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We first prove that the realization Ay, of A := div(QV) — V in L?(R%) with
unbounded coefficients generates a symmetric sub-Markovian and ultracontractive
semigroup on L?(R%) which coincides on L?(R%) N Cy(R?) with the minimal
semigroup generated by a realization of A on Cj,(R%). Moreover, using
time-dependent Lyapunov functions, we prove pointwise upper bounds for the heat
kernel of A and deduce some spectral properties of A, in the case of polynomially
and exponentially growing diffusion and potential coefficients.
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1. Introduction

In this article, we are concerned with Schrodinger-type operators of the form
Ap = div(QVy) =V, ¢ e C*(RY), (L.1)

where the diffusion coefficients ¢ and the potential V' are typically unbounded
functions. Throughout, we make the following assumptions on @ and V.

HypoTHESIS 1.1. We have @ = (gij)ij=1...a € C'TS(REGRY) and 0KV €
C¢(R?) for some ¢ € (0,1). Moreover,
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(a) the matrix @ is symmetric and uniformly elliptic, i.e. there is 7 > 0 such that

d
37 ()& = nlel? for all z, € € RY

4,j=1

(b) there are 0 < Z € C*(R?) and a constant M > 0 such that lim;_ Z(z) =
00, AZ(z) < M and nAZ(z) — V(x)Z(x) < M for all x € R%

In the last few years, second-order elliptic operators with polynomially growing
coefficients and their associated semigroups have received a lot of attention, see for
example [5-9, 13, 17, 18, 23-26] and the references therein.

Concerning the above operator A, it is well known (see [17, theorem 2.2.5] and
[21]) that, assuming hypothesis 1.1, a suitable realization of A generates a semi-
group T' = (T'(t));>0 on the space Cj(RY) that is given through an integral kernel;
more precisely,

T = [ ptan)f@)dy. t>0.2 R [ e CyRY),

where the kernel p is positive, p(t, -, -) and p(¢, z, -) are measurable for any ¢t > 0, x €
R9, and for a.e. fixed y € RY, p(-,-,y) € Cl+</2’2+<((0, o) x R9).

loc

It is proved in § 2 that this semigroup can be extended to a symmetric sub-
Markovian and ultracontractive Cp-semigroup on L2(R?) and classical results show
that this semigroup extrapolates to a positive Cy-semigroup of contractions in all
LP(R?), p € [1,00). Moreover, in the examples considered in § 4, these semigroups
are compact and the spectra of their corresponding generators are independent
of p.

Our second focus in this article lies in proving pointwise upper bounds for the
kernel p. The case of (non-divergence type) Schrodinger operators

(14 [2|™)A = |2[* (1.2)

was discussed extensively in the literature and may serve as a model case. In this
case, kernel estimates were obtained in [9] (see also [7] from which kernel estimates
for the corresponding divergence form operators can be deduced) assuming that
m > 2 and s > m — 2. The case m € [0,2) and s > 2 was treated in [18]. Let us also
mention that for m = 0 and s > 0 both upper and lower estimates were established
n [22]. In the case of V' = 0, similar kernel estimates were obtained in [25].

As far as more general operators are concerned, in particular the case of bounded
diffusion coefficients has received a lot of attention, see [1, 4, 16, 20]. These
techniques were extended to include also unbounded diffusion coefficients in [14,
15].

In this article, we adopt the technique of time-dependent Lyapunov functions
used in [1, 14, 15, 29] to our divergence form setting. This allows for a unified
approach to obtain kernel bounds corresponding to [7, 22] in the divergence form
setting. As a matter of fact, we can allow even more general conditions on m and s,
requiring merely that m > 0 and s > |m — 2|; moreover, we can drop the assumption
d > 3 imposed in [7, 22].
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As our approach does not depend on the specific structure of the coefficients,
we can establish kernel estimates not only in the case where Q(z) = (1 + |x|™)I;
an estimate of the quadratic form associated with @ is enough, cf. equation (3.3).
Moreover, we can even leave the setting of polynomially growing coefficients and
consider coefficients of ezponential growth; this includes the case Q(x) = el I and
V(z) =el*l" for d > 1 and 2 < m < s. Here, we would like to mention the paper
[12] where pointwise estimates are obtained in the elliptic case for exponentially
growing coefficients. We stress that these estimates can be improved by choosing a
Lyapunov function as in § 4.2.

This article is organized as follows. In § 2, we adapt the techniques in [3] to
prove that a realization of A in L?(R?) generates a symmetric sub-Markovian and
ultracontractive semigroup 7T5(-) on L?(R?) which coincides with the semigroup
T(-) on L%(R%) N Cy(R?). In § 3 we introduce time-dependent Lyapunov functions
and establish sufficient conditions under which certain exponential functions are
time-dependent Lyapunov functions in the case of polynomially and exponentially
growing diffusion coefficients. In the subsequent § 4, we use these results to prove
upper kernel estimates for our divergence form operator A. In the concluding § 4.3,
we present some consequences of our result for the spectrum and the eigenfunctions
of the operator A, from § 2.

Notation

B, denotes the open ball of R? of radius r and centre 0. For 0 < a < b, we write
Q(a,b) for (a,b) x R
Ifu:JxRY— R, where J C [0,00) is an interval, we use the following notation:

0 0
871;, Diu = 7“ Diju = DiDjU

8tu - aibi’

d
Vu = (Dyu,..., Dgu), div(F) = D;F, for F: R — R,

=1
and
d d
Vul> =Y [Djul’,  [D*ul’ = > |Dijul’.
j=1 i,j=1

Let us define notations for function spaces. Cy(R?) is the space of bounded and
continuous functions in RY. D(RY) is the space of test functions. C%(R?) denotes
the space of all a-Holder continuous functions on RY. C12(Q(a, b)) is the space of
all functions u such that dyu, D;u and D;j;u are continuous in Q(a, b).

For QCR? 1< k<00, jEN, W,g (Q) denotes the classical Sobolev space of all
LF-functions having weak derivatives in L¥() up to the order j. Its usual norm is
denoted by || - ||;x and by || - || when j = 0. When k = 2 we set H’(2) := W3 (Q)
and H{(€2) denotes the closure of the set of test functions on  with respect to the
norm of H(Q).

For 0 < a < 1, we denote by C'+2/2:2+2(Q(a,b)) the space of all functions u
such that d;u, D;u and D;ju are o-Hélder continuous in Q(a,b) with respect to
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the parabolic distance d((t, ), (s,y)) := |z — y| + |t — s|'/2. Local Hélder spaces are
defined, as usual, requiring that the Hélder condition holds in every compact subset.

2. Generation of semigroups on L?(R?)

In this section, we show that a realization of A in L?(R?) generates a symmetric
sub-Markovian and ultracontractive semigroup T5(-) on L?(R?) which coincides
with the semigroup 7'(-) on L?(R%) N Cy(RY).

We recall that, given Q C R? a Cp-semigroup S(-) on L2(f2) is called sub-
Markovian if S() is a positive semigroup, i.e. S(¢)f >0 for all ¢ > 0 and f > 0,
and L -contractive, i.e.

1St) flloe < I fllses  VE =0, f € L*(Q) N L®().
It is called wltracontractive, if there is a constant ¢ > 0 such that
IS llnr, =) < et (/2

for all ¢t > 0.

To establish ultracontractivity we use the following useful result, see [3, propo-
sition 1.5], where we replace the H'-norm with the L?-norm of the gradient. The
proof remains the same and is based on Nash’s inequality:

142/d 2/d
2

[[ull < call[Valll2]lully
for all u € LY(R%) N HY(RY).

PROPOSITION 2.1. Let S(-) be a Cy-semigroup on L*(R?) such that S(-) and S*(-)
are sub-Markovian. Assume that, for § > 0, the generator B of S(-) satisfies:

(a) D(B) C H'(RY);
(b) (=Bu,u) > 8[||Vull3, Yu € D(B);
(c) (=B*u,u) = d|||Vul||3, Yu € D(B*).
Then, there is ¢ > 0 such that
IS@llezr, ey < est™2, VE>0,
i.e. S is ultracontractive.

We now take up our main line of study and consider the elliptic operator A,
defined by

A:HL (RY) = DRY, Ap=div(QVy) — V.
Its maximal realization Ap., in L2(R?) is defined by
D(Apax) = {u € L*(RY) N HL (RY), Au € L*(RY)},
Apaxt = Au.

There is also a minimal realization A,;, of A. The minimal realization of A in
L?(R%) is the operator presented in the following theorem.
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THEOREM 2.2. There exists a unique operator Amin on LQ(Rd) such that
(a) Amin - Amax;
(b) Awmin generates a positive, symmetric Co-semigroup To(-) on L?(R?);

(¢) if B C Amax generates a positive Co-semigroup S(-), then To(t) < S(t) for all
t>0.

The operator Apin and the semigroup To(-) have the following additional proper-
ties:

(d) D(Amin) € HYR?Y) and —(Aminu, u) = n|||Vull|3 for all u € D(Amin);
(e) Ts(+) is sub-Markovian and ultracontractive;

(f) the semigroup Ts(-) is consistent with T(-), i.e.
Tot)f =T@{t)f, t=>0,fcL*RY)NC,RY).

Proof. We adapt the proof of theorem 1.1, proposition 1.2 and proposition 1.3 in
[3] to our situation. For the reader’s convenience we provide the details.

Step 1. We define approximate semigroups 7 (-) on L? (B,). To that end, consider
the bilinear form a, : H}(B,) x Hg(B,) — C, defined by

d
aplu, v :/B Z qijDiuDj@dx—i—/B Vuvde.

i j=1 »

This form is obviously symmetric. Using that @ and V are bounded on B,, an
easy application of Hoélder’s inequality shows that a, is continuous. Moreover, the
positivity of V', the uniform ellipticity of @ and Poincaré’s inequality yield coercivity
of a,. Now standard theory, see [27, proposition 1.51] implies that the associated
operator A, generates a strongly continuous semigroup T®(.) on L? (B,). Making
use of the Beurling-Deny criteria (see, e.g. corollary 4.3 and theorem 4.7 in [27])
we see that the semigroup T(¥)(-) is sub-Markovian.

Step 2. We prove that the semigroups T(¥)(-) are increasing to a semigroup T ().

We now consider functions on B, to be defined on all of R?, by extending
them with 0 outside of B,. Then, for any 0 < p; < pa, the space Hj(B,,) is an
ideal in H}(B,,). Thus, by [30, corollary B.3] (see also [27, § 2.3]), we have
TP () < TP2)(t) for all t > 0. As every semigroup T(P)(-) is sub-Markovian and
thus contractive, we may define

To(t)f := sup T (t) f
neN

for 0 < f € L?(R?) and then T (t)f := To(t) f+ — To(t)f~ for general f € L?(R9).
An easy computation shows that T () is a positive contraction semigroup. We prove
that Ty(+) is strongly continuous. To that end, fix 0 < f € D(R?), and p > 0 such
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that suppf C B,. Let t,, | 0. Then,

limsup |7 (t,) f — Ta(tn) 12

n—oo

= timsup [T (6 FI + [ To(tn) FIB — 20T (6) £, To(00) )2

n—oo

<limsup [2 113 = 270 (t) £, T () 1)2] = 201713 - 2113 = 0.

n—oo

Here, in the third line we have used the contractivity of T()(-) and Ty(-), that
0<TW(t,)f < Ta(t,)f and the strong continuity of T)(-). Thus, T (t,)f — f
as n — oo. Splitting f € D(R?) into positive and negative parts, we see that this
is true for general f. In view of the contractivity of T5(-), a standard 3e argument
yields strong continuity of T5(+).

As the form a, is symmetric, the semigroup T(p)(-) consists of symmetric oper-
ators and thus, so does the limit semigroup T5(+). Likewise, sub-Markovianity of
Ty(+) is inherited by that of T()(.).

Step 3. We identify the generator A, of To(+).

Let us first note that R(\, A,)f — R(A, Amin)f as p — oo for every A > 0;
this follows from the construction of Th(-) by taking Laplace transforms and
using dominated convergence. Now fix a sequence p, T oo and f € L2(R?). We
put u = R(1, Amin)f and u, = R(1,4,,)f. Then u,, — v and A, u, =u, — f —
u— f = Apipu in L2(Rd) as n — 00. By coercivity of the form a,, , we have

nlim sup/ |Vu,|? dz < limsup a, [un, u,] = limsup —(A, ty,, w,) = —(Amintt, ).

(2.1)

It follows that (u,)nen is a bounded sequence in H'(R?) and thus, by reflexivity
of HY(R?), u,, — u weakly in H'(R?). Thus, D(Awyi,) C H'(R?). Moreover, using
the weak lower semicontinuity of norms, we see that (2.1) implies —(Aminu, u) =
[l Vul[|3-

Now fix v € D(R?). As u,, converges to u weakly in H'(R?), we see that

(Au,v) = lim (Au,,v) = lim (A, un,v) = (Aminu, v),

n—oo n—oo

proving Apmin C Amax. At this point, properties (a), (d) and (by definition of Ayiy,)
(b) are proved.

Step 4. We establish the minimality property.

To this end, let B C Anax be such that B generates a positive Cy-semigroup
S() on L%(R4). To prove Th(t) < S(t) for all t > 0 it suffices to prove R(\, Apmin) <
R(A, B) for all A > 0; this is an easy consequence of Euler’s formula.

To see this, let us fix again a sequence p, T 0o, A >0 and 0 < f € L?(R%). We
put u = R(\, Amin)f, v = R\, B)f and u,, = R(\, A,,)f. As B C Apnax, we have
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v € HE (R?) and

d
/\/ (up, — v)wdax + / Z ¢i;Dj(u, — v)Dywdx + / V(up —v)wdz =0
Bo, Bon i =1 Bp,

(2.2)
for all w € H}(B,,). As the semigroup S(-) is positive, v > 0 and thus (u,, — v)" <
uy. As HY(B,,) is an ideal in H} _(R?), (u, —v)T € H}(B,,). We may thus insert
w = (u, —v)T into (2.2). Taking the uniform ellipticity of @ into account, this
yields

),

As V >0, it follows that (u, —v)* =0 and thus u,, < v. Upon n — oo we obtain
u < v and thus R(\, Apin)f < R(A\, B)f for 0 < f € L?(R9).

Step 5. We establish properties (e) and (f).

As we have already mentioned above, the semigroup T5(+) is sub-Markovian and
consists of symmetric operators. The latter implies that the generator A, of To(+)
is self-adjoint. In view of property (d), the ultracontractivity of the semigroup
follows immediately from proposition 2.1.

As for consistency we note that the semigroup 7'(-) on Cy(R?) is obtained by a
similar approximation procedure as for Ts(-), see [17, theorem 2.2.1]. Indeed, for
all p > 0 the operator A, endowed with the domain

((un —v)™)? dz + n/

IV (u,, —v)" > da + / V ((un — v)+)2 dz <0.
By,

Pn BPn

{u e W;(Bp) for all 1 <p < oo: Au € Cy(B,),ulsp, = 0}

generates a semigroup S)(-) on Cy(B,), that gives the unique solution of the
following Cauchy-Dirichlet problem associated with A on Cy(B,):

Owu(t,x) = Au,(t,z), t>0,x€ B,
u(t,x) =0, t>0,x€0B,,
u(0,z) = f(z), z € B,.

Given f € Cy(R?), we may consider S (t)f := S®)(t)f|p, as a function on all of
R?, extending with 0 outside of B,. It follows from the maximum principle that for
0 < f € Cy(R?), the function S (t)f is increasing in p. We may thus define

T(hf = lim SO)f,

for all 0 < f € Cy(R?) and then T'(t)f = T(t)f+t — T(t)f~ for general f € C,(RY).
As the semigroup S()(:) is consistent with the semigroup T (-) on L*(B,)
considered above, consistency of Ts(+) and T'(-) follows. O

REMARK 2.3. (a) As the minimal realization A, of the elliptic operator A gen-
erates a symmetric sub-Markovian Cp-semigroup 75 (+) on L?(R?), it follows
from [10, theorem 1.4.1], that T5(-) extends to a positive Cp-semigroup of
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contractions T),(+) on LP(R?) for all p € [1,00). Moreover, these semigroups
are consistent, i.e.

T,(t)f =T,(t)f, forall fe LP(R")NLIRY), t>0.

(b) Since, by theorem 2.2, Ty(+) is ultracontractive, and T5(-) coincides with T'(+)
on L}(R?) N Cy(R?), it follows that Ty(-) is given through an integral kernel
which coincides with the kernel p of the semigroup 7T'(-).

3. Time-dependent Lyapunov functions for parabolic operators with
polynomially and exponentially diffusion coefficients

As in [1, 15, 29|, we use time-dependent Lyapunov functions to prove pointwise
bounds of the kernel p. In this section, we give conditions under which certain
exponentials are time-dependent Lyapunov functions for L := 9; + A also in the
case of polynomially and exponentially growing diffusion coefficients.

We now introduce, as in [15, 29], time-dependent Lyapunov functions for L.

DEFINITION 3.1. Let the function Z be as in hypothesis 1.1(b). We say that a
function W : [0, T] x R* — [0,00) is a time-dependent Lyapunov function for L if
W e CH2((0,T) x RY) N C([0,T] x RY) such that lim,|—o W (t, ) = oo uniformly
for t in compact subsets of (0,T], W < Z and there is 0 < h € L*(0,T) such that

LW(t,z) < h(t)W (t,x) (3.1)
and
WW (t,z) + nAW (t,z) — V()W (t,2) < h(t)W (¢, x) (3.2)

for all (t,z) € (0,T) x R%. To emphasize the dependence on Z and h, we also say
that W is a time-dependent Lyapunov function for L with respect to Z and h.

The following result shows that time-dependent Lyapunov functions are inte-
grable with respect to the measure p(t,x,y) dy for any (¢,2) € (0,T) x R%

PROPOSITION 3.2. If W is a time-dependent Lyapunov function for L with respect
to h, then for &w (t,x) == [pa p(t,z,y)W (L, y) dy, we have

Ewlt,x) < elo 1) BW(0,2), V(t,z)€[0,T] x R

Proof. The proof is similar to the one given in [29, proposition 2.3]. One has to
approximate the coefficients @), F' and V' by bounded functions, as in [16, lemma
2.3] and [19, theorem 6.2.10]. For more details, we refer to [28, propositions 1.5.2,
1.6.3]. We note that, as in [29], condition (3.2) is not needed for this proposition. [

In what follows, we will often set T' = 1 for ease of notation. The following results
give conditions under which certain exponentials are time-dependent Lyapunov
functions. Here, z — |z|% denotes any C2-function which coincides with z — |x|?
for |x| > 1.
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PROPOSITION 3.3. Assume that there is a constant cq > 0 such that

d
> 4 (@))€ < cq1+ |a|™)[¢)? (3.3)

i,j=1

holds for all ¢, x € RY and some m > 0. Consider the function W (t,x) = est”ll?
for (t,z) € [0,1] x R? with 3> (2—m) V0, e >0 and o > 3/(B+m —2). If

1 —p—m xz V

|z|— o0
is satisfied for A > cq,ef8 and

lim V(z)|z)> "™ > ¢ (3.5)

|z|—o0

holds true for some ¢ > 0, then W is a time-dependent Lyapunov function for L with
respect to Z () = ele? and h(t) = C1t*=Y2B+m=2) for some v > 1/(8+m — 2)
and some constant Cy > 0. Here, G; := E?Zl D;q;;. Moreover,

Ew(t,z) < elo M9ds — o
for all (t,z) € [0,1] x R4,

Proof. 1t is easy to see that W e CH2((0,1) x RY) N C([0,1] x RY), lim;—oo
W (t,z) = oo uniformly for ¢ in compact subsets of (0, 1] and W < Z. It remains to
show that there is 0 < h € L'(0,1) such that (3.1) and (3.2) hold true.

In the following computations, we assume that |z| > 1 so that |z|] = |z|® for
s> 0. Otherwise, if |z| <1, since z — |z|f is a C2-function, one deduces eas-
ily that W(t,z)"'LW (t,z) < Ct*~1 + C and W (t,z) [0, W (t,2) + nAW (t, ) —
V(z)W(t,z)] < Ct* 4 C for any (t,z) € (0,1] x By and some constants C, C' >
0. Thus, by possibly choosing a larger constant Cy we obtain that LW (¢, x)| < h(t)
and oW (t,x) + nAW (t,xz) — V(z)W (t,x) < h(t) for all (t,z) € (0,1] x By, with
v >1/(8+m —2), where h(t) = Cyt@—7(2f+m=2),

Let t € (0,1) and |z| > 1. By straightforward computations we have

D;W(t,z) = et |z|° 2 z;W(t, ),
Di(gi;D;W)(t, ) = ept” El D;qij(x)x; W (t, )
+eB(8 — 2)t* |2|” " gy (2w, W (¢, )
+ 2Bt |22 qij ()0, W (¢, z)
+ 2822 P g (@), W (¢, ).
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Then, we obtain

LW (t,x) = W (t,x) + AW (¢, x)

d
= et x| W(t,x) + Bt 2P W(t, ) S Digij()a;

ij=1

d
+eBB -2t 2" W (t2) Y aii(w)wia

ij=1

d
+eBt o TP Wt 2) Y g4 ()0

ij=1

d
+e2@ % P Wt ) Y gij(@)min; — V(@)W (ta).  (3.6)

ij=1

We recall that G := Zle D;q;; and we use the polynomially growth of diffusion
coefficients (3.3). We have

LW (t,z) < eat® x|’ W(t,z) + et |z|° > W(t, 2)G(z) - z
+egeB(B = 2)Tt |27 (14 |2l ™) 2 Wt @)
+ deget |z (1 + |z ™YW (¢, z)
+ g2 B2 2P (1 A+ ™) |2 Wt z) — V(2)W (¢, z).

Since (1 + |z|™) < 2|2|™ and t* < 1, we arrange the terms as follows:

LW (t,x) < eft® [T 2 W (t, z) {;‘t )77 4 2¢,((8 — 2)t +d) 2| °

—m —B—m Vv
+ege St + ceeft™ x| + ||t (G. |%| — ﬁ|ﬁl>] . 3.7
ef|x

Let v > 1/(8 +m — 2). We distinguish two cases.

Case 1: |x| > 1/t7.
Since t* < 1 and using (3.7), we get

LW (t,x) < Bt [T 2 W1, x) [E | 9 (B - 2)t +d) [z 7

—m —B—m T 1%
tegeB+ cqeB x| + |t (G. o W)] ) (3.8)

We claim that, if we assume further that |z| is large enough, then

LW(t,z) <0,
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for all t € (0,1). To see this, let |z| > K for some K > 1. Combining (3.4) with
(3.8) yields

LW (t,2) < Bt [2[** T2 W (¢t, z) [Z o IO 4 20y ((8 — 2) ) [2] 7
teg2B+ cgef )T — A} . (3.9)
Considering that v > 1/(84+m —2), 8 > 0 and m > 0, we infer that

% eI 4 2, (B = 2) T d) @77+ cgeB 4 cqep e T — A

B

where | := min(—1/y — 24 8+ m, 8, m) > 0. Since A > ¢,e(3, choosing

< (a +2¢((8 - 2)"+d) + Cq5/6> K™l 4 cqsf = A,

K> (a/m 2¢4((3 — 2)*+d) +cq€ﬁ)1”
- A —cgep ’

it follows that the quantity within square brackets on the right-hand side of (3.9)
is negative. Thus LW (t,z) < 0 for |z| > 1/t7, |x| > K and for all ¢ € (0,1).

For the remaining values of z, |z| < K, since W € C([0,1] x R?), by (3.8), we have
that LW (t,z) < C for a certain constant C > 0 and allz € {y e RY: 1 < |y| < K}.
Hence, LW (t,xz) < C for all t € (0,1] and 1/t7 < |z| < K. Anyway, we conclude
that

LW (t,z) < CW(t,x),
for all t € (0,1] and |z| > 1/t7.

Case 2: x| < 1/t7.

We assume that |z| is large enough. Otherwise, by (3.7), we obtain
W (t,z) " LW (t,z) < Ct*~' + C and hence LW (t,z) < h(t) for all (t,z) € (0,1] x
{y e R?:1< |y| < K} and any large constant K.

We combine (3.4) and (3.7) to deduce that

LW (t,x) < [Eata_l_w + 2¢,e8((8 — 2)++d)ta_7(6+m_2) + cq52ﬁ2t2a_7(26+m_2)
Fege2 32201202 gt PP N Wt ).

We drop the term involving A because it is negative. Moreover, since v > 1/(5 +
m — 2), we note that the leading term is t*~7(26+7=2)_ Hence,

LW (t,x) < h(t)W(t,z).
For the function h(t) to be in the space L*((0,1)), we set a > 3/(8+m —2). In

this way, choosing v < (a4 1)/(28 + m — 2) so that & — v(28 + m — 2) > —1, h(t)
is integrable in the interval (0, 1).
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Summing up, considering a possibly larger constant Cy, we proved (3.1) for all
t € (0,1) and x € R4,
We now verify (3.2). An easy computation shows that

AW (t,2) = eB(B+ d — 2)t* |z|° 2 W (t, z) + 28262 |2 2 W (t, z).
Thus, we get
oW (t, ) + nAW (t,x) — V(2)W (t,x) = eat® " ||’ W (t, z)

+neB(B+d—2)t* |z P W (t, )

+ 2B 2P TP W (t, 1)~V (2)W (¢, 2).
(3.10)

As in the first part of the proof, we let v > 1/(8 + m — 2) and we distinguish two
cases.

Case 1: |x| > 1/t7.
Since t* < 1, by (3.10) we obtain

OW (t,z) + nAW (t,z) — V()W (t, x)

m— « —B—m —B—m
< Bt [P W (1, ) [ﬁxﬂ”” B (Bt d—2) |2

1 i
Snefile] " = V(@) ol }

If |z| large enough, by (3.5) we have
W (t,z) + nAW (t,z) — V()W (t, )
< Eﬁta |x|2ﬁ+m72 W(t,[L’) |:g |x|1/"/+27ﬁ*m

—Bem - C
a6+ =)ol 4 el - 5]

Arguing as in (3.9), we find that 9, W (¢, x) + nAW (¢, x) — V(z)W (¢, x) is negative
for |x| large, whereas it is bounded for the remaining values of x. Therefore, we
deduce that

oW (t,x) + nAW (t,z) — V()W (t,x) < CW (¢, z),

for all t € (0,1) and |z| > 1/t7.
Case 2: x| < 1/t7.
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Since V' > 0, (3.10) leads to

QW (t, ) + AW (t,x) — V()W (t,z) < [eat® ™78 £ nep((B — 2) T 4d)te P2
+n52ﬁ2t2a—7<2ﬂ—2)} W(t, ).

We can control the right-hand side of the previous inequality with the function
h(t)W (t,x), obtaining that

W (t,z) + nAW (t,z) — V()W (t,z) < h(t)W(t, x),

where the constant C; in the function h has to be suitably adjusted. In both cases
(3.2) holds true. We conclude that W is a time-dependent Lyapunov function for
L.

Moreover, by proposition 3.2, we have

Ew(t,7) < elo MO AW (0, ) < elo M) =
for all (t,x) € [0,1] x R9, O

REMARK 3.4. One can easily see that the same conclusion as in proposition 3.3
remains valid if we replace the operator A with the more general operator Ap :=
A+ F -V with F € C¢(R?, R?) for some ¢ € (0,1), and condition (3.4) with

Vv
I S (e A SR P}
m supa] <( ) T R <

This generalizes proposition 2.3 in [1].
PROPOSITION 3.5. Assume that there is a constant ¢, > 0 such that
d
3 gij(2)8i&; < ceel™” g (3.11)
ij=1

holds for all &, x € R and some m > 2. Consider the function

EIR
W (t,z) = exp <Et"/ e’ /2 dT)
0

for (t,z) € [0,1] x R with m/2+1< B<m, e >0 and a > (28 +m —2)/2m. If

lim sup \m|17ﬁ7mef(|m|ﬁ/2)7‘m‘m G- - Lﬁ < —A (3.12)
|| —o0 |{I,‘| ge|$| /2
is satisfied for A > 0 and
Jim V() el e s (3.13)

holds true for some ¢ > 0, then W is a time-dependent Lyapunov function for L with
respect to Z(x) = exp(e folml* e’ /2dr) and h(t) = C5to=7B+B/2m=1) for some v >
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1/m and some constant C5 > 0. Here, G; := 2?21 D;q;5. Moreover,
Ew(t,z) <elo M) = ¢

for all (t,x) € [0,1] x R4,

Proof. As in the proof of proposition 3.3, one can assume from now on that |z| > 1
so that |z|? = |2|” for s > 0. The estimates can be extended to R? by possibly
choosing larger constants.

Let t € (0,1) and |z| > 1. By direct computations we have

D;W(t,z) = et®— T olel? P2W(t, z),
x

Di(gi; D;W)(t, z) = cto ol 12Diqij @)z W (t, )

EN

1 -
+ Esﬂto‘ || 3 e‘mlﬁ/quj(x)xisz(t,x)

+ et mel | /quj(x)éijW(t,x)

—et®—se ol7”/2 g, (x) s, W (8, )

ICEI
Jr»EQtZC‘ielm‘[j ij()xx; W(t, x)
|l’|2 qij Ly ) .

Hence, we deduce that

LW (t,z) = W (t,z) + AW (¢, )

elw‘ P2W(t, x) Zqu (x)z;

||
=cat® 'W(t, 2) / e /2 dr 4 et —
0 1,5=1

|z
1 B &
+ 55ﬂt“ 2?78 el 2w (¢, 2) Z gij(z)z;x;

ij=1

+€ta|x| elel” P2W(t, Z gij(z
i,j=1
d

1
— et —s elgc‘ﬁ/ZW(t7 x) Z gij(v)z;x;

2| ij=1

+e t2a| ’ e W (t, z) qu 2)1;1;
t,j=1

— V()W (t,x).

First of all, we drop the negative term involving € on the right-hand side of the pre-
vious equality. Second, we use the exponentially growth of the diffusion coefficients
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(3.11) to obtain that

|z 1
LW(t,2) < cat® "W (t, z) / 2 ar + st”‘m el 2W (¢, 2)G(z) - x
0

1 _ m 1 m
+ §Ce€ﬂta || elel?/2+le] W(t,x) + dceet®™ — elel?/2tle] W (t,z)

||
W(t,z) — V()W (t, z). (3.14)

| m

+ co2t2e glel Hlz
Since t* < 1, we can write the previous inequality as follows:
LW (t,z) < et o T el el W (s, )
x| |zt e lal el /Il
t 0

R P e L PR L

1= alf el (. TV
+ | € (G lz]  eelel®/2 )| (3.15)

1 —m
e75/2d7+§ceﬁ\x| e ll?/2

1-B—m

Let v > 1/m. We now distinguish two cases.

Case 1: el*l™ > 1/tvm.
First, we observe that

||
8 8
/ e 2 dr < x| el*I7/2,
0

Then, since t* < 1 and e~ 1#1°/2 < 1, by (3.15) we get

LW(t,x) < et® |ac|ﬁ+m_:l e‘”lg'*lx'mW(t,m) {a |a:|2_5_m e/ym=Dla™

1 _ _3_ _3_
+§ceﬁ\m| "+ de. |z A m—|—c€5|373|1 A—m

e e (G. z Vﬂ ,

ERTERE

Moreover, e(!/Ym=DIz" <1 because v > 1/m. Thus, we derive that

_ m _g— 1 _
LW (t,z) < et® g/t L elel” ™y (¢ 1) [a|m2 g m+§ceﬂ|x\ "

+dee x| 7T 4 coe |

1=p=m ozl f2lal" (. & _ _V
+ || e ( ] S|
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If || is large enough, say |z| > K for some K > 1, we apply (3.12) to deduce that

_ m _5— 1 _
LW (t,z) < et® o/t el ™ (¢ 2) {a " §Ceﬂ‘$| "
tdee |2 77T 4 cee TP — A] .

We now show that, for a suitable choice of K, the quantity within square brackets
is negative. Since 3 > m/2+ 1 and m > 2, we have § > 2 and hence

—p—m 1 —m —B—m —B—m
a e[0T 4 SeeBlal ™" + deefal T+ cee [ TP - A
1 _
< (oz—i—ZCeﬂ—i-dce—i—ces)K m_A.

As a result, by taking

1/m
K> (a+(1/2)cei+dce+cee> 7

we finally get LW (¢, x) < 0. For the remaining values of x, we argue as in the proof
of proposition 3.3 to obtain that LW is bounded by a constant. In both cases we
have

LW(t,x) < CW (t,x),
for all t € (0,1), el*™ > 1/t7™ and for some constant C' > 0.
Case 2: el*I” < 1/t7m,
Notice that |z] < ¢t~ and, since § < m, we have

ol o L
el < o for |z| > 1.

Then, if |x| is large enough, using 5 > 1, and combining (3.12) and (3.15), we obtain
that

LW (t,z) < |:€at0417(m/2+1) + %Cegﬂtaw(m(:s/z)mq) + dceeta7(3/2),ym
Feo 22072 Nt [T elxlﬂﬂwm] W (t,z).
Dropping the last negative term, we find
LW (t,z) < |:Eata—1—"/(m/2+l) + %Cegﬁta—v(m(sm)m_n

tdceet®™B/2vm 4 ces2t2a_27m] W(t,x).
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Since v > 1/m and 8 > m/2 + 1, the leading term is t*~7(#+(/2)m=1) Therefore,
we get

LW (t,z) < Cto7B+E/2m=Dyy (¢ ),

for all ¢ € (0,1), el*l™ < 1/t7™ and for some constant C' > 0.
To sum up, there exists a constant C'3 > 0 such that

LW (t, ) < h()W (¢, z),

for all ¢ € (0,1) and 2 € R?, where h(t) = Cst>=1(F+(E3/2)m=1)

Moreover, we choose v < (a4 1)/(8 4 (3/2)m — 1), which is possible since « >
(28 +m —2)/2m, so that a—~(B+ (3/2)m —1) > —1 and h € L'((0,1)). We
conclude that condition (3.1) is satisfied.

To show (3.2) we compute

AW (t,z) = sﬂta 2771 el /2y (¢, ;z:)—l—det"‘l |elml W (t,z)
X

—Eta‘ | el 2\ (¢, 2) + 222 el W (1, 2).
xr

Hence,

oW (t,x) + nAW (t,x) — V(x)W (t, x)
o]
- gata_ll/V(t,x)/ 2 dr 4+ lnsﬁta 2P~ elel” 2 (¢, )
0

+dn5t°‘ elel” PW(t,z) — nato‘ elel” 2W (t, x)

o] © EN
+ et elel” W(t,x) — V(x)W(t,x)

|| 1
< thW(t,x)/ 2 ar 515t |t el 2 (¢, 2)
0

—i—dnat"‘ elel’ PPW(t, x) + net?® elel” W(t,x)

]
— V(@)W (t,2). (3.16)

We use the same strategy as above. We let v > 1/m and we consider two cases.

Case 1: el*I™ > 1/t
By (3.16) we obtain

W (t,z) + nAW (t,z) — V()W (¢, x)

< et® |$|ﬁ+m—1 e|x\ﬁ+\z|mw(t’x) [a|x|2_5_m o(1/ym=1)a|™
1 —-m —B—m —B—m
+ 5Bl ™"+ dla] P 4 efa] 7

1 — p— m
V(@) | P e lel? sl ]
g
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Using (3.13) and the fact that v > 1/m, we get

OW (t,z) + nAW (t,z) — V()W (¢, x)

< et |2 o W (1) [ a2

1 _ 3 _B— c
#gnlel ™+ dnlel 7 4y laf! P - £

If || is large enough, the quantity within square brackets is negative. Otherwise,
we can control it with a constant. In both cases, we deduce that

W (t,x) + nAW (t,z) — V(x)W(t,z) < C,
for all ¢ € (0,1), el®l™

Case 2: el*I" < 1/,
Since f < m and V > 0, (3.16) yields

> 1/t7™ and for some constant C' > 0.

1
W (t, ) + nAW (t,2) — V()W (t,z) < |eat®177(m/241) 4 5775[%“’7(5*’”/2’1)

+dnet> M/ 4 n62t2°‘*”m} W(t,x)
< Cta*“/(ﬁ+(3/2)m*1)W(t7x)’

for some constant C. Therefore, by possibly choosing a larger Cs5, we get (3.2).
Then, W is a time-dependent Lyapunov function for L. The last assertion follows
from proposition 3.2. O

4. Kernel estimates and spectral properties for general
Schrodinger-type operators

In this section, we establish pointwise upper bounds for the kernel p and study
some spectral properties of A.;, with either polynomial or exponential coefficients.
To obtain pointwise kernel estimates one needs the following assumptions.

HypoTHESIS 4.1. Fix T >0, x € R% and 0 < ag < a < b < by < T. Let us consider
two time-dependent Lyapunov functions Wy, Wy with W7 < Wy and a weight
function 1 < w € CH2((0,T) x RY) such that

(a) the functions w=20;w and w=2Vw are bounded on Q(ag, by);

(b) there exist k > d+ 2 and constants ci,...,cs, possibly depending on the
interval (ag, bo), with

w < clu)(k_m/kV[/f/k7 |QVw| < czw(k_l)/kwll/k, |div(QVw)|
< ng(kfz)/ka/k7 0w < C4w(k72)/kW12/k7 V2 < C5w7(1/k)W21/k

on [ag, by] x R%.
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The following result can be deduced as in [14, theorem 12.4] and [15, theorem
4.2].

THEOREM 4.2. Assume hypotheses 1.1, 4.1, k > d+ 2 and ¢;;, Dyq;; are bounded
on R®. Then there is a constant C > 0 depending only on d, k and n such that

k/2
w(t,y)p(t,z,y) <C |2 sup &w(s,2) + [ o + — 2 + /2 4 k2
Se(ao,bo) (bo - b)k/2

bo bo
Ew, (s,z)ds + clg Ew, (s, 2) ds] , (4.1)

ao ao

for all (t,y) € (a,b) x R? and any fized x € R?.

Notice that the assumption of bounded diffusion coefficients was crucial to apply
[15, theorem 3.7]. The fact that the constant C' does not depend on ||Q| ., will
allow us to extend this result to the general case.

By an approximation argument one can extend the above result to the case of
unbounded diffusion coefficients. The proof of the following result is similar to the
one in [14, theorem 12.6]. The only difference is that here we are concerned with
autonomous problems. This is the reason why we assume (4.3) for a fixed ¢t € (0,7,
similar as in [14, hypothesis 12.5].

THEOREM 4.3. In addition to hypotheses 1.1, 4.1 and k > d+ 2, we assume
that |VW1|,[VWa| are bounded on [0,T] x Br for all R >0 and that VZ(x) =
f(x)Wi(tg,z) for some nonnegative function f, some ty € (0,T) and all x € RY.
Moreover, we suppose that

(a) on [ag, bo] x R? we have
|Aw| < cguE /R (4.2)
(b) there is ty € (0,T) such that
[QVWi(to, )| < erWi(to, Yy~ V/PW, /s (4.3)
(c) there are ¢y >0 and o € (0,1) such that
W2 < CoZl_a (44)

on (0,T) x RZ.
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Then there is a constant C' > 0 depending only on d, k and n such that
k/2

€1 sup §W1 (va)
s€(ag,bo)

w(t,y)p(t,z,y) <C

/2 oo
k 1 ;

bo
+ (clg + c’;/zcl;/2> / Ew, (s, z)ds
ag

bo
+c§/2+c§/2>/ Ew, (s,x)ds
)

; (4.5)

for all (t,y) € (a,b) x R? and fived x € R?.
In the following subsections, we apply theorem 4.3 to obtain explicit kernel esti-
mates in the case of polynomially or exponentially coefficients. Moreover, we prove

in these cases the compactness of the semigroups and deduce estimates of the
eigenfunctions.

4.1. Polynomially growing coefficients

Here, we apply the results of the previous sections to the case of operators with
polynomial diffusion coeflicients and potential terms.

Consider Q(x) = (1 + |z|?*)I and V(z) = |z|* with s > |m — 2| and m > 0. To
apply theorem 4.3 we set

w(t,x) = e“I212 and W;(t,z) = it el
where j=1,2, f=(s—m+2)/2,0<e<e; <ex<1/fand a>3/(B+m—2).

THEOREM 4.4. Let p be the integral kernel associated with the operator A with
Q(z) = (L + |z|!)I and V(x) = |z|®, where s > |m — 2| and m > 0. Then

Dt 2, y) < CEl—(@@mYE)/(s=mt2)k (/21 2l T4/ (/21 |y 072

fork>d+2 and anyt € (0,1), x,y € R?,

Proof. Step 1. We apply proposition 3.3 to verify that the operator A satisfies
hypothesis 1.1 with

Z(x) = ec2lel?
and that W; and Wy are time-dependent Lyapunov functions for L = 0; + A.

Clearly, (3.3) holds true with ¢, = 1. Since s > |m — 2|, we have § > (2 —m) V0. It
remains to check (3.4) and (3.5). Let 2| > 1 and set G = Z?:l D;qi; = m|z|™2x;.
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Then
1-B-m € V) _ o [1-8-m ( m—1 W)
x G- — = |z mlz —
!0 (0 = ) =l e B
1
= m|z| P - —.
{:‘jﬂ
If |x| is large enough, for example |z| > K with
1/B
m
K> :
<1/€jﬁ - 1)
we get
x G ————— | =mlz| " - —<mK - — <1,
!0 (6 = ) = el - 5 e

where we have used that e; < 1/8. Hence, (3.4) is satisfied if we choose A := 1.
Moreover, we have

lim V(z)|z[* 2™ = lim |of* 2" =1
|| —o0 || —o0

Consequently, (3.5) holds true for any ¢ < 1.

Step 2. We now show that A satisfies hypothesis 4.1. Fix T =1, z € R?, 0 < ag <
a<b<by<T and k>d+2. Let (t,y) € [ag, bo] x RE. We assume that |y| > 1;
otherwise, in a neighbourhood of the origin, all the quantities we are going to
estimate are obviously bounded. First, since € < €1, we have that

w < Clw(k—z)/kwf/k

with ¢; = 1. Second, an easy computation shows that

‘Q(y)vw(tay” _ « p—1 m 7(1/k)(€176)ta|y|ﬂ
w(t,y)(k—l)/kwl(t’y)l/k = eft|y| (T+]yl™e

< 2eptey|Prm—l e~ (/R (E1=)tlul” (4.6)

We make use of the following remark: since the function ¢ — t” e~* on (0, c0) attains
its maximum at the point ¢ = p, then for 7,7, z > 0 we have

v/B
e T — 7= O/B) (728118 e < 7 (/B) (g) e~ /B) = C(y, B)r=/B),

(4.7)
Applying (4.7) to inequality (4.6) with z = |y|, 7 = (1/k)(e1 —e)t*, 8 = S and v =
B+ m—1>0 yields

|Q(y)Vuw(t, y)|
’LU(t, y)(kil)/kwl (tv y)

. ~(p+m-1)/p
7% S 20(8+m -1, B)ept” [k(& - 5)”}

< ot~ ((a(m=1))/8) < at—(am/B) < an_ B
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(am/p

Thus, we choose ¢y = ta, ), where ¢ is a universal constant. Similarly,

div(Qy)Vw(t,y))l  _ mlyl™ " [Vw(t, y)[+(1+]y[™)|Aw]
w(t,y)E=DEW (8, y)2R = w(t,y) B2 (8 y) 2/

+2((8 — 2)++d)|y\5+m_2 + 2€5t0‘|y|25+m_2} o~ (2/k)(e1—e)t|yl”

<eft™ [mly|P T2

As a result, applying (4.7) to each term, we find that

|div(Q(y)Vw(t,y))|
w(t,y)F=2 KW (8, y)2/*

) —((B+m—2)/8)
<C(@mest {[m £2A(B -2 4d)] [ - o]

—((26+m—2)/8)
< at—((a(m=2))/8)

2
+2e5t* |:k(.€1 — s)ta}
<t (em/B) < Ea&(am/ﬁ).
Therefore, we pick c3 = ¢a, (@m/8) In the same way, we have

|Ocw(t,y)| a1 18— (2/k)(e1—e)t* |y
R AT L

2 —1
< C(B)eat®™! {k(sl - e)to‘} <et! < zayt

Then, we take ¢4 = ca, ! Finally,

1/2
4 = [y|*/? e~ (/M) ezt Iyl
w(t,y)~ VRO Wy (t,y)L/k
1 —s/28 ,
< C(s,0) |:k(€2 - e)ta} < ot (@3/26) < gag (25/20),
(s /23)

so we set c; = ca,, .

Step 3. We check the remaining hypotheses of theorem 4.3 assuming as above that
ly] > 1. First, we have

[Aw(t, y)|
’U)(t, y)(k72)/kW1 (tv y)2/k:

— Bt [(B—2+d)|y|? 2 +efte[y|?0 2] e /Ml
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Recalling that |y| > 1 and applying (4.7), yields

[Aw(t, y)|
’LU(t, y)(k72)/kW1 (ta y)2/

@ a _ _ a8
= < Bt [((B—2)T+d)|y|? + eBt2|y|*] e @/ (E =)t vl

—1

< C(E)em {((ﬂ ERCIHEEE
+e[t* E(el — s)t"] ) } <G

Thus, (4.2) is verified by taking ¢g = €. To choose the constant ¢z in (4.3), we let
to € (0,t). Then, we get

1Q(y) VWi (to,y)| e1Btg ly[P (1 + Jy|™) Wi (to, )

w(t,y) " FW(to, y) Walt, y)V/E — w(t,y)~ /Wi (to, y) Wa(t, y)/*
< 261 Bt |y|PTm—L o (1/K)(e2—2)t"|y|?

. ~(8+m=1)/8)
<20(B8,m)e pt* {k(&?z - 5)75&]

< ot~ (@m=1)/8)  gp=(em/B) « go(@m/B),

Consequently, we set c7 = ca, (am/B), Finally, we observe that (4.4) is clearly
satisfied.
To sum up, the constants ¢y, ..., c7 are the following:
c1=1, c=c3=cr zéaa(am/ﬁ), N zéaal,
cs = Eaa(as/m), cg =C.

Step 4. We are now ready to apply theorem 4.3. Thus, there is a positive constant
C > 0 depending only on d and k such that

w(t7y)p(t’x7y) < C clf/z sup §W1 (S,CE)
s€(ao,bo)
& le/z k/2 | kj2 ., k/2 bo
—+ CQ —+ m +C3 +C4 +CG / EWl(S,I) dS
0 ao

bo
+(ck —l—cg/QCl;/Q)/ Ew, (s, ) ds (4.8)
aop

for all (¢,y) € (a,b) x R? and fixed z € RY. We set ag =t/4, a =t/2, b= (t+1)/2
and by = (t + 3)/4. Moreover, by proposition 3.3, there are two constants H; and
H, not depending on ag and by such that &y, (s, ) < H;j for all (s,z) € [0,1] x RY,
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)
fVV,(S7 CL‘) ds < Hj(bo — ao) = *ﬁHj.
aop ! 4
If we now replace in (4.8) the values of the constants cy,...,c; determined in step

3, we use the previous inequality and we consider C' as a positive constant that can
vary from line to line, we obtain

w(t, y)plt,,y) < C [ mIDk pg1k/2 4 g1(es/20k] (4.9)
We note that, since a > 3/(B+m—2), s>|m—2| and f=(s—m+2)/2, it
follows that
a(mV s/2) mV s/2 s s 1

164 B+m—2 2(ﬁ+mf2):s+mf2>§

Hence,
tl—k/Q < tl—(a(mVs/Q)B)k.

Consequently, by (4.9), we find that
w(t,y)p(t,x, Z/) < Ctlf(a(mVs/2)k/[3) — Ctlf((a(Zm\/s)k)/(sfmjLQ).
Writing the expression of the weight function w we get the following inequality:
p(t,z,y) < Ol —(((2mvs)) /(s—m+2))k —et™|y|—m /2 (4.10)

for k > d + 2 and for any t € (0,1), z,y € R%.
Step 5. Since A* = A, applying (4.10) to p*(t,y, z), we derive that

(s—m+2)/2

p(t, x,y) — p*(t, y7x) < Ctl—((a(QmVs))/(s—m+2))k e—sto‘\z|

for all t € (0,1) and x,y € R%. Combining this with (4.10) and considering that
P* (ta Z, y) = p(ta Y, Z‘) yleldb

p(t,y) = pt, 2, y)Pp(t,z,y)'
< Ot~ ((a(@2mvs))/(s=m+2)k o (/22| TR (/)% |y| T HR/2

for k > d +2 and for any ¢ € (0,1), 2,y € R% |

4.2. Exponentially growing coefficients

In this subsection, we apply theorem 4.3 to the case of operators with exponen-
tially diffusion and potential terms.
Let Q(z) = el*I" T and V(z) = el

=], |zl
w(t, x) = exp (st“/ e’ /2 d7'> and W;(t,z) = exp <6jta/ e’ /2 dT) ,
0 0

where j=1,2, m/24+1<<m,0<e<e; <ezand o> (20+m —2)/2m.

‘ s

with 2 < m < s. Set
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THEOREM 4.5. Let p be the integral kernel associated with the operator A with
Q(z) =el*I" I and V(z) = el*I", where 2 < m < 5. Then

|l
p(t,x,y) < CtF/2 exp(Ckt™*) exp (—;ta / o’ /2 dT)
0

[yl
exp (—;ta/ e/ dT) ,
0

fork>d+2 and any t € (0,1), z,y € R?,

Proof. Step 1. We check conditions (3.11)—(3.13) to apply proposition 3.5 and show
that Wi and W5 are time-dependent Lyapunov functions for L = 9; 4+ A. It is clear
that (3.11) holds true with ¢, = 1. Moreover, since s > m, it follows that

. 1—3— _ B_ m . 1—8— s_ B_ m
lim V(z)|z| 7™ e~lel’=le1™ = qim |g)' ™ elal —lal 2™ — oo
and
. —Bem —1zl® /o a|™ T %4
lim sup ||} =A™ elel7/2= ] <G‘—ﬁ)
|z|—o00 ‘Jfl celzl?/2
. 3 _|.8 1 A s 1B m
= lim sup <m|x| B o=zl 12 _ 2 |g|LoBm el =lal”—|e] )z—oo.
|z|—00 €

Consequently, there exist constants ¢, A > 0 such that (3.12) and (3.13) hold true.
By proposition 3.5 we conclude that W; and W5 are time-dependent Lyapunov
functions. In addition, we also note that hypothesis 1.1 is verified with

|z,
Z(x) = exp (52/ e’ /2 dT> .
0

Step 2. We prove that A satisfies all the assumptions of theorem 4.3. Fix T' =1,
rERY 0<ag<a<b<by<Tandk>d+2 Let (t,y) € [ag,bo] x RLIf |y| < 1,
by continuity all the functions we are estimating are bounded by a constant. Thus,
let |y| > 1. Since € < €1, we have that w < Wj. Hence, the inequality

w < clw(k_Q)/ka/k

holds true with ¢; = 1. Observing that

lyl [yl
/y ™12 47 = /y o™ /2 4r > e((lyl=1)")/2 (4.11)
0 ly|—1
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we find
|Q(y)vw(t7y)| g« |y‘ﬂ m (51 - 5) o Iyl 8 /2
wlt, ) =D, (4, gyi/E O\ Ty T Tt [ e
B
< et exp M + |y|™ - Mta o((yl=1)%)/2
2 k
(4.12)
‘We now consider the function
B
flr):= % + ™ —ate e((rfl)ﬁ)/Q,

where > 1 and € := (¢; — ¢)/k. Considering that there exists a universal constant
¢ > 0 (that can vary from line to line) depending on 8 and m such that

B
% 1 < eelt=D/A e > (4.13)

we get

F(r) < celD/A g lr-))/2,

If we set z = e(("=D")/2 and we compute the maximum of the function h(z) =
Cy/z — Et%z, we obtain that

As a result, by (4.12) we derive

Q) Vu(t,y)| o (G (G
w(t, ) E D (g kS OP\gEt ) SEeP % )

Then, we set ¢y := cexp(cay ). In a similar way, we have that

< (d = 1)et®— elvl”/2+yl
w(t, y) F=D/RW, (t, y)2/* (d—1)e Iyl

- s ™ - 5 m
+met® [y /2 +§st“ g7~ elvl”/2+ 1

_ lyl
1220 e\y‘ﬁﬂmm} exp (_Q(f?lkf?)ta/ o /2 dT) .
0
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Using again (4.11), we deduce

|div(Q(y) Vuw(t, y))|
’U}(t, y)(k—2)/kW1 (t’ y)Q/k

8
ey —
< (d—1)et®exp <|y + y|™ - %ta e((yl—l)ﬁ)/2>

2

|y| m  2(e1—¢) (Jy|-1)®
— 12 olyl=1)7)/2
5 T 1yl . e

+ met® exp <log ly|™™

+§5taexp <10g|y|5 ! |y2| + [y|™ (éjlk_g)tae((yl)s)ﬂ)

+ %% exp (ylﬁ +ly™ - 72(6115_ 2o e<<'yl>ﬁ>/2> :

The first term on the right-hand side of this inequality can be estimated exactly
as above. As for the other three terms, we have to slightly modify the function f
considered above to match the argument of the exponential function. However, a
short computation shows that also for these modified functions f inequality (4.13)
is valid so that we obtain the following estimate:

|div(Q(y) Vw(t, y))|
w(t,y) B2 R (8, y)/*

5 62 2
< <(d -1 +m+ 2) et exp <8§t°‘) + 21 exp <8~t ”‘)
22 22
< cet® exp (8~ > < ceexp <8§a5a) )
Thus, we choose c3 = exp(cay “). Concerning ¢y, we have
|atw(t7 y)' _ a—1 vl ‘rﬁ/2
e AT e W A

ey — lyl
exp (—(Elk J t“/ em’/2 d7->
0

We take c4 = Cag ! Repeating the same procedure for the remaining estimates, we
get Cy = Cg = C7 = C9.

Step 3. As in the proof of theorem 4.4, we choose a9 =t/4, a =1/2, b= (t+1)/2
and by = (t + 3)/4 and we notice that, by proposition 3.5, there are two constants
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H, and Hs not depending on ag and by such that

ij(S,SL‘) ds S Hj(bo — ao) = ZﬁHj.

ao

Applying theorem 4.3, we infer that there exists a positive constant C > 0
depending only on d and k such that

k/2
Cl/ sup ng (Sa ‘T)
s€(ao,bo)

w(t,y)p(t,z,y) < C

k/2

bo
k G k/2 k/2 k/2
+<02+(b0_b)k/2+03 +C4 +C6 >/ao le(S,Qi)dS

bo
+(c’5€ +c§/20§/2)/ Ew, (s, ) ds]
ag

for all (t,y) € (a,b) x R? and fixed z € R?. We rewrite the previous inequality tak-
ing into account the values of the constants c1, ..., c7 found in step 2, keeping track
only of powers of t and absorbing all other constants into the constant C":

k
w(t, y)p(t, z,y) < C |t exp(ekt ™) + 7%/ 2 exp <C2ta>

k2 4 texp(ckt_o‘)]

< Ct'F2 exp(Cht™).
Hence,

lyl.
p(t,x,y) < Ctrk/2 exp(Ckt™“) exp (—6ta/ e’ /2 dr> (4.14)
0

for k> d + 2 and for any t € (0,1), z,y € R%, where C depends only on d, 7, 3 and
m.

Step 4. We conclude the proof by applying inequality (4.14) to p*(¢,y, ). This is
possible because A* = A, so we obtain

jel,
p*(t,y,x) < Ct' M2 exp(Cht ™) exp (‘6#/ o7/ dT>
0
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for all t € (0,1) and z,y € R?. As a consequence, since p*(t,y,x) = p(t,z,y), we
get the desired inequality as follows:

p(t,z,y) = p(t,z,y)/*p* (t,y, z)"/?

|l
< CtF/2 exp(CRt ™) exp (;to‘ / e /2 dT)
0

[yl
exp (—;to‘/ e’ /2 dT> ,
0

for all t € (0,1) and x,y € R%. O

4.3. Spectral properties and eigenfunctions estimates

In this subsection, we study some spectral properties of A, with either
polynomial or exponential coefficients. In particular, we prove the following result.

THEOREM 4.6. If Q(z) = (1 + |2|7)I and V() = |x|® with s > |m — 2| and m > 0
or Q(x) = el*I" I and V() = el®I", where 2 < m < s, then T,(t) is compact for all
t>0 and p € (1,00). Moreover, the spectrum of the generator of T,(-) is indepen-
dent of p for p € (1,00) and consists of a sequence of negative real eigenvalues which
accumulates at —oo.

Proof. By [10, theorem 1.6.3], it suffices to prove that T5(¢) is compact for all
t > 0. For this purpose, let us assume that Q(z) = (1 + |2|7")I and V(z) = |z|®
with s >m —2 and m > 2 or Q(z) = el*I" I and V(z) = el*!", where 2 < m < s.
Applying [10, corollary 1.6.7], one deduces that the L2-realization Ay of Ag :=
div(QV) has compact resolvent and thus the semigroup S(¢) generated by Ag in
L?(RY) is compact for all ¢ > 0, cf. [11, theorem 4.29]. Since V > 0 we have 0 <
T5(t) < S(¢) for all t > 0. Applying the Aliprantis—Burkinshaw theorem [2, theorem
5.15] we obtain the compactness of T5(t) for all ¢ > 0.

Let us now show the compactness of T»(t) in the case where Q(z) = (1 + |z|7*)]
and V(z) = |z|® with s > |m — 2] and 0 < m < 2. The operator Ap;, can be con-
sidered as the sum of the operator Ayu := (14 |z|™)Au — |z|*u and the operator
Bu:= V(1 + |z|7") - Vu. From [18, proposition 2.3] we know that B is a small per-
turbation of Ay. Hence, R(\, Amin) = R(\, A2)(I — BR(A, Ay))~! for all A € p(Ay).
Moreover, by [18, proposition 2.10], we know that A, has compact resolvent and
hence Apin has compact resolvent too. Since Th(:) is an analytic semigroup, we
deduce that T5(t) is compact for all ¢ > 0. 0

Let us now estimate the eigenfunctions of A,;,. For this purpose, let us note first
that, by the semigroup law and the symmetry of p(¢, -, -) for any ¢ > 0, we have

p(t+s,z,y) = / p(t,x, 2)p(s,y,2)dz, t,s>0,z,y€R%
Rd
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Thus,

2
t
p(t,z,x):/ p(v%?J) dya t>O,I€Rd.
w2

So, if we denote by v an eigenfunction of A,,;, associated with the eigenvalue A,
then Holder’s inequality implies

A = |Ta(t/2)v(x)]

</ p(; ) () dy
2 1/2
( .Y dy) 191l

=p(t 1/2||1P||2
for any ¢ > 0 and any x € R%. Therefore, if we normalize v, i.e. |[1[|2 = 1, then
()] < e X Dp(t,z,2)Y?, t >0,z € RE
So, by theorems 4.4 and 4.5 we have

COROLLARY 4.7. Let ¢ be any normalized eigenfunction of Ayin. Then,

(a) in the case of polynomially growing coefficients, i.e. Q(x) = (1 4 |x|7)I and
V(z) = |z|®, where s > |m — 2| and m > 0, we have

_62|I|(577n+2)/2

(@) < cre = , zeR,

for some constants ¢y, co > 0;

(b) in the case of exponentially growing coefficients, i.e. Q(z) = el*I"T and
V(z) = el where 2 < m < s, we have

ll=l.
|¢($)| <G exp <_82/ eTB/2 dT) , T E Rda
0

for some constants c¢1,co > 0.
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