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§1. Let X be a locally compact and o-compact abelian group and
X be the dual group of X». We denote by & a fixed Haar measure on
X and by & the Haar measure on X associated with & It is well-known
that (see, for example, [1]):

(A) For a sub-Markov convolution semi-group («,),s, on X, there
exists a uniquely determined negative definite function + on X such that

(1.1) 4,(%) = exp (—ty(®))  for any £e X (¢=0),

where &, denotes the Fourier transform of «,.

(B) For a negative definite function  on )A(, there exists a uniquely
determined sub-Markov convolution semi-group («,),s, on X satisfying (1.1).

In this case, ¢ is called the negative definite function associated
with (a,).s.

There is an interesting characterization of the transience of sub-
Markov convolution semi-groups.

THEOREM. Let («,),s, be a sub-Markov convolution semi-group on X
and  be the negative definite function associated with (a,),so. Then (@,);»o

is transient if and only if Re (1/¥) is locally &-summable, where Re (1))
denotes the real part of 1/

The “only if” part is easily seen (see, for example, [1]). But it is
known only to show the “if” part by probabilistic methods (see [3]).

The purpose of this note is to give a simple and non-probabilistic
proof of the “if” part.

E'Receivezi—October 7, 1982,
1) We denote by + the product of X and that of 2.
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§2. We denote by:

C,(X) the usual topological vector space of all real-valued continuous
functions on X with compact support;

M(X) the topological vector space of all real Radon measures on X
with the vague (weak*) topology;

M. (X) the subspace of M(X) constituted by real Radon measures on
X with compact support;

C#X), M*(X) and M#(X) their subsets of all non-negative elements.

A family (@,),z, in M*(X) is called a convolution semi-group on X
if ¢, = the unit measure ¢ at the origin 0, a,*a, = ,,, for all £ >0,s =0
and the mapping R* 3¢ — a,¢ M*(X) is continuous, where R* denotes
the totality of non-negative numbers.

It is said to be transient if r o, dt e M*(X), which results from
0
j - dzj fda, < oo for all fe Ci(X). Put
0
N= r adt .
0
We call it the Hunt convolution kernel on X defined by (a,),s,.
A sub-Markov (resp. Markov) convolution semi-group (e,),», on X is,
by definition, a convolution semi-group on X which satisfies J‘dat <1

(resp. jd% = 1) for all ¢ = 0. In this case, we see that, for any 0 <p

e R*, (exp (—pt)a,),», is a transient sub-Markov convolution semi-group
on X. Put

N, = J: exp (—pt)a,dt  (p > 0);
(IN,),ps0 is called the resolvent defined by (a,),», and it satisfies the re-
solvent equation:
N, — N, = (q@ — p)N,xN, for all p >0 and ¢ > 0.

Lemma 1. Let (a,),s, be a sub-Markov convolution semi-group on X
and let (N,),-, be the resolvent defined by (a,),,. Then, for any p =q >
0, N, K N,, that is, for any f,ge Ci(X) and any ae R*, Nyxf < Nxg + a
on supp (f) implies that the same inequality holds on X, where supp (f)
denotes the support of f.

It is well-known that N, € N, (the complete maximum principle of N,)

https://doi.org/10.1017/50027763000020638 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000020638

SEMI-GROUPS 155

(see, for example, [1]). This and the resolvent equation show that N, € N,.

LeMMA 2. Let (a),5 and (N,),s, be the same as in Lemma 1. If
there exist p > 0 and ne M*(X) such that N, xy is defined in M*(X), 5 =
PN,xy in X and 7 # pN,xy, then (a,),s, is transient.

Proof. We write inductively (pN,)' = pN, and (pN,)" = (pN,)"~'x(pN,)
(n=2,3,--.). Then, for any integer n > 1,

72 (s + 3 @N))sg = PNy

Since 7 — pN,xpe M*(X) and 7 — pNyxp+0, >, (pN,)" converges
vaguely. We see easily that
[[adt =1 SN,

p n=1

0
which shows Lemma 2.

Lemma 3. Let (@,),», be a Markov convolution semi-group on X and
assume that the closed subgroup generated by |J,s,supp («,) is equal to
X. If (a),s is not transient, then X is generated by some compact neigh-
borhood of the origin.

Proof. Let V be a compact neighborhood of the origin and let X,
denote the closed subgroup generated by V. We denote by «,, the
restriction of @, to X;,. Then we see easily that («, ), is a sub-Markov
convolution semi-group on X, and that (a,),s, is transient if and only if,
for any compact neighborhood V of the origin, (@, )., is transient. Hence
there exists a compact neighborhood V; of the origin such that (e, ).
is not transient, that is, («,,,).s is a Markov convolution semi-group on
X,,. Consequently «, = «,,, for all ¢ > 0. This implies that X = X,
Thus Lemma 3 is shown.

LeMmA 4 (see, for example, [1], p. 156). Let (@,),s, be a transient sub-
Markov convolution semi-group on X. Put N = r a,dt. Then N satisfies

0
the equilibrium principle, that is, for any relatively compact open set o in

X, there exists ¥ € M#i(X) such that supp (7) C @, Nx7 = & in o and NxI
<¢in X

Here supp (¥) denotes also the support of 7. We say that 7 is an
N-equilibrium measure of .
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LemmaA 5. Let (@),z, and N be the same as in Lemma 4, o a relatively
compact open set in X, 1 an N-equilibrium measure of w. Then, for any

ge M+(X) with Ida <1, any aeR* and any fe Cx(X) with supp (f) C o,

Nx(ar)«(e — a)«f(0) Z 0 .

Here we denote by f the function defined by f(x) = f(—x) for all xe X.
In fact, this follows from

Nx(ar)*(e — o)*xf(0) = a(ffd& — deN*T*o) > a<1 — jdo) ffd{-' =>0.
There exists a very useful result concerning the convolution equation:

Lemma 6 (see [2]). Let e M*(X) with jda =1 and let pe M(X).

Assume that p is shift-bounded, that is, for any fe Cx(X), pxf is bounded
on X. If pxo = u, then every point x in the closed subgroup generated by
supp (o) is a period of y, that is p = pxe,, where ¢, denotes the unit measure
at x.

Lemma 7. Let («,),s, and (N,),s, be the same as in Lemma 1. If
Ueso supp (@) is non-compact, then lim,_,pN, = 0.

Proof. Since pdep <1, (pN,),s, is vaguely bounded. Let 1 be an

arbitrary vaguely accumulation point of (pN,),., as p—0. Then
fdz < 1. Choose a net (p.N,),c; With p, — 0 such that lim,., p.V,, = 2.

Then, for any 0 < p € R*, the resolvent equation and pdep <1 give

2x(pN,) = herp (p:N,)x(pN,) = ller;l (pN,, — N,) + p’N,xN,) = 2.

If deNp < 1, this and Jdl <1 give 2=0. Assume that pdep = 1.
Then the above lemma shows that for any x € (,s, supp (a,) = supp (pN,),
A = Ax¢,. Since Jdl < 1 and {J,5, supp (@,) is non-compact, we have 1 = 0.

Thus we obtain that lim,_,pN, = 0.

In the case that |,s, supp (a,) is compact, the similar argument shows
that lim, ,pN, exists and it is equal to 0 or a Haar measure on the
compact subgroup generated by |,s, supp («,).

2) For a net (u)ier € M(X) and p e M(X), we write lim;er p; = p if (¢i)icr converges
vaguely to x# along I.
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For a real Radon measure z on X, we denote by /i the real Radon
measure on X defined by f fdg = '[f’dy.

LemMmA 8. Let (a,),5, and (IV,),s, be the same as above and let (a,),-,
be a family of positive numbers such that (apr*Np)Do is vaguely bounded.
Assume that the closed subgroup generated by \J,s,supp («,) is equal to
X. Take a vaguely accumulation point 7 of (apr*Np)po as p—0 and a
net (p,);e; of positive numbers with p,—0 and lim,, amNpi*me =y If,
for any ¢ > 0, lim,.; a, N, xN, = 0, then 5 = 0 or 5 is proportional to &.

Proof. Since Npi*Npi is of positive type, for any fe Cx(X),

(apini*Npi*f*fv)iGI
is uniformly bounded. Let 0 < ge R*. Since ¢q f dN, £ 1, we have
lim a,,¢°N, xN, «NxNfsf (x) = @' N« N, fxf (x)
ier

for all fe C(X) and x e X, which implies that
lim apiqupi*Nm*Nq*Nq = qu*Nq*Nq .
iel

On the other hand, we have, by our assumption,
lim @,.9*N, N, xN,xN, = lim a, (N, — N)«(N,, — N) = 7.
Thus we have
n = q%y*Nq*Nq .
Assume that 5 =+ 0. Since 7 is of positive type, 5 is shift-bounded. Hence
ququ*Nq = 1. Evidently supp (IV,) = U= supp (¢,) and supp (N,) is a

closed semi-group. Hence supp (Nq*Nq) = X, and Lemma 6 gives 7 = ¢§
with some constant ¢ > 0. Thus Lemma 8 is shown.

§3. A complex valued continuous function (%) on X is, by definition,
negative definite if (0) > 0, ¥(—4%) = V(%) and for any integer m > 1,
any (£,)™, C X and any (p,)™, C C with > 7, p, =0,

21 (® — &)epe = 0.
k=1j=1

Here O denotes the origin of X and C denotes the totality of complex
numbers.
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Remark 9 (see, for example, [1]). Let + be a negative definite func-
tion on X. Then we have:

(1) Re+ is also negative definite.

(2) Re (%) = (0) for all £ e X, that is, Re v(£) = 0. So we can write
(%) = |¥(%)] exp (i0;) with |0;] < z/2.

(8) Let ae R* with 0 < ¢ <1 and put

[ (@) exp (fafy)  if Y(%) # 0

V@ = {0 if V(&) =0’

where 0, = arg {(&) with |6;] < x/2. Then ¢ is negative definite.
Evidently we have the following

Remark 10. Let («,),», and +» be a sub-Markov convolution semi-group
on X and the negative definite function associated with («,),s,, Then we
have:

(1) (0) = 0 if and only if Jda, =1 for all ¢ > 0.
2 pQa - p]\7,,) converges uniformly to ¢ on any compact set as
P — oo, where (IV,),s, is the resolvent defined by (a,),s.

Consequently, if ¥(0) # 0, then («,),-, is always transient. We remark
here that N,(£) = 1/(p + ¥(&)).

§4. In this paragraph, we shall show the “if” part of Theorem.

ProposiTioN 11. Let (a,),s, and + be a sub-Markov convolution semi-
group on X and the negative definite function associated with (@)=, If
Re (1)) is locally é-summable, then (a,),s, is transient.

Proof. Evidently we may assume that («,),, is 2 Markov convolution
semi-group, that is, ¥«(0) = 0. Furthermore, we may assume also that
the closed subgroup generated by | J,», supp (@, is equal to X (see, [1],
p. 105). For any 0 < p e R*, we put ¥,(%) = p(1 — pN,,(a?:)) on X. Then
Pp(®) = pr(®)/(p + ¥(%)), so that Re(1/y,) is locally &-summable. Fur-
thermore, we remark that («,),s, is transient if and only if >, (pN,)"
converges vaguely.

Consequently, we may assume that (%) = 1 — 6(£) on X, where o¢

M+(X) with jda =1 and supp (¢) — supp (¢) = X®. Then |(%)| < 2 and
V(%) = 0 if & = 0.

3) For a subsets 4,B of X,A—B={x—y; xcA, yeB}.
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Assume that («,),s, is not transient. Then X is non-compact, and
Lemma 3 shows that X is generated by a certain compact neighborhood
of the origin. Hence we may assume that X = R" X Z™ X F, where n, m
are integers >0, R is the additive group of real numbers, Z is the
additive group of integers and where F is a compact abelian group (see,
for example, [4], p. 109). Let &, be the normalised Haar measure on F.
By considering the canonical projection of «,x&, on R* X Z™ for all ¢ > 0,
we may assume that X = R® x Z™. Then X = R* X T™, where T™ is
the m-dimensional torus.

Assume that n > 1. First we shall show that Re (1/y)Z is temperate.
Since |¥(%)] = a|4& in a certain neighborhood of 0 with some constant
a >0, there exists an integer m =1 such that (1/|yP)"V" is locally é&-
summable. Here |#| denotes the distance between % and 0 in R" x T™.

Let (a, )= be the Markov convolution semi-group on X satisfying oz/t,\m
= exp (—ty¥™) for all £ = 0 and let (IV, ,.),-, be the resolvent defined by
(&, m)ize- Since, for any p > 0,
|p + V™(&)|
(Np,m*l\v/'p‘m)wo is vaguely bounded. This implies that («, ,.),s, is transient.
Put N, , = r @, dt. Then N, N, , is defined and

0

T .
Np,m* p,m(x) =

b

— 1 \Um,
No,m*No,m = (“?) <.
[
Since (Re+)”” is bounded, (Re /|y[)¥™& is temperate. Consequently,
(Re /| )é = Re (1/¢)% is temperate. Since, for any p > 0.

A

. N
%(Np(x) + N, @) = PN = %%Z)f < Re (szl;)) on X,
we see that for any f e Cx(X), (3, + Np) — pN‘,,o*]\71,,)*[’>x<f(0))1[,>0 is bounded.
Here Cx(X) denotes the totality of functions fe C,(X) such that for any
yeZ™, the function f(x,y) of x is infinitely differentiable on R".
Assume that n = 0. Then X is compact. Hence, similarly as above,
we see that for any fe Cx(X), (3(IV, + N’I,) — pr*Np)*f*f(O))p>o is bounded.
Thus, in general, there exists f,e Ci(X) with f, 0 such that
(BN, + N,) — pN,«N,)xfyxf(0)),, is bounded. Furthermore, (pN,*N,),so
is not vaguely bounded. Hence (pr*Np*fo*fo(O)),,>o is not bounded. Put
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ap=(1/pr*Np*ﬁ)*fo(0))(p>0). Since a,pN,xN, is of positive type,
(appr*]\vIp),,>0 is vaguely bounded. We choose a decreasing sequence
(py):-; such that lim, . p, =0, (az,,‘p,CNM*1\71,,‘),‘;;l converges vaguely and
that (e,);-, converges decreasingly to 0 as k1 oo (Remark that X = R

X Z™). Put = lim,__ a, p,N, *N,. Since J firfodn = 1, Lemma 6 shows

that » = c£ with some constant ¢ > 0. Since
((%(Npk + Npk) - pkNpk*Npk)*ﬁ)*fo(O))l?=l
is bounded, we have also

lim a, (N,, + N,,) = 2c¢ .
k—oco

We may assume that (a,,N,,)i., converges vaguely. Put 2 = lim,_..a, N, ;
then lim,__a, N, = i Hence 2+ 0. By Lemma 1, we see easily that
for any 0 <peR*, N, € 2 and 2 € 2. This implies that 2 is shift-bounded
and 2 = pixN, for all p > 0. By Lemma 2, we have 1 = pixNN, for all
p > 0. This and Lemma 6 show that 2 is proportional to & which implies
A =ct Thus lim,_, a, N, =lim,__a,N, =ct& We choose a relatively
compact open set » in X such that o D supp (f,+f,). Let 7,, be an N,,-
equilibrium measure of w and put v, = (1/a, ), (R =1,2,---). Then
(vi)z-: is vaguely bounded, and hence we may assume that it converges
vaguely. Put vy = lim,__v,. Then Idu = 1/c, that is, v£0. Let 0 <p

€ R*. Then the resolvent equation and Lemma 7 give

lim p, N, N, — (p — p)N,)sv, = lim pN,xN, s, = 0.
k—co

k—oo

Lemma 5 gives
N,pie = (p — PN, Yowsfyso©) = 0
provided with p > p,. Hence, by putting
A = sup BN, + No) — aN=No)forf (0)
we have, for p = p,,
AN, + Ny — PN x N, e — (0 — PN, wverfoxfol0)
< 24 sup | dy,,

1sk<oo

because (3(N,, + N,,) — p.N, xN,)f,xf, is of positive type. Letting & —
oo, we obtain that
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N,susfyfo(0) < 4A sup jduk .
1Sk<oo

oo

This implies that O ﬁ*fo*fodek> is bounded, which contradicts

lima, N, =cf& and %113 a, =0.

k=0

Thus we see that (a,),s, is transient. This completes the proof.
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