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1. Introduction

A group which is minimally generated by n generators and defined by n
relations is said to have zero deficiency. The class of finite groups known to have
zero deficiency is small, consisting of cyclic groups, certain metacyclic groups [4]
and classes of groups given in [1], [2] and [3].

In this paper we give a class of 2 generator 2 relation finite groups which
does not appear to be contained in the known classes. The class of groups considered
is denoted (G(a,/?,y)}, with presentation

G{a,p,y) = {a,b\ bab'1 = a'b", a~l^a = byls},

which is shown to be finite for a,y > 1. Also we show that each element of
G(a> P, i) may be written as arbs for suitable r and s but that G(«, ft, y) is in general
not metacyclic.

2. Finiteness of G(a, ft, y)

The relations are

(1) bab~1=a^, a > l and

(2) a-xb*a = W, y>\.

From (2) we have immediately

(3) a-rb^ar = b', t = sj?/ for r > 0 giving

( 4 ) f+1a = b{b"a) = (ba)b* = £bl+t+1f

= tf(ba) = (bV)&1+^ = a V + * w whence

(5) fr"*"-1-1) = 1 ,

and since a by"a~l = b6 then
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(6) &«'"-1-1>=i.
Consider the normal subgroup B = <b/I> of G(a, j3,y). Let Gt = GjB,ali = aB,

6t = bB. Then Gt has presentation

and is therefore metacyclic of order jS(ap — 1).
Since each element of Gj has the form

a[l b\l (0 ^ rt < a*- 1, 0 ^ st < j3),

each element of G has the form

a r b s ( 0 ^ r < a " - l , 0 ^ s < 0 (y*'1- 1)).

Hence G is finite of order g (a* - 1) j3(ya-* - 1).

3. An example of G(a, /?, y)

To show that G(a, j6, y) is in general not metacyclic we look more closely at

G(m,m — l,m).
Consider the set, G, of ordered pairs (a, /?) with 0 ^ a, /J < n where n = mm~1 — 1.

Define multiplication by

(x,P)(y,8) = (x,>>) where

(7) x = a + ym" modulo n and

y = d + Pmy modulo n.

Then G becomes a group generated by (1,0) and (0,1) with

(o.DCi.oxo.i)-1 = (Loywr - 1 and

(1,0)-1(0,1)M~1(1»0) = (0,l)m(m-^ whence

G is a factor group of G(m,m — l,m).
Let a = (0,1), b = (1,0) then the elements

a-'bab-1 = a"-1^ = (m - 1, m - 1) and

b~9a-xb9a = biy-1)fi = (0,(m-l)2)
lie in G'. Since

(m - 1, m - 1)' = (f(m - 1), r(m - 1)) and

(0, (m - I)2)' = (0, t(m - I)2),

these elements generate trivially interesting cyclic subgroups of orders nj{m — 1)
and «/(m —I)2. Hence G' is not cyclic and so G(m, m — 1, m) cannot be
metacyclic.

I should like to extend sincere thanks to the referee for his comments.
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