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ABSTRACT. Many one-relator groups with center have been shown to be of
the form <x1)x2,---,xr + 1;xf1 = x2

e',xf2 = x?V" ,x f ' = *?+i>- A necessary and
a sufficient condition for the sequence (Pi,Qi,P2>Q2>'",Pt>Qt) a r e given in order
for groups of the above form to be one-relator groups.

1. Introduction

One relator groups with center have been discussed in [1], [2] and [4]. Re-
cently Pietrowski [5] has shown that any non-abelian one-relator group G with a
non-trivial center such that GjG' is not free abelian of rank 2 can be presented by

\l) U — \Xjk,X2,'",Xt+1,X1 — X2 ,X2 — X3 , " - , X l — X I + 1 / > .

The groups G with GjG' free abelian of rank 2 imbed those of the form (1) in a
natural way. Conversely, groups of the form (1) do have non-trivial centers. Thus
we are now faced with a new problem; i.e., which of the groups (1) are one-relator
groups.

In this note we present two partial results giving respectively a necessary and
a sufficient numerical condition on the ordered set of integers CPi,2i,P2>Q2> '">
Pt, Qt) for (1) to be a one-relator group. The gap between these results can be illu-
strated by the ordered set (2,2,5,5,3,3,) for which the authors cannot decide
whether (1) is a one-relator group or not.

It will be convenient to assume in the discussion below that all the integers
Pi and Qj are strictly greater than 1.
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2. A necessary condition

In [4] it is shown that if the group G in (1) is a one-relator group then G can
be generated by two of its elements. The following theorem translates this neces-
sary condition into a numerical condition.

THEOREM 1. Let G be presented by (1). Then the following statements are
equivalent.

(a) G is a two generator group.

(b) gcd {Qt,P}) = I for all i,j, 1 Z i < j £ t.

\p) yj — < x1,xt+1,x1 —xt+l ,Lxt ,xl+l J = l,

k = 2,-,t>.
PROOF, (C) => (a) is obvious.

(b) => (c). First of all (b) is equivalent to

(2) gcd(Q1Q2-Qk.l,Pk-Pt) = 1,/c = 2,-,t.

Thus for each k there exists integers ak and bk such that

(3) i = akQlQ2-Qk_1 + bkPk-Pt.

The relations in (1) thus imply for k = 2, •••,(

(4 xk — xk xk — xl *t + i

The relations in (1) also imply

and

X I + 1

By using Tietze transformations (see [3], page 48), we can add relations (4),
(5) and (6) to the relations in (1). We can now delete the original relations in (1),
xf' = xf+1, i = 1,2, •••,(, if we can show that they are implied by (4), (5), and (6).
Having done this the relations (4) and the generators x2,---,xt may be deleted
leaving us with the presentation (c).

We prove inductively that for each integer n, 1 ^ n ^ t, (4), (5) and (6) imply

(7) xf' = xfU for all i < n

and

(8) xp
n-p»"-p'= x?i;<>'.

The result we wish is the case n = t.
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Statements (7) and (8) clearly hold when « = 1.

Suppose that n > 1. Then by induction we have

PiPl...Pn-,_ Q,Q2-Qn-2 anA Pn-,Pn...P, _ (>„-,...Q,
Xl — Xn-l a n a Xn-l — Xt+l

Using these in connection with (3), (5) and (4) we have

xn-l ~ xn-l xn-l ~ \xi -^t+l ) ~ Xn

In a similar manner

xn — xl x. + l — xi-tl — x, + i

This completes the induction and the proof that (b) => (c).
(a) => (b). Again we proceed inductively and show that for each integer n,

1 5 n 5 !,

(9) gcd {Qt,P) = 1 for all i,j, I ^ i < j ^ n.

Again the result we are after is the case n = t.
Statement (9) holds vacuously when n = 1.
Suppose that n > 1. Then by induction and by using (b) => (c) we see thai G

can be presented by

(J — <X1,Xn,Xn + i , • • • , X ( + 1 , X 1 — Xn ,

Now we add to (10) the relations xf1 = 1 and xn+l = xn+2 = ••• = x, = 1

and obtain a homomorphic image G of G which is the free product of three groups

Gx = < x i ; x p ' = 1>,G2 = < x n ; x n
Q ' 2 - 2 - ' = l , x p = 1>

and
G3 = <x(+1;xp^1 = 1>.

Since G is a two generator group so is G. But the number of generators needed
for G is the sum of the numbers needed for G{,G2 and G3 (see [3], page 192).
Since Gy and G3 are clearly non-trivial, G2 must be trivial which implies
gcd (QiQ2 ••• Qn-i»Pn) ~ 1- The result follows and Theorem 1 is proved.

3. A sufficient condition

We will show in Lemma 2 that for t = 2 the necessary condition above is also

sufficient.Using that as a starting point we can, by using Lemma 1, add new gen-

erators one at a time to (1) to obtain new one-relator groups.

LEMMA 1. Suppose xp = yQ in the one-relator group (x,y;R(x,y) = 1>,

P o = ± 1 mod Q,Q0 is any integer, and
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(11) G = (x,y,z; R(x,y) = l , / ° = zs°>.

Then xpp° = zQQo in G and for some integer n,

(12) G = {x,z;R{x,xnrz±Qa) = 1>;

i.e., G is also a one-relator group.

PROOF. Since 1 = ±P0 + nQ for some integer n, it follows that

(13) y = ynQy±p° = xnP z±Q\

(14) R(x,xnPz±Qo) = 1

and

(15) (xnPz±Qo)p° = zQo

are relations in G. Hence, we can adjoin (13), (14) and (15) to the relations in (11)
We may now delete the original relations from (11) and then (13) along with the
generator y. If we can show that (14) implies (15) then (15) can also be deleted and
we will have the presentation (12).

Since R(x, y) = 1 implies xp = yQ, it follows that (14) implies

(16) xp=(xnPz±Q°)Q.

Now (16) implies that xp is a power of x"pz±Qo. Therefore xp commutes with
x"pz±Qo and hence also with zQo. Thus, from (16) we obtain xP(1~"Q) = z ±QQo;
hence xFPo = zQQc. However (15) is just a rearrangement of x"pp°= z"QQo

_ zQo(i Pa) a n cj j n e conclusion follows.

Suppose that gcd (L,M) = 1. In the free group on free generators a and b,
let pL, M(a, b) be the unique primitive, up to conjugacy, with exponent sum L on a
and M on b. Thus (a,b\pLtM(a,b) = 1> is infinite cyclic. Hence pL,M(a,b) = 1
implies that a and b commute and thus pL,M(a>b) = 1 also implies aL = b~M.
Conversely [a,b] = 1 and aL = b~M imply pL,M(a,b) — 1.

Now suppose G is as in with (1) t = 2 and gcd (Q1, P2) = 1. Then by
Theorem 1

O — <,X1,X3,X1 — X3 ,lXt ,X3 J — I).

By the above discussion it follows that

G = <Xl,x3;pQ2,QXxP\x;Q>)= 1>.
Thus we have proved

LEMMA 2. / / G is given by (1) and t = 2 then G is a one-relator group ij and
onlyifgcd(QltP2) = 1.

By combining Lemmas 1 and 2 we have
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THEOREM 2. Suppose G is given by (1). Then G is a one-relator group if

there exists a sequence of pairs of integers,

( ^ I , J " I ) . • • • , ( A , _ 1 > / / f . 1 ) , A 1 , / i i e { / , - • • , * } f o r a l l i = l , - - - , t - 1 ,

such that

Xx + 1 = nx and gcd (QXl,PPt) = 1

and if t > 2 then for each i = 1, ••-,? - 2,

either
K + \ = K - U/^i+i = V-i and Qx, + l = ± 1 mod(PXiPXi+l-P)li)

or

Xi+l =Xt,n, + 1 = n , + l and F , I t i = ± 1 mod ( 2 i , Q i l + 1 - 2U,)-
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