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1. Introduction and notation

Let & be a fixed integer ^ 2. A positive integer m is called fc-free if m is not
divisible by the k'th power of any integer > 1. Let qk(m) be the characteristic func-
tion of the set of A:-free integers; that is, qk(m) — 1 or 0 according as m is A>free
or not. It can be easily shown that qk{m) = ^dkd=mfi(d), where n(n) is the Mobius
function. Let x ^ 1 denote a real variable and n be a positive integer. Let Qk(x, n)
and Q'k(x, n) be the number and the sum of the reciprocals of the &-free integers
^ x which are prime to n respectively.

Let o*{n) be the sum of the f'th powers of the squarefree divisors of n and
ipk(n) be the arithmetical function defined by

P\n \ p p

the product being extended over all prime divisors p of n. It is clear that

Un) = -#f-, (1-2)
n* > ( n )

where q>{n) is the Euler totient function and Jk(n) is the Jordan totient function
(cf. [4], p. 147) which have the following arithmetical forms:

cp{n) = n n (l - - ) , Jk(n) = »* f\ (l - - \ . (1.3)
p\n \ pl p\n \ p I

It has been stated by R. L. Robinson ([6], lemma 2) that

&(*,») s Z qk(m) = -^—+0(6(nylk), (1.4)
m*x £(*#*(«)

(m, n ) = l

the O-estimate being uniform in n and x; where 0(«) = ff*(n)'tne number of square-
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free divisors of n and £(k) is the Riemann Zeta function. In case k = 2, the re-
sult (1.4) has already been established by E. Cohen (cf. [2], lemma 5.2).

The object of this paper is to improve the error term in (1.4) to O(o*_s(n)xllk),
where s is any number with o <= s < l/k and to establish an asymptotic formula
for Q'k(x, n) with a corresponding uniform O-estimate (See Theorems 1 and 2
below).

2. Preliminaries

In this section we mention some of the known results which are needed in
our discussion and prove some lemmas. Throughout the following s denotes a
non-negative real number. The following elementary estimates are well-known:

Y~ = O(xl-s) i f o g s < l . (2.1)

°(4) if

Let (p(x, n) denote the number of integers :g x which are prime to n. Then we
have

LEMMA 1. (cf. [3], (4)). For each s, with o ;S s < 1,

<p(x, n) = ^ W + O(xV!s(n)), (2.3)
n

uniformly.

LEMMA 2. (cf. [8], lemma 2.1).

(
mix m n \ x

(m, n ) = l
uniformly, where a(n) is given (cf. [1]) by the following:

and y is Euler's constant.

LEMMA 3.

q>(n)d\n a P\n p — 1

k(n) d\n d p\np-

PROOF. This can be proved by the same method adopted in [1] for proving
(2.5).
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LEMMA 4. (cf. [8], lemma 2.3). For s > 1,

y (fH = "' (2 7)
«= i ms C(sV(s, n ) '

(m,n)=l

/(*, n) w defined for all s > 1 fej

mix
(m, n) =

( n
In particular, for s = k by (1.3),

J(k, n) = Jk{n). (2.9)

LEMMA 5. (cf. [8], lemma 2.5). For s > 1,

m=i ms C(sV(s, n) I C(s)J
(m, n) = 1

where C'(s) is the derivative of £(s), and

<s, n) = S ^ . (2.11)
P I " P - 1

/n particular, for s = k by (2.6),

a(fc, n) = ak(n). (2.12)

LEMMA 6. For any arbitrary q and x ^ 2,

(2.13)

uniformly.

PROOF. It is known (cf. [5], p . 594) that

^ i ( x ) = Z M m ) = O I 1 for any arbitrary q.
m&x Mog* X/

Since x/log* x is monotonically increasing, we have for any given t e£ I,

M, (^) = O ( - iL_) . (2.14)
W/ \log9x/

We have

Mn(x) = £ • E Md)A*(jd) = Z Md) Z
d|n j d g x </|n jdix

U,d)=l

= Z^2(d) Z
d\n JZx/d

U,d)=l

https://doi.org/10.1017/S144678870000642X Published online by Cambridge University Press

https://doi.org/10.1017/S144678870000642X


[4] Uniform O-estimates of certain error functions 245

so that

MB(x) = 2>2(d)M, £ ) (2.15)

Now, if p is a prime and (p, n) = 1, then

where « . fl5S»]
/ Llog pj

In particular, taking n = 1 in (2.16),

Z ( ^ ) ( r ^ ) , by (2.14)
i-o \p7 \log«x/

= O I 1 , since q is arbitrary.
\log* xl\log*

Again, ifp1 and/)2 are primes, then by (2.16), taking/? = p1 and n = p2,

MplP2(x) = £ Mp2 ( 4 ) , where cx =

by (2.17)

= O I 1 , since a is arbitrary.
llog'x/

Similarly, if pt ,p2,---pra.re distinct primes, then for any given t ^ 1,

Hence for any square-free divisor d of n,

\dl \log«

so that the lemma follows by (2.15).

LEMMA 7. For any arbitrary q, x ^ 2 anrf j > 1,

Mm) = Q / flQi) \ ( 2 1 g )

) l(m, n ) = l
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y n{m) log m = Q I 8(n)
Vx- - l o r x / ( 2 ' 1 9 )

(m,n)=l

uniformly.

PROOF. Let e(«) = 1 or 0 according as n = 1 or n > 1, so that Mn(x) in
(2.13) turns out to be £m5x^(w)e((w>«)). Putting f(m) — \jms and g{m) =
log m/ws, it has been shown by the author (cf. [7], lemmas 3.1 and 3.2) that

and

We give the proof of (2.19) only, since (2.18) can be proved more easily following
the same line of arguement.

By partial summation and (2.13),

£ ix(m)e((m, n))g(m) = -Mn(

+o1 log* x! \m>x ms log9 m,

since q is arbitrary.
The second O-term is O(0(«)/log«x) Y^m>x l/nf which is O^n)/**"1 log9x),

by (2.2).
Hence the lemma follows.

LEMMA 8. For any arbitrary q, x ^ 2 and s > 1,

V Mm) = ^! + 0 / _ « W _ ) (2.20)
mgx ms C(s)J(s,n) \xf"1log«x/

(m, n ) = l

M ) +

i, n) — x

fl(n) \ }

'-Mog^x/

uniformly.

PROOF. (2.20) follows by (2.7) and (2.18). (2.21) follows by (2.10) and (2.19).

3. Main results

We are now in a position to prove the following:

THEOREM 1. For 0 ^ s < \jk,
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Qk(x, n) = T qk(m) = — — — + O(ats(n)xllk), (3.1)
mix l,(k)il/k(n)

(m,n) = l

uniformly.

PROOF. We have qk(m) = Zd*«=m M^)- Hence

G*(x,«)= ^ Jij*d)= £<x

(m,n)=I (d, B) = (i",n)=l

= z
By lemma 1,

d g V* 3Sx/dk d £ V*
(iS,d)=l (d, n ) = l

(d, n) = 1

5 # ( z
n d = i d d>

(d,n)=l

The first O-term is O(x1/k) by (2.2) and the second 0-term is O{a*_s(n)xllk) by
(2.1), restricting s to the range 0 ^ s < l/k.

Hence Theorem 1 follows by (2.7), (2.9) and (1.2).

COROLLARY I. (k = 2). For 0 ^ J < \, we have

6(*.«)= Z A*V) = ,7^7-r +0(<7*s(»V^ (3-2)«s» C(2)iA(n)
(m,n)=l

(n) w Dedekind's ^/-function defined by ij/(n) = Zd«=n

THEOREM 2.For0^s< l/k,

l \ V

\tnt n) — 1
m C(fc)W«)V C(fc) ' (3.3)

uniformly, where a(n) is given by (2.5) and <xk(n) is given by (2.6).

PROOF.

OIL*, n) = Z 2 Z Mrf) = Z
mix m dk3 = m dk»4

(m,n)=l (d

d g v * dk s&x/dk d
(d, n ) = l («, n ) = l
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so that by lemma 2, 

(<i, »)=i 

= ^)(logx+v+a(n)) z m 
n d&«jx d 

(d, n ) = l 
k<p(n) v n(d)\ogd ^ n I 0(n) 

tij, dk W-llkJ' 
(<*. n ) = l 

By lemma 8, (2.9), (2.12) and (1.2), since q is arbitrary, 

№ > n ) = 7 7 ^ T T \ ^ x + y + < n ) ) + 0
 ( I - I / M W ) , ) £(fc)i/,t(n) U 1 1 / K l o g 4 x / 

- U)+ ™\ + 0 ( t *") \ 

+ 0 

Hence 

") = r77VTT\ (l°Zx + y- +«(»)-W")) CC#*(») \ C(fe) / 

Again, 

( 3 . 4 ) 

") = Z g t ( m ) £ ( ( m ' n ) ) , where s( l ) = 1 and e(n) = 0 if n > 1. 
m i x m 

By partial summation, we have 

№ f B ) - G ^ - i ^ B ) (_JL _ 1} 

J , t2 

) 
If 

J k ( x , «) = Qk(x, «)- "* 

then by Theorem 1, 

J k ( x , « ) = 0 ( a ! s ( « ) x 1 / " ) . 
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Hence

Q'k(x,n) =

= n + A^x' ") + w l ° g x
 + r Ak(t, n) (

f°° 4*0, n) ,

( 3 - 5 )

where ck{n) is independent of x.

Now, keeping n fixed and taking the limit as x -» oo of the difference between
(3.4) and (3.5) we get that

ck(n) = y- ^ ^

Substituting this value of ck(n) in (3.5), we get Theorem 2.

COROLLARY 2. (A: = 2). For 0 g 5 < i , we have

Q'(x, n) s X ^ = — ^ T T (log x+y ^ - ^
mt- m a2)iA(n)\ C(2)

(3.6)

tvAere a(«) is ^iue/i 6^ (2.5) and

Jordan totient function of order 2.
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