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INEQUALITIES WITH WEIGHTS FOR DISCRETE
HILBERT TRANSFORMSTY

BY
KENNETH F. ANDERSEN

1. Introduction. Let Z(Z") denote the set of all (positive) integers and let T
denote the discrete Hilbert transform defined for suitable sequences a = {a }icz
by

Ak
k—-n’

1 )
(Ta), ==}, (neZz)

1r —00
where as usual the prime denotes omission of the term k = n. When a = {a,} is
an odd sequence, {(Ta),} is even and given by the discrete odd Hilbert transform
To:

(Toa)n=_2~ Z, Kae o

T k*-n? 2mn’ (neZ’)

while for a ={a,} even with a,=0, {(Ta),} is odd and is given by the discrete
even Hilbert transform T,:

0o

2 na, a
T, =—) ' e ).
(T.a)n 'rrkgl k*—n* 2an’ (neZ?)

Norm inequalities of the form
(¢BY) L (Ta) P wa=Cp ) lal wy (1<p<w)

and weak type inequalities of the form

(1.2) y Wa =< (Coa)® Y. |alf wi, (1=p<o,a>0)

{neZ:|(Ta).|>a}

where w ={w,} is a fixed non-negative sequence and C, is a constant indepen-
dent of a={a;} have been widely studied. In [4] Hunt, Muckenhoupt, and
Wheeden have shown that for 1<p <o inequalities (1.1) and (1.2) are each
equivalent to the A, condition for w ={w,}, namely:

Received by the editors February 24, 1977 in revised form.
+ Research supported in part by NRC Grant #A-8185.

9

https://doi.org/10.4153/CMB-1977-002-2 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1977-002-2

10 K. F. ANDERSEN [March

There exists a constant K such that

(1.3) (k}::m Wk>(k§:m w;”(p—”)pﬂSK(n—mi-l)p

for all m, me Z, with m =n, while for p=1, (1.2) is equivalent to A;, where
of course for p=1 the second factor on the left of (1.3) is understood to be
sup{wr ' tm<k=<n}.

In this note we obtain a similar characterization of those sequences w =
{Wi }kez+ which satisfy the inequalities corresponding to (1.1) and (1.2) for T,
and T,. The conditions which we derive and denote by A and A} respectively
are separately weaker than the A, condition but a w ={w,} satisfying both A}
and A; must satisfy A, (with m, n in (1.3) restricted to Z").

The inequalities for T quoted above were deduced in [4] from their non-
discrete analogues (also contained in [4]) by the standard technique of (essen-
tially) associating a suitable step function to the various sequences encountered
and showing that the error thus introduced also satisfies the required in-
equalities. However, if one attempts to follow this approach directly in order to
derive results for T, and T, from their non-discrete analogues in [2] one
encounters the same “error integral”

|f(x)|
(Ef)(y) LH'ES =y dx (8>0)

that occurs in [4] for T, where it is only shown that the operation f— Ef
satisfies inequalities of the form (1.1) and (1.2) for w satisfying A,. The main
objective then of §2 of this note is to prove a Lemma giving the required
inequality under the (weaker) assumption that w satisfies A3 and to indicate
how the Lemma may be applied to derive the analogues of (1.1) and (1.2) for
T, and T,.

Several variants of the operator T appear in the literature (see for example
[3] especially pp. 222-223). In the final section of the paper, we indicate some
applications of our results to other discrete analogues of the Hilbert transform.

2. Results for T, and T.. In this section we shall derive the following
theorems:

THEOREM 1. Let w ={wy} be a non-negative sequence on Z". For 1<p <o,
(a), (b), and (c) are equivalent, while for p=1, (a) and (c) are equivalent:

(a) w sadsfies the Ag condition, i.e. There exists a constant K such that for
all m, ne Z* with m=n we have

(kgn:m wk>( Z": (kpwgl)ll(p_l))p—l _ K((m -n +21)(m + n))"'

k=m
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(b) There exists a constant B, such that

18

. [(Toa)ul w = B@ |ai|? Wi

(c) There exists a constant C, such that for all a >0

wa=(Cla)” ), |a]? wi.
{neZ*:|(Toa)n|>a} 1

THEOREM 2. Let w ={w} be a non-negative sequence on Z". For 1<p<w,
(a), (b), (c) are equivalent, while for p=1, (c) implies (a):

(a) w satisfies the A, condition, i.e. There exists a constant K such that for all
m,neZ" with m=<n we have

(Lm ’”")(Lm w;m,,-n)"-‘s K((m— n+ 21><m +n))v_

(b) There exists a constant B, such that
1

(T.a).|” w. =B} L |a [P wi.
1
(c) There exists a constant C, such that for all a >0

w, =(Cyla)® Y |ax| wi.
1

{neZ*:|(Ta)n|>a}

The second factor on the left of (a) in Theorem 1 is understood to be
sup{kwi':m=<k=<n} when p=1.

The first assertion of the next lemma may easily be verified by direct
computation and the last statement is then a consequence of Lemma 1 of [2].

LemMma 1. Let w={w,} be a non-negative sequence on Z* and define W(x)
on [3, %) by W(x)= w, for |k —x|<% and linear in between. Then w satisfies the
A} condition if and only if W(x) satisfies

2.1) ( Lb W(x)) (Lb()c"W(x)_l)‘/(z’—x))p_1 < K(bz—z— az)p

for some constant K and all (a, b)<[3,®). Moreover, if w satisfies the Ago
condition for some py, 1<p,<oo, then w satisfies the Ag condition for all
p>po—¢, €>0, ¢ sufficiently small.

Now let w ={w,} and W(x) be related as in Lemma 1 and for a ={a,} define
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f(x)=a, when |x —k|=<% and zero otherwise. Then for |n —y|=<% we have

2 ok ) 2 ("2
2 20k -pv.= J xf(x)d _pV.Z J xf(x)
Wk:lk*n 3,4x—y Tfn1/4x’)’

rof [ ey L)

x—yl=1/2 (x— Y)

(where the notation P.V. indicates that the integrals are understood to be
Cauchy Principal values at x =y). For |n—y|<§ we have

|P. v L‘HM 3;‘{—(’;—2 dx‘ =|a,| 0(1) = O(L |0l x>

T n-1/4 X 18=|x—y|=1/2 (x— Y)
so that
(Toa)| <2 |(Hof)(y)|+ CUEf)Y)), (n—y|=<3)

where

(Hof)(y)=P.V.2 L ey
and

_ |f(x)|

(Ef\(y)= j!x;ggz/;/s Y— )2 dx

Consequently,

W 34[ W(y) dy
{neZ" :|(Toa)a|>a} y=7/8:|2(Hof)(y)| + CI(Ef)(y)|> a}
and therefore in order to show that (a) = (c) in Theorem 1 it suffices to show
that w satisfying A} implies

| Wiy) dy =< (cp/a)PL Ol W) dx
{y J(Ho ) (W)I>a}

and

Wiy) dys(CP/ar’L P W) dx.

J{y:I(Ef)(y)l>O<)
However, the first of these follows from Lemma 1 and Theorem 1 of [2] while
the second, the crux of the proof, is contained in the next Lemma:

LemMA 2. Suppose f(x) is non-negative, even and supported on |x|=38,
0<8<1. For ye[28,) we have

-

2.2) j X e < cMpW1- D)

|x—y|=8 (x—y )2

https://doi.org/10.4153/CMB-1977-002-2 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1977-002-2

1977] HILBERT TRANSFORMS 13

where M denotes the Hardy-Littlewood Maximal function operator,

(Mg)(y)—sup{b : I lgl:ye(a, b)}

and C is a constant depending on 8 but independent of f. Moreover, if W satisfies
(2.1), then there exists a constant C, such that for all a >0

2.3) W(y) dy =(G,/a)® Lm|f(x)|p W(x) dx.

L {(MF |- DD >a}

For the remainder of Theorem 1, the proof is entirely analogous to that of the
non-discrete case as given in [2], moreover, Theorem 2 may be deduced from
Theorem 1 just as Theorem 2 was deduced from Theorem 1 in [2]. It remains
then to prove Lemma 2:

Proof of Lemma 2. Since f is even and supported on |x|=8 we have

[ e NP g
(3 x

X
—yl=s (x— Y)2 |x—y|=5 (x— )’)2 =5 (x+ )’)2

=2 lei:is Z%)—z dx + <§1§>2 J;:s f(x) dx
- J’ g (ft(\/ty))z j: (2_15>2 J:—:) RREw, 2Jt

=h+ ( )(23) 48y L‘Y:’ fn) di

=<I +g Mf)th(y>

and it therefore suffices to prove the inequality for I;. Now

([ LS e

and we consider I, and I; separately. Integrating by parts in I, we obtain
1 (y—8)2 (y—8)2 (3\/t— y) dt (y—8)?
I =——-——J d +J —————J’ u) du
2 (y_8)28 52 f(\/u) u - 2(y—\/t)3 3/2 f(\/ )

=& 1 0= (3Jt+y) dt
T (y-8)y8y*-8° j f/u) du+ J 2y—J1)Pr" J; f(Ju) du

<soion(p ] o)
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and this last integral is bounded by
3 72 d “dx 20
4] -‘-i—’;+16j a 2szoj -2
S X )‘/3 (y - x) £ X 8

Finally, the inequality for I, may be derived by assuming first that f(x)=0
for all large |x| so that when I, is integrated by parts, the integrated term
vanishes to yield

_[7 Gty
b 4[y+s)2 2(Jt—y)? L+5)2 f(Ju) du

- o7 BYr=y)Wi+y)
= (Mf(/|u))(y )Lmz Wd‘

(7 dt
= (MFW/uD)(y >6L+8) TF

(MF(V|ul))(y?)

[S7A e

from which the general case follows, and the proof of inequality (2.2) is
complete. Now according to Lemma 1 of [2], if W(y) satisfies (2.1) then
W(/y)/(2\/y) satisfies the conditions of Theorem 1 of [5, p. 209] so that

wwy)z‘%s (Gl [le P W(Jy)%

which, via the change of variable y = x” implies (2.3).

J;y:(Mg)(y)>a}

3. Applications to other discrete Hilbert transforms. Among the variants of
T noted by Hardy, Littlewood, and Polya [3, p. 222] is the operator

_1 =¥ ay
(T)\a),,—ﬂ_z k—n+A

—o0

where the ' is required only for A integral. When A is integral we have
(Tha), = (Ta)n-x

and if w={w} satisfies (1.3) it follows that

1 1
(Wk + Wk+1) 1/(p—1)+
Wi

p—1
) =2°K,

wilig b
and in particular

(1/2°K)w, = w1 =2PKw,
for all k, and hence also

G.1) (1/2°KMw, = wiiy = (2PK)Mw,.
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But then it follows easily that T, (A integral) satisfies (1.1) or (1.2) (with
modified constants) whenever T does, and conversely. Now for A non-integral,
say 0 <A <1, we have

_Darl=c S ol la]
(T-Daal=G L Z=m+

so that in this case also (via Lemma 2) T and T, behave equivalently with
regard to inequalities (1.1) and (1.2). Now it follows similarly that a sequence
{w:} satisfying the AJ or A conditions also satisfies an inequality of the form
(3.1) and hence if T,, and T,. denote the restriction of T, to odd and even
sequences respectively, it is easy to check that T,, and T, . may replace T, and
T, respectively in Theorems 1 and 2 of §2.

A more interesting discrete analogue of the Hilbert transform is the operator
J given by

A(k n)
Ja), =—
(Ja), == Z
where A(k)=[1+(—1)*"']/2. This transform shares more of the formal proper-
ties of the (non-discrete) Hilbert transform than does T, in particular, J(Ja) =
—a and if a ={a,} are the Fourier coefficients of (Fa)(x), then Ja ={(Ja),} are
the Fourier coefficients of —i sgn x(Fa)(x). Moreover, J plays the same role in
the boundary value theory of discrete analytic functions as that of the usual
Hilbert transform in the classical theory of functions analytic in the upper half
plane. From a different point of view this transform has also been studied in
[1].
We claim that J may replace T in (1.1) and (1.2) and that J, and J,:
2 « A(k—n)
Vo = 23— Ko

(neZ*)
A(k n)

2 nay

(] )n=_z

may replace T, and T, respectively in Theorems 1 and 2. We give the details
only for the implication: ‘“{w;} satisfies A, > (1.2) holds with T replaced by J”,
the remaining parts being left to the reader.
We have
2(Ta), = (Ja), + (Ja),+1+(Sa),

_2 o A(n—k+1)a;
(Sa),,—w (a,,+§° (k—n)(n—k+1)>'

where

Now put a, = aj+ ai where

0_
=

{ak if k is odd
a

0 otherwise.
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Then

{n:|(Ja),|>a}={n even:|(Ja%,|>a}U{n odd:|(Ja®),|> a}

c{n:|2(Ta’), — (Sa’).|> a}U{n:|2(Ta®), - (Sa’)a|>a}
so that

C\r C\r
wo= () {Z 1P wir TlatP wi= () T lawk we

since both T and S (via Lemma 2) satisfy the required weak type inequality
whenever {w,} satisfies A,.

{n:|Ja).|>a}
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