
Canad. Math. Bull. Vol. 39 (3), 1996 pp. 294-307 

CONJUGACY SEPARABILITY 
OF CERTAIN POLYGONAL PRODUCTS 

GOANSU KIM 

ABSTRACT. We show that polygonal products of polycyclic-by-finite groups amal
gamating central cyclic subgroups, with trivial intersections, are conjugacy separable. 
Thus polygonal products of finitely generated abelian groups amalgamating cyclic sub
groups, with trivial intersections, are conjugacy separable. As a corollary of this, we 
obtain that the group A\ *̂ fl \ A2 *(fl \ • • • *<a ,) Am is conjugacy separable for the 
abelian groups ,4,. 

1. Introduction. A group G is called conjugacy separable (c.s.) iff to each pair 
I J G G either x and y are conjugate in G (x ~c y) or their images are not conjugate in 
some finite quotient of G. For example, polycyclic-by-finite [5], free-by-finite [2], and 
Fuchsian [4] groups are c.s. In general, it is not known whether free products of those 
c.s. groups amalgamating a cyclic subgroup are c.s. However free products of free— 
or nilpotent—groups [3], certain finite extensions of free—or nilpotent—groups [16], 
and surface groups [15] amalgamating a cyclic subgroup are c.s. Also the conjugacy 
separability of certain free products of c.s. groups amalgamating a cyclic retract has 
been considered in [11, 8]. The purpose of this paper is to investigate the conjugacy 
separability of certain polygonal products of groups. We show that polygonal products 
of more than three polycyclic-by-finite groups amalgamating central cyclic subgroups 
with trivial intersections are c.s. (Theorem 4.1). 

Polygonal products of groups were introduced by A. Karrass, A. Pietrowski and 
D. Solitar [7] in the study of the subgroup structure of the Picard group PSL(2.Z[/]), 
which is a polygonal product of four finite groups amalgamating cyclic subgroups, with 
trivial intersections. In [1], Allenby and Tang proved that polygonal products of four 
finitely generated (f.g.) free abelian groups, amalgamating cyclic subgroups with trivial 
intersections, are residually finite (^^F). And they gave an example of a polygonal 
product of f.g. nilpotent groups which is not %J}'. However, in [12, 10], Tang and 
Kim showed that certain polygonal products of f.g. nilpotent groups are ^J or ixc. In 
[9], Kim proved that polygonal products of more than three polycyclic-by-finite groups 
amalgamating central subgroups with trivial intersections are 7rc; hence they are %JJ'. In 
[9], the subgroup separability of polygonal products is also considered. Kim and Tang 
[13] constructed a polygonal product of f.g. free abelian groups amalgamating cyclic 
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subgroups, with trivial intersections, which is not residually p-finite for any prime p. 
Thus we naturally ask whether polygonal products of f.g. abelian groups amalgamating 
cyclic subgroups, with trivial intersections, are c.s. In this paper, we obtain that those 
polygonal products are c.s. (Corollary 4.2). 

2. Preliminaries. Briefly, polygonal products of groups can be described as follows 
[1]: Let P be a polygon. Assign a group Gy to each vertex v and a group Ge to each 
edge e of P. Let ae and fje be monomorphisms which embed Ge as a subgroup of 
the two vertex groups at the ends of the edge e. Then the polygonal product G is 
defined to be the group presented by the generators and relations of the vertex groups 
together with the extra relations obtained by identifying geae and ge(5e for each ge G 
Ge. By abuse of language, we say that G is the polygonal product of the (vertex) 
groups Go, G\,..., G„, amalgamating the (edge) subgroups H\ , . . . , / / „ , HQ with trivial 
intersections, if G/_ i Pi G/ = /// and //,-_ i Pi Hl•= 1, where 0 <i <n and the subscripts / 
are taken modulo n + 1. We only consider the case n > 3 (see [1]). 

We introduce some definitions and results that we shall use in this paper. 
We write x ~c y if there exists g G G such that x = g~xyg and we write x fto y 

otherwise. {x}G denotes the conjugacy class {y £ G : x ~G y} of x in G. We use (X)G 

to denote the normal closure of J^in G. We also use [x,y] = x_1y~lxy and CH(K) = {h G 
H: [h,k]= 1 for all A: G # } . 

We denote by A *// B the free product of A and B with their subgroup H amalgamated. 
If G = A *// B and x G G then ||x|| denotes the amalgamated free product length of x in 
G. On the other hand we use |x| to denote the order of x. We write N < / G to denote that 
N is a normal subgroup of finite index in G. If G is a homomorphic image of G then we 
use x to denote the image of JC G G in G. 

Let H be a subset of G. Then we say that G is H-separable if to each x G G \ H there 
exists N <\f G such that x ^ NH. A group G is said to be residually finite {^J-) if G is 
(Inseparable, and G is said to be TTC if G is (x)-separable for any x G G. We shall use 
the following results: 

THEOREM 2.1 ([3]). If A and B are c.s. and H is finite, then A*H B is c.s. 

THEOREM 2.2 ([9]). Let G be the polygonal product of the poly cyclic-by-finite groups 
Ao,A i , . . . , An (n > 3), amalgamating any subgroups H\,..., //„, HQ, with trivial inter
sections, where Ht C Z(Aj-\) H Z{A[)for all i, and where subscripts are taken modulo 
n+\. Then G is irc. 

LEMMA 2.3 ([9]). Let At and Ht be as in Theorem 2.2, and let Em - AQ *//, A\ *//2 

• • • *H„ Am (m> 1). Then Em is (Ho * Hm+\)-separable andHoHm+\-separable. 

For a graph T, with vertex set V and edge set E, assign a group Gv to each ver
tex v G V. Then the group (Gv; [Gv, Gw], for VW G £) is called the graph product 
of the groups Gv for the graph T. For example, the graph product of cyclic groups 
(a^ (i = 1,2,...,«) for the n-gon is just the polygonal product of abelian groups 
(a\,a2)i(a2,ai),... ,(a„,a\) amalgamating subgroups («2)^(^3), («1) with trivial 
intersections. Hence such polygonal product is c.s. by the next result. 
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THEOREM 2.4 ([6, P104]). Graph products of c.s. groups are c.s. 

As Dyer [3] observed, the main tool to prove the conjugacy separability of a free 
product with amalgamation is the following result, known as Solitar's theorem: 

THEOREM 2.5 ([14]). Let G = A *HB andx G G be of minimal length in its conjugacy 

class. Suppose y G G, y is cyclically reduced, andx ~G y-

(1) If\\x\\ = 0, then \\y\\ < 1 and if y G A say, there is a sequence h\,h2,... ,hr of 

elements in H such that y ~A h\ ~B hi ~A • • • ~B hr = x. 

(2) If\\x\\ = 1, then \\y\\ = 1 and either x,y G A andx ~A yf or else x, y G B and 

x ~By-
(3) If\\x\\ >2, then \\x\\ = \\y\\ and y ~H X* where X* is some cyclic permutation ofX. 

3. Some lemmas. A group G is called poly'cyclic-by-finite if it has a normal subgroup 
N such that TV is polycyclic and G/N is finite. Throughout this paper we consider that 
the Aj are polycyclic-by-finite groups and that #/,#/+1 G Z{Ai\ («/) Pi (ai+\) = 1, and 
AjHAi+i = (ai+\). 

LEMMA 3.1. LetE = A} *(a2)A2 *(fl3) ••• *(an_x)Am-\ (m > 3), andH= {ax)*{am). 
Ifx ~E y far x, y G H, then x ~H y-

PROOF. We may assume that x and y are cyclically reduced in / / and x f 1 f y. 

First, suppose x G (a\) (or x G (am)). Let E - A\ * ^ E\, where E\ = A2 *(fl3) 
• • • *(am-{) Am-\. Since x G Z(A\) and (a\)n(a2) = 1, we have {x}Al Pi (a2) = 0. Thus 
x has the minimal length 1 in its conjugacy class in E. Thus by Theorem 2.5 x ~E y 
implies y £ A\ and i ^ , ^; hence x=y. Clearly x ~H y. 

Second, suppose ||x|| = 2« > 1. Let E = A\ *̂ fl2\ E\ be as above. Since x has the 
minimal length 2n in its conjugacy class in E, by Theorem 2.5 we have ||x|| = \\y\\ and 
x ~(a-,) J7* for some cyclic permutation y* of y. If m = 3, i.e., E - A\ *^2) A2, then 
x ~(fl2) y* implies x = j * ; hence x ~H y. If m > 3, then (a2jam) = (a2) * (am). Now 

suppose x = a\]aè^ • • • cffcfy, y* = a\]am •- a\"a6^, and x = a~^xy*a\. Then we have 

a\ = <qxa}a\\ cfy = a~Xla^a^, a\2 = a~t]afa$2,.... Hence a\ = a\x and a\x = a[\ 

since a\ G Z(A\) and (a\) Pi (a2) - 1. Now, since (a2,am) = (122) * (am), we have 

a^A| = 1 = a\, and hence «2 = 1 • Thus x =y*; hence x ~H y. m 

LEMMA 3.2. Let P be the polygonal product of the polycyclic-by-finite groups 
(ao, a\),A\ ,Am (m > 3), amalgamating the central subgroups ( # i ) , . . . , (am), {ao) 
with trivial intersections. Denote A = (ao,a\). Then we have 

(a) Ifx ~p y for x, y G A, then x = y. 

(b) Ifx ~p y for x G A and y G A \, then y G A andx = y. 

PROOF, (a) L e t £ = (a0,a\) *{a])AuF = Am *M • • • *M A2y and// = (a0) * (a2). 
Then P = E*H F- We may assume i / l f y. 
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CASE 1. Suppose x G (ao). 

Since \\x\\ = 0 in P and y G (ao,a\) C F, by Theorem 2.5 there exist ht G H such 
that y ~E h\ ~f hi ~E • • • ~E K = x. It follows from Lemma 3.1 that y ~E X. NOW 
1 / x G (ao) and a\ G Z(E); hence x has the minimal length 1 in its conjugacy class in 
E = (ao,a\) *(fll) v4j. Thus, by Theorem 2.5,y G ̂  and x ~A y, where ^ = (aoM\) is 
abelian. Therefore x = y. 

CASE 2. Suppose* £ (ao). Clearly x £ H. 
First, we note that x has the minimal length 1 in its conjugacy class in F = E*HF. For, 

if x ~P h for some h £ H, then x ~E h\ ~F hi ~E - ' ~E hr
 = h for some /z, G //. Then, 

by Lemma 3.1, we havex ~E h. Thusx ~E h* for a cyclically reduced cyclic permutation 
h* ofh. If x G («i ), then x = h* G (ao, a\)HH - (ao). Hence, by assumption, x ^ (aj ). 
Then x has the minimal length 1 in its conjugacy class in E = (ao, a\ ) *^) A\. Thus by 
Theorem 2.5, h* G A andx ~A h*9 where A = (ao,a\). Hence x = h* G 7/fl^ = (ao), a 
contradiction. Therefore x has the minimal length 1 in its conjugacy class in P = £ *// F. 
Then, by Theorem 2.5, x ~E y- Now if x G (ai) then x = y. If x £ (a\) then x has 
the minimal length 1 in its conjugacy class in E = A *^ A\9 and then by Theorem 2.5 
x ~A y- Thus x = y. 

The proof of (b) is very similar to that of (a) above. • 

LEMMA 3.3. Let F = A0*{ai)A] *<fl2> ••• *M Am (m > 1). If [eft,/] = \ for a\f\ 
andf G F, thenf G Ao and hence [ao,/] = 1. 

PROOF. Let F = A0 *<flI) Fj, where F\ = A\ *<fl2> • • • *<aw> Am. Iff G F\\ (a\), then 
clearly/ ^ a^kfa\, since Ha^/a^l = 3. Thus suppose/ ^ Ao U F\. Since â  G Z(Ao), it 
suffices to consider/ = f\&\ • • • otn-\fn, where a, G ^o \ (ûfi) and/ E F\\(a\). Then 
aokfao = a$kfa\ ' ' 'fnao is reduced with length |[/]| +2. Thus/ ^ %kfa\. Consequently, 
/ G ^o, and hence [ao,/] = 1. • 

LEMMA 3.4. Let P be the polygonal product of the polycyclic-by-finite groups 
Ao,A\,... ,Am (m > 3), amalgamating the central subgroups (a\ ) , . . . , (am), (ao) with 
trivial intersections. Let a^flf a[ andp G P. 

(a) Ifak
0 G CAo(p), then ao G CAo(p); hence CAo(p) D (a0) = (a0). 

(b) Ifa%a\ G C^0(p), fAew p G ^o/ Aewce G0(p) Pi (a0, fli ) = (a0, ai ). 

PROOF, (a) Let E = A0 *^ A\, F = Am *M ••• * ( f l 3 )^2 ,and//= (a0) * (a2). Then 
P = E *// F 

First, if/? G F (or;? G F), then by Lemma 3.3 we have/? G ̂ o (or/? G ̂ w ) . Then 
[a0,/?] = 1, since a0 G Z(A0) C\Z(Am). 

Second, if/? ^ F U F , suppose/? = e/i • • • ejn, where e, G E\Hand/ e F\H(the 
other cases are similar). Since e/i • • • eyfn - a^ke\f\ • • • enfna\, we have e\ = a^ke\h\, 
f - h\xfk\, ei = k\xeih2, ...,e„ = k~\xenhn, and/, = h~xfna\, for some /*/,&/ G //. 
Then by Lemma 3.1, aj ~H h\ ~H h* for some cyclically reduced cyclic permutation 
h\ of h\. Hence a£ = //*, and it follows that h\ = W{lak

0w\ for some w\ G //. Thus 
e\ - a^ke\h\ - a^ke\-w\xcfyw\. By Lemma 3.3, e\W\x G AQ. N O W / = h\xfk\ -
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w\{ cLQkw\f\k\ ; hence w\f\ = a^k • w\f\ • k\. Then as before there exists v\ E H such that 
k\ = v\xak

Qv\ and w\f\v\x E Am. Inductively, suppose there exist w„_i, vw_j E 7/ such 
that k„-1 = v"i j ak

0v„_i, and w„_ /„_i v~J, £Am. Then e„ = k~l, eA> = v~_!, a0"
Av/?_ ] e,7/z„; 

hence as before there exists wn E H such that hn - w~'ûjw„, and v„-\enw~l E ^o-
Then/, = h~lfna

k
0 = w ^ a ^ v ^ * ^ . Hence, by Lemma 3.3, wnfn E ^w . Therefore 

p = e\f\ ' ' ' £nfn = e\w\x • w\f\ vj"1 • • • v„-\e„w~] • wnfn is a product of elements in Ao and 
y4m. Since #o £ Z(^o)nZ(^m), we have [ao,/?] = 1. 

(b) Let P, P, H be as above. If/? E E then we have aj^p = z?^. By Lemma 3.3, we 
have/? E Ao. Thus we shall show that if/? ^ £ then ak

0a\ £ CAo(p). If/? E F \ H then 
clearly ak

Qa\p f pa\a\, so suppose that/? ^ PUP. If/? =/iei • • -, or if/? = • • • e^2, where 
e,- E E\Hmdfi E P \ / / , then clearly^ a \p ^ pa\a\. Thus we suppose/? = e\f\ • • -fn-\en, 
where e; E E\Handfi E P\ /7 . Now if ak

0a[p -pa\a\ then AQÛÉ Î £! //, ena\a\ ^ H, and 
we have a\a\e\ - e\h\ for some h\ £ H. Thus a^J ^£ ^i ^// ^* f° r some cyclically 
reduced cyclic permutation h\ ofh\. Since a\a\ has the minimal length 1 in its conjugate 
class in P, we have h\ E Ao and a\a\ ~AQ h\. Hence a\a\ = h* E Ao H H = («o), a 
contradiction. • 

Let P be as in Lemma 3.4. Then, for integers s, t > 1, we may construct a polygonal 
product P of ÂQ,À\, . . . ,^w (m > 3), amalgamating subgroups (à\),..., (âm), (âo), 
with trivial intersections, where f̂o = Ao/(as

0,a\), A\ = A\/(a\), Am - Am/ (as
0), and 

J, = At for / ^ 0, 1,AW. Then there exists a natural homomorphism </> :̂P —• P with 
ker</>5., = (as

0, a'j )p . Hence we may consider P = P/(as
0, a\ ) p . 

LEMMA 3.5. Let P be the polygonal product of the polycyclic-by-finite groups A = 
(ao, a\ ),A\,... ,Am (m > 3), amalgamating the central subgroups (a\ ) , . . . , (am), (ao) 
with trivial intersections. If{x}p HA = 0, where x E P, then there exist s, t such that, in 
P = P/(as

Q, a\ ) p , we have {x}p HÂ = 0. 

PROOF. Let E = A *^ Au F = Am *<^ • • • * ^ A2, and H = (ao) * (a2). Then 
P' = ZT *// P. Clearly x £ A. We may assume that JC has minimal length in its conjugacy 
class in P = P *// P. 

CASE 1. Suppose* E E. 

Thus {x}£ Plv4 = 0. Now x ^ ^, and we may assume that x has minimal length in 
its conjugacy class in P. Ifx E A\ \(a\), thenx e Â\ \ (â\) for any 5-,/. ThusJc has the 
minimal length 1 in its conjugacy class in E = À *^ A\. Thus we have {x}E C\A = 0. 
If x = a\/3\ - - • an/3n, where at E A \ (a\) and /?/ G ^i \ (a\). Choose s,t so that 
a, £ (as

0,a\)(a\). Then, in P, we have ||x|| = ||x|| and hence {x}E HÂ = 0. Now, in 
P = P/(as

0,a\)p, we claim {x}p DÂ = 0. For this, supposed ~p â, for some a e A. 
If â E (âo), then x ~-Eh\ ~-F h2 ~-E • • • ~-E hr = a. Thus, by Lemma 3.1, x ~£ à. If 
â ^ (âo) then, as in the proof of Lemma 3.2, à has the minimal length 1 in its conjugacy 
class in P = E *^ p. Thus by Theorem 2.5 we have â ^£ x, which contradicts the fact 
that {x}E HÂ = 0. Therefore, we have {x}p DÂ = 0. 
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CASE 2. Supposex eF\H. 

Since F is //-separable (Lemma 2.3), there is s\ such that x £ (as
0
] )FH. Now {x}F D 

(ao) = 0, and we may assume that x is cyclically reduced in F = Am * ^ F}, where 
F\ = Am-\ *<fljn_i> • • • *<fl3> ̂ 2 . If x = aif]" -, where a,- £Am\ (am) and/ G Fi \ (am), 
then there exists s2 such that a, ^ {as

0
2)(am). Let 5 = 5^2 and £ be arbitrary. Then in 

F ~ Am/(as
0) * ^ Fi, 3c is cyclically reduced with ||jc|| = \\x\\, and any ÂQ(^ 1) has the 

minimal length 1 in its conjugacy class in F. Hence, we have {x}F fï (ào) = 0. In P = 
P/(as

0,a\)p
9 if Jc ~p â for some a G A then, as in Case 1 above, Je ~p- â eÂP\F = (ào). 

Therefore, since {x}FH (âo) = 0, we have {x}p P\Â - 0. 

CASE 3. Suppose x £ E U F. 

Let x = e\f\ • • • erfn, where <?/ G E\H and / E F\H. Since F, F are //-separable 
(Lemma 2.3), there exist s,t such that e, ^ (as

0,a\)EH and ft £ (al)FH. Then, in 
P = P/(as

0,a\)p
9 ||jc|| = ||JC|| = 2». Thus {Jcj^n^ = 0. • 

The following few lemmas are used to prove Lemma 3.9. 

LEMMA 3.6. LetF = Am *^> • • • * ^ A2,H= (a0) * (a2), and letf J' G F. 
(a) Iff ÇÉ (ao)fH, then there exists s such that/' £ (âo)fH in F = F/(as

0)
F. 

(b) Iff £ (ao)f(a2), then there exists s such that/' £ (à0)f(â2) in F = F/(as
0)

F. 
(c) Iff £ (ao)f(ao), then there exists s such that/' £ (âo)f(ào) in F = F/(as

0)
F. 

(d) Iff £ \ai)fH, then there exists s such thatf £ (a2)fH in F = F/(as
0)

F. 
(e) Vf £ (Û2)/(Û2>, then there exists s such thatf £ (à2)f(â2) in F = F/(as

0)
F. 

PROOF, (a) We write F - Am * ^ F}, where F\ = Am-\ *{am_l) ' ' * *(û3) ^2- For each 
s > 1, we have the natural homomorphism xjJs'.Am *^ F\ —-> Am/(as

0) * ^ F\ with 
KQTXJJS = (as

0)
F. Since F is TTC and //-separable, there exists s such that H/V̂ H = \\f\\, 

\fi;s\\ = \f I and (f-f)ï>s£H^s. 

CASE 1. Suppose/ G Am ( o r / G Am). 

Since a0 G Z(Am) and ( T 7 > , £ # ^ , clearly/V, £ ((ao)fH)^ 

CASE 2. Suppose/ G F, \ (*„,) ( o r / G F, \ (am)). 
Considering Case 1, we may assume/ £ (am)(a2) and/7 ^ v4w. Moreover, if/7 = 

/ / • • • is reduced with length > 2, then we suppose/ £ (ao)(am). Then in F = F05, if 
/ ' = àtfh for h e H, then we have ÂQ = 1 ; hence/ - xf G //. It contradicts the choice of s. 

CASE 3. Suppose \\f\l\f\\ > 2. 
Let / = / / 2 • • • / and/7 = / / " 'fr^e reduced in F = ̂  *^m^ Fi. We may assume 

fn,fr £ (am)(ao) U (am)(a2) a n d / , / 7 £ (a0){am). Moreover, i f / , / G ̂ w , then we 
as sume / - 1 / ^ (ao)(am). We shall show that /^5 ^ ((ao)fH)x^s. For, supposing/ = 
âo/*Â for h G //, where F = F05, we derive a contradiction as follows: 

(1) I f / , / G ̂ , t h e n / G ^ 1 (â w ) ;hence/ r T 7; G (â0)(âm^.Thus/-1/ G (fl0)(flm). 
(2) If/ G ̂ w a n d / G F\9 then ÂQ/Î G (âm), and hence/ G (âo)(âm). Therefore 

/ G (a0)(am). _ 
(3) If/ G ̂ w and/ G Fu then/ G (â0)(âw). Therefore/ G (a0)(aB). 
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(4) If/î j[ G Fx, then â(
0 = 1 ; hence/" »/' G H. 

We may prove (b) and (c) in a similar way. In particular, we may use for (b) the fact that 
F is also (<2o)(tf2)-separable (Lemma 2.3). The proofs of (d) and (e) are also similar to 
the proofs of (a) and (b), respectively, considering the homomorphism %p's\ F2 *^3) A2 —-> 
Fi/tâY1 *(fl3> A2, where F2 = ^w *(flni) • • • *(fl4) 4>. • 

LEMMA 3.7. Le/£ = (a0,a\)*(ai)(a\.a2),F = Am*M• • -*{a3)A2, a«rf// = (a0)*(a2). 

LetP = E *HF. Supposep - fe\ • • • en-\fn andq -f[e\ • • • e'n_xf'n, wheree^e^ E E\H 

andfi.fi eF\H. 
(a) Ifq fc (ao)p(a2), then there exists, t such that q £ (a0)p(a2) in P = P/(as

0, a\ )p. 

(b) Ifq £ (ao)p(ao), then there exists, t such that q £ (âo)p(âo) in P = P j(as
0, a\ ) p . 

(c) Ifq fc (a2)p(a2), then there exists, t such that q £ (â2)p(â2) in P = P/(as
0, a\ )p. 

PROOF. Since the proofs of (b) and (c) are very similar to (a), we only consider (a). 

Lemma 3.6 shows the result holds for n = 1. Note e, = a\'kj and e\ - a\k'n for some 
h, k\ G H. If e\ £ HejH for some /, that is d{ ^ a\', then one can easily find P such 
that 7\ £ H^H^ \\p\\ = \\p\l and \\pf\\ = \\p% Then q £ (à0)p(ci2). Hence it suffices 
to consider the case q = f[a\f2' • • • a\"~lf^ andp = f\ae

]
]f2 • • • a\n~]fn. Now since F is H-

separable, there existai, t\ such that/, f[ f_ {a^YH and ae{ £ (a\). Then \\p4>S[jl || = \\p\\ 
and Wq^si.ti \\ = \\q\\, where (j)SJ is as on p.298. 

If/7 £ (a0)f\H, then by Lemma 3.6, there exists s2 such that// ft (a^)F(a0)fH. 
Let s = s\s2 and t = t\. Then, in P = P(f>sj9 we have q £ (âo)p{â2), since \\p\\ = \\p\\9 

\\q\\ = \\q\\,aadflt(a0jAH. 
So, suppose/7 = a£f\ k\, for some k\ G H. 

CASE 1. Supposef^]aof\ <£ H. 

Then, by Lemmas 3.1 and 3.3, we have/-1fl[/i fc H for any al
0 f 1. Then q £ 

(a0)p(a2) iff (f2a\2 • • • fn)~
lkx(f2'a\2 • • -fn) £ \a2). Since P is irc (Theorem 2.2) and H-

separable, there exist s2, h such that (f2a\2 • • • fn)~
x k\(f{a\2 • • •/') jÈ. (as

0
2,a\2)p(a2), and 

fi~laof\ £ (aS2,at2)pH. Lets = s\s2 and t = t\t2. Then, in P = P<£5.,, we have ||jô|| = ||/?||, 
11*11 = IMUf^o / i £ # , and <f2a\*-.-fn)-%(f{a\*--'fn) £ (^ ) . These imply that 
g ^ (âo)p{â2), as required. 

CASE 2. Suppose / - 1 ^ / = h\ e H. 

Then a0 ~ F h* for a cyclically reduced cyclic permutation h* ofh\. Thus a0 ~Am h\\ 
hence ao = h*. Thus there exists w\ G / / such that /zj = w^^o^i- Now we have 
[w^Kao] = 1. Then we note that q £ (a0)p(a2) iff a%f\k\a\lf2 • • •/„ £ {a^fw^ • 
wi • a(\fi-'fn{a2) iff/wj"1 • a6,1 • wxkyfl'-ti £ {a<>)f\w\x • a\l • w\f2---fn(a2) 
iff w\k\f{- —fn <£ (ao)w\f2 — -fn(a2). By induction, there exist s2,t2 such that 
(w\k\f2'-fn)<l>S2j2 £ ({a$)w{f2--fn{a2))(j)S2j2. Let s = s\s2 and r = / i^ . Then, in 
P = P4>s.t, we have Ç ^ {â0)p(à2), since ||p|| = ||p||, ||^|| = \\q\\, and w ] /r ] /

/---/ / ^ 
(a0)w]f2-'-fn(a2). m 
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LEMMA 3.8. LetE = (a0, a\)*M(aua2), F = Am*{am) • • • *(«3)^2, and H = (ao}*(a2}. 
Let P= E*HF, A = (<zo, a\ ), andB = (a\,a2). Then we have the following, for p, q G P: 

(a) Ifq f. ApB, then there exist s, t such that q £ ÀpB in P -P j (as
0, a\ ) p . 

(b) Ifq fc BpA, then there exist s, t such that q £ BpÀ in P = P / (as
0, a\ ) p . 

(c) Ifq £ ApA, then there exist s, t such that q £ ÂpÀ in P = P j (as
0, a\ ) p . 

(d) Ifq £ BpB, then there exist s, t such that q £ BpB in P = P/ (as
0, a\ ) p . 

PROOF, (a) and (b) are equivalent, since q G ApB iff q~] G Bp~]A. And the proofs 
of (c) and (d) are similar to that of (a); hence we only consider (a). 

CASE 1. Suppose/? G E (or q G E). 

If q £ E then, considering the length of q in P, one can easily choose P such 
that q £ E. Then clearly q £ ApB. If q G E, then p = a\xh\ and q = a\2h2 for 
h\,h2 G H. Note that q G ApB iff h2 G (ao)h\(a2). By Lemma 3.6, there exists s such 
that h2^\)s £ ((ao)h\(a2))i[)s. For any t, we have q £ ÀpB inP = P/(as

0,a\ ) p . 

CASE 2. Suppose/?, q eF\H. 

There exists s\ such that/?,q £ (as
0

l)FH. By Lemma 3.6, there exists s2 such that 
qi>S2 £ {{ao)p{a2))\l)S2. Let s = s\s2 and let t be arbitrary. Then, in P - P(f)SJ, we have 
q £ ÀpB, since q fi (â0)p(â2). 

CASE 3. Suppose/? £ EU F (or q £ EUF). 

Since AH = E = HB, we may assume q =f[a\xf{ • • • d{~xfr and/? =fa\]f2 • • • d{~xfn, 
where f,f[ G F\ //and cf{ ^ 1 ^ d{. Then q G ApB iff r = n and q G (ao)p(a2). If r f n 
then we can easily find P such that q £ ÀpB, by a length preserving homomorphism. 
Hence we let r = n and q fc (ao)p(a2). Then, by Lemma 3.7, there exist s, t such that 
q £ (âo)p(â2), \\q\\ = \\q\\, and \\p\\ = ||/?||, where P = P/(as

0,a\)p. Then we have 
q £ ÀpB. m 

LEMMA 3.9. LetE = (a0,a\)*M(aua2),F = Am*M• • • *(a3)A2,andH = (ao)*(a2). 
Let P = E*H F, andP\ = P*B<A\, where B = (a\,a2). Supposex,y G P\ are such that 
x £ AyA, where A = (ao, a\ )• Then there exists, tsuch thatx £ ÀyÀ in P\ - P\j (as

0, a\ )P]. 

PROOF. 

CASE 1. Suppose x,y G P. 

Then by Lemma 3.8 there exist s, t such that x £ (as
0, a\ )pAyA. Then clearly, x £ AyA 

mTx=Pxl(^a\)p* = P*BÀuwhereP = P/(as
0,a\)p,Àl = A]/(a\). 

CASE 2. Suppose x £ P and y G P. 

lfx£A\ \ # then, for any s, t, we have x EÂ\ \/?;hencex £ AyA, where P\ = P*BÀ\. 
Suppose \\x\\ > 2, sayx =p\ot\ • • -, where/?/ e P\B and a/ G ̂ 1 \ B . Then there exist 
s, / such that/?/ ^ (<3Q, a\ )PB, by Lemma 3.8. Then oci £ (as

0, a\ )PB, thus ||x|| = ||x|| > 2, 
and hence x £ AyA, where P\ = P *B À \. 

CASE 3. Suppose x, y G A \ \ B. 

Since x £ AyA, we have x £ (a\)y(a\) - y(a\). Thus we can choose t such that 
y~xx £ (a\ ). Then for any s, in P\ - P\j(as

0, a\ )Px, we have x £ AyA. 
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CASE 4. SupposexG^i \5and | |y | | > 2 ( o r ^ G ^ i \5and | |x | | > 2). 
Considering the above cases, we may assume that y = y\y2 • • • yn is reduced and 

y\ fc AB, yn £ BA. As in Case 2, we can find P\ = P *# A\ such that ||v|| = ||v|| > 2, 
y\ £ AB, and j>„ £ BA (using Lemma 3.8). Then clearly x £ AyA, if \\y\\ - \\y\\ > 4. If 
« = 2,3 andx G Ay A, then we have y\ G AB, oryn G BA, a contradiction. 

CASE 5. Suppose ||x|| > 2 and \\y\\ > 2. 

Suppose that x = x\X2 • • • xn and y - y\y2 • • • yr are reduced in Pi and JCI ,_yi ^ AB, 
xn,y, .£ BA. Then as above, there existai,/] such that, inPi = P\ / (a^ ,a\l)Pl, p | | = ||x||, 

p | | = |b||,xT,fr £ ÂB, a n d x ^ £ ~BA. 
If xj_and j i are in different factors, say i | G^i and71 G P, then x £ AyA, where 

Pi = Pi, since y\ G P \ .45 and Jci G À\ \ 5. Hence we may assume that x\ and vi are 
in the same factor of P\. Similarly, considering x_1 fc Ay"1 A, we may assume that x„ 
and>v_are in the same factor of P\. In this case, if n f r, then clearly x £ Ay A, where 
Pi = Pi. Thus we only consider the case n-r. 

SUBCASE 1. Suppose x - p\a\ • • • oc'n_xp'n and y = p\oc\ • • • a„-\p„, where /?/,/?• G 
P \ 5 and at, a[ £A}\B. 

If a^a'j £ B for some /, then a~laf
f £ 5; hence x £ Ay A, where Pi = P\. So it 

suffices to consider x = p\oc\ • • • ctn-\p'n and j = p\oi\ • • • ocn-\pn. Note that x G ̂ 4jM 
iff/?7, = d\p\b\, a\ = b\xoc\b\, p'2 = b\xp2b2,... ,p'„ = b~\xpnd2, where b{ G B and 
d\,d2 G A. Now if/7, ^ Ap\B, or /?• £ 5/7/5 (1 < / < «), or /?£ £ Bp„A, then by 
Lemma 3.8, we can find s J (s\\s and t\\f) such that /7, ^ v4/7i5, or /?' ^ 5/7,5, or 
^ £ 3 M - Then, since ||x|| = ||x|| = ||x||, |[>>|| = \\y\\ = |[y||, we havex £ AyA. 

Thus we assume p\ G Ap]B,p,
i G 5/7,5 (1 < / < « ) , and/7^ G 5/7„,4. Then one of the 

following holds: 

(*) Pi<*i • • • OLi-\p\ G Ap\a\ • • • «/_i/7/5, but 

/77, «i • • • a//7-+1 ^ .4/7J«i • • • 0CiPj+\B for / < A — 1, or 

(**) Pi^i • • • ocn^2p'n_x eAp\oc\--- a„-2pn-\B, but 

p\a\ • • • a„_i/^ £Ap\(X\--- a„-\p„A. 

If (*) holds, then let p\a.\ • • • 07-1/7- = d\p\ot\ • • • 07_i/7,w and /?-+1 = v/7,+iw for 
w, v, w G 5, Ji G /L Since pjûfi • • • a^.+j ^ Ap\ot\ — - ajpj+]B, we have wv ^ 
^(a,)(Piai * * 'Piai)CB(Pi+\) = S. Then S = 1, or (a 1), or («2) by Lemma 3.4. Now 
since P\ is 7rc by Lemma 2.2, there exist s,t {s\\s, t\\i) such that uv £ 5, and such 
that C(àl)(p\a\ • • -PiOti)C-BÇp^\) = S by Lemma 3.4. Then we note that/77 • • • p,

jaip
,
i+] f_ 

Ap\oc\ • • • ocipi+\B. For, if p\ • • • p'iaip'i+] G Ap\oc\ • • • aipi+\B, then we have 
/7i • • -piUV(Xipi+\w G Ap\ct\ • • • OLipi+\B. Hence, by Lemma 3.2, for some wi G 5, and 
^2 £ 4̂, we have^i = d2P\U\, â\ = u^xct\U\, p2 - u^xpiU\,... ,p\uv = ïi\xpiû\ûv, 
ai = (îTIwv)-]â,ûTûv, and^77 = (uTuv)~lpi+\U\uv. By Lemma 3.2, d2 € ÀHB = (â\), 
and ~d~2~x - ïi\. Now f/i G C^(/?iai • • -/7/ar/) H (ai) and ïTTï̂ v G Cg(pïï\). Thus wv G 5, a 
contradiction. 

The case (**) can be similarly handled. 
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SUBCASE 2. Suppose* = oc\p\ • • • a'j)'n and y = ot\p\ • • • otnpn, where/?,,/?7 G P\B 
and a,-, a- G^i \B. 

If o^ar' ^ 5 for some /, then aj~]a'{ £ B; hence x £ AyA, where P\ = P\. So it 
suffices to consider x = ai/?7, • • • ocnp'n and _y = ari/?i • • • a„p„. Note that x G 4 M iff 
xf e (a\ )y'A, where x7 = p\a2 • • -p'n and;;7 = p\a2 • • •/?„. Thus if x' £ Ay'A then we can 
find P\, by Subcase 1, such that x7 ^ ^ / ^ . Then x £ Ay A. Now if x' G Ay'A \(a\ )y'A, let 
x' = d\p\a2 - • • pnd2,vjhzvQd\,d2 £Aandd\ £ (a\). Chooser, t(s\ \s and t\ \t) such that 
<?i ^ (ai). Now if x G 4y^> then*7 G (âi)y^; hence di/?} = â\p\û\ for some wi G 5. 
Thus by Lemma 3.2 we have Ji = a\û\ e ÂDB = (â\), a contradiction. Therefore 
x ^ AyA. 

SUBCASE 3. Suppose x = p\ a\ • • • p'na'n and y = p\ oc\ • • -pnocn, where /?,,/?• G P\B 
and oci.ot'i G A\ \B. 

This case is similar to Subcase 2, since x~l £ Ay~lA. 

SUBCASE 4. Suppose x = a\p\ • • 'p'na'n+] and 7 = oc\p\ • • 'p„a„+\, where /?/,/?• G 
P \ £ a n d a , , a 7 G ^1 \B. 

If a r ' a 7 ^ B for some /, then ar 1» 7 ^ 5; hence x fc 4>'v4, where Pi = Pi. So it 
suffices to consider x = oc\p\ • - -p'nocn+\ and y - oc\p\ • • -p„(xn+\. Note that x G AyA 
iffx G (a\)y{a\) iff x/ G (a\)y'(a\) iff x7 G 4/^» where x7 = p\a2- • -p'n and j 7 = 
Pi «2 • ••/?«• Thus if x7 ^ ^ y ^ then we can find P\ such that x' £ Ay1 A by Subcase 1. 
Thenx f£ ^ j ^ . Now ifx7 G 4y'^ \ (a\)y'(a\), letx7 = ^1/^2 = d\p\oc2 • • - z?^ , where 
d\,d2 G A and (ii ^ (aj) or d2 £ (a\). Chooser, t (s\\s andt\ \t) such that d\,^2 ^ (#i)-
Now ifx G ;4jM, m e n a\P\ ' ' 'Pnan+\ = dzoc\p\ • • -pnan+\d4, for some ^3,̂ /4 G 4̂. Then 
<?3 G ^ Pi 5 = (âj) and ^4 G (ai). It follows that d^p\a2 • • -^^4 = d\p\a2 • • • 77,̂ 2; 
hence ~d^p\ = d\p\û\ for some u\ G 5. Thus, by Lemma 3.2, d~]d^ - û\ EÂnB= (â\). 
Hence d\ G (ai}, and similarly, d2 e (â\ ), which contradicts the choice of 5, £. • 

4. Main result. 

THEOREM 4.1. Let P be the polygonal product of the polycyclic-by-finite groups 
Ao,A\,... 1Am (m > 3), amalgamating the central subgroups (a\),..., (am), (ao) with 
trivial intersections. Then P is c.s. 

PROOF. First, we note that the reduced polygonal product P0, which is a polygo
nal product of abelian groups (ao, a\ ), (a\, a2),..., (am, ao) amalgamating cyclic sub
groups (a\ ) , . . . , (am), («o), with trivial intersections, is a graph product of the 
cyclic groups (a\ ) , . . . , (aOT), («0). Hence Po is c.s. by Theorem 2.4. Let P, = 
(• • • ((Po *B„ Am) *5m_, Am-\) • • A *B„_i+] Am-i+\9 where Bj = (a/,fl/+i) with subscripts 

taken modulo m + 1. Then P, is the polygonal product of (ao,a\) , (am_/,am-i+\), 
y4m_/+i,... ,Am amalgamating the central subgroups (01) (flm_/+i), • • •, («o)» with 
trivial intersections, and P/+i = P/ *£m_; ^4W-/. Since Po is c.s., for an induction we as
sume that Pm is c.s. and we show that P = Pw+i = Pm *#0 Ao is c.s. By the assumption, 
every polygonal product of polycyclic-by-finite groups (co, c\),C\ , Cw, amalgamat
ing the central subgroups (c\),..., (cm), (CQ) with trivial intersections, is c.s. Hence 
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Pm = Pml {ctSQ^\)Pm is c-s- for any .s1,/ > 1, since Pm is the polygonal product of (a0,a\ ), 
A\/(a\),A2i • • • ,Am-\ , ^ w / ( 4 ) , amalgamating the subgroups (â\), (a2)...., (am)< (â0). 
ThusP = P/(as

0,a\)p = Pm *-A Â0 is es . for any s, t > 1, whereto = A0/(a
s
0.a\), since 

À = (ôo, «i ) is finite. Hence, for each pair x j G ? with x ftp y, we shall find s. / such 
that x ftp y. 

Let x,y G P = Pm *#0 ̂ o such that x ftp y, each of minimal length in its conjugacy 
class in Pm *#0 AQ. Throughout the proof, we denote A = BQ = (ao, a\ ) and 

<t>s.t'- Pm *A Ao —> Pm *^ ÂQ, 

where Pw = Pm/(as
0,a\)Pm, Â0 = Ao/(as

0,a\), and /Î = (âo,â\). By Lemma 3.9, Pw is 
^-separable. Hence there exist so,fo such that ||x|| = ||^5o./0|| and \\y\\ = |[y</\s0.J|. 

Since P is %$ by Theorem 2.2, we may assume xflfy. 

CASE 1. ||x|| = 0 and \\y\\ = 1 (or, similarly, \\y\\ = 0 and ||x|| = 1). 

Firstly, we suppose y G Ao \A. Let s = so, t = to. Then y £ A\ hence {y}'40 HÂ = 0, 
thus x 7̂ /> J>. 

Secondly, suppose j G Pw \ 4̂. By Lemma 3.5, there exist sMi such that 
{y^ , . / , } 7 ^ 1 ' ' nA(/)S]A = 0. Let s = s0s\ and / = t0t\. Then {y}p»> n ^ = 0 and 
j> ̂  A. Hence x ftp y by Theorem 2.5. 

CASE 2. ||x|| J |[y|| and ||x|| > 2 (or, similarly, ||x|| J |[y|| and \\y\\ > 2). 

Since x has minimal length in its conjugacy class in P, x is cyclically reduced. Let 
s = so and t = to. Then ||x|| = ||x|| ̂  ||_y|| = \\y\\. Thusx ftp y by Theorem 2.5. 

CASE 3. ||x|| = \\y\\ = 0. 

Since P is %JJ > there exist s\, t\ such that y~]x fc (aSQ , â 1 )p. Let s = s\ and t = t\. 
If x ~ P j>, then x ~j- ôc\ ~AQ • • • ̂  â r

 = y for â, G Ji. It follows by Lemma 3.2 that 
x= âj= j>, since À G Z(Âo). Hence x ftp y by Theorem 2.5. 

CASE 4. ||x|| = \\y\\ = 1. 

Firstly, suppose both x and y are in Pm \A. Now {x}Pm HA - 0 and x ftpm y. 

There exist s\,t\ such that {x(j)SlJl }
Pm^\-'\ nA<j)Sljl = 0 and there exist s2, h such that 

x<t>s2.t2 ftpm<f>s. , y<t>s2.t2> since Pm is c.s. by the induction hypothesis. Let s = soS\s2 and 
t = tot\t2. Then {x}Pm HÀ = 0, x ^ p - j>, and ||x|| = \\y\\ = 1. Hence x ftp y by 
Theorem 2.5. 

Secondly, supposex,y G Ao \A. Sincex ftAQ y, and since Ao is c.s., there exist s\,t\ 

such that x(j)S]Jl ftà^s , y(l)s\j]- Lets = soS\ and? = tot\. Thenx ftAo y and {x}A{) HÂ = 0; 
hence, by Lemma 3.2 and Theorem 2.5, we have {x}p DÂ = 0. It follows that x ftp y by 
Theorem 2.5. 

Finally, suppose x G Ao \ A ând y G Pm\A. Let s = so and t = to. Then as before 
{x}p DÂ = 0. Hence x ftp y by Theorem 2.5, since y £ Pm\Â. 
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CASE 5. ||x|| = \\y\\ = 2n. 

Letx = p\oc\ • • -p„(xn andj -p\oi.\ • • -p'nocf
n^ where/?/,// G Pm \A and ar7-, a'- G A$ \A 

for ally. Since x fip y, we have x fiA y* for all cyclic permutation y* of y. Thus each of 
the equations 

(j)Pj(Xj • • -/^o4/?X ' * 'Pj-\aj-\ = a^p\ot\ • • -/^o^a 

has no solution a G A. We shall find Sj, tj such that (j)<j>Sjjj has no solution tf</>.v// G A<j>s t 

for each/. Then, for s = s0s\ • • • s„ and f = ttf\ • • • /„, we have p | | = ||x|| = \\y\\ = \\y\\ 
and x fi-A j>* for any cyclic permutation J>* ofy. Hence we have x fip y as required. 

Here we only consider the case/ = 1, since the others are similar. 

CLAIM. If p\a\ •• • p'noc'n fiA p\Ot\-'-pnocn then there exist s,t such that 

P'\ a\ • • -Pnan fa P\a\ '"PnOCn-

If ajx cc\ £ A for some i then, taking s = so and t - to, we have err1 a\ fÉ A\ hence 
clearly x fiA y. Thus it suffices to consider the case a, = a- for all /. Now if/?- £ Ap{A 
for some / then, by Lemma 3.9, there exist $i,/j such that/?-^,.,, ^ (AptA)(j)SxAx. Let 
s = SQS\ and t = tot\. Then/?' ^ ApiA; hence x fiA y. Therefore, we suppose a\ = a, and 
p'i G ApiA for all i. Then one of the following is true: 

(*) P\OL\ • • • (Xi-ip'j eAp\oc\-- (Xi-ipjA, but 

p\(X\ - - ocip'i+x £Ap\oc\ - - cciPi+\A, for some /, or 

(**) p'\<*\ • • -p'nan G Ap\ot\ • • -p„anA, but 

p\a\ '-p'na„ fap\cc\ "-pnocn-

If(*)istrue,thenlet/?/
1ai • • • ai-\p

,
j = d\p\oc\ • • • a^\pid2andy>-+1 = d^pi+\d^ ford^ G A. 

Sincep\ax • • • a^J+1 £ /̂?i<*i • • • <XiPt+\A, we have <i2d3 £ G(pia i • • - PiOLi)CA{pi+\). 
Hence, by Lemma 3.4, CA(p\ot\ • • - / w O C ^ + i ) is a cyclic subgroup of^. Now since 
P is 7rc by Lemma 2.2, there exist s\,t\ such that, in P = P / (as

0
l, a'j ) p , 

d2d3 £ CA{p\cx\ - • -PiOti)CA(Pi+\), CA{p\ •• •/?/<*/) = C^O î •••/?,•«/), and C^(p^) = 
Q(P/+i). Let ^ = s0si and £ = f0fi- Then, in P = P/(as

0,a\)p', we have 
^2^3 £ G(pi<*i • • • Pi(Xj)CA(pi+\), CA{p\ • • • a,/?/) = G(/?i • • • a//?,), and C^(p^T) = 
CA(pi+\). Now we note that x fiA y. For, if x ~A j>, then p\ - • p,

jaip
f
i+] G 

^/?i QTI • • • aipi+\A, and hence/?i • • • pid2aid^pi+\ - d$p\(X\ • • • ocip^xd^ for some ds.de G 
.4. Then, by Lemma 3.2, and since À cZ(^o),wehave^i = dsp\djl,â\ - dsoc\d^x , 
Pid2d3 = d5pidjl(d2d3),âj = (d2di>Yxdsàcid^d2di, and^77 = (did^Y^dsp^d^ hence 
d(> = dj xd2d^ by Lemma 3.2. It follows that d$ xd2d^ G CA(pjïï), andds G CA(p\ • • • a;/?/). 
Thus d2^3 G C (̂/?i • • • aiPi)CA(pJT\) - CA(p\OC\ • • -pi(Xi)CA{pi+\\ a contradiction. 

If (**) is true, then let p\a\ • • • p'nocn = d\p\oc\ - • • pnocnd2, where dj,d2 G ^ and 
t/i<̂ 2 f 1. Choose 5i,/i such that rfi<2?2 ̂  iao^at\)P- Let 5 = 5Q5I and / = tot\. 
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We note that x fi-A y in P = P/(as
0,a\)p. For, if x ~-A y, then d\p\ • • • pnand2 = 

d^xp\oc\ •• -pnand^, for some d^ G A. Hence, by Lemma 3.2, we have d\p\ =d^xp\d^d\, 
à\ = (did\)~]â\did\,... ,p„ = {d^d\YXpnà^d\, and2 = (dWi)-1ocn~d^. Thus we have 
di = d\\ which contradicts the choice ofs\,t\. This completes the proof. • 

COROLLARY 4.2. Let P be the polygonal product of the f.g. abelian groups 

AQ,A\ Am (m > 3), amalgamating subgroups (a\) (am), (ao), with trivial in

tersections. Then P is c.s. 

Corollary 4.2 generalizes Theorem 3.4 in [1]. We also have the following. 

COROLLARY 4.3. LetEm - A\ *(a2)^2*(a3) ••• *(fl/w_,)^m-i (m > 3), where the A,- are 
poly cyclic-by-finite and a i G Z(Aj-\)nZ(Aj) with (ai) Pi (tf,+i) = 1. Then Em is c.s. 

PROOF. Let£ = (a^ax)*M((a\)xA\)*{a2)- -*{am_{)(Am-\ x(am))^{am)(am,am+]), 
and F = (a0,am+2) *(am+2) (am+2,am+\), where (a0,fli), (tfw,tfw+i), (tfo^m+2), and 
(am+2, aw+i ) are free abelian groups of rank 2. We write H = (ao, am+\ ) = (ao) * (#w+i ), 
and P = E*H F. Then P is a polygonal product of polycyclic-by-finite groups, amalga
mating cyclic central subgroups with trivial intersections. Hence P is c.s. by our main 
result. Note that there is a natural homomorphism ir: P —> Em such that <z/7r = 1 for / = 0, 
1, m + 1, m + 2 and 7r|̂ w is the identity map on Em. Simply, Em is a retract of P. It follows 
immediately that Em is c.s., since P is c.s. • 
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