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Abstract

The book graph B® consists of n copies of K;,, joined along a common K;. In the prequel to this paper,
we studied the diagonal Ramsey number r(B®, B¥). Here we consider the natural off-diagonal vari-
ant r(B®, BY) for fixed c € (0, 1]. In this more general setting, we show that an interesting dichotomy
emerges: for very small ¢, a simple k-partite construction dictates the Ramsey function and all nearly-
extremal colourings are close to being k-partite, while, for ¢ bounded away from 0, random colourings
of an appropriate density are asymptotically optimal and all nearly-extremal colourings are quasirandom.
Our investigations also open up a range of questions about what happens for intermediate values of c.
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1. Introduction

Given two graphs H; and H,, their Ramsey number r(H;, Hy) is the smallest positive integer N
such that every red/blue colouring of the edges of Ky is guaranteed to contain a red copy of
H; or a blue copy of H,. One of the main open problems in Ramsey theory is to determine the
asymptotic order of r(K,, K,,). However, despite intense and longstanding interest, the lower and
upper bounds V2" < 1(Kp, Ky) < 4" for this problem have remained largely unchanged since 1947
and 1935, respectively [11, 13].

Another major question in graph Ramsey theory, which has seen more progress, is to determine
the growth rate of the off-diagonal Ramsey number r(Kj, K,), where we think of s as fixed and let
n tend to infinity. The first non-trivial case is when s = 3, where it is known that

)
T(K3,Kn)=®< ) >
logn

with the upper bound due to Ajtai, Komlds, and Szemerédi [1] and the lower bound to Kim [15].
Subsequent work of Shearer [23], Bohman-Keevash [3], and Fiz Pontiveros—Griffiths—Morris [20]
has led to a better understanding of the implicit constant, which is now known up to a factor of
4+ o(1). However, the successes in estimating (K3, K,;) have not carried over to r(Kj, K,) for
any other fixed s and a polynomial gap persists between the upper and lower bounds for all s > 4
(though see [17] for a promising approach to improving the lower bound).
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The book graph B® is the graph obtained by gluing n copies of the clique Ky, along a com-

mon Kj. The ‘book’ terminology comes from the case k =2, where BY) consists of n triangles
glued along a common edge. Continuing the analogy, each Kj; is called a page of the book
and the common K} is called the spine. Ramsey numbers of books arise naturally in the study
of r(Ky, K,); indeed, Ramsey’s original proof [21] of the finiteness of r(Kj,, K,) proceeds induc-
tively by establishing the finiteness of certain book Ramsey numbers, while the Erdés—Szekeres
bound [13] and its improvements [8, 22] are also best interpreted through the language of books.
Because of this, Ramsey numbers of books have attracted a great deal of attention over the years,
starting with papers of Erdés, Faudree, Rousseau, and Schelp [12] and of Thomason [25]. Both of

these papers prove bounds of the form 2kn — ox (1) < r(Bg,k), Bﬁlk)) < 4kn, where we think of k as
fixed and n — oo, with Thomason conjecturing that the lower bound is closer to the truth. This
was confirmed in a recent breakthrough result of the first author [9], who proved that, for every
fixed k,

r(quk), Bﬁp) =25 4 op(n).

The original proof of this result relied heavily on an application of Szemerédi’s celebrated regular-
ity lemma, leading to rather poor control on the error term. In the prequel to this paper [10], we
gave two alternative proofs of this result, one a simplified version of the first author’s original proof
and the other a proof which avoids the use of the full regularity lemma, allowing us to gain sig-
nificantly better control over the error term (for a discussion of how further improvements might
ultimately impinge on the estimation of r(Kj, K;), we refer the reader to [10]). We also proved a
stability result, saying that extremal colourings for this Ramsey problem are quasirandom.

In this paper, we study a natural off-diagonal generalization of this problem. Specifically, we
fix some k € N and some ¢ € (0, 1] and we wish to understand the asymptotics of the Ramsey

number r(B(ng1 B B®)asn — oo. Note that for ¢ = 1 this is precisely the question considered above.

Henceforth, we omit the floor signs and write BEI;,) instead of B(L]ZZ1 |-

Our results reveal that the behaviour of the function r(BEﬁ), B,(qk)) varies greatly as c moves from

0to 1. As we shall see, for ¢ sufficiently small, the behaviour of this Ramsey number is determined
by a simple block construction, while, for ¢ sufficiently far from 0, its behaviour is determined by
a random colouring. There is also an intermediate range of ¢ where our results say nothing, but
where several interesting questions arise. We will say more about this in the concluding remarks.

To describe our results in detail, we begin by observing that for any positive integers k, m, and
n with m < n, we have

r(B.BY) = kn+k— 1)+ 1. (1)

Indeed, let N = k(n + k — 1). We partition the vertices of Ky into k blocks, each of size n 4+ k — 1.
We colour all edges inside a block blue and all edges between blocks red. Then any blue B must
appear inside a block, which it cannot, since ng) has n + k vertices. On the other hand, since the

red graph is k-partite, it does not contain any red Ky, and so cannot contain a red B®.

This simple inequality is a special case of a more general lower bound, usually attributed to
Chvatal and Harary [7], that r(H;, Hz) > (x (H1) — 1)(|V(H3)| — 1) + 1 provided H is connected.
In general, this lower bound is far from optimal,! but it is tight for certain sparse graphs. The study
of when it is tight goes under the name of Ramsey goodness, a term introduced by Burr and Erdds
[5] in their first systematic investigation of the concept. One of the central results in the field
of Ramsey goodness is due to Nikiforov and Rousseau [18], who proved an extremely general

'For example, for H; = H, = K,,, it gives a lower bound of r(K,, K,;) = Q(n?), whereas the truth is 2.
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theorem about when this lower bound is tight. As a very special case of their theorem, one has the
following result; see also [14] for a new proof with better quantitative bounds.

Theorem 1.1 (Nikiforov-Rousseau [19, Theorem 2.12]). For every k > 2, there exists some ¢y €
(0, 1) such that, for any 0 < ¢ < ¢o and n sufficiently large,

r(BE’,?, B;")) =k(n+k—1)+1.

Moreover, Nikiforov and Rousseau’s proof shows that the unique colouring on k(n + k — 1)

vertices with no red B and no blue B{¥ is the colouring we described, where the red graph is a
balanced complete k-partite graph (meaning that all the parts have orders as equal as possible). By
adapting their proof, we are able to prove a corresponding structural stability result, which says
that any colouring on N = (k + o(1))n vertices is either ‘close’ to being balanced complete k-partite
in red or contains monochromatic books with substantially more pages than what is guaranteed
by Theorem 1.1. Note that if N is sufficiently large and congruent to 1 modulo k, then Theorem 1.1
says that any red/blue colouring of E(Ky) contains a red Ky with at least %(N —1)—ck—1)

extensions to a red Ky or a blue K with at least %(N — 1) — (k — 1) extensions to a blue Ky 1.

Theorem 1.2. For every k> 2 and every 6 > 0, there exist ¢, y € (0, 1) such that the following holds
for any sufficiently large N and any red/blue colouring of E(Ky). Either one can recolour at most O N*
edges to turn the red graph into a balanced complete k-partite graph or else the colouring contains
one of the following:

o at least y N¥ red Ky, each with at least (% + y)N extensions to a red K.y 1, or
o at least y N¥ blue Ky, each with at least (% ~+ ¥ )N extensions to a blue K.

Informally, this theorem says that either the colouring is close to complete k-partite in red or
else a constant fraction of the k-tuples induce a clique that forms the spine of a monochromatic
book with at least ¥ N more pages than what is guaranteed by the Ramsey bound alone.

However, once c is sufficiently far from 0, the deterministic construction that yields (1) stops
being optimal. Indeed, as in the diagonal case, we can get another lower bound on r(B((:If,), Bg,k)) by
considering random colourings. More precisely, let us fix k € N and ¢ € (0, 1] and define

1 1
p_ Cl/k+ 1 e[i’l) °
Weset N = (p’k — o(1))n and independently colour every edge of Ky blue with probability p and
red with probability 1 — p. Given a blue Kj in this colouring, the expected number of extensions
toablue Ky is pk(N — k) =n — o(n). Similarly, the expected number of extensions of a red K, to
ared Ky is (1 —p)k(N —k)=(1 —p)/p)kn — o(n) = cn — o(n), by our choice of p. A standard
application of the Chernoff bound and the union bound then implies that w.h.p.? this colouring

contains no blue B,(qk) and no red Bgﬁ), assuming the o(n) terms are chosen appropriately. This
implies that for any k € N and any c € (0, 1],

k
(80 0) (¢ 41) 0 o

while the lower bound in (1) is that r(B%, B¥) > (k + o(1))n. If ¢ > (1 + 0(1))E5)¥, then the

quantity (k1) s larger than k + o(1), where the logarithm is to base e. Thus, once c is
sufficiently far from 0, the bound in (1) is smaller than the random bound.

2 As usual, we say that an event E happens with high probability (w.h.p.) if P(E) — 1as n — 00, where the implicit parameter
n will be clear from context.
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Our next main result shows that the random bound actually becomes asymptotically tight at
this point.

Theorem 1.3. For every k> 2, there exists some c; =ci(k) € (0,1] such that, for any fixed
a=<c=l,

k
r(BElfl),Bﬁlk)) = (cl/k + 1) n+ og(n).

Moreover, one may take c1(k) = ((1 + o(l))%)k.

Our third main result is a corresponding structural stability theorem, which says that all
near-extremal Ramsey colourings (i.e., colourings on roughly (c!/¥ 4 1)k vertices) must either
contain a monochromatic book substantially larger than what is guaranteed by Theorem 1.3 or
be ‘random-like’. The latter possibility is captured by the notion of quasirandomness, introduced
by Chung, Graham, and Wilson [6]. For parameters p, 0 € (0, 1), a red/blue colouring of E(Ky) is
said to be (p, 0)-quasirandom if, for every pair of disjoint sets X, Y € V(Ky), we have that

les(X, Y) — pIX||Y|| <ON?,

where ep(X, Y) denotes the number of blue edges between X and Y. Note that since the colours
are complementary, this is equivalent to the analogous condition requiring that er(X, Y) is within
ON? of (1 — p)|X||Y]. In their seminal paper, Chung, Graham, and Wilson, building on previous
results of Thomason [25], showed that this condition is essentially equivalent to a large number of
other conditions, all of which encapsulate some intuitive idea of what it means for a colouring to
be similar to a random colouring with blue density p. With this notion in hand, we can state our
structural stability result.

Theorem 1.4. For every p € [%, 1), there exists some ko € N such that the following holds for every
k> ko. For every 0 > 0, there exists some y > 0 such that if a red/blue colouring of E(Ky) is not
(p, 0)-quasirandom, then it contains one of the following:

o atleast y N¥ red Ky, each with at least ((1 —p)k + y)N extensions to a red Ky, or
o atleast yNk blue Ky, each with at least (pk + y)N extensions to a blue Kjy ;.

Remark 1.1. As stated, this theorem does not mention the ‘off-diagonalness’ parameter ¢ from
the previous theorem. But ¢ can easily be recovered as ((1 — p)/p)* and the theorem can then be
restated to be about blue books with slightly more than # pages or red books with slightly more
than cn pages. However, since p is what matters while ¢ plays no real role in the argument, we
instead choose to use this language and avoid ¢ entirely.

In Theorem 5.7, we also prove a converse to Theorem 1.4, which implies that for p fixed and
k sufficiently large in terms of p, a colouring of Ky (or, more accurately, a sequence of colourings
with N tending to infinity) is (p, 0(1))-quasirandom if and only if all but o(N¥) red K} have at
most ((1 —p)k + 0(1))N extensions to a red K and all but o(N*) blue K} have at most (pk +
0(1))N extensions to a blue Ky ;. Thus, we derive a new equivalent formulation for (p, o(1))-
quasirandomness.

The rest of the paper is organized as follows. In Section 2, we quote (mostly without proof)
a number of key results that we will use repeatedly. In Section 3, we establish Theorem 1.2, the
stability result for small c. We prove Theorem 1.3, that the random bound is asymptotically tight
once c is not too small, in Section 4 and Theorem 1.4, that extremal colourings are quasirandom
in this range, in Section 5. We end with some concluding remarks and open problems.
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1.1. Notation and terminology

If X and Y are two vertex subsets of a graph, let e(X, Y) denote the number of pairs in X x Y that
are edges. We will often normalize this and consider the edge density

. e(X,Y)

dX,Y)= .
) 1X11Y]

If we consider a red/blue colouring of the edges of a graph, then ep(X, Y) and er(X, Y) will denote
the number of pairs in X x Y that are blue and red edges, respectively. Similarly, dg and dg will
denote the blue and red edge densities, respectively. Finally, for a vertex v and a set Y, we will
sometimes abuse notation and write d(v, Y) for d({v}, Y) and similarly for dg and dg.

An equitable partition of a graph G is a partition of the vertex set V(G) =V U - - - L V,, with
[|Vil = [Vjl| <1 forall 1 <i,j <m. A pair of vertex subsets (X, Y) is said to be &-regular if, for
every X' C X, Y C Y with |X'| > ¢|X|, |Y'| > |Y], we have

1d(X, Y) — d(X, Y')| <e.

Note that we do not require X and Y to be disjoint. In particular, we say that a single vertex
subset X is e-regular if the pair (X, X) is e-regular. We will often need a simple fact, known as the
hereditary property of regularity, which asserts that for any 0 <« <1, if (X, Y) is e-regular and
X' CX,Y CYsatisfy | X'| > «|X]|, |Y'| > «|Y], then (X', Y’) is (max{e/«, 2¢})-regular.

For real numbers a, b, we denote by a & b any quantity in the interval [a — b,a+ b]. All
logarithms are base e unless otherwise specified. For the sake of clarity of presentation, we sys-
tematically omit floor and ceiling signs whenever they are not crucial. In this vein, whenever we
have an equitable partition of a vertex set, we will always assume that all of the parts have exactly
the same size, rather than being off by at most one. Because the number of vertices in our graphs
will always be ‘sufficiently large’, this has no effect on our final results.

2. Results from earlier work

In this section, we collect some useful tools for the study of book Ramsey numbers, all of
which have appeared in previous works. We begin with several results from the theory around
Szemerédi’s regularity lemma and then quote two simple analytic inequalities.

2.1. Tools from regularity
We begin with a strengthened form of Szemerédi’s regularity lemma taken from our first paper
[10, Lemma 2.1].

Lemma 2.1. For every ¢ > 0 and My € N, there is some M = M(e, My) > My such that, for every
graph G with at least My vertices, there is an equitable partition V(G) =V U - - - U V,, into My <
m < M parts such that the following hold:

1. Each part V; is e-regular and
2. Forevery 1 <i < m, there are at most em values 1 < j < m such that the pair (V;, V}) is not
e-regular.

To complement the regularity lemma, we will also need a standard counting lemma (see, e.g.,
[26, Theorems 2.6.2 and 4.5.1]).

Lemma 2.2. Suppose that V1, . .., Vi are (not necessarily distinct) subsets of a graph G such that all
pairs (Vi, V;) are e-regular. Then the number of labelled copies of K. whose i-th vertex is in V; for
alliis

https://doi.org/10.1017/50963548322000360 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548322000360

Combinatorics, Probability and Computing 521

k
T «v. v,-)m(’z‘) [Tl
i=1

1<i<j<k

We will frequently use the following consequence of the counting lemma, proved in [10,
Corollary 2.6], designed to count monochromatic extensions of cliques and thus estimate the size
of monochromatic books.

Lemma 2.3. Fix k> 2 and let n, a € (0, 1) be parameters with n < o /k*. Suppose Uy, . . ., Uy are
(not necessarily distinct) vertex sets in a graph G and suppose that all pairs (U;, U;) are n-regular
with ]_[151-<j5k d(U;, Uj) > a. Let Q be a uniformly random copy of Ky with one vertex in each U,
for 1 <i<k, and say that a vertex u extends Q if u is adjacent to every vertex of Q. Then, for any
ueV(G),

k
P(u extends Q) > 1_[ d(u, U;) — 4a.
i=1
The final result in this subsection is actually a simple consequence of Markov’s inequality and
so does not require any regularity tools to prove. Nonetheless, we will always use it in conjunction
with Lemmas 2.2 and 2.3, which is why we include it here. Both the statement and proof are very
similar to [10, Lemma 5.2].

Lemma 2.4. Let k,& € (0,1), let 0 < v <&, and suppose that Q is a set of at least kK N* copies of
Ky in an N-vertex graph. Suppose that a uniformly random Q € Q has at least EN extensions to a

K41 in expectation. Then the graph contains at least (§ — v)k N¥ copies of Ky, each with at least vN
extensions.

Proof. Let X be the random variable counting the number of extensions of a random Q € Q and
let Y =N — X. Then Y is a non-negative random variable with E[Y] =N — E[X] < (1 — £)N. By
Markov’s inequality,

EY] _(1-&N_1-§

PX=wN) =P 2 (1= 0N = o= =1

Thus,

1— —
PN >1— 8 87V o)
1—v 1—v

which implies that the number of Q € Q with at least VN extensions is at least (§ — v)|Q| > (§ —
v)/cNk, as desired. ]

2.2. Analytic inequalities

The following lemma is a multiplicative form of Jensen’s inequality and is a simple consequence
of the standard version. For a proof, see [10, Lemma A.1].

Lemma 2.5 (multiplicative Jensen inequality). Suppose 0 <a <b are real numbers and
X1>...,%Xk € (a,b). Let f:(a,b) = R be a function such that y > f(€) is strictly convex on the

interval (log a, log b). Then, for any z € (a*, b¥), subject to the constraint ]_[5;1 Xi=2

1 k
£ )
i=1

is minimized when all the x; are equal (and thus equal to z'/%).
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The following theorem is the well-known ‘defect’ or ‘stability’ version of Jensen’s inequality.
For a proof, see [24, Problem 6.5].

Theorem 2.6 (Holder’s defect formula). Suppose ¢ : [a, b] — R is a twice-differentiable function
with ¢''(y) > m > 0 for all y € (a, b). For any y1, . .., yx € [a, b], let

k k
1 2 1 2
NZE;%‘ and o ZEZI:()H‘—M)

be the empirical mean and variance of {y1, . . ., yx}. Then

m02

(i) —o(n) = T

1 —

i=1

3. The k-partite regime
In this section, we analyze what happens when c is very small. Recall, from the introduction, that

a simple k-partite construction yields a lower bound for r(Bgﬁ), B,(qk)) and, by a result of Nikiforov

and Rousseau [19], this construction is tight for c sufficiently small.

Theorem 1.1 (Nikiforov-Rousseau [19, Theorem 2.12]). For every k > 2, there exists some ¢y €
(0, 1) such that, for any 0 < ¢ < ¢y and n sufficiently large,

r(BEBP) =k(n+ k= 1)+ 1.

Our aim here is to adapt the methods of [19] to prove a stability version of this theorem, our
Theorem 1.2. We first make the following definition.

Definition 3.1. For ¢, y > 0, we say that a red/blue colouring of E(Ky) contains (c, y )-many books
if it contains

« atleast y N¥ red Ky, each with at least (i + ¥ )N extensions to a red Ky, or
o atleast yNk blue K}, each with at least (% ~+ ¥ )N extensions to a blue Ky ;.
With this definition in place, we may restate Theorem 1.2 as follows.

Theorem 1.2°. Foreveryk > 2 and every 6 > 0, there exist ¢, y € (0, 1) such that the following holds.
If a red/blue colouring of E(Kn) does not have (c, y )-many books, then one can recolour at most ON?
edges to turn the red graph into a balanced complete k-partite graph.

As well as referring to Section 2, we will need the following classical result of Andrasfai, Erdds,
and Sos [2] (see also [4] for a simpler proof).

Theorem 3.2 (Andrasfai-Erd6s-Sds [2]). For every k > 2, there exists p > 0 such that if G is a
Ky11-free graph on m vertices with minimum degree greater than (1 — % — p)m, then G is k-partite.
Moreover, one may take p = 1/(3k* — k).

This is a stability version of Turdn’s theorem. Indeed, Turan’s theorem implies that if a graph
on m vertices has minimum degree at least (1 — %) m, then it contains a copy of Kj;, while
the Andrasfai-ErdGs-Sés theorem says that as long as the minimum degree is not too far below
(1— %)m, every such graph must be k-partite.

Before proceeding to the technical details, let us briefly sketch the proof of Theorem 1.2. We
are given a red/blue colouring of E(Ky) and we wish to prove that either the colouring is close to
complete k-partite in red or it contains (c, y)-many books for some ¢, y > 0. We begin by applying
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Lemma 2.1 to the red graph of the colouring to obtain an equitable partition V(Ky)= ViU -- U
Vi, where each part V; and most pairs (V;, V;) are n-regular for some small > 0. We now wish
to improve our understanding of the colouring with respect to this partition.

First, we show that all the parts V; must have very low internal red density. Indeed, if some
part V; has dr(V;) > 8, for some fixed § > 0, then the counting lemma, Lemma 2.2, implies that
Vi contains many red Kj. ;. By a simple averaging argument, this implies that some k-tuple of
vertices in V; lies in many red Ky, yielding a red book with {N pages. In fact, by using Lemma
2.4 in place of the averaging argument, we find (¢, y )-many books if dr(V;) > §, so we may assume
that dr(V;) < § for all i.

We next build a reduced graph G with vertex set vi, . . ., v, where we make v;v; an edge if and
only if (V;, V;) is n-regular and dr(V;, V;) > 8. We claim that every vertex of G has degree at least
(11— ,l( — o)m for some small o > 0. Indeed, if some vertex v; of G has degree smaller than this,
then we find that V; has very high blue density to roughly (% + o)m of the remaining parts V;.
Since V; also has very high internal blue density, we can use this to find many blue books with
spines in V; and (% + y)N pages for some 0 < y < o. This again yields (c, y )-many books in the
colouring.

So we may assume that the graph G has high minimum degree. By applying Theorem 3.2, we
find that either G is k-partite or it contains a copy of Kj.y;. In the former case, we can show that
the colouring itself is close to k-partite in red. In the latter case, this Ky yields k+ 1 parts, say
V1, .., Vka1, such that all pairs are n-regular and have red density at least §. By another appli-
cation of the counting lemma and an averaging argument, we can then show that this structure
again yields (c, y)-many red books.

We now turn to the details of the proof. We will need the following fact about bipartite graphs,
which is a simple consequence of a double-counting technique first introduced by Kévari, Sds,
and Turan [16].

Lemma 3.3. Let k> 2 and d € (0, 1) and let ¢ = (d/4)*. Let H be a bipartite graph with parts A, B,
where |B| > 2k/d, and suppose that H has at least d|A||B| edges. Let H be a k-uniform hypergraph
with vertex set B and at least (1 — ¢) (lil) edges. Then there are at least ¢ (liﬂ) edges of H such that

the vertices of each such edge have at least ¢ |A| common neighbours in A.

Proof. For a k-tuple Q € (1;)’ let ext(Q) denote the number of common neighbours of Q in A. We
double-count the number of stars K ; in H whose central vertex is in A to find that

Y ext(Q= Z(dei(“)) > 1Al (ﬁ Zae]? deg(a)) - (d|kB|) )

o)

where the first inequality follows from convexity. If we split the left-hand side into a sum over
tuples Q which are non-edges of #, a sum over tuples Q that are edges of H with fewer than ¢ |A|
extensions, and the remainder, we find that

|A|(d'f')5 Y oext@+ Y @+ Y ex(Q

Q¢E(H) Q€E(H) Q€E(H)
ext(Q)<¢|A| ext(Q)=¢ |A]

<¢]A| (";') N ('i') +AI{Qe ECH) : ext(Q) = £ 1A},

Therefore, the number of edges of 7{ with at least {|A| common neighbours is at least (dlkBl) —

2¢ (“Ifl). We note that
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() :
) o) B oD (4
("Z') ~ |B| |Bl—-1 Bl —(k—1) —\2/) ° 7

where we used our assumption that |B| > 2k/d. Thus, the number of edges of H with at least ¢ |A|
common neighbours in A is at least

(Bl

With these preliminaries in place, we are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. Fix some k> 2, 6 € (0, 1), and a red/blue colouring of E(Ky). Let o =
0/(12k*)%, My =k, 5 =02, and n = 5k Let M = M(n, Myp) be the parameter from Lemma 2.1
and let c = 6% /M*andy = 52K /M?*. We apply Lemma 2.1 to the red graph in our colouring with
parameters My and 7. This yields an equitable partition V(Ky) =V U--- UV, withMy <m <M
such that each part V; is n-regular in red and, for each i, there are at most nm values of j # i for
which (V;, V;) is not n-regular in red.

First suppose that some part, say V1, has internal red density at least §. By the counting lemma,
k+1

Lemma 2.2, we see that V1 contains at least m (8 ( 2 ) | (k;1> ) |Vi|*t! red Ky 1. Since each

red Ky 1 contains exactly k + 1 red K, this implies that an average k-tuple of vertices in V7 lies in
at least

k+1
ke [$(5) (k1 k+1
k+1)! (5 2 77( 5 >)|V1| ((k+1) (k—i-l))
>{6V2/ —n [Vi| =:EM| V1|
[V1l 2
k

red Ky ;. That is, if we pick a uniformly random k-tuple of vertices from Vj, then the expected
k

number of red K1 ; containing it is at least £ M|V |. If we also define k = (8 (2) -7 (]2‘) )/(k!Mk),

then Lemma 2.2 implies that V; contains at least k N* red K, with an average one having at least
&N extensions to a red Ky, 1, where we use the fact that | V1| > N/M since the partition is equitable
and has m < M parts. If we now set v =£/2 and apply Lemma 2.4, we conclude that V; contains

at least (£x/2)N* red Kj, each with at least (£/2)N extensions to a red Ki11. By our choice of

parameters,
1 k+1 sk
M 2 2M

and, therefore, £/2 > ¢/k + y. Similarly, k > i /M and, therefore, £k /2 > y. Thus, we find that
in this case the colouring contains (¢, y)-many books.

Therefore, we may assume that all V; have dr(V;) < 8. We build a reduced graph G with vertex
set V1, ..., vy, and declare {v;, v;} € E(G) if (V;, V) is n-regular and dr(V;, V}) > 8. Suppose that
some vertex of G, say v;, has degree less than (1 — % — o)m. Since at most nm non-neighbours
of v; can come from irregular pairs, we find that dg(V1, V;) > 1 —§ for at least (% +0—n)m
choices of i € [m]. Let I C [m] be the set of such i. Since dg(V) > 1 — § and § < 1/k?, we see that,
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for @ = kd/4,

k k
dB(V1)<2) >(1- 5)<2> >1-— (;) §>a.

Moreover, we have that n < a?/k* by our choice of ;. Therefore, we may apply Lemma 2.3,
which implies that if Q is a randomly chosen blue K in V; and u is some vertex in Ky, then
P(u extends Q) > d(u, V;)¥ — 4a. In particular, if we sum this up over all u € | J,_; V;, we find that
the expected number of blue extensions of Q is at least

Z Z (u, V1) —404)2 |I|%<(1 —S)k—4a> 2(%—{—0 —n) <(1 —S)k—4oz> N,

iel ueV;

iel

where the first inequality follows from the convexity of the function x — x*. Using n < /2, we

have that
1 k 1 o 1 o
— — 1—8)"—4a)>|-+—)(1Q—2k8) > -+ — — 2k8,
(k+° '7)(( ) “)—(k+2>( )22

where the last step follows from the bound 1/k + o < 1/k + 1/k < 1. By our choice of § =% <
o /(8k), we see that the expected number of blue extensions of Q is at least (% + 7)N. Moreover,

k
by Lemma 2.2, the number of choices for Q is at least %((1 - 8)(2> — n(’é))(N/M)k > kN,
Therefore, if we apply Lemma 2.4 with parameters «, & = % + 3 and v = % + v, then we find
that the colouring contains (¢, y)-many books.
Therefore, we may assume that every vertex in G has degree greater than (1 — % — o)m, so,

by Theorem 3.2 and the fact that o < 1/(3k* — k), we see that either G contains a K;;; or G
is k-partite. Assume first that there is a Kiy; in G. By relabelling the vertices, we may assume
that v1,. .., vk4q form a clique. By the counting lemma, Lemma 2.2, we have that Vy,..., Vi

k k
span at least (8(2) -7 (12‘) )(N/m)k > kN* red Ki and Vi, ..., Via1 span at least <8< 42—1) —

n <k+1> )(N /m)**1 red K. Every such red K, ; contains exactly one red Kj with one vertex in

2
each of Vi, ..., Vi, so an average k-tuple (v1,...,vx) € Vi X - -+ x Vi lies in at least
k+1
5<2>_n k+1 (N/m)kJrl
2 (k+1) k41 N
=62/ —n — =&N.
(N/m)k 2 M

Thus, we have a set of at least « N* red K with at least £ N extensions on average and so, applying
Lemma 2.4 as before, our colouring has (¢, y)-many books.

Thus, we may assume that G is k-partite. Let this k-partition of V(G) be A; U - - - L Ag. Note
that [A¢| < (% + 0) m for every ¢, since the minimum degree of G is at least (1 — % —o)m and
each Ay is an independent set in G. This in turn implies that |Ay| > (l — ko) m for every ¢, since
|Ag| =m — Ze Lo Ayl > ( — ko )m. We lift this partition to a partition of the vertices of Ky
into k parts Xi, ..., Xy by lettlng Xe =U,,ea, Vi> noting that our observations above imply that

| Xe| = ( + ko )N for all £. We claim that each X, contains at most = (‘ ¢ ‘) red edges. Indeed,

observe that if v;, vj are two (not necessarily distinct) vertices of G that are in the same part Ay, then
they must be non-adjacent in G. This means that either (V;, V;) is an irregular pair or dr(V, V}) <

8. There are at most nm? irregular pairs, so the irregular pairs can contribute at most nN? <
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4k2n|X,)? < 10k277<|);‘7'|> red edges inside Xy, where we used that |X,| > (% — ko )N > N/(2k). All
other pairs of parts inside each X, have red density at most §, so the total number of red edges

inside X, is at most 8(‘?‘) + 10k2n<‘§”) < %(li’f‘), since 1 < §/(20k?). This implies that the
number of ordered pairs of (not necessarily distinct) vertices in X, which do not form a blue edge
is at most 28| X, |*.

This already implies that the red graph can be made k-partite by recolouring at most 26N>
edges, so it only remains to show that by recolouring a small number of additional edges, we
can make the red graph balanced complete k-partite. For this, suppose that dp(X1, X;) > 6/k%. If
we sample (with repetition) a random k-tuple Q of vertices from X,, then the probability that it

does not form a blue clique is at most (’2‘) - 28 < k8, since each random pair of vertices does not
span a blue edge with probability at most 25. Moreover, the expected number of common blue
neighbours of Q inside X is at least (1 — 20)K1X,| — k> (1 — 2k8)| Xz, by convexity. By applying
Markov’s inequality as in the proof of Lemma 2.4, the probability that Q has fewer than (1 —
\/5)|X2| common blue neighbours in X, is at most 2k+/8. Therefore, the probability that Q is a
blue clique with at least (1 — V8)|X| common blue neighbours in X, is at least 1 — k?6 — 2k/8 >
1 — 3k+/8, since /8 < 1/k. Let H be the k-uniform hypergraph with vertex set X, whose edges are
all blue K} in X, with at least (1 — v/8)|X5| common blue neighbours in X,. Then H has at least
(1 — 3k/9) (l)iz'> edges.

We now apply Lemma 3.3 to the hypergraph 7{ and to the bipartite graph of blue edges between
X; and X, which has edge density d > 6 /k? by assumption. We have that (d/4)k > (9/(4k2))k >
3ko = 3k+/8 by our choice of o and 8, so we may indeed apply Lemma 3.3 to conclude that at
least (6/ (4k2))k (Iiﬂ) of the edges of 7 have at least (6/ (4k%))|X;| common blue neighbours in
Xj. This yields at least

O\ (1% _ (0N 0N &
— — ) Nf>yN
<4k2) ( k Z( 4k3) Z(SH) =7

blue K}, each of which has at least

(1—8)|X3| + <i>k X1 =(1-+68+ <i>k) (1 —ka) N

4k2

extensions to a blue Kj;, where in both computations we used the fact that |X;|, | X;| > (Il( -

ko )N > N/(2k), as well as our choices of v/§ =0 = (0/(12k4))k. Thus, in this case, we have again
found (¢, y)-many books, a contradiction.

Hence, we may assume that dp(X;,X3) < 0/k%. By the same argument, all the blue den-
sities between different parts X, can be assumed to be at most 6/k*. Since we have already
argued that the red density inside each part is at most 25, we see that, by recolouring at most
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((;‘) 0/k* + 2k8) N2 edges, we can make the red graph complete k-partite. Finally, we recall that

each part X, has size |[X| = (i =+ ko )N. Therefore, by moving at most k2o N arbitrary vertices into
another part, we see that we can make our partition equitable. We then recolour the edges inci-
dent with any moved vertex to obtain a balanced complete k-partite red graph. Doing so entails
recolouring at most k0 N2 additional edges. Thus, in total, we recolour at most

0 0
k — +2k§ + Ko | N> < | = +3K*0 ) <ON?
2] k2 2

edges, where we used that § <o and o < (9/(12k4))k <0/(6k%). 0

4. An upper bound matching the random bound

In this section, we prove Theorem 1.3, which says that when ¢ is not too small, the random lower
bound for r(B&, BF) is asymptotically tight. To prove this theorem, we will mimic our simplified
proof of the diagonal result from [10, Section 3], though it needs to be adapted to the off-diagonal
setting in several ways. Before proceeding with the details, we sketch the proof at a high level,
indicating which parts require new ideas beyond those already present in [10].

A key notion used in the proof is that of a red-blocked configuration. Informally, a red-blocked
configuration consists of k disjoint vertex sets such that each set and all pairs are n-regular for
some small 7, every set has red density at least § for some small §, and every pair has blue density
at least §. A blue-blocked configuration is defined similarly, except with the roles of red and blue
interchanged. Like the good and great configurations defined in [10], we care about such con-
figurations because their existence automatically implies the existence of large monochromatic
books. The precise statement is given in Lemma 4.3, but, roughly, it says that if we have a red/blue
colouring of the complete graph on (c'* 4+ 1)*n + o(n) vertices which contains a red-blocked or a
blue-blocked configuration and k is sufficiently large with respect to ¢, then the colouring contains

ared BY or a blue BY. This is the key lemma which underlies the entire proof. Its proof is similar
to that of [10, Lemma 3.3], but requires a few modifications. First, the analytic inequality which
yields the result is more complicated in the off-diagonal setting and this is where the (necessary)
assumption that k is large with respect to ¢ comes from. Second, the averaging arguments used in
the proof of Lemma 4.3 require a little more care than those used in the proof of [10, Lemma 3.3],
because we must take (p, 1 — p)-weighted averages here. Finally, though in principle one needs
separate arguments to deal with red-blocked configurations and blue-blocked configurations, it
turns out that the same proof works for both cases, simply by interchanging the roles of red and
blue and of pand 1 — p.

The remainder of the proof now comes down to finding a red-blocked or blue-blocked con-
figuration or else finding a large monochromatic book directly. To do this, we begin by applying
Lemma 2.1 to the red graph of the colouring, obtaining a regular equitable partition V(Ky) =
Viu---UVy,. Call a part red if it contains more red edges than blue edges and blue otherwise.
We assume for now that at least pm of the parts are blue; the case where at least (1 — p)m of the
parts are red runs similarly. We build a reduced graph G whose vertices are in bijection with the
blue parts and where edges represent pairs of parts that are regular and have red density at least §
for some small § > 0. By defining G in this way, we see that a K} in G corresponds to a blue-blocked
configuration in the original colouring, so it suffices to find a Ky in G.

To do this, we first show that every vertex in G must have degree at least roughly (1 —
pk’l)lV(G)|. Indeed, if this is not the case, since |V(G)| > pm, we find that there is some blue
part V; which has very high blue density to at least roughly p*m other parts. This can then be used

to find a blue B, where n ~ P*N. So we may conclude that every vertex in G has high degree.
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But, by Turan’s theorem, plus the fact that p¥~ < 1/(k — 1) for sufficiently large k, this implies
that G contains a copy of K, as desired.

We now begin the detailed proof of Theorem 1.3. The following result generalizes a key analytic
inequality from the diagonal case [10, Lemma 3.4].

Lemma4.1. Forevery p € (0, 1), there exists some k; € N such that ifk > ky and x1, . . ., x; € [0, 1],
then

p'- k]_[ ,+(1_p)1 kZ(l—xl

Moreover, one may take

6 ifp=1—5/(4e)
ki (P) = 14 5—log log ﬁJrlog(flog log ﬁ)

- otherwise.
log 1=5

Proof. First suppose that x; < }l( for some j € [k]. Then we have that

1— -k k 1— 1-k 1— 1-k 1 k 1— 1-k
o A R (e L %(1 _ %) e A )
i=1

where we used the inequality 1 — x > e=2* for x € [0, %]. If p>1—5/(4e), then 1 — p <5/(4e),
so f(p, k) > (4/5)"1ek=3 /k. Once k z 6, this last expression is at least 1, so in the case where
p>1—5/(4e), we may take ki (p) =

Forp<1—5/(4e),let A =X(p) = log — and

5—log A +loglog 1 —1+ —loglog 1—; P+log( loglog 1= p)
A B log - =

k(p)=1+

We now claim that
fel=1  ifk>k(p). )
By differentiating, we see that f(p, k) is monotonically increasing in k for k > 1/ log 1+p =1/A.
Since p <1 — 5/(4e), we have that 5 —log A + log log% > 1 and so we are in the monotonicity
regime. It therefore suffices to prove the statement for k = k; (p). Note now that
5100 1
(1= p)l=ki0) — (1 — p)(5—log+loglog 1)/ log (1-p) _ el%
andlet g(p) =141/ log % +5/log % +loglog %/ log % Then we have
> log % 1 e’ log % _ e
A eki(p)  A+5+logi +loglogl g(p)

Fp k() =

Thus, to prove that f(p, k1(p)) > 1, it suffices to prove that g(p) < e* for all p <1 —5/(4e). By
differentiating, one can check that g(p) is monotomcally increasing in p e [0,1 —5/(4e)]. Thus,
it suffices to check that g(1 —5/(4e)) < e3. But g(1 —5/(4e)) = 184 < e, so f(p,ki(p)) =1, as
claimed. Hence, from now on, we may assume that all the x; are in (1 1].

For the moment, let’s assume that all the x; are in (%, 1). Note that the function g : y > (1 — & )k
is strictly convex on the interval (log %, 0). By the multiplicative Jensen inequality, Lemma 2.5, this

implies that, subject to the constraint ]_[f-;l Xi =z, the term % Zle(l — x;)¥ is minimized when
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all the x; are equal to z'/¥. Therefore,

S a=ph S
p'* gx,- + ]f ; (1 =) = p' 2+ (1 - p)'H(1 = 2O,

So it suffices to minimize this expression as a function of z. Changing variables to w = z/¥, it
suffices to minimize
Yw) =p! w4 (1= )R - )

as a function of w. By differentiating, we find that ¢ is minimized at w = p, where ¥ (p) = 1. This
proves the desired result as long as all the x; are in [0, 1). By continuity, the result then extends to

all x; € [0, 1]. O
Definition 4.2. Fix parameters k € N and 7, § € (0, 1) and suppose that we are given a red/blue
colouring of E(Ky). Then a k-tuple of pairwise disjoint vertex sets Cy, . .., Cx € V(Ky) is called a

(k, n, 8)-red-blocked configuration if the following properties are satisfied:

1. Each C; is n-regular with itself,
2. Each C; has internal red density at least §, and
3. Foralli#j, the pair (C;, C)) is n-regular and has blue density at least 4.

Similarly, we say that Ci, ..., Cy is a (k, 1, §)-blue-blocked configuration if properties (1-3)
hold, but with the roles of red and blue interchanged.

The reason we care about these configurations is that, for appropriate choices of the parameters
n and &, their existence yields the existence of the required monochromatic books. This idea (or,
rather, the version of it when red and blue play symmetric roles) already appears implicitly in the
work of the first author [9], but was made much more explicit in the prequel to this paper [10].
The precise statement we will need here is given by the next lemma.

Lemma 4.3. For everyp € [%, 1), there is ky € N such that the following holds. Let k > kj, ¢ = ((1 —
p)/p)k and0 < ¢ < % and suppose 0 <8 < (1 —p)eand0 < n < 54K, Suppose that the edges of Ky

with N = (pfk + &)n are red/blue coloured and this colouring contains either a (k, n, §)-red-blocked
configuration or a (k, n, 8)-blue-blocked configuration. Then, in either case, the colouring contains
either a red Bgﬁ) or a blue Bg,k). Moreover, one may take k,(p) = k1 (1 — p), where k; is the constant

from Lemma 4.1.

Proof. We tackle the two cases separately: suppose first that the colouring has a (k, 1, §)-red-
blocked configuration, say Ci, ..., Cy. By the counting lemma, Lemma 2.2, we know that the
number of blue K with one vertex in each C; is at least

1 dstcic— n(i) 11j|c,»| z(a@ —n (’;)) ]j il >0,

1<i<j<k

so there is at least one blue Ky with one vertex in each of Cy, . . ., Cy. By a similar computation, we
see that each C; contains at least one red K.

For a vertex v and i € [k], let x;(v) := dp(v, C;) € [0, 1]. We observe that from the definition in
Lemma 4.1, we have that k(1 — p) > k; (p) for all p > % Therefore, Lemma 4.1 implies that since
k> ky > ki (p), we have that

. 1-p* ¢
plp [0 |+ =p | == D —xm)]| =1
i=1 i=1
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for all v € V. Summing this fact up over all v, we find that

k

k ok
p P_k;ll:!xi(v) +(1-p) %;;(l—xi(v))k > N. (3)

This says that a (p, 1 — p)-weighted average of two numbers is at least N, which means that at least
one of them is at least N. Suppose first that the first term is at least N, that is, that

k
Z l_[ xi(v) ZpkN.

veV i=l1
Let Q be a uniformly random blue K spanning Cy, .. ., C, which must exist by our computa-
tions above. Let a = 8’ < ]—[i<j dp(C;, C;j) and observe that n < 54 — o4 < a3 /k?. Thus, for any
v, we can apply Lemma 2.3 to conclude that the probability v extends Q to a blue Ky, is at least
[ 1; xi(v) — 4cr. Therefore, the expected number of extensions of Q to a blue Ky, is at least

k
Z l_[ xi(v) — 4o | > (pk —4a)N

veV \i=1
> (p* —4a)(p~F + &)n
> (1 —i—pks - 8ap_k)n
>n, 4)

where (4) uses that @ = Fla <((1- p)e)k2 < (ps)k2 < p2k8/8. Therefore, Q has at least n extensions

in expectation, so there must exist some blue K}, with at least n extensions, that is, a blue B
Now assume that the other term in the weighted average in (3) is at least N, that is, that

k
E T - = (- pIN.

i=1 veV
Then there must exist some i for which

> —x)F =1 —p)N.

veV

Therefore, if Q is a random red Kj inside this C;, then, by Lemma 2.3, the expected number of
extensions of Q is at least?

So[a=xent o] = [0 - pf —4a] o7 + o

veV
1—p\F
> (T) +(1—pe—8ap* | n

> cn, (5)
where we use the fact that c = ((1 — p)/ p)k and that
a =65 =((1 - pe)¥ <pk(1 - pless,

3Strictly speaking, if v € C;, then dr(v, C;) # 1 — x;(v), as v has no edge to itself. However, this tiny loss can be absorbed into
the error terms and the result does not change.
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since 1 — p < p. Thus, the expected number of red extensions of a red Ky in C; is at least ¢n, so

there must exist a red B, This concludes the proof under the assumption that the colouring
contains a (k, 1, §)-red-blocked configuration.

Now, we instead assume that the colouring contains a (k, , §)-blue-blocked configuration and
aim to conclude the same result; the proof is more or less identical, but with the role of p now
played by g =1 — p. As before, we find that there is at least one red Ky spanning Cj, ..., Cx and
that each C; contains at least one blue Kj. For a vertex v and i € [k], let y;(v) = dr(v, C;) € [0, 1]
and write g =1 — p. Since k > k; = k;(q), we can sum the result of applying Lemma 4.1 over all
v € V to find that

k _ kK
ot LI | +a-a [ S X a-po | =

veV i=1 i=1 veV

As before, this is a (g, 1 — g)-weighted average of two terms, which means that one of the terms
must be at least N. Suppose first that the first term is at least N, that is, that

k
> T riv=4'N.

veV i=1

If Q is a uniformly random red K} spanning Cy, ..., Cy and o = Bkz, then, as before, we find that
the expected number of extensions of Q to a red K1 is at least

k
DA Tri» —da | =@ — 4N = (1 = p)f —da)p™ +e)n = en,
veV \i=1
by the computation in (5). Therefore, in this case, there must exist some red Ky with at least cn
red extensions, giving the desired red B®) . S0 we may assume instead that

k
LY ) (- g,

i=1 veV
which implies that for some i € [k],
> =y = p*N.
veV

Thus, if Q is a random blue K} inside this C;, we find that the expected number of blue extensions
of Q is at least

S[ =y = da] = ¢F — 40N = (F — de)p~F + = m,

veV

by the same computation as in (4). This gives us our blue B, completing the proof. 0

With this result in hand, we can now prove Theorem 1.3.

Proof of Theorem 1.3. Given an integer k > 2, let ¢;(k) be the infimum of ¢ € (0, 1] such that
ky((c'/* +1)~1) < k, where k; is the constant from Lemma 4.3. Note that we declare this infi-
mum to equal 1 if no ¢ € (0, 1] satisfies this condition (as happens for k = 2). In this case, there
is nothing to prove, since Theorem 1.3 for ¢ =1 is already known [9]. We now fix c € [¢;, 1] and
p= 1/(c1/k +1)e (%, 1], noting that we have k > kx(p).

Fix0<e< % and suppose we are given a red/blue colouring of E(Ky) where N = (p’k + &)n.
Our goal is to prove that if n is sufficiently large in terms of ¢, then this colouring contains a
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red Bgﬁ) or a blue B;k). To do this, we fix parameters § = (1 —p)2k8/(4k) and n = min{54k2, 1-

p)/(4k)} depending on ¢, k, and ¢.

We apply Lemma 2.1 to the red graph from our colouring with parameters n and My =1/
to obtain an equitable partition V(Ky) = Vi U- - - U V,,, where each V; is n-regular and, for each
i, there are at most nm values 1 <j <m such that the pair (V;, V;) is not n-regular. Moreover,
My <m <M = M(n, My). Note that since the colours are complementary, the same properties
also hold for the blue graph. Call a part V; blue it dp(V;) > % and red otherwise.

Suppose first that atleast m’ > pm of the parts are blue and rename the parts so that Vy,..., V
are these blue parts. We build a reduced graph G whose vertex setis vy, . .., v, » by making {v;, v;}
an edge if and only if (V}, V}) is n-regular and dr(V;, V) > 8. Suppose that some vertex in G, say
v1, has degree at most (1 —pk_1 —n/p)m’ — 1. Since v; has at most nm < nm’ /p non-neighbours
coming from irregular pairs (V1, V}), this means that there are at least P lm’ parts V; such that
(V1, Vj) is n-regular and dp(V7, Vj) > 1 — 4. Let ] be the set of all these indices jand U = Uje] Vi
be the union of all of these V;. We then have

es(V, U)=Y ep(V1, V) = > _ (1= 8)|Vil|Vjl = (1 = 8)[V4||U]. (6)
jel j€l
Let V] C V] denote the set of vertices v € V; with eg(v, U) > (1 — 28)|U|. Then we may write

ep(V1, U) = Z ep(v, U) + Z ep(v, U) < |V1[IU| 4+ (1 = 28)| Vi \ V1||UI. (7)
veV) veVi\V}

Combining inequalities (6) and (7), we find that | V]| > %IVl |, where every vertex in V] has blue
density at least 1 — 26 into U. Moreover, since n < é, we may apply the n-regularity of V) to

conclude that the internal blue density of V] is at least % —-n=> %, while the hereditary property
of regularity implies that V] is 2n-regular. Then the counting lemma, Lemma 2.2, implies that V{
contains at least

K K
%(dB(Vi)@ _Zn(12<>) it L <3 () _2,7<'2<>) Vi =0

blue Ky, so that V] contains at least one blue K. Every vertex of this blue Kj has at least (1 — 28)|U|
blue neighbours in U, so the blue Kj has at least (1 — 2k§)|U| blue extensions into U. Moreover,

since we assumed that |J| > p*~1m’ > p*m and the partition is equitable, we find that |U| > pkN.
Therefore,

(1 —2k8)|U| > (1 — 2k8)p*(p~ + &)n
= (1 —2k8)(1 + pke)n

> (14 pFe — 4ks)n

>n

>

since our choice of § yields 4k§ = (1 — p)st < pke. Thus, we find that any blue K} inside V] must
have at least n blue extensions, giving us our blue B,

So we may assume that every vertex in G has degree at least (1 — p~1 — 5/p)m’. Recall from
(2) thatf(1 — p, k) :pl_k/(ezk) > 1for k> ki(1 — p). Since we assume that k > kx(p) = k1 (1 — p),
this implies that

gl 1

2k ~ 3(k—1)

(8)
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Additionally, by our choice of n < (1 — p)/(4k) < p/(4k), we know that

U
p~3k-1)
The previous two inequalities imply that
k-1 _ "N 1
1—pFt—Ls1—- —
P p k—1
so that G contains a Ki by Turdn’s theorem. Let v;;, ..., v; be the vertices of this Kj and let

G=Vj for 1 <j < k. Then we claim that Cy, . . ., Cg is a (k, ), §)-blue-blocked configuration. The
fact that each C; is n-regular follows immediately from our application of Lemma 2.1 and the fact
that dg(C;) > & follows from the fact that we assumed dg(C;) > % Finally, the definition of edges
in G implies that (C;, C)) is n-regular with dr(C;, C;) > 8 for all i # j. Thus, our colouring contains
a (k, n, 8)-blue-blocked configuration with § < (1 — p)e and n < 84k2, so Lemma 4.3 implies that

the colouring contains either a red By;,) or a blue B;k).

We have now finished the proof if at least pm of the parts V; are blue. Therefore, we may assume
instead that atleast m’’ > (1 — p)m of the parts are red and again rename the parts so that these red
parts are Vy,.. ., Vm//. We construct a reduced graph G on vertices vy, . . ., v, by connecting v;
to v; if (Vi, V) is n-regular with d(V;, Vj) > 6. Suppose that some vertex in G, say v1, has degree
at most (1 — (1 —p)k_1 —n/(1 —p))m” — 1. As before, v; has at most nm < nm” /(1 — p) non-
neighbours coming from irregular pairs. Thus, if we let J denote the set of indices j for which
(V1, V) is n-regular with dg(V1, V) > 1 — 6, then we find that |J| > (1 —p)k_lm” > (1 —p)km.
Thus, if U= Uje ; Vj» then we see that |U| > (1 — p)EN, since the partition is equitable. Next, as
above, we let V1 € V7 denote the set of vertices v € V7 with eg(v, U) > (1 — 28)|U| and find that
Vil > %|V1 |. Therefore, as above, we know that V{ contains at least one red K}, and this red K
has at least (1 — 2k§)|U| red extensions in U. Moreover,

(1 —2k8)|U| > (1 —2k8)(1 — p)*N
=(1—2k8)(1 — p)(p™" +e)n
=(1—2k8)(c+ (1 —p)*e)n )
> (c+ (1 - p)*e — 4kd)n
> cn, (10)

where in (9) we used the definition of p, which implies that ((1 — p)/p)k =, and in (10) we used
our choice of § to see that § < (1 — p)ks /(4k). Thus, in this case, we can find a red Bgﬁ).

We may therefore assume that every vertex in G has degree at least (1 — (1 — p)k_1 —n/(1—
p))m’’. As before, we know that, since k > k(p),

k=1 _ k-1 1
(1-p) =p = m
and our choice of n < (1 — p)/(4k) implies that
1
1—p = 3(k=1)
Thus, by Turén’s theorem, G must contain a Kj, with vertices v;,, ..., v;. If we let C; = Vij» then

Ci,...,Cy will be a (k, n, §)-red-blocked configuration, by the definition of edges in G and the
assumption that N is sufficiently large in terms of ¢. Thus, by Lemma 4.3, we can again conclude

that the colouring contains either a red BE’,? or a blue Bg,k).
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To finish, we note that, as claimed, we may take c; (k) <<(1 + 0(1))1°gk) . Indeed, for any ¢

and k, let p(c, k) = ("% +1)~! and y=y(c,k)=1/log[1/p(c, k)]. Then, from Lemma 4.3 and
4.1, we see that kx(p(c, k)) = 1 + y(5 + log y + loglog y). Thus, if y < (1 + o(1))k/ log k, then k >

ka(p(c, k)). Since y =1/ log(1 + c!/ky, this condition is equivalent to k> exp((l 4+ 0(1)) Iogk) —
1=(1+ 0(1))%, which yields the desired bound. O

5. Quasirandomness
In the previous section, we showed that for a certain range of ¢ and k, the Ramsey number
(BE’,?, B(k)> is, as n — o0, asymptotically equal to the lower bound coming from a p-random

construction. In this section, we strengthen this result, showing that all colourings whose number
of vertices is close to the Ramsey number must either be quasirandom or else contain substantially
larger books than the Ramsey property implies. We make the following definition.

Definition 5.1. Forp € [%, 1) and y > 0, we say that a red/blue colouring of E(Ky) contains (p, y)-
many books if it contains

o atleast yNk red K}, each with at least ((1 — p)k + y)N extensions to a red K1, or
« atleast y N* blue Kj, each with at least (pk + y)N extensions to a blue K 1.

Here is the restatement of Theorem 1.4 in terms of (p, y)-many books that we will prove.

Theorem 1.4. For every p € [%, 1), there exists some ko € N such that the following holds for every
k> ko. For every 0 > 0, there exists some y > 0 such that if a red/blue colouring of E(Ky) is not
(p, 0)-quasirandom, then it contains (p, y)-many books.

To prove Theorem 1.4, we will need a few technical lemmas. At a high level, the proof closely
follows the proof of the main quasirandomness theorem in [10, Section 5], as follows. First, we
prove a strengthening of Lemma 4.1, which can be thought of as a stability version of that result; it
says that if our vector (x1, . . ., xx) is bounded in £+, away from the minimizing point (p, ..., p),
then the value of the function in Lemma 4.1 is bounded away from its minimum of 1. Using this,
we can strengthen Lemma 4.3 to say that not only does a blocked configuration imply the existence
of the desired monochromatic book, but in fact it implies the existence of a larger book unless
every part of the blocked configuration is e-regular to the entire vertex set. Therefore, assum-

ing our colouring does not contain many blue Bgi_i_y)N or red B ( (1) kN We will be able to

repeatedly pull out vertex subsets that are e-regular to the entire vertex set until we have almost
partitioned all the vertices into such subsets. At that point, we can use the structure coming from
this partition to deduce that the colouring is (p, 6)-quasirandom, as desired.

We begin with the strengthening of Lemma 4.1.

Lemma 5.2. For p € (0, 1), let ky = ki(p) be as in Lemma 4.1. Then, for every integer k >k, and
any &g > 0, there exists some 8 > 0 such that if xy, . . ., x € [0, 1] are numbers with |x; — p| > &o
for some j, then
1 _ )1 Kk k
P kl_[xl (1 —x)*>1+6.
i=1
Proof. Let

k (1
F(xl)---)xk lkl_[ Z+

Z (1—x)
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and ¢(y) = (1 — ¢”)*. The goal is to apply Hélder’s defect formula, Theorem 2.6, using the strict
convexity of the function ¢. However, ¢ is only strictly convex on the interval (log %, 0) and, in
order to apply Theorem 2.6, we in fact need a positive lower bound on ¢”, but no such bound
exists for the whole interval (log %, 0). Because of this, we need to separately analyze the cases
where all the variables are inside a large subinterval of (%, 1) and when one of them is outside
such a subinterval.

First, suppose that one of the variables, say x1, is in the interval [0, H%], for some small
constant &; > 0. Then we have that

_ )ik 1k .
F(xl,...,xk)z%(l_xl)kz(l 11:) (1_1+81) |

k
From the proof of Lemma 4.1, we see that this quantity is strictly larger than 1 for all k > k; (p),
s0, by choosing &y appropriately, we see that F(xy, . .., xx) > 1+ 8¢ in this case. We may therefore
assume from now on that all the variables are at least H%
Next, suppose that there exist values x1, ..., x,_1 € [“;fl , 1] such that F(xg,...,x_1,1) = 1.

We observe that

9F k—1 k-1

_ — pl—k l_[ xi — (1 _p)l—k(l _ xk)k—l :pl—k l_[ x; > 0.

Ok [=1 i=1 i=1

x=1
This implies that if we move from x; =1 to xx = 1 — &; for some sufficiently small &;, the value

of F will decrease. Therefore, there will exist a vector (xi, ..., x) for which F(xy,...,xx) <1,
contradicting Lemma 4.1 as long as k > k; (p). Thus, for every choice of x1,...,xx_1 € [H%, 1],
we have that F(xj,...,xt_1,1) > 1. Since the space [H%, l]k_l x {1} is compact, we in fact
find that F(xy,...,x,_1,1) >1+68] forall x;,...,x_1 € [”;(81 , 1], for some sufficiently small §
depending on p and k. Finally, by continuity of F, we have that F(xi, ..., xx) > 1+ §; whenever
Xk > 1 — &, for some other 81, &3 > 0. Since F is a symmetric function of its variables, the same
conclusion holds if x; > 1 — &; for any i. Thus, as long as we take the &y in the lemma statement to

be smaller than 81, we can assume from now on that x; € [ lﬁf‘ ,1—¢g;] foralli.

By Lemma 2.5, subject to the constraint ]_[f;l X =z, the term % Zle(l — x;)F is minimized
when x; = z!/* for all i. As in the proof of Lemma 4.1, this shows that F(xy, ..., x;) > w(zl/k),
where ¥ (w) = p'~kwk 4+ (1 — p)'%(1 — w)¥. The function ¥ has a global minimum at w = p,
where its value is 1. This shows that F(xj,...,x;) > 1+ §g if |Z1/k — p| > €3, for some €3 >0
depending on p, k, and 8y. Moreover, by picking 8y sufficiently small, we can make &3 as small
as we wish. Therefore, we may now assume that z'/% = p + ¢3, which implies that log (z!/¥) =
(log p) £ &4 for some g4 > 0, which can also be made arbitrarily small by picking § appropriately.

We are now ready to apply Holder’s defect formula. First, we observe that for ye

[log 421, log (1 — £2)], we have

1
@) =ke(1 — ) 2(ke — 1) > k- :81 ek =m,

where m is a fixed, strictly positive constant. Let y; =logx; for 1 <i <k, so that %Zf:l yi=
log (z'/%). We assumed that |x; — pl > &o for some j, which implies that [y; — log p| > &9 as well,
since the derivative of log x is bounded below by 1 on the interval (0, 1). Therefore, choosing 8
small enough that &4 < g9, we see that

> (- log ()" =

1
(y; — log (2'/))* = (o0 = £4)?,

1
|
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since log (z'/¥) = (log p) =+ &4 and lyj — log p| > 9. Hence, by Theorem 2.6, we have that

1 — )ik K
F(Xl,---,xk)=Pl_kz+%Z(l—xi)k
i=1

k

1
_ 1k _oi—k. 1 ,
=p z+(1—p) k?:l(p()’z)

>pl k4 ¢(log (zl/k)) + %(80 — &4)?

m

=y (25 + Sp(e0— £4)?

> 1+ 8o,
where we use the fact that ¢ (w) > 1 for all w € [0, 1] and take & sufficiently small. O

Using Lemma 5.2, we can now prove the following strengthening of Lemma 4.3, which says
that if we have a blocked configuration Cj, . . ., Cx and many vertices whose blue density into C; is
far from p, then we can find a substantially larger monochromatic book than what is guaranteed
by Lemma 4.3.

Lemma 5.3. Fix p e [%, 1) and let k> k(p), where k; is the constant from Lemma 4.3. Suppose
0<gy< i and let 8o = 8o(&¢) be the parameter from Lemma 5.2. Let 0 < 8 < (1 — p)dpgo and 0 <
n< 8% and suppose that Cy, . .., Cy is either a (k, n, 8)-red-blocked configuration or a (k, n, §)-
blue-blocked configuration in a red/blue colouring of Ky. Define

Bi={ve Ky :|dp(v, Ci) — p| = &o}.
Then the following hold:

. . . (k) (k)
| >
(a) If |Bi| = eoN for some i, then the colouring contains a blue B(pk+ﬂ)N or a red B((l—p)k+ﬂ)N’
where 8 = (1 —p)kéoso/z.

(b) If, in addition, |Ci| > tN for all i and some v >0, then there exists some 0 <y < f8
depending on gy, T, and & such that the colouring contains (p, y )-many books.

Proof. We may assume without loss of generality that |B;| > goN. As in the proof of Lemma 4.3,
we need to split into two cases, depending on whether Ci, . . ., Cy is blue-blocked or red-blocked.
We begin by assuming that it is (k, n, §)-red-blocked.

First, as in the proof of Lemma 4.3, observe that each C; contains at least one red K and there

is at least one blue Ky spanning Cj, . . ., Cx. Moreover, if we assume that |C;| > N for all 4, then
Lemma 2.2 shows that the number of blue K spanning Cy, . . ., Cy is at least
k
k k ( ) k
k k s\t
1_[ dp(Ci, Cj) — 77(2) 1_[ |Cil 2(3(2> - U(2)> (TN)k = S Nk
1<i<j<k i=1

and similarly, with an additional factor of 1/k!, for the number of red K} inside each C;.
For a vertex v and i € [k], let x;(v) = dp(v, C;). Lemma 4.1 implies that, for any v € V,

£ (1-p* ¢
plp [T | +0—p | =——= D 0 —xm)| = 1.
i=1 i=1
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Additionally, if v € By, then |x; (v) — p| > €9, so Lemma 5.2 implies that, for v € By,

£ 1-p* g
p P_kgxi(v) FO=p) [T 2 A=t | 21440,

i=1

Adding these two equations up over all v € V shows that

k ok k
p p_kZHxi(v) +(1—p) %ZZU—M(V”]‘ > N+ 80|B1] = (1 + dogo)N.

veV i=1 i=1 veV

That is, a (p, 1 — p)-weighted average of two quantities is at least (1 4 8p&¢)N, which implies that
one of the quantities must itself be at least (1 + §p9)N. Suppose first that

k
P> [ Tx) = 1+ 80s0)N.

veV i=1

Let Q be a uniformly random blue Kj with one vertex in each of Cj,...,Cy. Let o = 5k <
[Ti<; d8(Ci, C)), so that n < 3% = o* < a3/k2. Therefore, applying Lemma 2.3 to each v and
summing up the result, we find that the expected number of blue extensions of Q is at least

k
S TTx0) —4e | = (0 + pFooeo — 4a)N.

veV \i=1
Next, observe that

85 (1 = p)doeo)* - (1 — p)*Soeo - p*0e0

da=45F <2 < < < , (11)
2 2 2 2

which implies that the expected number of blue extensions of Q is at least (pk + B)N, where

B=(1— p)k8080 /2. Thus, there exists a blue BE';L BN’ proving (a) in this case. Moreover, if we
assume that |C;| > TN for all 4, then our earlier computation shows that Q is chosen uniformly at

k
random from a set of at least ¥ N¥* monochromatic cliques, where k = 8<2) rk /2. We may there-

fore apply Lemma 2.4 with £ = p¥ 4 8 and v = p¥ + y, for some appropriately chosen 0 < y < ,
to conclude that in this case our colouring contains at least y N' k blue cliques, each with at least
(pk + ¥ )N blue extensions, proving (b).

Therefore, we may assume that the second term in the weighted average is the large one, that
is, that

(1-p)* k
— Z Z (1 —x;(v))* > (1 4 8o&0)N,

i=1 veV
which implies that, for some i,
D (1= xim)F = (1= p)*(1 + Sogo)N.
veV

Therefore, if Q is now a random red K} inside this C;, Lemma 2.3 implies that the expected number
of red extensions of Q is at least

S [ =5 — da] = [(1 = p) + (1= pogey — 4] V.

veV
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But, by (11), 4 < (1 — p)k8080 /2, which implies that the expected number of red extensions of Q
is at least ((1 — p)k + B)N, proving (a). As before, if we also assume that |C;| > TN for all i, then
k

we may apply Lemma 2.4 with x = S(Z)Ik/Zk!, £=1—p)+p,andv=(1— p)* +y tofind that
our colouring contains at least yNk red K, each with at least ((1 — p)k + )N red extensions for
some appropriately chosen y € (0, 8), yielding (b). This concludes the proof of the lemma in the
case where Cy, . . ., Cy is a (k, n, 8)-red-blocked configuration.

As in the proof of Lemma 4.3, the other case, where Cy, . . ., Cy is a (k, 1, §)-blue-blocked con-
figuration, follows in an almost identical fashion. We define y;(v) = dr(v, C;) for all ve V and
i€ [k] and let g=1—p. We then apply Lemma 4.1 and 5.2 with these y variables and with q
instead of p. The remaining details are exactly the same.

Next, we strengthen Lemma 5.3 by showing that not only does every part of a blocked configu-
ration have density roughly p to most vertices, but it is in fact (p, £)-regular to the entire vertex set.
Here, by saying that a pair of vertex subsets (X, Y) is (p, &)-regular, we mean that [d(X’, Y') — p| <
¢ for every X’ C X, Y/ C Y with |X'| > ¢|X|, |Y’| > ¢|Y|. Note that (p, ¢)-regularity is equivalent,
up to a linear change in the parameters, to e-regularity with density p & ¢.

Lemma 5.4. Fixp € [%, 1) and let k > ky(p). Suppose 0 < &1 < }1, g0 = 8%/2, and let 8y = 8¢(gg) be

the parameter from Lemma 5.2. Let 0 < § < (1 — p)8oep and 0 < n < e127 % 59 and suppose that
Ci, ..., Cy is either a (k,n, 8)-red-blocked or a (k, n, 8)-blue-blocked configuration in a red/blue
colouring of Ky. Then the following hold:

(a) If for somei, thepair (Ci, V) is not (p, e1)-regular in blue, then the colouring contains a blue

ora redB ) , where 8 = (1 —p)k8080/2.

—p)*+PIN
(b) If, in addition, |C;| Z TN for all i and some T > 0, then the colouring contains (p, y)-many
books for some 0 <y < 8 depending on g1, 6, and t.

Proof. Without loss of generality, suppose that (Cy, V) is not (p, £1)-regular in blue. Then there
exist C] € Cy, D C V with |C]| = &1|C1|, |D| > &1N such that |dg(C{, D) — p| > &1. Assume first
that dp(C1, D) > p + €1. Let D; C D denote the set of vertices v € D with dp(v, C1) <p+ 5 and
let D, = D\ D;. Then we have that

€1
CiIID| < Xe: ,c/<( —)C/D CiIIDsl,
(p+e) ICGHIDI < ) en(v, CD)+ ) en(r, CD) < (p+ ) IGHIDI + |CHIDa|

veDy veD;

2
which implies that |D,| > & |D| > %N: 0N, where each v € D, has dp(v, C1) > p+ 5. Now,
consider the k-tuple of sets Ci, C,, . .., Cy; by the hereditary property of regularity, we see that
this is a (k, ', 8’)-blocked configuration, where ' =n/¢; and 8’ =8 — n > §/2. This implies that
8 <(1—p)dpeg and 0’ < (8/)4"2. Therefore, we may apply Lemma 5.3 to the (k, n’, 8’)-blocked

(k)
B( k+B)N

Moreover, if we assume that |C;| > TN for all i, then |C/| > e17N for all i, where

configuration Cj, Cy, ..., Cy to conclude that the colouring contains a blue or a red

(k)
(1—p)k+p)N"
Ci/ = C; if i > 2. Thus, Lemma 5.3 implies that in this case the colouring contains (p, y )-many
books for some 0 < y < 8 depending on ¢, 8, and 7.
To complete the proof of the lemma, we also need to check the case where dg(Ci, D) <p — ;.
However, the proof is essentially identical: we find a subset D, C D such that every vertex v € D,
has dp(v, C}) <p — %1 and such that |D,| > 52—1 |D| and then the rest of the proof is as above. O

Our next technical lemma gives the inductive step for our proof of Theorem 1.4. The proof
mimics that of Theorem 1.3, except that the vertex set is split into parts that were already pulled out
as regular and a part that has not yet been touched. Inside the untouched part, we build a reduced
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graph and use it to find either many large monochromatic books or a blocked configuration, at
which point Lemma 5.4 implies that the induction can continue.

Lemma 5.5. Fixp € [%, 1) and let k > kx(p). Fix 0 < & < p/(20k) and suppose that the edges of the
complete graph Ky with vertex set V have been red/blue coloured. Suppose that Ay, ..., Ay are
disjoint subsets of V such that (A;, V) is (p, €%)-regular for all i. Let W=V \ (A; U---UAy) and
suppose that |W| > eN. Then either there is some Agr1 C W such that (Agy1, V) is (p, €2)-regular
or else the colouring contains (p, y)-many books for some y > 0 depending on ¢, p, and k.

Proof. Lets; = &%, g9 = 8%/2, and 8o = §o(go) be the parameter from Lemma 5.2 and set § = (1 —
P)Sogo, N = 20—k 54k B =kp*~1e?, and B’ = 4¢. We apply Lemma 2.1 to the subgraph induced
on W, with parameters n and My = 1/1, to obtain an equitable partition W= W; L. -- LU W,,
where My <m <M = M(n, My). Call a part W; blue if dg(W;) > % and red otherwise. As in the
proof of Theorem 1.3, we first assume that at least m’ > pm of the parts are blue and rename them
so that Wy,..., W,/ are the blue parts.

We build a reduced graph G on vertex set wy,...,w, /, connecting w;, and w;, by an edge
it (Wy,, W;,) is n-regular and dr(W;,, W;,) > 8. Suppose that w; has at most (1 —pk’1 —B/p—
n/p)m’ — 1 neighbours in G. Since w; has at most nm < nm’/p non-neighbours coming from
irregular pairs, this means that there are at least (p*~! + p//p)m’ parts W; with 2 <j < m’ such
that (W1, W) is n-regular and dg(W1, Wj) > 1 — 4. Let ] be the set of these indices j and set U =

_(k
Ui Wj. By the counting lemma, Lemma 2.2, W} contains at least %(2 <2> — n(';)) |W1|¥ blue

%(2@ _,;(’2‘)) Wy |F > 2]_{—:{2 (%)k2<k;§w)k,

copies of K and
s, (9 andiraa ) o) 5t
where we use that n < 84 < §\2 / (2> and that 2~ \2/ — §\2/ > 2=k along with our assumption

that |W| > &eN. If we set k = (s/kaM)k, then this implies that W) contains at least «N* blue K.

(K k
If we pick a uniformly random such blue Ky, then Lemma 2.3 with o = sk <2 <2> < dB(Wl)(Z)
implies that its expected number of blue extensions inside U is at least

> (st Wi — dar) = [(1 = 9)F = 8] U1 = (1 - 2k8)| U,

uelU

where we first use Jensen’s inequality applied to the convex function x > x* to lower bound
> . ds(u, W)k by (1 — 8)k|U| and then use that (1 — 8)¥ > 1 — k8 and 48¥ < 8k < k8. Since we
assumed that J was large and the partition is equitable, we find that

|U| = ("1 + B/ /p)m' | Wl = (pF + B)) I W

Thus, a random blue K} inside W has at least (1 — 2k8)(pk + B’)|W]| blue extensions in W.

Now, suppose that instead of just w; having low degree in G, we have a set of at least em vertices
w; € V(G), each with at most (1 — p¥=1 — B'/p — n/p)m’ — 1 neighbours in G. Let S be the set of
thesejand T = Uje s Wj. By the above argument, for every j € S, we have that W; contains at least

« N¥ blue Kj such that a uniformly average one among them has at least (1 — 2k8)(pk + B)|W|
blue extensions into W. Moreover, we have that

w
T =S/ W)l = em ) — g|w| > 2|V,
m
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We may therefore apply the (p, £2) regularity of (A;, V) to conclude that dg(A;, T) = p & &% for all
i. Thus, if we pick j € S randomly, then E[dg(Wj, A;)] = p & &2. Therefore, if we first sample j € S
randomly and then pick a random blue K} inside W, then Lemma 2.3 implies that this random
blue K, will have in expectation at least

3 (dB(a, W)k — 48"2) > [(p — &) - 8"] |Ail

acA;
ke?
k k
>|p 1——)—5]|Ai|
|: ( p

P 2ke?
zp|1— 7 |Ajl

blue extensions into A;, again by Jensen’s inequality. This implies that this random Kj has in
expectation at least (1 — 2ke?/p)p¥|A; U - - - U Ay| extensions into A; U - - - U A,. Adding up the
extensions into this set and into W, its complement, shows that this random blue K} has in expec-
tation at least £N blue extensions, where & is a weighted average of (1 — 2ke?) p)pk and (1 —
2k5)(pk + B'), and where the latter quantity receives weight at least ¢, since |W| > ¢N. Thus,

2

> (1-¢) (1 - %) ok 4 e(1 — 2k8)(pF + B

2
Z(l - % - s) P+ (1 —2k8)(1 + p~*p)p
><1—%—e>pk+8<l+&>‘bk
ke?
=p~ 1+—)
A5

=p*+8,
where we used the definition of 8, the fact that 2ké < p_k,B’/4, that (1 —x/4)(14+x)>1+x/2
for all x € [0, 1], and that p=%8’ > 6ke/p, which follows since 8’ = 4¢ and, as in the proof of
Lemma 4.1, pl_k > ek > %k for k > ky(p). Therefore, by Lemma 2.4, we can find at least yNk
blue Ky, each with at least (pk + y)N blue extensions, for some y < B depending on ¢ and § and,

thus, only on ¢, p, and k.
Therefore, we may assume that in G, all but em < em’/p of the vertices have degree at least

(1 —p*=1 — B'/p — n/p)m’. Hence, the average degree in G is at least

€ k—1 ﬂ/ 77) ’ ( k—1 68) ’ ( k—1 1) ’
1——)(1- - ) >(1- ——|\m'=>(1- —— |\,
( p>( P p p P p P 3k

since B’ =4e, n <, and & < p/(20k). By (8), the fact that k > k,(p) implies that p¥~1 < 1/(3k).
Therefore, the average degree in G is greater than (1 — 1/(k — 1))n’, so, by Turan’s theorem, G
will contain a K. Let wjy, . .., wj,_be the vertices of this Ki and let C; = W, for 1 <j < k. Then, by
the definition of G, we see that Cy, . . ., Cy is a (k, n, §)-blue-blocked configuration with |C;| > TN
for all i, where T = ¢/M depends only on ¢, p, and k. Thus, by Lemma 5.4, we see that either
the colouring contains (p, y )-many books for some y depending on ¢, p, and k or else (C;, V) is
(p, 2)-regular for all j. In the latter case, we can set A¢; = C; (or any other C;) and get the desired
result.
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Now, we need to assume instead that at least m”” > (1 — p)m of the parts W; are red. However,
just as in the proof of Theorem 1.3, the argument is essentially identical: we first rule out the
existence of too many low-degree vertices in the reduced graph by counting extensions to W
and to A; U---UA, and then apply Turan’s theorem to find a Kj in the reduced graph, which
completes the proof by Lemma 5.4. 0

By repeatedly applying Lemma 5.5 until W has fewer than &N vertices, we can partition Ky
into a collection of subsets A; such that (4;, V) is (p, 82)-regular, plus a small remainder set Ay
about which we have no such information. Our final technical lemma shows that such a structural
decomposition suffices to conclude that the colouring is (p, 6)-quasirandom.

Lemma 5.6. Let ¢ <0 /3. Suppose we have a partition
V(KN)=A1U---UAy UAp+

where (A;, V) is (p, €)-regular for each 1 <i<4{ and |Ag+1| <eN. Then the colouring is (p,0)-
quasirandom.

Proof. Fix disjoint X, Y € V(Ky). We need to check that
les(X, Y) — pIX||Y]| <ONZ.
First, observe that if |Y| < &N, then
les(X, Y) — pIX||Y]| < 1X||Y| < eN* <ON>.

Therefore, from now on, we may assume that |Y|>¢eN. For 1 <i</{+1,let X;=A;NX and
define Ix = {1 <i < {:|X;| > ¢|A;|}. Then we have that

¢
D IXil < JAenl+6 ) Al < 26N.
i¢lx i=1
We now write
£+1
es(X,Y) — pIX||Y| =) (en(X;, Y) — pIXil|Y]).
i=1
We will split this sum into two parts, depending on whether i € Ix or not. First, suppose that i € Ix.
Then |X;| > ¢|A;| and | Y| > €| V], so we may apply the (p, )-regularity of (4;, V) to conclude that

> len(Xi, Y) = plXil| Y| = |dp(Xi, Y) — p| 1Xil|Y] < D e|Xi||Y] < &]X||Y| < eN°.

ielx ielx iclx
On the other hand, since Zi¢lx | X;| < 2¢eN, we have that
D les(Xi, V) = pIXil[YI| < [Y1 ) 1X| <[Y|(2eN) < 2¢N>.
iglx iglx
Adding these together, we conclude that
les(X, Y) — pIX||Y|| < 3eN* < ON?,
as desired. U

With all these pieces in place, the proof of Theorem 1.4 becomes quite straightforward.

Proof of Theorem 1.4. Fix pe [%, 1) and suppose k> ko:= ka(p). Fix 0 >0 and set ¢ =
min{6/3, p/(20k)}. Let y = y (6, p, k) be the parameter from Lemma 5.5. Suppose we are given
a colouring of Ky without (p, y)-many books. We wish to prove that the colouring is (p, 9)-
quasirandom. We inductively apply Lemma 5.5 to find a sequence Ay, . .., A, of vertex subsets
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such that (A;, V) is (p, 82)—regular for all i and, therefore, (p, €)-regular for all i. We continue until
the remainder set W=V \ (A; U--- U Ay) satisfies |W| < eN, at which point the assumptions of
Lemma 5.5 are no longer met, so we set Ay1; = W. However, at this point, we can apply Lemma
5.6 to conclude that our colouring is indeed (p, 8)-quasirandom. U

5.1. The converse

In this section, we prove a converse to Theorem 1.4, which implies that not containing (p, y)-
many books is an equivalent characterization of p-quasirandomness.

Theorem 5.7. Fix k> 2 and p € (0, 1). Then, for every y > 0, there exists some 6 > 0 such that the
following holds for every (p,0)-quasirandom colouring of E(Ky) with N sufficiently large. Apart
from fewer than y N* exceptions, every red Ky has (1 — p)¥ )N extensions to a red Ky, and
every blue Ky has (p* £ y)N extensions to a blue Ky.,1. In particular, the colouring does not contain
(p, y)-many books.

Remark 5.2. In this direction, there is no dependence between p and the range of k for which the
result holds. As we know from the fact that the k-partite structure is the extremal structure for
small ¢, such a dependence is necessary in the forward direction. However, here, all we are saying
is that almost all monochromatic books in a quasirandom colouring are of essentially the correct
size, that is, asymptotic to what they would be in a random colouring.

Proof. We will use the well-known result of Chung, Graham, and Wilson [6], that a quasirandom
colouring contains roughly the correct count of any fixed monochromatic subgraph. Specifically,
for every & > 0, there is some 6 > 0, such that, in any (p, #)-quasirandom colouring of E(Ky),

k
B(K) = #(blue k) = plo) (1;{’ ) + SNK,

B(Ky,) := #(blue K1) = (kgl) N k1
k+1) = ue K1) =p k41 +INTT,

k+2\
B(Kyip — €)= #(blueKkH—e):p( 2 ) 1<k1—i\—]2) (k;—Z) + SNK+2,

where Ky, — e is the graph formed by deleting one edge from Kj,; note that for this count
we have an extra factor of (%2) to account for the fact that this graph is not vertex-transitive.

On the other hand, we can observe that every blue copy of K, — e corresponds to two distinct
extensions of a single blue Kj to a blue Ky ;. Therefore,

B(Kir2 — )=

Q

(#(blue extensions of Q))
2 >

where the sum is over all blue Kj. Let extg(Q) denote the number of blue extensions of Q. Then we
can also observe that ZQ extp(Q) counts the total number of ways of extending a blue K} into a
blue K 1, which is precisely (k + 1)B(Ky.1), since each blue K1 contributes exactly k + 1 terms
to this sum.
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Now, we consider the quantity

E= ) (exts(Q—pN)

Q ablue K,
On the one hand, we have that if § > 1/N, then

E= Z extp(Q)? — 2p*N Z extp(Q) + ZPZsz
Q Q Q

_{, Z(eth;(Q)) i Z extp(Q) | — 2p*N(k + 1)B(Ki1) + p**N?B(Ky.)
Q Q

= 2B(Kjys — €) + (1 — 2p*N)(k + 1)B(Kji1) + p**N2B(Ky)

Szp(k;z)—l( N )(k+2) _ZpkN(k+1)p<kjl> (ki’l>+p2"N2p(}2() (JZ>+ 5kSNk+2

k+2)\ 2
2
—p " (I]\c]) (=N + k* + k) + 5ksNk+2

< 5k§N*+2,

On the other hand, suppose there were at least ¥ N¥/2 blue K;, with at least (pk + ¥)N or at most
(p* — ¥)N blue extensions. Then, by only keeping these cliques in the sum defining E, we would
have that
Nk 3
E=) (exts(Q = pN)? = - (ry? = ToNM2
Q
Therefore, if we pick § < y3/10k, we get a contradiction. The same argument with p replaced by
1 — p and blue replaced by red shows that there are also fewer than y N¥/2 red Kj with at least
(- p)k 4+ ¢ )N or at most ((1 — p)k — ¥)N red extensions. This proves the theorem, since the
total number of exceptional cliques is at most y N¥. U

6. Concluding remarks

Putting together the main results of this paper, we obtain the following picture. For every k >

2, there exist two numbers cy(k), c1(k) € (0, 1] such that if 0 < ¢ < ¢y, then r(BEI;), Bilk)) =k(n+

k—1)+1, while if 1 > ¢ > ¢y, then r(BElf,), Bg,k)) = (M + Dkn + or(n). Moreover, in both these
regimes, there are stability results: there exist ¢j(k) < co(k) and ¢} (k) > ¢; (k) such that for 0 < ¢ <
¢)» all the near-extremal colourings are close to k-partite,4 while for all 1 > ¢ > ¢/, all near-extremal
colourings are quasirandom. Of course, the most natural question remaining is to understand
what happens in the interval (cf, ¢} ), where our results say nothing. Note that this gap is real, since
below ¢f all extremal colourings must be k-partite, whereas above ¢ all extremal colourings must
be quasirandom. On the other hand, it is possible that there is no gap between ¢y and ¢y, since it
is conceivable that at the point where the random and k-partite constructions yield comparable

lower bounds on r(Bgf,), Bﬁlk)), both are tight.

“4For concreteness, we can fix ) (k) as coming from an application of Theorem 1.2 with 6 = 1/k>.

https://doi.org/10.1017/50963548322000360 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548322000360

544 D. Conlon, J. Fox and Y. Wigderson

This question about the gap really comprises at least two separate questions: what happens for
fixed k and what happens as k — 00? To address the second question first, our results give some
indication. Indeed, we have shown that both cy(k) and ¢; (k) tend to 0 as k — oo and thus the gap
interval shrinks as k — 0o. More precisely, we have that

k k
co(k) < <(1 + o(l))%) <ca(k) < ((1 + o(l))%) .
Moreover, the results of [14] show that 1/¢ is at most single-exponential in a power of k. On the
other hand, because we used the regularity lemma, our upper bound for 1/¢ is only of tower-type.
However, it seems likely that the methods of [14] could also be adapted to improve this.
The other question is what happens for fixed k. Here, our understanding is much more limited,
even for the simplest case k = 2. In this case, Nikiforov and Rousseau [18] proved that ¢y(2) = 1/6,

in the sense that, for all ¢ < 1/6 and all n sufficiently large, r(Bg), BEE)) = 2n + 3, whereas, for

any ¢ > 1/6 and all » sufficiently large, there is a construction showing that r(Bg,) , B,(qz)) > 2n+ 3.
Curiously, our results do not say anything non-trivial about ¢;(2), other than the fact that the
random bound is correct for ¢ = 1; in other words, we cannot prove that ¢;(2) < 1 and in fact
believe this to not be the case.

Conjecture 6.1. For every c < 1, the random bound for r(BE,Zq),Bsqz)) is not tight. In other words,
there exists some B = B(c) > 0 such that r(BE%l), Bff)) > ((Ve+ 1)+ Bn for all n sufficiently large.

Of course, this conjecture is really only the tip of an iceberg, with the general open question

being to understand r(BE,?, B;z)) for ce (1/6,1) and n— oco. There are many conjectures one

could make about the behaviour of this quantity as a function of ¢; for instance, perhaps there

are a number of thresholds in the interval (1/6, 1) at which new extremal structures emerge, each

dictating the value of r(BC%,), Bﬁf’) until the next threshold. Because we know that the random

bound is correct for ¢ =1 and that quasirandom colourings are the only extremal ones, such a
sequence of extremal examples would need to converge, in some appropriate sense, to the quasir-
andom colouring as ¢ — 1. However, at the moment we are not even able to conjecture a single
such extremal structure or threshold.
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