M(w,)\{0}), then for f e(L'(w,)\{0}) by (4) we have

o B(w)) + o(6(f)) =1 = )= A1 * f) = Agt( ) + Ag2x(f)- &)
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Cancelling af(f) = Aga(f) from both sides of (5) we obtain af(u)= Aza(y), and the proof
is complete.

Corollary 1. If 0 is an isomorphism from-Ll(cul) onto I}(w,) and 071 is its inverse,
then Ag-1=1/A,.

Proof. We have «(6(6) (5,)) =«(5,) =x, and by Proposition 2 we have «(8(8) ~'(J,))
= A,0((8) " 1(8,)) = AgA,_ ;x, and the result follows.

Since 4,>0, we also have:

Corollary 2. The function of is strictly increasing in the sense that if a(p) <ov), then
o () <o B

We need the following two lemmas for the proof of our main theorem.

Lemma 2. Suppose that u and v are any two locally finite measures on R*. Then pi*v
has a non-zero mass at a(u=*v) if and only if u has a non-zero mass at a(y) and v has a
non-zero mass at a(v).

Proof. We have (u* v)({ap * v)}) = u({a(p)})v({e(v)}), and the lemma is proved.

Lemma 3. Suppose 8 is an isomorphism from I}(w,) onto [} w,) and 8 is its extension
as described in Propositon 1. Then for every xe R*, 8(5,) has a non-zero mass at a(8(5.)).

Proof. Let xeR™ and suppose that 8(5,) has a zero mass at «(8(d,)). Then, we first
prove that 8(5,) has a zero mass at a(8(d,)), for every y>0. If y>x, then 8(d,)
=0(5,)*0(5, ), whence by Lemma 2, 6(5,) has a zero mass at a(f(d,)). On the other
hand, if O<y<x, let n be a positive integer such that x<ny. Then 08(3,,)
=0(5,,_,) *8(5,), and again Lemma 2 implies that 8(d,,) has a zero mass at «(8(5,,)).
Since 6(d,,)=(8(3,))*, another application of Lemma 2 implies that 6(,) has a zero
mass at «(8(3,)).

Next we prove that this implies #(u) has a zero mass at «a(f(y)), for every ue M(w,)
having a compact support and with o(u)>0. Let pe M(w,) with suppuc(a, b],
0<a<b<oo. Then v=p=*p_, ;€ M(w,;). We have p=v+d,,, whence 8(u)=0(v)* 8 ,,2),
and the discussion in the above paragraph together with Lemma 2 implies that 8(y) has
a zero mass at a(8(p)).

If Ae M(w,) does not have compact support and a(4)=k>0, then we decompose A
into A=4, +4,, with supp 4, [k, k+1], a(4,)=k, and a(1,)=k+1, so that §(1,) has a
zero mass at «(8(4,)). Since a(f(A,)) = Ayk+1)> Ak=a(0(1,)), the measure G(1) =8(4,)
+08(4,), has a zero mass at a(B(1)) =a(8(1,)).

Now, «((8)~*(8,))=Ae-1>0. Hence &, =6(F)'(,) has a zero mass at «((F(8) ~*)(5,))
=a(d,)=1. From this contradiction we conclude that 8(5,) has a non-zero mass at
a(B(4,)) for every xeR™.
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Theorem 1. A necessary and sufficient condition for I[Nw,) and L(w,) to be
isomorphic is the existence of positive numbers a, b, m and M such that,

wz( 29)

——=b* M (xeR™). (D
wl(x)

Proof. Suppose that there exist a>0, b>0, m>0 and M >0 for which (1) is fulfilled.
Define 0: [}(w,)— L} (w,) by
0f)(x)=1/ab*f(x/a)  (feL(w,), ae xeR"). )
Then 6 is an isomorphism from I}(w,) onto [}{w,).
Conversely, let § be an isomorphism from I}w,) onto I}(w,) and let § be its

extension. For simplicity we write a for 4, which is in fact a(#(d,)). For every rational
xeR™*, by Proposition 2 and Lemma 3 we have

B(6,) = k(x)d,x + s 3)

where afp,)=ax, p({ax})=0, and k(x) #0. Now, suppose x,yeR* are any two
rationals. Then

(S + ) = k(X +)u(x +y) + Ha 45 4
Also,
00 +,)=0(8,) * 8(3,) = (k(x)8 o + ) * (k(y)S 0y + 11y)
= k(x)k(Y)0ax +ay + K(X)0ax * 1y + K(¥)Oay * o + 1 % 1y, (5)

where the measure k(x)d,, * p, +k(y)0,, * pt, +p, * u, has a zero mass at ax+ay, by
Lemma 3. Comparing equations (4) and (5) we get

k(x +y) = k(x)k(y). (6)

Therefore, there exists b>0, such that for every rational xeR™*, we have |k(x)| =b*.
From (3), for every rational xe R*, we get

”9(5::)”1%(«1:2) = ||k(x)5ax||M(wz) + ||l‘x||M(w2) = ||k(x)5,,x||M(m2)

=|k()||[ax||ar ap = b*w2(ax). (7
Now,
8(5.)|| b* wz(ax)
N (A "
” ” ”‘S ||M(wl) w,(x) ®
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On the other hand, by Corollary 1 and Lemma 3 we have,

O 1(0,,) =1(x)0, + v, %)
where I(x)#0, a(v,)=x and v, has a zero mass at x. Arguing as we did in the previous
paragraph, we find ¢>0 such that [i(x)|=c*, for every rational xe R*. We prove c=1/b,
or equivalently |k(1)]|!(1)|=1. We have

B(6,) =k(1)3, + p1, (10)

and,
@)~ 1(8.)=11)d,+v,, (11)
where a(u,)=a, u,({a})=0 and a(v;)21, v,({1})=0. Let £>0. Since the measure y,
introduced in (10) has a zero mass at a and is regular, there exists #>0, and a
decomposition  p, =u +py}, with supppi<[a,a+n], suppujc[a+n,0) and
|11 |mcw, <& Then from (10) and (11) we get,
01 =k(1)(B)71(8,) +(8) "M (uy) + ()~ H(uy
=k(D)(1)3; +v,)+(0) ™ *(p1) +(O) (1}
=k(1)I(1)8, +(8) ™ (1) +k(1)v, +(8) (7). (12)

The measure (8) ™ !(4}) has a zero mass at 1, since

(B) ) = Ag- o) Z (@ +7) > 1.

Also the measure k(1)v, has a zero mass at 1, since v, already had this property. The
measure (f) (x}) might have a non-zero mass at 1. Suppose

0) (W) =pd; + 4, (13)
where a(4) =1, A({1}) =0, From (12) and (13) we obtain
8, =k(1)I(1)6, +(pd, +A) + k(1)v, +(B) (1)) (14)
On equating the coefficients of 4, in both sides of (14) we obtain
1=k(1)I(1)+p. (15)
On the other hand, by (13) we have,

”(9) N 1(l"x)”M(ml) = ”P51 ”M((ol) = |P|a’1(1), (16)
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and,

16 )l aacony S O™ 141 ey = el|B) (17

From (16) and (17) we obtain

e,
<o 19

Since ¢ was arbitrary (15) and (18) imply
1=k(1)I(1). (19)

Thus, ¢=1/b, whence I(x)=1/b*, for every rational xe R* and by (9) for every rational
xeR*, we have

sl 0
Combining (8) and (20) we obtain
oy <225 a

for every rational xe R*. Now, continuity of w; and w, implies that (21) holds for every
xeR™*, and the proof is complete.

Corollary 3. Suppose 8 is an automorphism of L} (), then a(0(f)) =o( f) (f € INw)).

Proof. By Theorem 1 there exist ¢>0, b>0, m>0, and M >0 such that
m< [w(ax)/w(x)]b* <M (xe R™). The proof of Theorem 1 shows that a can be chosen to
be equal to A,. If a>1, then

< w(ax) b < w({a— Dx)w(x)

T T ol

b* = w((a— 1)x)b*,

whence m!'* <(w((a—1)x))”*b. Now we let x—o0 to obtain 1<0, a contradiction.
Similarly, the inequality [w(ax)/w(x)]b* <M, rules out the possibility a<1. Hence
Ag=a=1.
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