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Abstract

We prove that, for any countable acylindrically hyperbolic group G, there exists a generating set S of G such that
the corresponding Cayley graph I'(G, S) is hyperbolic, |dT' (G, S)| > 2, the natural action of G on I'(G, S) is
acylindrical and the natural action of G on the Gromov boundary dT'(G, S) is hyperfinite. This result broadens the
class of groups that admit a non-elementary acylindrical action on a hyperbolic space with a hyperfinite boundary
action.

1. Introduction

Hyperfiniteness is a property of countable Borel equivalence relations that measures their complexity.
It is a classical topic in descriptive set theory that has been attracting people’s interest for decades,
and its research is still active to this day. Because any countable Borel equivalence relation is the
orbit equivalence relation of a Borel action of a countable group by the Feldman—Moore theorem
(see Definition 2.6 and [7]), people have investigated orbit equivalence relations of group actions.
Historically, study on amenable groups preceded toward a long-standing open problem asking whether
all orbit equivalence relations of Borel actions of countable amenable groups are hyperfinite. Remarkable
progress on this problem includes partial yet crucial results for Z" in [21], finitely generated groups
with polynomial growth in [13], countable abelian groups in [9] and polycyclic groups in [4].

On the other hand, there was not much progress made for non-amenable groups until very recently
and this is the focus of this paper. To the best of my knowledge, the only result of hyperfiniteness
in absence of measures in non-amenable case before 2010s was obtained by Dougherty, Jackson and
Kechris in [6], where they proved that the action of the free group F> on the Gromov boundary is
hyperfinite. A breakthrough in this direction was achieved by Huang, Sabok and Shinko in [1 1], where
they generalized this result to cubulated hyperbolic groups. In [16], Marquis and Sabok succeeded in
proving hyperfiniteness of boundary actions of hyperbolic groups in full generality. This was further
generalized to finitely generated relatively hyperbolic groups by Karpinski in [14]. Other important
results in non-amenable case are [20] by Przytycki and Sabok, where they proved that actions of mapping
class groups on the Gromov boundaries of the arc complex and the curve complex are hyperfinite, and
[18] by Naryshkin and Vaccaro, where they proved that boundary actions of hyperbolic groups have
finite Borel asymptotic dimension, which strengthen [16].

Most of the above results in non-amenable case can be summarized by saying that the involved
groups admit a non-elementary acylindrical action on a hyperbolic space with a hyperfinite action on
the Gromov boundary. In this paper, we show that this is true for a much wider class of groups by
proving the following theorem.

© The Author(s), 2024. Published by Cambridge University Press. This is an Open Access article, distributed under the terms of the Creative
Commons Attribution licence (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution, and reproduction in
any medium, provided the original work is properly cited.

https://doi.org/10.1017/fms.2024.24 Published online by Cambridge University Press


doi:10.1017/fms.2024.24
https://orcid.org/0000-0003-0441-4553
https://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/fms.2024.24&domain=pdf
https://doi.org/10.1017/fms.2024.24

2 K. Oyakawa

Theorem 1.1. For any countable acylindrically hyperbolic group G, there exists a generating set S of G
such that the corresponding Cayley graphT'(G, S) is hyperbolic, |0T (G, S)| > 2, the natural action of G
onT(G,S) is acylindrical and the natural action of G on the Gromov boundary 01 (G, S) is hyperfinite.

Note that acylindrically hyperbolic groups do not need to be finitely generated. The new portion of
Theorem 1.1 is the hyperfiniteness of the action on the Gromov boundary, while the other conditions
were proved by Osin in [19]. Also, the generating set S in Theorem 1.1 is the same as the one constructed
in[19, Theorem 5.4]. The class of acylindrically hyperbolic groups is broad and includes many examples
of interest: non-elementary hyperbolic and relatively hyperbolic groups, all but finitely many mapping
class groups of punctured closed surfaces, Out(F,,) for any n > 2, directly indecomposable right angled
Artin groups, non-virtually cyclic graphical small cancellation groups including some Gromov monsters
(see [10]), one relator groups with at least three generators, Higman group, most orientable 3-manifold
groups (see [ 17]) and many others. Proving hyperfiniteness in this broad class faces some difficulties that
didn’t appear in previous results. For exmaple, for acylindrically hyperbolic groups, there is no canonical
generating set in general, local compactness of geodesic ray bundles is lacking (see [16, Section 1]),
and elements of the Gromov boundary may not be represented by geodesic rays. We circumvent these
difficulties by bringing a new insight on the Gromov boundaries of acylindrically hyperbolic groups,
which we explain in Section 3 and Section 6 and by building on the work of Naryshkin and Vaccaro in
[18]. In [18], given a hyperbolic group G with a finite symmetric generating set S, they constructed an
injective Borel measurable map from dG to S* that Borel reduces a finite index subequivalence relation
of the orbit equivalence relation EgG to the tail equivalence relation E,(S), thereby hyperfiniteness of
E,(S) implied hyperfiniteness of EZC.

Moreover, Theorem 1.1 has the following application to topological amenability of group actions.
Corollary 1.2 is interesting because it contrasts with the fact that some Gromov monsters are acylin-
drically hyperbolic, and these groups don’t admit a topologically amenable action on any compact
Hausdorff space as they’re non-exact.

Corollary 1.2. For any countable acylindrically hyperbolic group G, there exists a generating set S of
G such that the corresponding Cayley graph T'(G, S) is hyperbolic, |01 (G, S)| > 2, the natural action
of G on T'(G,S) is acylindrical and the natural action of G on the Gromov boundary 0TI’ (G, S) is
topologically amenable.

The paper is organized as follows. In Section 2, we discuss the necessary definitions and known
results about hyperfinite Borel equivalence relations and acylindrically hyperbolic groups. In Section 3,
we introduce a new way to represent elements of the Gromov boundary of an acylindrically hyperbolic
group for a nice generating set by building on the work of Osin in [19]. In Section 4, we give a proof
of Theorem 1.1 by using techniques developed in Section 3. In Section 5, we introduce topological
amenability of group actions and prove Corollary 1.2. In Section 6, we summarize more results on
the Gromov boundaries of acylindrically hyperbolic groups that are not necessary in the proof of
Theorem 1.1 but are of independent interest for possible future use. Section 6 is independent of Section 4
and Section 5 and can be read as another continuation of Section 3.

2. Preliminary

2.1. Descriptive set theory

In this section, we review concepts in descriptive set theory.

Definition 2.1. A Polish space is a separable completely metrizable topological space.

Definition 2.2. A measurable space (X, B) is called a standard Borel space if there exists a topology
O on X such that (X, Q) is a Polish space and B(O) = B holds, where B(QO) is the o-algebra on X
generated by O.
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Definition 2.3. Let X be a standard Borel space and E be an equivalence relation on X. E is called
Borel if E is a Borel subset of X X X. E is called countable (resp. finite) if for any x € X, the set
{y € X | (x,y) € E} is countable (resp. finite).

Remark 2.4. The word ‘countable Borel equivalence relation’ is often abbreviated to ‘CBER’.

Definition 2.5. Let X be a standard Borel space. A countable Borel equivalence relation E on X is called
hyperfinite if there exist finite Borel equivalence relations (En),‘:"=1 on X such that E,, C E,4 for any
neNand E = J; | En.

Definition 2.6 and Definition 2.8 are two important examples of CBERs in this paper.

Definition 2.6. Suppose that a group G acts on a set S. The equivalence relation E f; on S is defined as
follows: For x,y € §,

(x,y)eEé — dgeGstgx=y.

Eé is called the orbit equivalence relation on S.
Lemma 2.7 is straightforward, but we record the proof for convenience of readers.

Lemma 2.7. Suppose that a countable group G acts on a standard Borel space S as Borel isomorphism,
then EY, is a CBER.

Proof. For any g € G, the set Graph(g) defined by Graph(g) = {(x, gx) € Sx S | x € S} is Borel since
g: § — S is Borel measurable. Since G is countable and we have E}. = (g Graph(g), the set EY, is
also Borel, being the countable union of Borel sets. Finally, for any x € S, the orbit equivalence class of
x is exactly Gx, which is countable since G is countable. Thus, E g is a CBER. O

Recall that any countable set Q with the discrete topology is a Polish space. Hence, Q' endowed
with the product topology is a Polish space.

Definition 2.8. Let Q be a countable set. The equivalence relation E;(Q) on Q! is defined as follows:
For wo = (81,52, ), w1 = (t1,12, -+ ) € QF,

(wo,wy) € E;(Q) < dn,Im e NU {0} s.t. Vi € N, 5,,4i = i

E,(Q) is called the tail equivalence relation on QY.

We list some facts needed for the proof of Theorem 1.1. Proposition 2.9 is a particular case of
[6, Corollary 8.2].

Proposition 2.9 (cf. [6, Corollary 8.2]). For any countable set €, the tail equivalence relation E;(Q)
on Q" is a hyperfinite CBER.

Proposition 2.10 [13, Proposition 1.3.(vii)]. Let X be a standard Borel space and E, F be countable
Borel equivalence relations on X. If E C F, E is hyperfinite and every F-equivalence class contains
only finitely many E-classes, then F is hyperfinite.

2.2. The Gromov boundary of a hyperbolic space

In this section, we review the Gromov boundary of a hyperbolic space. For more on the Gromov
boundary, readers are referred to [2].

Definition 2.11. Let (S, ds) be a metric space. For x, y, z € S, we define (x, y)‘zg by

(6.8 = 3(ds(x,2) + ds(3,2) = ds (). n
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Proposition 2.12. For any geodesic metric space (S, ds), the following conditions are equivalent.

(1) There exists 56 € N satisfying the following property. Let x,y,z € S, and let p be a geodesic
path from z to x and q be a geodesic path from z to y. If two points a € p and b € q satisfy
ds(z,a) = ds(z,b) < (x,¥)3, then we have ds(a,b) < .

(2) There exists 6 € N such that for any w,x,y, z € S, we have

(x,2)5 = min{(x,»)5, (y,2)3} - 6.

Definition 2.13. A geodesic metric space S is called hyperbolic if S satisfies the equivalent conditions
(1) and (2) in Proposition 2.12. We call a hyperbolic space §-hyperbolic with § € N if ¢ satisfies both of
(1) and (2) in Proposition 2.12. A connected graph I is called hyperbolic, if the geodesic metric space
(T, dr) is hyperbolic, where dr is the graph metric of .

In the remainder of this section, suppose that (S, ds) is a hyperbolic geodesic metric space.

Definition 2.14. A sequence (x,),”, of elements of S is said to converge to infinity if we have
1im; o0 (X4, X j)f = oo for some (equivalently any) o € S. For two sequences (xp),>,, (yn),2, in S
converging to infinity, we define the relation ~ by (x,,)> | ~ (yn),2, if we have lim; ;0 (x;, y j)g = o0
for some (equivalently any) o € S.

Remark 2.15. It’s not difficult to see that the relation ~ in Definition 2.14 is an equivalence relation by
using the condition (2) of Proposition 2.12.

Definition 2.16. The quotient set 4§ is defined by
0S8 = {sequences in S converging to infinity}/~

and called Gromov boundary of S.

Remark 2.17. The set 05 is sometimes called the sequential boundary of S. Note that S sometimes
coincides with the geodesic boundary of S (e.g., when S is a proper metric space), but this is not the
case in general.

Definition 2.18. For 0 € S and £,77 € S U 88, we define (£,7)5 by
(€:m); = sup{lminf(xi, ) 1€ = (G2 b = [Om)2 1 @

where we define & = [(x,),;” ] as follows. If & € 48, then (x,);7, is a sequence in S converging to
infinity such that £ represents the equivalence class of (x,),>,. If £ € S, then (x,),”, is constant with
X, = €. We define 7 = [(yn),2,] in the same way.

Proposition 2.19. For any hyperbolic geodesic metric space (S, ds), there exists a unique topology Os
on S U 38§ such that the relative topology of Os on S coincides with the metric topology of ds and for
any £ € 9S and o € S, the sets (U(0,¢,n));” | defined by

U(o,é,n) ={neSUIS| (&5 >n}

Jorm a neighborhood basis of Og at &.

Remark 2.20. When a group G acts on S isometrically, this action naturally extends to the homeomorphic
action on S U dS.

The following proposition is a variation of [2, Proposition 3.21] and can be proved in the same way.
Indeed, in the statement of [2, Proposition 3.21], the domain of D below is (4S)?.

Proposition 2.21. For any o € S, there exist a map D: (S U dS)> — [0, o) and constants &,&’ > 0
with e’ < V2 -1 satisfying the following three conditions.
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(i) D(x,y) = D(y,x) forany x,y € SU dS.
(ii)) D(x,z) < D(x,y)+ D(y,2) forany x,y,z € SU3S.
(iii) (1 - 28’)8_8()“’”5 < D(x,y) < e~ &(x2)5 foranyx,y € SUIS.

. . _ s
For convenience, if (x,y)S = co, then we define e=**-Y)o = (.

Remark 2.22. For any x € S, we have (1 —2&’)e™#4s(2:%) < infyesuas D (x, y) by sup,csuas (% V)5 <
ds(0,x). Hence, the map D in Proposition 2.21 is not a metric on (S U 85)?. However, D is a metric
on (95)2. This metric D|(ss)> is called a visual metric and the metric topology of D|(4g)> on (88)?
coincides with the relative topology of Oy in Proposition 2.19.

2.3. Hull-Osin’s separating cosets of hyperbolically embedded subgroups

In this section, we review hyperbolically embedded subgroups and Hull-Osin’s separating cosets. The
notion of separating cosets of hyperbolically embedded subgroups was first introduced by Hull and Osin
in [12] and further developed by Osin in [19]. There are two differences in the definition of separating
cosets in [12] and in [19], though other terminologies and related propositions are mostly the same
between them. This difference is explained in Remark 2.33. With regards to this difference, we follow
definitions and notations of [19] in our discussion. We begin with defining auxiliary concepts.

Definition 2.23. Let m,n € Z and let I" be a connected graph with the graph metric dr. A path p in "
is a graph homomorphism from one of [m, n], [m, o) or R to I", where each domain is considered as a
graph with a vertex set ZN [m, n], ZN [m, o) and Z, respectively. When we want to emphasize that the
domain is [m, 00) (resp. R), we call p an infinite path (vesp. bi-infinite path). A subpath g of a path p is
a path obtained by restricting p to a subset of the domain of p. For vertices x and y of I, a path p from
x to y is a path p with the domain [m, n] satisfying p(m) = x and p(n) = y. We also denote the initial
point x of p by p_ and the terminal point y by p,. A path p is called closed if p_ = p,. Similarly, an
infinite path p from x is a path satisfying p(m) = x and we denote the initial point x of p by p_. A path
p is called geodesic if p is a distance-preserving map from its domain to (T, dr). An infinite geodesic
path is also called a geodesic ray. Since geodesic paths are injective, we often identify their images with
maps. For example, we will denote a geodesic ray p by p = (xo, x1, X2, - - - ), where each x; is a vertex of
I" and each pair (x;, x;+1) is adjacent. Also, for a geodesic path p, if g is its subpath from x to y (resp. its
infinite subpath from x), we denote g by p x| (T€SP. P[x,00))-

Remark 2.24. For two paths p and ¢ satisfying p, = g_, we can define the path pg by concatenating p
and ¢. Also, for a path p from x to y, we can define the path p~! to be the path from y to x obtained by
reversing the direction of p.

Remark 2.25. For vertices x and y of I', we sometimes denote a geodesic path from x to y by [x, y],
though it’s not necessarily unique.

Definition 2.26. Suppose that G is a group, X is a subset of G and {H} e is a collection of subgroups
of G such that the set X U [ cp Ha generates G. We denote H = | | ea (Ha \ {1}) and X U H to mean
sets of labels. Note that these unions are disjoint as sets of labels, not as subsets of G. Let I'(G, X LUH)
be the Cayley graph of G with respect to X L H, which allows loops and multiple edges, that is, its
vertex set is G and its positive edge set is G X (X LI H). The graph I'(G, X U H) is called a relative
Cayley graph. For each 1 € A, we consider the Cayley graph I'(Ha, H, \ {1}), which is a subgraph
of I'(G, X U H), and define a metric dy: Hy X Hy — [0, o] as follows. We say that a path p in
I'(G, X UH) is A-admissible if p doesn’t contain any edge of I'(H,, H, \ {1}). Note that p can contain
an edge whose label is an element of H, (e.g., the case when the initial vertex of the edge is not in H,)
and also p can pass vertices of I'(H,, Hy \ {1}). For f, g € H,, we define d,( f, g) to be the minimum
of lengths of all 1-admissible paths from f to g. If there is no A-admissible path from f to g, then we
define d,l(f g) by d/l(f g) = oo. For convenience, we extend dytody: GxG — [0, oo] by defining
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czl(f, Q) = c?,l(l, fle)if f-'g € Hy and c?,l(f, g) = oo otherwise. The metric d, is called the relative
metric.

Definition 2.27. Suppose that G is a group and {H,}1ex is a collection of subgroups of G. For a subset X
of G, {Ha} e is said to be hyperbolically embedded in (G, X) (and denoted by {H}aepn —n (G, X)),
if it satisfies the two conditions below.

(1) The set X U (U 4en H,l) generates G and the graph I'(G, X LI H) is hyperbolic.
(2) Forany A € A, (H,l,d/l) is locally finite, that is, forany n € N, {g € H, | d,l(l g) < n}is finite.

A collection of subgroups {H }ea is also said to be hyperbolically embedded in G (and denoted by
{H }1en —n G), if there exists a subset X of G such that {H}1ea —n (G, X).

In the remainder of this section, suppose that {H } ¢ is hyperbolically embedded in (G, X) as in
Definition 2.27. We next prepare concepts to define separating cosets.

Definition 2.28 [19, Definition 4.1]. Suppose that p is a path in the relative Cayley graph I'(G, X LU H).
A subpath g of p is called an H,-subpath if the labels of all edges of g are in H,. In the case that p
is a closed path, g can be a subpath of any cyclic shift of p. An H,-subpath g of a path p is called
H,-component if g is not contained in any longer H-subpath of p. In the case that p is a closed path,
we require that ¢ is not contained in any longer H-subpath of any cyclic shift of p. Furthermore, by a
component, we mean an Hj-component for some H,. Two H,-components ¢; and g, of a path p are
called connected if all vertices of g and g, are in the same H,-coset. An H,-component g of a path p
is called isolated if q is not connected to any other H -component of p.

Remark 2.29. Note that all vertices of an H,-component lie in the same H j-coset.
Proposition 2.30 is a particular case of [5, Proposition 4.13] and plays a crucial role in this paper.

Proposition 2.30 [12, Lemma 2.4]. There exists a constant C > 0 such that for any geodesic n-gon p in
I'(G, X UH) and any isolated H -component a of p, we have

czl(a_, ay) <nC.
In the remainder of section, we fix any constant D > 0 with
D > 3C. 3)

We can now define separating cosets.

Definition 2.31 [19, Definition 4.3]. A path p in I'(G, X Ll H) is said to penetrate a coset xH, for
some A € A if p decomposes into piap,, where p1, po are possibly trivial, a is an Hj-component and
a_ € xH,. Note that if p is geodesic, p penetrates any coset of H,; at most once. In this case, a is
called the component of p corresponding to xH, and also the vertices a_ and a. are called the entrance
and exit points of p and are denoted by p;,, (xHa) and pou: (xH,), respectively. If in addition we have
dy(a-,as) > D, then p is said to essentially penetrates xH,. For f,g € G and A € A if there exists a
geodesic path from f to g in ['(G, X U ‘H) which essentially penetrates an H -coset xH,, then xH, is
called an (f, g; D)-separating coset. The set of all (f, g; D)-separating cosets of subgroups from the
collection {H,} ¢ is denoted by S(f, g; D).

Remark 2.32. If a geodesic path p penetrates an H -coset xH 3, then the component a of p corresponding
to xH, consists of a single edge and is isolated in p by minimality of the length of p.

Remark 2.33. First, in [12, Definition 3.1], whenever f, g € G are in the same H -coset xH, for some
A € A, xH, is included in S(f, g; D), but in our Definition 2.31, S(f, g; D) can be empty even in this
case. Secondly, in [ 12, Definition 3.1], separating cosets are considered for each subgroup H, separately,
being denoted by S,(f, g; D), but in our Definition 2.31, we consider separating cosets of all subgroups
from the collection {H,} ¢ all together.

The following lemma is immediate from the above definition.
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Lemma 2.34. Forany f,g,h € G and any A € A, the following hold.

(@ S(f.g:D)=3S8(g, f;D).
(b) S(hf,hg;D)={hxH, | xH, € S(f,g;D)}.

We list some results on separating cosets so that readers have a better understanding.

Lemma 2.35 (cf. [19, Lemma 4.5]). For any f,g € G and any xH, € S(f,g;D), every path in
['(G, X UH) connecting f to g and composed of at most two geodesic segments penetrates xH .

The following lemma makes S(f, g; D) into a totally ordered set.

Lemma 2.36 [19, Lemma 4.6]. Let f, g € G, and suppose that a geodesic path p from f to g penetrates
a coset xH ) for some A € A and decomposes into p = pyap,, where p, py are possibly trivial and a is
a component corresponding to xH . Then, we have dx 1 (f,a-) = dxun (f,xH)).

Definition 2.37 [19, Definition 4.7]. Given any f, g € G, a relation < on the set S(f, g; D) is defined
as follows: For any C,C; € S(f, g; D),
C1 2C &= dxonu(f,C1) <dxuon(f.Ca).

Lemma 2.38 [19, Lemma 4.8]. For any f,g € G, the relation < is a linear order on S(f, g; D) and
any geodesic path p in T'(G, X UH) from fto g penetrates all (f, g; D)-separating cosets according to
the order <. In particular, S(f, g; D) is finite. That is,

S(f.g;D)={Ci 2 C2---2Cy}

for some n € N and p decomposes into p = piai--- pnanpPn+1, Where a; is the component of p
corresponding to C; for eachi € {1,--- ,n}.

2.4. Acylindrically hyperbolic group

Theorem 2.39 is a simplified version of [ 19, Theorem 1.2]. For more details on acylindrically hyperbolic
groups, readers are referred to [19].

Theorem 2.39. For any group G, the following conditions are equivalent.

(AH)) There exists a generating set X of G such that the corresponding Cayley graph T'(G, X) is
hyperbolic, |01 (G, X)| > 2, and the natural action of G on T'(G, X) is acylindrical.
(AHy) G contains a proper infinite hyperbolically embedded subgroup.

Definition 2.40. A group G is called acylindrically hyperbolic if G satisfies the equivalent conditions
(AH;) and (AH4) from Theorem 2.39.

The following results were obtained in [19, Section 5] in proving the implication (AH4) = (AH,)
in Theorem 2.39. In Theorem 2.41 below, we consider separating cosets for {H,},1eao <1 (G, X) and
the metric dr(g,yuw) (¢, -) is denoted by dyuy (-, -) for brevity.

Theorem 2.41 (cf. [19, Theorem 5.4, Lemma 5.10]). Suppose that G is a group, X is a subset of G
and {Hy}en is a collection of subgroups of G hyperbolically embedded in (G, X). Let C > 0 as in
Proposition 2.30, and let D > 0 satisfy D > 3C as in equation (3). We also define the subset Y of G by

Y={yeG|S(1,y;D) = o} “4)
Then, we have for any f,g € G,
1
E(dYuH(f’g) - 1) <|S(f.8g: D) < 3dyun(f.8)- (%)

If in addition A is finite, then the following hold.
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(@) {Hatren —n (G.Y).
(b) The action of G on T'(G,Y UH) is acylindrical.

Remark 2.42. In [19, Section 5], the condition |A| < oo is assumed in all lemmas for proving (AH4) =
(AH,) including [19, Lemma 5.10], which corresponds to the inequality (5) in Theorem 2.4 1. However,
the condition |A| < oo is not used in the proof of [19, Lemma 5.10], so we omit it in equation (5) for
our discussion in Section 3 and Section 6. Actually, the condition |A| < oo is not used in the proof of
[19, Theorem 5.4 (a)] either.

Lemma 2.43 [19, Lemma 5.12]. Let G be a group, H a subgroup of G, X a subset of G. If H is
non-degenerate (i.e., H is a proper infinite subgroup of G) and H <y, (G, X), then the action of G on
I'(G, X U H) is non-elementary (i.e., |0 (G, X U H)| > 2).

3. Path representatives of the Gromov boundary

Throughout this section, suppose that G is a group, X is a subset of G and {H},¢x is a collection of
subgroups of G hyperbolically embedded in (G, X). Let C > 0 as in Proposition 2.30 and fix D > 0
satisfying D > 3C as in equation (3). We also define the subset Y of Gby Y = {y € G | S(1,y; D) = @}
as in Theorem 2.4 1.

In this section, we will show that elements of the Gromov boundary of the Cayley graph I'(G,Y UH))
are represented by nice geodesic rays in I'(G, X LI'H) (see Proposition 3.22). The nice geodesic rays are
characterized by penetrating infinitely many cosets deeply enough (see Lemma 3.20). By using these
path representatives of boundary points, we will extend the notion of Hull-Osin’s separating cosets to
allow a point in the Gromov boundary (see Definition 3.25). We will also investigate the relation between
the path representatives and the topology of dI'(G, Y LI H) (see Proposition 3.23 and Proposition 3.29).

For brevity, we will denote dr(G, xuw) (-, ) and (-, AHGXUH) by dyyn (-, -) and (-, )XY respec-
tively (see equation (1)). This will be the same for I'(G, Y L H) as well. We also emphasize that we will
consider separating cosets and relative metrics for {H }1ea —n (G, X), hence we use the notations
S(-,+; D) and d (-, -) without including X in them.

As preparation of our discussion, we list auxiliary results that immediately follow from Section 2.3
but have not been recorded explicitly. They’re from Lemma 3.1 up to Lemma 3.5.

Lemma 3.1. Let p be a geodesic path in T'(G, X U H) between two vertices and q be a subpath of p,
then we have S(q-,q+;D) C S(p—, p+; D).

Proof. Let p = p1qp> be decomposition of p into subpaths p;, g and p,. For any H,-coset xH, €
S(g-,q+; D), there exists a geodesic path @ in I'(G, X U H) from ¢_ to g, that essentially penetrates
xH . Since pjap, is a geodesic path in ['(G, X U H) from p_ to p, that essentially penetrates xH,, we
have xH, € S(p—, p+; D). O

Lemma 3.2 means that if two geodesic paths from the same point penetrate the same coset, then their
entrance points are close.

Lemma 3.2. Let 0 € G and suppose that B is an H-coset for some A € A and that p, q are (possibly
infinite) geodesic paths from o in T'(G, X UH) that penetrate B. Then, we have d(pin(B), qin(B)) < 3C.

Proof. Let x = p;,(B) and y = ¢;,(B) for brevity, and let e be the edge in I'(G, X LI H) from x to
y whose label is in H,. Since p,q are geodesic in I'(G, X U #H) and penetrates B, e is an isolated
component in the geodesic triangle p[o,x]e(q[o,y])‘l by Remark 2.32. This implies d,(x,y) < 3C by
Proposition 2.30. O

Lemma 3.3 means that the distance between two cosets can be measured by a geodesic path penetrating
both of them.
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Figure 1. Proof of Lemma 3.4.

C; C;

q2 Y
Figure 2. Proof of Lemma 3.5.

Lemma 3.3. Suppose that p is a (possibly infinite) geodesic path in T'(G,X UH) from p_ € G. If p
penetrates two distinct cosets Cy, C satisfying dxun(p—, Co) < dxun(p-, C1), then we have

dxur (Pout (Co), pin(C1)) = dxun(Co, C1).

Proof. Let p = prap,bps be decomposition of p into subpaths such that a, b are components of p cor-
responding to Cy, Cy, respectively. By a; € Cy and b_ € Cy, we have dx 3 (Co, C1) < dxun(as,b-).
Suppose for contradiction that there exist x € Cy,y € Cy such that dxyy (x,y) < dxun(a+,b-). By
x,a_- € Cyand y, by € Cy, we have dxyy (a—,x) < 1 and dxyuy (v, b+) < 1. This implies

dXU’H(a—’ b+) < dXUH(a—,x) + dXUH(-x9 y) + dXUH(ya b+)
<1+ dXUH(a+’ b—) +1= dXUH(a—7b+)7

which is a contradiction. Hence, we also have dxyy (a4, b-) < dxuwn(Co, Cy). ]
Lemma 3.4 is analogous to Lemma 3.2.

Lemma 3.4. Suppose that Cy, Cy are cosets of Hy,, Hy,, respectively, with Cy # C| and that p, q are
(possibly infinite) geodesic paths in T'(G,X U H) from p_,q- € G, respectively, that penetrate Cy
and C\ satisfying dxu1(p-, Co) < dxun(p-,C1) and dxu(q-, Co) < dxun(q-,C1). Then, we have
d/lo (Pout (Co), qour (Cp)) < 4C and d/h (Pin(C1), qin(Cr)) < 4C.

Proof. Let xo = pour(Co),x1 = pin(C1),¥0 = qour(Co),y1 = qin(C)) for brevity, and let o, 1 be
edges in I'(G, X U H) such that eg is from xo to yo with its label in H,, and e; is from x; to y; with its
label in H,, . Since the subpaths p(x, x,1» 4 [y,y,] don’t penetrate Co nor C; by Remark 2.32 and we have
Co # C1, eg and e are isolated components of the geodesic quadrilateral eogy,,y,] el‘l (p [x0,x1] )_1. This

implies ‘Zlo (x0,y0) < 4C and J/l] (x1,y1) < 4C by Proposition 2.30. m]
Lemma 3.5 is useful to find separating cosets of a pair of elements in G.

Lemma 3.5. Let 0,x,y € G and S(0,x;D) = {C; = Cy £ --- < Cy}. If a geodesic path q in
I'(G, X UH) from o to y penetrates C; for somei € {1,--- ,n}, then we have C; € S(o,y; D) for any j
with j < i.

Proof. Let g penetrate C; and j € N satisfy j < i. By C; € S(o,x; D), their exists a geodesic path p in
['(G, X U H) from o to x that essentially penetrates C;. Note that p penetrates C; by Lemma 2.38. Let
p = pi1apa, q = q1bg, be decomposition of p, g into subpaths such that a, b are H,;-component of p, g
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corresponding to C;, respectively. Let e be the edge from a_ to b, in I'(G, X LI'’H) whose label is in H,.
Since we have dxyy (0,a-) = dxup (0, b-) = dxup (0, C;) by Lemma 2.36, the path pjeq; from o to
y is geodesic in I'(G, X LI H) and essentially penetrates C;. This implies C; € S(o, y; D). O

First of all, we verify hyperbolicity of I'(G, Y U7 ). Lemma 3.7 is straightforward from [ 1, Proposition
3.1], which is stated below in a simplified way, but we write down the proof for completeness. Also,
Lemma 3.7 (a) is actually known by [19, Lemma 5.6] since its proof doesn’t use the condition |[A] < oo
(see Remark 2.42). Lemma 3.7 (b) is new and plays an important role in this paper together with the
inequality (5) in Theorem 2.4 1.

Proposition 3.6 (cf. [1, Proposition 3.1]). Given h > 0, there exists k(h) > 0 with the following
property. Suppose that T is a connected graph and that for each pair of vertices x,y € T, we have
associated a connected subgraph L(x,y) of I with x,y € L(x,y) satisfying (1) and (2) below. (Here,
we define N(A,h) ={v €' | 3w € A s.t. dr(v,w) < h}.)

(1) Forany vertices x,y,z € T, L(x,y) C N(L(x,2) U L(z,y), h).
(2) For any vertices x,y € I" with dr(x, y) < 1, the diameter of L(x,y) in T is at most h.

Then, T is k(h)-hyperbolic and for any two vertices x,y € I, the Hausdorff distance between L(x,y)
and any geodesic path in T from x to y is bounded above by k(h).

Lemma 3.7. The following hold.

(a) We have X C Y and T'(G,Y U H) is hyperbolic.

(b) There exists Mx € N such that for any x,y € G, any geodesic path a inT'(G,X UH) from x to y
and any geodesic path B in T'(G,Y U H) from x to y, the Hausfor[f distance between a and B in
I'(G,Y UH) is bounded above by Mx.

Proof. If x € X and x # 1, then the edge in I'(G, X U ‘H) from 1 to x with the label x € X is geodesic
in I'(G, X U H). Since this path consisting of one edge has no H,-component for any 1 € A, we have
S(1,x; D) = @ by Lemma 2.38. This implies x € Y, hence X C Y. We will check the two conditions in
Proposition 3.6 considering I = T'(G,Y U H). Note that I'(G, X U ‘H) is a subgraph of I'(G,Y U H)
by X c Y. For each pair (x,y) of elements of G, fix a geodesic path y, , in I'(G, X U H) from x to
y and define £(x,y) = yx,y. Since I'(G, X U H) is dx-hyperbolic with 6x € N (see Definition 2.27
(1)), Proposition 3.6 (1) is satisfied with 2 = dx. Next, let x,y € G satisfy dyyxn(x,y) < 1, then
S(x,y; D) = @. Hence, for any vertex z € y,,,, we have S(x,z; D) = @ by Lemma 3.1. This implies
dyuy(x,2) < 1. Hence, the diameter of p, , in I'(G,Y UH) is at most 2, which verifies Proposition 3.6
(2). Since both conditions in Proposition 3.6 are satisfied with 2 = max{dx, 2}, the graph I'(G,Y UH)
is k(h)-hyperbolic. Also, let x, y € G and let @ be a geodesic path in I['(G, X UH) from x to y, and B be a
geodesic pathin I'(G, Y UH) from x to y. By Proposition 3.6, the Hausdorff distance between S and y ,,
inI['(G,YUH) is at most k(&) and by §x-hyperbolicity of I'(G, X LI'H), the Hausdorff distance between
a and yx , in I'(G,Y U H) is at most §x. Thus, the statement (b) holds with Mx = k(h) + 5x. O

In the remainder of this section, let I'(G,Y U H) (resp. ['(G, X LI ‘H)) be dy-hyperbolic (resp. dx-
hyperbolic) with 6x, oy € N.
Remark 3.8. Note that 6y and Mx depend only on X by the proof of Lemma 3.7.

The point of Theorem 2.41 equation (5) and Lemma 3.7 (b) is that we can deal with geodesic paths
in ['(G, X U H) as if they are quasi-geodesic in I'(G,Y L ‘H), though they’re actually not. This will

become clear by results from Lemma 3.9 up to Lemma 3.11 below. Lemma 3.9 is mostly applied to two
elements g1, g except in the proof of Proposition 3.22.

Lemma 3.9. Let R € N, (g;)ien, 0 € G, and suppose that p; is a geodesic path in I'(G, X UH) from o
to g; for each i € N. If (g;, gA,-)ZUH > R foranyi, j € N, then there exist vertices v; € p; for eachi € N
such that for any i, j € N, we have

dYUH(Vi,Vj) < 6y +2Mx and dyyy(o,vi) = R - Mx.
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Proof. Foreachi € N, let [0, g;] be a geodesic path in I'(G,Y LI H) from o to g; and w; € [0, g;] be a
vertex satisfying dyus (0, w;) = R. By (gi,8/)YY" > R, we have dyux (w;, w;) < 6y foranyi, j € N.
By Lemma 3.7 (b), for each i € N, there exists a vertex v; € p; such that dyyy (vi, w;) < Mx. We have
foranyi,j e N,

dyun(vi,v;) < dyun (vi, wi) +dyop(wi, wj) +dyun(wj,vj) < 0y +2Mx
and  dyuy(o,vi) = dyun (o, wi) — dyun (Wi, vi) > R — Mx.

Lemma 3.10 below can be considered as the converse of Lemma 3.9.

Lemma 3.10. Let 0,x,y € G, and suppose that p, q are geodesic paths in I'(G, X U H) such that p is
from o to x and q is from o to y. If there exist vertices v € p and w € g such that dy 3 (0,v) > R and
dyuw (v, w) < K with some R, K € N, then we have (x,y)Y"" > R — (K +3Mx) — 26y.

Proof. Take geodesic paths [0,x], [0,y] in ['(G,Y U H). By Lemma 3.7 (b), there exist vertices
a € [o,x],b € [0, y] such that dy x (a,v) < My and dyyy (b, w) < Mx. We have

dyun(a, b) < dyuy(a,v) +dyun (v, w) +dyup(w,b) < K +2Mx,
dyuy(0,a) = dyuy(o,v) —dyun(a,v) 2 R — My,
and  dyuy(o0,b) 2 dyun(o,v) = (dyur(v,w) +dyun(w, b)) > R — (K + Mx).

This implies (a, b)Y > dyuy(0,a) — dyuyu(a, b) = R — (K +3Mx). Note (x, a)Y"" = dyy# (0, a)

o

and (y, b)YV = dyy (0, b) since [0, a], [0, b] are geodesic in I'(Y U H). Hence,

(o, ) 7 = min{(x, @)y V7, (a, b)g ™, (b, y)y T} - 26y

>R - (K+3Mx) —20y.
Lemma 3.11 describes slim triangle property of I'(G,Y LI ‘H) using separating cosets.

Lemma 3.11. Let 0,x,y € G and S(0,x;D) = {C; £ Cy < --- = Cp}. If q is a geodesic path in
I'(G,XUH)fromotoyandi € {1,--- ,n} satisfies 3dy,w(x,y) + 1 < n —i, then g penetrates C;.

Proof. Leti € {1,---,n}satisfy 3dyy (x,y)+1 < n—i, and take a geodesic path rinI'(G, X UH) from
y to x. Since the path gr is from o to x and composed of two geodesic segments, one of g or » penetrates
C; by Lemma 2.35. Suppose for contradiction that r penetrates C;. This implies C; € S(x, y; D) for any
je{i+1,---,n} by applying Lemma 3.5 to r~! and S(x, 0; D) = {C,, < --- < C}. This and equation
(5) imply

3dyup(x,y) +1 <n—i<|S(x,y; D)| < 3dyun(x,y).
This is a contradiction. Hence, g penetrates C;. O

Hull-Osin’s separating cosets have been defined only for a pair of group elements. Now, we define
separating cosets for geodesic rays. This notion is useful to clarify nice geodesic rays in I'(G, X U H)
mentioned at the beginning of this section.

Definition 3.12. Let y = (xg, x1, - - - ) be a geodesic ray in I'(G, X LI H). We define

S(y;D) = US(XO,xn;D),
n=0

and call an element in S(y; D) a (y; D)-separating coset.
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Remark 3.13. By Lemma 3.1, we have S(xg, x,,—1; D) C S(xg,x,; D) for any n € N. This implies

|S(y; D)| = lim |S(xg,x,; D)| = sup |S(xg,xn; D)|.
n—oo neN

We collect basic properties of separating cosets for geodesic rays from Lemma 3.14 up to Lemma
3.18.

Lemma 3.14. Suppose that vy is a geodesic ray in T'(G, X UH), then y penetrates all (y; D)-separating
cosets exactly once.

Proof. Lety = (xg,x1,---)and B € S(y; D). There exists n € N such that B € S(xg, x,; D). By Lemma
2.38, ¥[x,,x,] Penetrates B, hence so does . If v penetrates an H -coset more than once, then y can be
shortened by an edge whose label is in H,, which contradicts that y is geodesic in I'(G, X LI H). O

Note that in Lemma 3.14, the fact that y penetrates all (y; D)-separating cosets doesn’t trivially
follow from the definition of S(y; D) because by Definition 3.12, an H,-coset C is in S(y; D) if and
only if there exist n € N and a geodesic path p in I'(G, X U H) from x¢ to x,, such that p essentially
penetrates C, and p may not be a subpath of y.

Lemma 3.15 is analogous to Lemma 2.36.

Lemma 3.15. Suppose that a geodesic ray vy in T'(G, X U H) penetrates an H,-coset B, then we have
dxun (y-,Yin(B)) = dxun(y-, B).

Proof. Lety = (xg,x1,- ). Take n € N satisfying dxuw (V- Your (B)) < dxuw (y-,x,), then we have

dxun(y-, B) = dxuwn (y-, (¥[x0.x,1)in(B)) = dxun (y-, yin(B)) by Lemma 2.36. o
As in Definition 2.37, we can align separating cosets for a geodesic ray based on the order of their
penetration.

Definition 3.16. Given a geodesic ray y in ['(G, X Ll H), a relation < on the set S(y; D) is defined as
follows: For any Cy, C; € S(y; D),

C =G = dxun(y-,C1) < dxun(y-,G2).
Remark 3.17. By Lemma 3.14 and Lemma 3.15, the relation < in Definition 3.16 is a well-order on
S(y; D). We will denote S(y; D) = {C; < C; < ---} considering this order.

In Lemma 3.18, given a finite collection of separating cosets of a geodesic ray, we find how long
subpath of the geodesic ray we have to take to contain them.

Lemma 3.18. Let y = (x0,x1,- ) be a geodesic ray in I'(G,X UH) and S(y;D) = {C; = C; <
-++}. For any N, t € N satisfying dxu# (X0, Your (Cn+1)) < dxun(x0,%¢), we have {Cy,--- ,Cn} C
S(x0,x¢; D). Moreover, letting S(xo,x¢; D) = {B; £ --- < By < ---}, we have B, = C, for any

ne{l,---,N}

Proof. By dxuy (X0, Your (Cn+1)) < dxun(xo0,X¢), the subpath y(y, x| penetrates Cn 1. Take k €
N such that {C1,---,Cns1} C S(x0,xx; D). By applying Lemma 3.5 to xq, Xk, ¥[x,,x,]» W€ have
{C1,-+-,Cn} C S(x0,x¢; D). Let S(xg,xp;D) = {By < -+ < By =< ---}. We have B < C; by

C1 € S(x9,x¢; D) and by minimality of Bj in (S(xg,x¢; D), <). On the other hand, by minimality of C;
in (S(y; D), <), we also have C; < By, hence B| = C;. Repeating the same argument inductively, we
cansee B, = C, foranyn € {1,--- ,N}. O

We can now characterize nice geodesic rays in I'(G, X U ’H) and study their properties. Lemma 3.20
lists several equivalent conditions of Definition 3.19.

Definition 3.19. We say that a geodesic ray y = (xg,x1,--+) in I'(G, X U H) converges to infinity in
['(G,Y UH) if the sequence (x,);”, in G converges to infinity in I'(G,Y U H).
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Figure 3. Proof of Proposition 3.22.

Lemma 3.20. Suppose that y = (xg,x1, - -+ ) is a geodesic ray in I'(G, X U H), then (i)—(vi) below are
all equivalent.

(1) The geodesic ray y converges to infinity in I'(G,Y UH).

(ii) There exists a subsequence (xy, )., that converges to infinity in I'(G,Y UH).
(iii) |S(y; D)| = oco.
(iv) There exists a subsequence (xp, )y, such that limg e |S(x0, X, ; D)| = co.
(V) limy 00 dyun (X0, X5) = 00.
(vi) There exists a subsequence (xp, )., such that limg e dyup (X0, X, ) = o0.

Proof. (i)=(ii) and (v)=(vi) are trivial. (iii)=(iv) follows from Remark 3.13. (i)=(v) and (ii)=(vi)
follow from the definition of the Gromov product (see equation (1)). (iii)<(v) and (iv)<(vi) follow
from equation (5). We are left to show (iv)=(iii) and (v)=().

(iv) = (iii) By Remark 3.13, we have

lim [S(xo,xp.; D)| = sup [S(x0, X, ; D)| = sup [S(x0,x,; D)| = lim [S(x0, xn; D).
k—co eN neN n—oo

Thus, limg e |S(x0, X, ; D)| = oo implies [S(y; D)| = limy—e0 |S(X0, X5 D)| = 0.
(v) = (i) For any R € N, define R = R + 3Mx + 2dy. By (v), there exists N € N such that
YUH > Ry —3Mx —26y =R by Lemma

dyup (x0,xn) = Ry.Hence, for any n,m > N, we have (xn,xm)xo

3.10 applied to 0 = x9,x = X5, ¥ = Xm,V = Xy, w = xpn. This implies lim infn,mqw(xn,xm)foUH >
inf, usn (x,,,xm)fOUH > R for any R € N. Thus, limn,mqw(xn,xm)}g)uﬁ = oo, O

In Definition 3.21 below, we summarize notations related to limits of the nice geodesic rays, which
we will use in what follows.

Definition 3.21. For a sequence (x,,),” | of elements of G that is convergent in I'(G,Y UH) UIT'(G,Y LU
‘H), we denote its limit point by Y-lim,,_,.x,,. For a geodesic ray y = (xg,x1,---) in T'(G, X LI H) such
that the sequence (x,);”, is convergent in I'(G,Y UH) U II'(G,Y U H), we also denote its limit point
by Y-lim y. Note that when we write Y-lim,,«x, € dT(G,Y U H) for a sequence (x,);”, in G, it
implicitly means that (x,,)” | converges to infinity in I'(G, ¥ U#) and its limit point in T'(G, Y UH) is
Y-lim,_,ox;. This is the same for Y-lim y € dT'(G,Y U H) as well. We use the notations X-lim,,—,cx,
and X-lim vy similarly.

We will now show that any element of G and any point in 9I'(G,Y U H) can be connected by a
geodesic ray in I'(G, X Ul H), and by using this we will extend the notion of Hull-Osin’s separating
cosets to allow a point in the Gromov boundary. We emphasize that, in Proposition 3.22, the path y
below is not necessarily geodesic nor quasi-geodesic in I'(G,Y U H).

Proposition 3.22. Foranyo € G andany ¢ € 0T'(G,YUH), there exists a geodesic rayy inT' (G, XUH)
from o such that Y-limy = ¢ € dT'(G,Y UH).

Proof. Let (g,),?, be a sequence of elements of G that converges to &. For each n € N, take a geodesic
path v, in I'(G, X U H) from o to g,. Since lim; ;0 (gi, ;)Y V" = oo, there exists a subsequence
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(gox )z, of (gn)2, such that

ki}}gN(gOk,goz)ZUH > 2(3(dy +2Mx) +4) + 1 + Mx. (6)

By Lemma 3.9 and equation (6), there exist vertices vor € 7vyor for each k € N satisfying
dyun (vok, voe) < Oy + 2Mx and dyyx (0, vee) = 2(3(0y + 2Mx) +4) + 1 for any k,¢ € N. This
and equation (5) imply for any k,£ € N,

3dyun (vok, voe) +4 < 3(0y +2Mx) +4 < |S(0, voe; D). @)

Let m = |S(0,vo1;D)| and S(o,vo1;D) = {C; <= C; £ --- < Cp}. Since equation (7) implies
3dyun (vok,vor) + 1 < m — 3, the path yor penetrates C1, Cy, and C3 for any k € N by Lemma 3.11.
Let C3 be an H,-coset. For each k € N, let apx— and agg+ be the entrance and exit points of yox in Cs.
Since yox is geodesic in I'(G, X U H) for each k € N, we have

da(aoi-, ao-) < 3C

by Lemma 3.2. Since the relative metric c?,l is locally finite (see Definition 2.27), the set {aox— | k € N}
is finite. Hence, there exist a; € {aox- | k € N} and a subsequence (g1/x);2, of (gox);~, such that
aj € yyg for any k € N. Note S(o,a;; D) > 1 since we have C; € S(0,a;; D) by Lemma 3.5. By
limyg ¢ oo (1%, 8170)5 VM = oo, there exists a subsequence (g1x)5>, of (g17k);>, such that

ki{}fN(glk,gl{?)ZUH > 2(3(dy +2Mx) +|S(0,a1; D)|+4) + 1 + Mx. (8
e

Note a; € y1x forany k € N. By the same argument as (gox ),‘:’:] , we can see that there exist a, € G and a
subsequence (g2/x )=, of (g1x);=, suchthatay € yo forany k € Nand |S(o, az; D)| > |S(0,ar; D)|+1.
The latter inequality comes from the term |S(0, a1; D)| + 4 in equation (8), which corresponds to 4 in
equation (6). By repeating this argument, we can see that there exist aj,as, -+ € G and a sequence of
subsequences (g1x);~; 2 (g2k)pe; O - - - satisfying (i) and (ii) below for any n € N.

(i) {a1,- - ,an} C yux forany k € N.
(i) |S(o, an+1; D) = |S(0,an; D)| + 1.
Take the diagonal sequence (gx«);- , then for any n € N, (gkk),-,, is a subsequence of (gnx);- - Hence,

{ay, -+ ,an} C yp, for any n € N. Note that (ii) and Lemma 3.1 imply dxuy (0, an) < dxun (0, ans1)
for any n € N. Define the path y: [0, 0) — I'(G, X LUH) by

Y= U Ynnlan-1,an]>
n=1

where we define ag by ag = o for convenience. the path vy is a geodesic ray since for any n € N, we have

n n n
Z h’ii[a,-,],a,«” = Z dxuy(ai—i,ai) = Z |'ynn[a,-,|,ai]| = |7nn[o,an]| =dxun (o, an).
= i=1 par

Since we have limy,,« [S(0, an; D)| = o by (ii) and (a,),, is a subsequence of y, the path y converges
to infinity in I'(G,Y U #H) by Lemma 3.20 and we have Y-lim y = Y-lim,_,oa;,.

Finally, we will show Y-limy = ¢ € 0I'(G, YLI'H). Since we have & = Y-lim,c0gn = Y-limy008nn>
it’s enough to show Y-lim,_,ea, = Y-lim,_,cgu, € OT'(G,Y U H). For any R € N, there exists N € N
such that dyyy(0,an) = R + 3Mx + 28y since we have lim,,_,o dyyy (0, a,) = co by Lemma 3.20.
Hence, for any m,n > N, we have (a,, g,m)(),’UH > R by Lemma 3.10 applied to x = a,,,y =
gnn>V = an,w = ay. This implies lim,, ;o (dm» gnn)t U = oo, hence Y-lim, @, = Y-lim,cognn
in dT'(G,Y UH). O
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We next show that as the limit points of geodesic rays in I'(G, X U H) get closer to one another
in OT'(G,Y U H), the geodesic rays have more common separating cosets. Proposition 3.23 has two
important corollaries, Corollary 3.24 and Corollary 3.28.

Proposition 3.23. Let 0 € G, ¢ € T (G,Y UH), and suppose that « is a geodesic ray in I'(G, X LI'H)
from o such that Y-lim @ = ¢ € OT'(G,Y UH). Let S(a, D) = {C; < C < ---}. Then, for any N € N,
there exists an open neighborhood U of ¢ in T (G, Y UH) such that any geodesic ray BinT'(G, X UH)
from o satisfying Y-lim 8 € U penetrates C,, foranyn € {1,--- ,N}.

Proof. Given N € N, define R € N by
R=23(0y +2Mx)+ N +2)+ 1 + Mx + 20y. )

Letn € dT(G,Y UH) satisfy (£,7)YY"* > R (see equation (2)) and S be a geodesic ray in I'(G, X UH)
from o such that Y-lim 8 = 5. Let @ = (xg,x1,---) and 8 = (y9, y1,---). It's not difficult to see from
equation (2) that (&,17)YY7 > R implies

liminf (x;, y;)Y9" > R - 26y.
1,]—00

Hence, there exists k € N such that (xg,yp)!Y" > R - 26y. By Lemma 3.9 applied to
0,Xks Yis X[o,x | PBlo,y]» there exist £,m with £,m < k such that dyon (xXe, ym) < Oy + 2Mx
and dyyy(0,x¢) = R — 20y — Mx. This implies, together with equation (5) in Theorem 2.41 and
equation (9),

3dyup (xe, ym) + N +2 < 3(8y +2Mx) + N +2 < |S(0,x¢; D)|. (10)

Let L = |S(0,x¢;D)| and S(0,x¢; D) = {B; = --- = Br}. By Lemma 3.11, B[y, y,.] penetrates B,
for any n € {1,---, N} since equation (10) implies 3dyy (x¢, ym) + 1 < L — N. Meanwhile, suppose
dxun(0,x7) < dxun (0, @our (Cn41)) for contradiction, then we have &[4, x,] € @[o,apu, (Cnsp)]- This
implies |S(0,x¢; D)| < |S(0, @our (Cn+1); D)| < N + 1 by Lemma 3.1. This contradicts that we get
N +2 < |S(0,x¢; D)| by equation (10). Thus, we have dxuy (0, @our (Cn+1)) < dxun (0, x¢). Hence,
we have B, = C,, forany n € {1,---, N} by Lemma 3.18. Thus, B penetrates C,, foranyn € {1,--- , N}.
Finally, since the set V = { € 0T(G,Y UH) | (¢,7)YY" > R} is a neighborhood of &, there exists an
open set U of dT'(G,Y LI H) such that ¢ € U and U c V. This U satisfies the statement for N. [

Corollary 3.24 is the final step to extend the notion of Hull-Osin’s separating cosets, which is done
in Definition 3.25.

Corollary 3.24. Let o € G and suppose that a, B are geodesic rays in I'(G, X U H) from o such that
Y-lima =Y-lim 8 € 9T'(G,Y U H). Then, we have S(a; D) = S(B; D).

Proof. Let @ = (x9,x1,--+), 8= (Yo, y1,* - ), and S(a; D) = {C; < C, < ---}. By Proposition 3.23,
B penetrates C,, for any n € N since Y-lim f is obviously contained in any open neighborhood of
Y-lim «. For any n € N, there exists k € N such that {Cy,---,Cps1} C S(0,xx; D). Let £ € N satisfy
dxur (0, Bout (Cn+1)) < dxun (0, ye). ByLemma3.5, wehave {Cy, -+, Cy} C S(0,y¢; D) C S(B; D).
This implies S(a; D) ¢ S(B; D). Similarly, we can also see S(8; D) C S(«; D). O

Definition 3.25. Givenx € G and ¢ € dT'(G, Y UH), we take a geodesic ray y in I'(G, X UH) satisfying
v_ =x and Y-lim y = ¢ and define the set of cosets S(x, &; D) by

S(x,&;D) =S(y: D).

We call an element of S(x, &; D) a (x, &; D)-separating coset.
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Figure 4. Proof of Corollary 3.28.

Remark 3.26. By Proposition 3.22 and Corollary 3.24, Definition 3.25 is well-defined, that is, y above
exists and S(x,&; D) doesn’t depend on y. Also, S(x,&; D) is exactly the set of all cosets that are
essentially penetrated by some geodesic ray y in ['(G, X LI H) from x with Y-lim y = £.

We will next show in Corollary 3.28 that two geodesic rays in I'(G, X U ) having the same limit in
OI'(G,Y U H) penetrate the same separating cosets after going far enough. This will play an important
role to show hyperfiniteness in the proof of Theorem 1.1. We begin with an auxiliary lemma. Lemma
3.27 is a well-known fact, but we write down a sketch of the proof for completeness.

Lemma 3.27. Suppose that T is a connected graph, x is a vertex and B = (yg, y1, -+ - ) is a geodesic ray.
Then, there exists k € N such that for any geodesic path p from x to yy, the path pf|y, ) is a geodesic
ray.

Proof. Define the map f: N — Z by f(n) = dr(yn,yo) — dr(ya,x). Since B is geodesic, we have
f(n) = n—dr(yu,x),¥n € N. This and |dr(y,+1,x) — dr(yn,x)| < 1,Vn € N imply that f is
non-decreasing. The map f is also bounded above by dr(yo,x). Hence, there exists k € N such that
f(n) = f(k) for any n with n > k. Since this implies dr(y,, x) = dr(yn, Yx) + dr(yi,x) for any n with
n > k, this k satisfies the statement. O

Corollary 3.28. Suppose that «, 3 are geodesic rays in I'(G,X U H) that converge to infinity in
I'(G,Y UH), and let S(a; D) = {C; = Cy £ ---}. IfY-lim @ = Y-lim B in T (G,Y U H), then there
exists N € N such that for any n > N, 8 penetrates C,, satisfying dxuw (B-,Crn) < dxup (8-, Cnt1)
and we have, when C,, is an H -coset,

d1(@in(Cn), Bin(Cp)) < 4C and  da(@pur (Cn), Bour (Cn)) < 4C. (11)

Proof. Let B = (yo,y1,--). By applying Lemma 3.27 to I'(G, X U H), there exist k¥ € N and a
geodesic path p in I'(G, X U H) from a_ to y; such that the path y defined by vy = pBy, ) is a
geodesic ray in I'(G, X U H). By ¥[y;,00) = Blyy,0)» W have Y-lim y = Y-lim g = Y-lim a. This
implies S(y; D) = S(a;D) by Corollary 3.24. Hence, y penetrates C, for any n € N by Lemma
3.14. Note that |S(y; D)| = co implies lim;,—c dxun (v—, ¥in(Cr)) = oo. Hence, there exists N > 2

such that dxun (Y-, ¥Yin(Cn-1)) > dxun (Y-, Yk)- BY ¥[yi,0) = Bly.0), the path S penetrates Cy,
forany n > N - 1. Let n > N and C, be an H,-coset. By C,—; < C, and y- = a_, we have

dxun(y-, Cn-1) < dxup (Y-, Cp). This implies

dxun (B-,Cn) — dxun(B-, Cn-1) = dxun Yk, Bin(Cn)) — dxum (Y, Bin(Cn=1))
=dxur (Vi Yin(Cn)) = dxuor (Vs Yin(Cn-1))
=dxun(y-, Cp) — dxun(y-,Cn_1) > 0.
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Hence, we have czl(ain(Cn),ﬁin(Cn)) < 4C by applying Lemma 3.4 to Cy,—1, Cy, @, 8. Similarly, we
have d)(@our (Cp), Bout (Cn)) < 4C by applying Lemma 3.4 to C,,, Cp41, @, B. m}

Finally, we show that if the limit points in dI'(G, X U H) of geodesic rays in I'(G, X U H) are
convergent, then their limit points in dI'(G,Y U H) are also convergent. Proposition 3.29 can be
considered as opposite to Proposition 3.23. This will become clear in Proposition 6.2.

Proposition 3.29. Let o € G and suppose that « is a geodesic ray in T'(G, X U H) from o converging
to infinity in T'(G,Y U H). For any open neighborhood U of Y-lim @ in 0T (G,Y U H), there exists an
open neighborhood V of X-lim « in dT' (G, X UH) such that if a geodesic ray B inT'(G, X UH) from o
converging to infinity in I'(G,Y U H) satisfies X-lim B € V, then we have Y-lim B € U.

Proof. Let @ = (xg,x1,---). For any open neighborhood U of Y-lim « in T'(G,Y U H), there exists
R € N such that

{(nedl(G,YUH) | (Y-lima,p!"" >R} cU (12)

by Proposition 2.19. We define R; = R + 6x +3Mx + 26y . Since we have lim,,_,c, dy (0, x,) = co by
Lemma 3.20, there exists N € N such that

dyu(0,xn) = Ry.
By Proposition 2.19, there exists an open neighborhood V of X-lim @ in dT'(G, X U #H) such that
Vc{y edl(G,XuMN)| (X-lima,n)X"" > N +26x}. (13)

We show that V satisfies the statement. Let 8 = (yo, y1,---) be a geodesic ray in I'(G, X LI H) from o
converging to infinity in I'(G, Y U H) such that X-lim 8 € V. By equation (13), it’s not difficult to see
liminf; ;e (x;, y;)XY* > N. Since @ and S are geodesic rays in I'(G, X U H) from o, this implies

dyup(xn,yN) < dxun(xn,yN) < Ox.

Hence, for any n,m > N, we have (xn,ym)ZUH > R — (6x +3Mx) — 26y = R by applying Lemma
3.10t0 @[0,x,1> Blo,ym]>* = Xn>Y = Ym,» vV = Xn,w = yn. This implies

(Y-lim @, Y-lim B)Y* > liminf(x;,y;)Y"" > R.
i,j—00

Hence, we have Y-lim 8 € U by equation (12). O

4. Proof of main theorem

In this section, we prove Theorem 1.1. We follow the approach of [ 18], where they gave another proof of
the fact that the action of any hyperbolic group on its Gromov boundary is hyperfinite. Their approach
goes as follows. Given a hyperbolic group G with a finite symmetric generating set S, we fix a well-order
on S. This order induces the lexicographic order <ix on S™, which enables us to pick for & € dG, a
geodesic ray from 1 to £ in the Cayley graph I'(G, S) whose label is the minimum in (S*, <jex) among all
such geodesic rays. This defines an injective Borel measurable map from G to S™ that Borel reduces a
finite index subequivalence relation of the orbit equivalence relation E gG to the tail equivalence relation
E,(S), thereby hyperfiniteness of E,(S) implies hyperfiniteness of EgG.

We first verify in Lemma 4.1 that the Gromov boundary is a Polish space (see Definition 2.1).
Actually, we can show slightly more. It’s interesting to know whether the statement of Lemma 4.1 holds
for any completely metrizable hyperbolic space, that is, whether S U dS is completely metrizable for any
completely metrizable hyperbolic space S. For a graph I', we denote its vertex set by V(I"). The proof
below uses that V(I') is discrete.
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Lemma 4.1. For any hyperbolic graph T, the topological space V(') U T is completely metrizable. If
in addition V(I') is countable, then V(I") U 9T is Polish.

Proof. Fix a vertex o € T, and take the map D: (I' U 9T")> — |0, oo) and constants &,&" > 0 as in
Proposition 2.21. We define the map D: (V(I') U dN)? > [0, ) by D(x y) = D(x,y) if x # y and
D(x y) = 0if x = y. By Proposition 2.21, it’s not difficult to see that D is a metric and the metric
topology of D coincides with the relative topology of Or on V(I') U 9I" (see Proposition 2.19). Here,
we used discreteness of (V(F) Orly (1)) since the metric topology of D on V(T) is discrete by Remark
2.22. We will show that D is complete. Let (x,).?, be a Cauchy sequence of (V(I') U dT’, D). Since
V(I) is dense in V(') U AT, we can take for each n € N, a vertex y,, € V(I') such that D(x,, y,) < ,11
The sequence (y,),”, in V(I') is also a Cauchy sequence in the metric D and it’s enough to show that
(Yn),~, is convergent. If there exists a constant subsequence (yn, )~ (i.€., yu, =y forsomey € V(I')),

then (y,),”, converges to y in D. If there is no constant subsequence of (y,)> ., then there exists a

1>
subsequence (yn, );.,; Whose elements are all distinct. This implies D(y,,k ,Yng) = D(Yny» yn,) for any
k # €. Since this implies limg_¢—co (Y, > Yn, )b = 0, the sequence (y, )iz, converges to some y € 4I"in
Or. Hence, (y,);>, converges to y as well. Thus, V(I") U 4I" is completely metrizable with D.IfV(I)
is countable, V(I') is a countable dense subset of V(I') U dT". Hence, V(I') U 9T is Polish. O

From here up to Lemma 4.9, suppose that G is a countable group, X is a subset of G and {H 1} ea
is a countable collection of subgroups of G hyperbolically embedded in (G, X). Let C > 0 as in
Proposition 2.30, and fix D > 0 satisfying D > 3C as in equation (3). We also define the subset Y of G
byY ={y e G| S(l,y;D) =2} as in Theorem 2.41. The difference from Section 3 is that we assume
G and A are countable.

Since X U H is countable, we fix a well-order < on X U #H by some injection X LI H — N. The
lexicographic order <jx on (X L H)N is naturally defined from the order < on X LI H, that is, for
wo = (81,82,++),wi; = (t1,12,---) € (X U H)N, we have

/\Sizti)/\sn<tn.

i<n

wo <lex W1 &= dn € Ns.t.

Similarly, we define the lexicographic order <jex on (X LI )" for each n € N. Note that (X LI H)N
becomes a Polish space with the product topology as mentioned in Section 2.1.

As suggested at the beginning of this section, the important step of the proof of Theorem 1.1 is for
a boundary point & € dI'(G,Y U H), picking one geodesic ray in I'(G, X U H) from 1 to £ in a Borel
way. This is done by reading the labels of all geodesic rays from 1 to £ and comparing these labels by
the lexicographic order defined above. Definition 4.2 and Definition 4.3 are for setting up notations for
the labeling.

Definition 4.2. For w = (51,52, --) € (X U H)Y, we define the infinite path y* from 1 € G in
I'(G, X uH) by y" = (1,xw,1,%w 2, - - ), where the n-th vertex x,, , is defined by

Xw,n =81 Sn

for each n € N.
Definition 4.3. For & € dT'(G,Y L H), we define the subset G(&) of (X U H)" by

G(&) ={we (XUH)" | " is geodesic in I'(G, X UH) and Y-lim y* = & € (G, Y UH)}.
Remark 4.4. Note that the condition Y-lim y" = ¢ in Definition 4.3 implicitly requires that y"

converges to infinity in I'(G, Y UH) (see Definition 3.21). Also, for any & € I'(G,Y UH), the set G(£)
is nonempty by Proposition 3.22.
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We will show that picking one geodesic ray from G (&) is possible in Corollary 4.6. Lemma 4.5 is the
auxiliary lemma for this.

Lemma 4.5. For any ¢ € 0T'(G,Y UH), the set G(&) is closed in (X U H)N.

Proof. Note that (X L H)Y is metrizable. Suppose that a sequence (w;);2, in G(&) converges to
w € (X U H)N. It’s straightforward to see that y" is geodesic in I'(G, X L H). We will first show
|S(y";D)| = oo. Let S(1,&; D) = {C; < Cy < ---} (see Definition 3.25). Since w; € G(&) implies
S(y"i;D) =S(1,¢&; D) for any i € N, we have for any i,n € N,

dxun (1, You (Cn)) = dxun (L, v, (Cn)) +1 = dxup(1,Cp) + 1 (14)

by Lemma 3.15. For any N € N, we define k by k = dxu3(1,Cn+1) + 1. Since (w;):°, converges to
w, there exists / € N such that x,y, » = Xy, forany m € {1, .-, k} (see Definition 4.2). This implies
{C1, - ,Cn} €S, xy, k; D) = S(1,xy ;D) C S(y"; D) by equation (14) and Lemma 3.18. Hence,
we have |S(y";D)| = co since N € N is arbitrary. Since (w;);=1c0 converges to w, (X-lim y");—jc0
converges to X-limy" in T'(G, XUH). Hence, (Y-limy"i),—; co converges to Y-lim y" in 0T (G, Y LUH)
by Proposition 3.29. This implies Y-lim y" = £ by Y-lim y" = £,Vi € N. Thus, we have w € G(£). O
Corollary 4.6. For any ¢ € 0T'(G,Y UH), the element ming, G(&) exists.

Proof. For each n € N, we define the element sz, € X LI 'H and the subset G(¢), of G(¢) inductively
as follows:

sg1=min{s; € (XUH,<) [ 3Iw e G(€)s.t.w=(s1,5,--)},
GEn={weg@)|lw=_(sg1,8, )}
S¢gn+l = min{s,4y; € (XUH, L) | Iw e g(f)n s.t.w= (Sé:,], S, SE s Sntls -}
G 1 ={weG(EmIw=C(s¢g1, " »SenSentls )}

Note that each G(¢), is nonempty since G(¢) is nonempty. We define the element wg € (X L H)" by
we = (5£,1,5¢2,5¢ 3, --) and take an element w,, € G (&), for each n € N. Since (w},),=100 converges
towg in (X U H)N, we have we € G(€) by Lemma 4.5. Since we € (), G(€)n, We have we <jex w
for any w € G(¢). O

Definition 4.7 below is well-defined by Corollary 4.6.
Definition 4.7. We define the map ®: dT'(G,Y LK) — (X UH)Y by

@(&) = ming,, G(£).
For each ¢ € OI'(G,Y UH), we denote ®(&) = (s£,1,5£2,5¢.3,-" ).

We will show that the map ®(¢) is injective and continuous in Lemma 4.8 and Lemma 4.9. This will
finish the step of picking a geodesic ray for a boundary point.

Lemma 4.8. The map ®: 0T'(G,Y UH) — (X UH)Y is injective.

Proof. This follows since we have & = Y-lim y®(¢) for any & € dT'(G, Y U H). O

Recall that we put the discrete topology on the countable set X LI H and the product topology on
(X uH)N.

Lemma 4.9. The map ®: 0T'(G,Y UH) — (X UH)" is continuous.
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Figure 5. Proof of Proposition 4.10.

Proof. 1t’s enough to show that for any ¢ € 0I'(G,Y U H) and any k € N, there exists an open
neighborhood U of ¢ in dI'(G,Y U H) such that s,, , = s¢ , foranyn € U and any n € {1,---,k}.
Indeed, given & € OT'(G,Y U H), the open sets {V, };7 | defined by Vi = {(sn)2, € (X U )Y | s, =
Sgn,¥n € {1,---,k}} form a neighborhood basis of ®(&). Hence, for any open neighborhood V of
(&), there exists k € N such that Vi C V. For this k, we will be able to take an open neighborhood
U of ¢ such that ®(U) c V. This will imply continuity of ® at £. Hence, we will get continuity of @
since & € OI'(G,Y U H) is arbitrary.

Let S(1,£; D) = {C| < C; < ---} (see Definition 3.25). By lim; e dxu (1, C;) = oo, there exists
N € N such that dxyx (1,Cxn) > k. By Proposition 3.23, there exists an open neighborhood U of
& in OI'(G,Y U H) such that for any 7 € U and any w € G(7), the path y" penetrates C; for any
ie{l,---,N}. Letn € U. We define m by m = dxuy(1,Cy) for brevity and let Cy be an H -coset.
We claim

(G515 sSm) € (XUH)™ | Bw e Gm) stow = (s1, - »8Sms- )}

={(s1," ,5m) €E XUH)" | IweG(&)st.w=_(s1, " ,Sm" ")} (15)

Indeed, for any w; € G(n) and wy € G(£), let ey, e5 be the edges in T'(G, X LI ‘H) whose labels are
in H, such that e, is from y}"' (Cy) to y,2,(Cn) and ey is from y?(Cn) to v, (Cn). We have
Xwi,m = 7;:1] (Cn), Xwy,m+1 = J’:;V,it(CN), Xwy,m = 7;:12(CN)’ and Xwy,m+1 = V(V)V,i,(CN) by Lemma 2.36.
Hence, the paths 1, @, defined by

and ap = yEV2

— AW w2 wi
@ = y[l,xwl ,m] ely[ l,xwz,m]ezy[xwl,rn+] ,00)

Xwy,m+1 ,00)
are geodesic in I'(G, X U #H). By Y-lim @) = Y-lim y"*2 = ¢ and Y-lim @, = Y-lim y"*' = 5, we have
a1 € G(€) and as € G(n). This implies equation (15). By equation (15), we have s, , = s¢ , for any
nef{l,---,m}. O

We are now ready to show hyperfiniteness of the boundary action in Proposition 4.10, which is
essentially the proof of Theorem 1.1. The difference of the conditions in Proposition 4.10 from those at
the beginning of this section is that we further assume that A is finite.

Proposition 4.10. Suppose that G is a countable group, X is a subset of G and {H,},en is a finite
collection of subgroups of G hyperbolically embedded in (G, X). Let C > 0 as in Proposition 2.30,
and fix D > 0 satisfying D > 3C. We also define the subset Y of GbyY = {y € G | S(1,y; D) = @}
as in equation (4). Then, the orbit equivalence relation Eg on 0I'(G,Y U H) induced by the action
G ~ IT'(G,Y UH) is a hyperfinite CBER.

Proof. Since G is countable, T'(G,Y U H) is Polish being a closed subset of the Polish space G U
I'(G,Y UH) by Lemma 4.1. Since dT'(G, Y LH) is a Polish space and G is a countable group acting on
OT'(G,Y U H) homeomorphically, Eg is a CBER by Lemma 2.7. We will show that E¢ is hyperfinite.
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Define the subsets R, R of (dT'(G,Y U#H))> by R = (® x ®)"'(E,(X LU H)) and R, = RN Eg
(see Definition 2.8 for E;(X U #H)). Since E;(X U H) is hyperfinite by Proposition 2.9 and the map
@ is an injective Borel measurable map by Lemma 4.8 and Lemma 4.9, R is a hyperfinite CBER on
OT'(G,Y U H). Hence, R; is also hyperfinite. We define the constant K by

2
K= I}lla/i(|{h€HA|czl(1,h)S4C}| . (16)
€

Note K < oo, since A is finite by our assumption and each gl} is locally finite. We will show that each
E-class is composed of at most K equivalence classes of R;. This implies that Eg is hyperfinite by
Proposition 2.10. Suppose for contradiction that there exist &, &1, -+ ,éx € dT'(G,Y U H) such that
(&i,€j) € Eg \ Ry for any distinct i, j € {0,1,--- ,K} (i.e.,i # j). Foreachi € {0,1,---,K}, there
exists g; € G suchthat g;& = & by (&, &0) € Eg. Wetake gy = 1.Let S(y®(9); D) = {C; < C, < ---}.
By Corollary 3.28, there exists Ny € N such that for any i € {0,1,---,K} and any n > Ny, the path
giy®(é) penetrates C,, and satisfies equation (11). Define m; by

m;i = dxon(gi, (8ry* )i (Chy)

foreachi € {0,1,---,K}.Note mg = dxun (1, Cn,). Forany distincti, j € {0,1,--- , K}, (&,&)) € Ry
implies (®(&;), P(&;)) ¢ E;(X U H). Hence, there exists k € N such that

(Sgmivts s Sgmenk) F (Sgmye1s 5 Sgpmy+k) 17)

for any distinct i,j € {0,1,---,K}. On the other hand, there exists Ny € N such that

dxum (1,2 (Cny)) > mo + k by lim,e dxon (1, ¥ (C,)) = oo. Define £ € N by € =

dxu1(Cny, Cn,) + 1. By Lemma 3.3, we have
dxon ((gry2 4N (Cy), (giy2 )i (Cny)) = € and dxow(gis (802 4)in(Chy)) = my + €

for any i € {0,1,---,K}. In particular, my + € = dXUH(l,y?:l(‘f")(CNl)) > mg + k implies £ > k. By
equation (11), the set

{((gi?’q)(gi))in(CNo), (gﬂd’(f")),-n(CNl)) €GxXG | i=0,1, - K}

has at most K elements (see equation (16)). Hence, by the pigeonhole principle, there exist distinct
i,j€{0,1,---,K} such that

(874 (Cry) = (877*9)in(Civy) and (gi¥® )i (Cy) = (g7 )in(Ciyy). (18)

By equation (18), minimality of ®(¢;) in (G(&;), <iex), and minimality of ®(&;) in (G(&;), <iex), We
have

(sfi,m,*+ls e asfi,m,‘+()) = (sfj,m]‘+1s e asfj,mj+f)- (19)

Indeed, suppose for contradiction that equation (19) doesn’t hold. We assume without loss of generality,
(sfi,mi+l’ Tt S.fi,mi+[) <lex (Sfj,m_,‘+13 ) Saf_,»,m_,—+€) and deﬁne av b by a = (gly®(§l))ln(CN0) and
b = (g;¥®(¢));,(Cy,) for brevity. By equation (18), the path

‘D(fi))[

@ = (87" g1 (817 a1 (877" ) b ,o0)

is well-defined. Since a is a geodesic ray in T'(G, X UH) from g; satisfying Y-lim @ = Y-lim g;y®(¢/)
gj&j, the path gj_.la is a geodesic ray from 1 with Y-lim gj‘.la' = £;. Hence, we have Lab(a) =
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Lab(gj_.la) € G(&;), where Lab denotes labels of paths in I'(G, X U H). On the other hand, we
haVe Lab(a) <lex Lab(g]’yd)(f,)) = (D(§]) by (sfi,mﬁl» e »sfi,mﬁ[) <lex (sfj,mj+1a e ,Sfj,mj+€)-

This contradicts that ®(&;) is minimal in (G(&;), <iex). Hence, we have (g m+1,** » S&.mi+e) Zlex
(Sé:j’mj+], e ,Séi,mj_;,[). We can also show the converse inequality from minimality of ®(&;) in
(G(&), <1ex)- Thus, we get equation (19), which contradicts equation (17) by € > k. m]

Proof of Theorem 1.1. By Theorem 2.39 (AHy), there exist a proper infinite subgroup H and a subset
X of G such that H <), (G, X). Let C > 0 as in Proposition 2.30, and fix D > 0 satisfying D > 3C.
We also define the subset Y of Gby Y = {y € G | S(1, y; D) = @} as in equation (4). By Theorem 2.41
and Lemma 2.43, the Caylay graph I'(G, Y U H) is hyperbolic, |0I'(G,Y U H)| > 2, and the action of G
on I'(G, Y U H) is acylindrical. By Proposition 4.10, the orbit equivalence relation E¢ induced by the
action of G on OI'(G, Y U H) is hyperfinite. Thus, S = Y U H is a generator of G satisfying the statement
of Theorem 1.1. m]

5. Application to topologically amenable actions

In this short section, by applying Theorem 1.1 we will prove that any countable acylindrically hyperbolic
group admits a topologically amenable action on a Polish space (see Theorem 5.5). We begin with
introducing some facts about topologically amenable actions and stabilizers of boundary points for a
group acting on a hyperbolic space. For more on topologically amenable actions, readers are referred
to [3].

Definition S.1. Suppose that G is a countable group and X is a Polish space. A homeomorphic action
G ~ X is called topologically amenable if for any finite subset S of G, any compact set K of X and any
& > 0, there exists a continuous map p: X — Prob(G) such that

max sup [|p(gx) —g - p()ll <e&.
8€S xeK

Theorem 5.2 immediately follows from Theorem A.1.1 and Theorem A.3.1 of [8] and connects
hyperfiniteness and topological amenability of group actions. Note that in Theorem A.3.1 of [8], the
condition that the Polish space is o-compact is used only to show that topological amenability implies
Borel amenability.

Theorem 5.2. Let G ~ X be a homeomorphic action of a countable group G on a Polish space X. If
Eé is hyperfinite and for any x € X, its stabilizer Stabg(x) = {g € G | gx = x} is amenable, then
G ~ X is topologically amenable.

Proof. Hyperfiniteness of Eé and amenability of stabilizers imply Borel amenability of the action
G ~ X by [8, Theorem A.1.1]. Borel amenability trivially implies measure-amenability by their
definitions. Measure-amenability implies topological amenability by [8, Theorem A.3.1]. O

We will next show that boundary stabilizers of a group acting acylindrically on a hyperbolic space
are amenable in Lemma 5.4. Lemma 5.3 is auxiliary for Lemma 5.4. Both of these lemmas should be
well-known to experts, but I will record the sketch of proofs for convenience of readers. Note that the
(1, 8)-quasi-geodesic ray p in Lemma 5.3 may not be continuous.

Lemma 5.3. Suppose that (S, ds) is a 6-hyperbolic geodesic metric space with § € N, then for any
o0 € Sand¢ € 98, there exists a (1, §)-quasi-geodesic ray p from o to &, that is, p: [0, c0) — S satisfies
p(0) =0, SUp ;0,00 [ds(p(5), p(1)) = s —t]] < 6 and limse0 p(s5) = &.

Proof. Let (x,);”, be a sequence of points in § that converges to £. By taking a subsequence of (x,),? |
if necessary, we may assume that for any n,m € N with n < m, (xn,xm)f > n holds since we have

limy, —00 (X, X,m)5 = c0. For each n € N, take a geodesic path p,, from o to x,,. Note that (x,, x,,)5 > n
implies ds (0, x,) = n for any n € N. Define the map p: [0,00) — S as follows. For each n € N, p
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isometrically maps [n — 1, n) to the subpath g, of p, satisfying ds(0,g,-) =n—1.Byds(0,qi-) =0,
we have p(0) = o. Let s, > 0 with s < ¢, then there exist n,m € N such that s € [n — 1,n) and
t € [m—1,m). We have n < m. Let a € S be the unique point on p,, satisfying ds(o, a) = s. Since a
and p(¢) are both on the geodesic path p,,, we have ds(a, p(t)) = ds(o, p(t)) — ds(o,a) =t — 5. By
(Xn,Xm)5 = n > s, we have ds(p(s),a) < 6. Hence, we have

lds(p(s), p(1)) = |s = 1]] = |ds(p(s), p(1)) = ds(a, p(1))| < ds(p(s),a) <6

for any s, > 0 with s < ¢. It’s not difficult to show that for any N € N, if n,m > N, then (x,,, p(m))5 >
N — 6. This implies lim;_, p(s) = £. O

Lemma 5.4. Suppose that (S, ds) is a 5-hyperbolic geodesic metric space with 6 € N and a group G
acts on S isometrically and acylindrically. Then, for any & € 38, the stabilizer Stabg (¢) of € is virtually
cyclic.

Proof. Let & € 0S and H = Stabg (£). Since the action G ~ S is acylindrical so is H ~ S. Hence, by
[19, Theorem 1.1] H satisfies exactly one of the following three conditions: (a) H has bounded orbits;
(b) H is virtually cyclic and contains a loxodromic element; (c) H contains infinitely many independent
loxodromic elements. Since H fixes &, (c) cannot occur. We will show that in case (a), H is finite (hence
virtually cyclic). Fix o € S, and define € by & = sup,cy d(0,g0) < oo. By Morse lemma (see [2,
Chapter II1. H, Theorem 1.7]), there exists a constant K(8§) > 0 such that for any (1, §)-quasi-geodesic
path g and any geodesic path ¢’ from ¢_ to g, the Hausdorff distance between ¢ and ¢’ is at most K (5).
Define &’ by &’ = € + 4K (6) + 76. Since H ~ S is acylindrical, there exist R, M € N such that for any
x,y € S with ds(x,y) > R,

{g € H|ds(x,gx) <& andds(y,gy) <&’} < M. (20)

By Lemma 5.3, there exists a (1, §)-quasi-geodesic ray p from o to £. Let g € H, then by g&€ = £ the
path gp is a (1, §)-quasi-geodesic ray from go to £. Take a real number s > 0 satisfying ds (o, p(s)) >
max{e + K(9), R}, then by Morse lemma and ds (o, p(s)) > ds(o0, go) + K(9), there exists t > 0 such
that ds(p(s), gp(t)) < 2K(8) + 26. This implies

ds(gp(s),gp(1)) = ds(p(s),p(1)) < |s — 1] +6 < |ds(o, p(s)) - ds(go,gp(1))| +36
< ds(0,80) +ds(p(s),gp(t)) +36 < e +2K(6) + 26 + 36.

Hence, we have ds(o0, go) < &’ and ds(p(s),gp(s)) < ds(p(s),gp(t)) +ds(gp(t),gp(s)) < & for
any g € H. By ds (0, p(s)) > R and equation (20), this implies |H| < M. O

Now, we show topological amenability of the boundary action. We restate Corollary 1.2 as Theorem
5.5 here. This is an immediate corollary of the above facts and Theorem 1.1.

Theorem 5.5. For any countable acylindrically hyperbolic group G, there exists a generating set S of
G such that the corresponding Cayley graph T'(G, S) is hyperbolic, |0T' (G, S)| > 2, the natural action
of G on I'(G, S) is acylindrical, and the natural action of G on the Gromov boundary 0T’ (G, S) is
topologically amenable.

Proof. Take the generating set S of G in Theorem 1.1. Since the action G ~ I'(G, S) is acylindrical,
the stabilizer Stabg (&) is amenable for any & € dT'(G, S) by Lemma 5.4. This and hyperfiniteness of
the action G ~ OI'(G, S) imply that G ~ 0T'(G, S) is topologically amenable by Theorem 5.2. O

6. Appendix (more on path representatives)

This section is continuation of Section 3. G, X, {H } e, C, D,Y are the same as were defined at the
beginning of Section 3. We will list more results on path representatives of the Gromov boundary
OT'(G,Y U H) for possible future use.
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After recording the result that AT'(G, Y LI H) is homeomorphic to a certain subset of dT'(G, X LI H)
(see Proposition 6.2), which was essentially proved in Section 3, we will first show that any two distinct
points of 9I'(G, Y LI'H) can be connected by a bi-infinite geodesic path in I'(G, X LI'H) (see Proposition
6.5). By using this path representative, we will extend the notion of Hull-Osin’s separating cosets to
pairs of points in I'(G,Y L ‘H) (see Definition 6.9). Finally, we will verify that this generalization
of separating cosets to boundary points satisfies similar properties to those of Hull-Osin’s separating
cosets (see Lemma 6.11 and Proposition 6.14).

In Definition 6.1, we define the set of limit points in dT'(G, X LI H) of all nice geodesic rays in
I'(G, X L H). This set turns out to be homeomorphic to dT'(G,Y U H).

Definition 6.1. We define the subset A of ' (G, X U H) by
A={&€dl(G,XUH) | Ty: geodesicray inT'(G, X UH) s.t. [S(y; D)| = o0 A X-limy = &'}

For ¢’ € A, take a geodesic ray vy in I'(G, X LI ‘H) such that |S(y; D)| = co and X-lim y = &’. The
geodesic ray y converges to infinity in I'(G,Y U H) by Lemma 3.20 and the limit point Y-lim vy is
independent of y taken for &’ by Proposition 3.29 and Lemma 3.27. Hence, this defines the well-defined
map ¥V: A — dT'(G,Y UH) by

P(&£) =Y-limy.

Proposition 6.2. The map ¥ is a homeomorphism from A to 0T (G,Y U H).

Proof. Injectivity and surjectivity of ¥ follow from Corollary 3.28 and Proposition 3.22, respectively.
Continuity of ¥ and ¥~! follow from Proposition 3.29 and Proposition 3.23, respectively. O

Remark 6.3. By Proposition 6.2 and the Luzin-Souslin Theorem (see [15, Corollary 15.2]) for ¥~!,
the set A is Borel in 0I'(G, X U H). It’s interesting to know whether the geodesic boundary is Borel or
not in dT'(G, X L H). Recall that the geodesic boundary of a geodesic hyperbolic metric space S is the
set of all points in the Gromov boundary 9 that can be realized as the limit point of a geodesic ray in S.

We will now begin our discussion to extend the notion of Hull-Osin’s separating cosets to pairs of
boundary points, which completes in Definition 6.9. Definition 6.4 sets up notations for the endpoints
of a bi-infinite geodesic path.

Definition 6.4. Suppose that y = (--- ,x_1, X0, X1, --) is a bi-infinite geodesic path in I'(G, X U H)
such that the sequences (x,,),” | and (x,), =, converge to infinity in I'(G, Y U H). We denote the limit
point Y-lim,,_,.,x, in 0T'(G,Y UH) by Y-lim y, and the limit point Y-lim,,_,_c.x,, in dT'(G,Y U H) by

Y-limy_.

As we did in Proposition 3.22, we first show that two distinct boundary points can be connected by
a bi-infinite geodesic path of the smaller Cayley graph.

Proposition 6.5. For any two distinct points £, € OI'(G,Y U H), there exists a bi-infinite geodesic
pathy in (G, X UH) such that Y-lim y_ = £ and Y-lim y, = 1.

Proof. By Proposition 3.22, fix geodesic rays @ = (1,x1,x2,---),8 = (1,y1,y2,---) in['(G, X UH)
from 1 such that Y-lim @ = ¢ and Y-lim 8 = 5. Since € # 7, it’s straightforward to see that there exist
R, mg € N such that for any i, j > my,

(i i < R 21)
For each n > my, fix a geodesic path y, inI'(G, X UH) from x,, to y,,. Also, take a geodesic path [x;, y,]

in'(G,Y UH) for each n > my, then there exists a vertex z,, € [xy, y,] such that dyyy (1, z,,) < R+6y
by equation (21) and we can take a vertex z,, € y, satisfying dyuy (z),, zn) < Mx by Lemma 3.7 (b).
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:I;22’Y Y22
. 122 Vi1[ay,b1] :
5 Y22[az,a1] __— — V22[b1 b2]
as 33[as,az] as = ay by = by V33[ba,bs] by
< Y33 1 . .
33 S Y11 LES

Figure 6. The bi-infinite path vy in the proof of Proposition 6.5.

This z,, satisfies

dyun(1,z,) < R+ 6y + Mx (22)

for each n > my. Let S(a; D) = {C{" < Cy < ---} and S(B;D) = {Cf < Cf < ---}, and let
each C{* (resp. C’B) be a coset of Hjo (resp. H B) Define I by I = 3(R + 6y + Mx) + 2. We claim
that for any i,n € N satisfying I < i and dXUH(l @our (C})) < n, v, penetrates C{*. Indeed, let
S(xp, ;D) ={B; < --- < Bm}.ByapplylngLemmaH 18toaand S(1,x,; D), wehave B,,,_(j_1) = C¢

J
forany j € {1,---,i}. Since we have 3dyyy(1,z,) +1 < i— 1, the path y,, penetrates C* (= B, (i-1))

by applying Lemma 3.11 to x,, 1, ¥[x,.z,]- By applying Lemma 3.2 to (a“,xn])’l and vy,,, we have
dae (@our (CF), (V3 Dour (CF)) = daz (1,5, )i (CF), (yn)in(C)) < 3C.

In the same way, we can also see that for any i,n € N satlsfylng I <iand dxuw (1, Bour (Cl+1)) < n, the
path vy, penetrates C’8 and we have d_ p (ﬁou,(C ), ¥n ou,(C )) < 3C. Since d. 1o and d are locally
finite for any i € N, the sets A;, B; defined by

Ai=1{h € C | dye (h, @ (Cf)) <3C} and By = {h € C¥ | d g (h, Bousr (C)) < 3C}

are finite for any i € N. Hence, by the above claim for i = /, there exist a subsequence (yix),, of
(Yn)nem, and vertices a; € Ay, by € By such that {a|,b1} C yx for any k € N. By repeating this

argument for i = [ + 1,71+ 2,--- and taking subsequences, we can see that there exist a sequence of
subsequences (Yik)pe; 2 (Y2k)pe, O -+ and vertices a, € Apsn-1, by € Brin-1 for each n € N such
that {a,, -+ ,a1,b1, -+ ,bn} C yui for any n, k € N. Take the diagonal sequence (yxx),-,, then for

any n, k € N satisfying k > n, we have
{an,”',a17b],”"bl’l}c’ykk' (23)

Define the bi-infinite path y in I'(G, X U H) by

Y= U Ynnlan.an-1] Y V11[arbi] Y U Ynn{bu-1.bal-

i=2 n=2
By equation (23), y is geodesic in I'(G,X U H). By dyuw(an, @ou:(Cy,,_;)) < 1,Yn € N and
Y-limy—co@our (Cf,,_,) = &, we have Y-lim,ca, = &. This implies Y-lim y_ = Y-lim,,ca, = £ by
Lemma 3.20. Similarly, Y-lim, b, = n implies Y-lim y, = 7. O

As in Definition 3.12 and Definition 3.16, we next define separating cosets for a bi-infinite geodesic
path and align these separating cosets based on the order of their penetration.
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Definition 6.6. For a bi-infinite geodesic path y = (--- ,x_1, xp,X1,---) in ['(G, X UH), we define the
set S(y; D) of cosets by

S(y;D) = U S(xn, Xm; D).

n,mezZ,n<m

We call an element of S(y; D) a (y; D)-separating coset.

Remark 6.7. In Definition 6.6, we have S(y; D) = U, e S (x—n, X,; D) by Lemma 3.1. Also, since y
penetrates all cosets in S(y; D) by Lemma 2.35, we can define the relation < on S(7y; D) as follows: for
any C,C; € S(y; D),

Ci 2Cy & 3N €Zs.t.Vn < N,dxup (xn, ¥in(C1)) < dxuw (xn, vin(C1)).

We can see that the relation < is a linear order. We write S(y; D) = {--- < C_1 < Cy < C; = ---}
considering this order.

As in Corollary 3.24, we finally show that two bi-infinite geodesic paths with the same endpoints
have the same separating cosets. This enables us to define separating cosets for a pair of boundary points
using a bi-infinite geodesic path connecting them.

Lemma 6.8. Suppose that £, € 0T (G,Y U H) are distinct and a, B are bi-infinite geodesic paths
in T'(G,X UH) such that Y-lim a_ = Y-lim B_ = ¢ and Y-lim @, = Y-lim B, = n. Then, we have
S(a; D) = S(B; D).

Proof. Leta = (--- ,x_1,x0,%1,---) and S(a; D) ={--- 2 C_1 £ Cp = C; £ ---}.ByY-lima_- =
Y-lim B_, Y-lim a; = Y-lim B,, and Corollary 3.28, there exists N € N such that 8 penetrates
C_, and C, for any n > N. For any i € Z, there exists m € N such that C; € S(x_;,x,; D) by
Remark 6.7. For N and m, there exists n > N such that a[x_,. x,.] € @[apu(Cn),aim(Cy)]- Since this
implies C; € S(aour(C-pn), @in(Cy); D) by Lemma 3.1, there exists a geodesic path p in I'(G, X U
‘H) from @y (C-p) to @in(Cp) that essentially penetrates C;. Let C_,,C,, be cosets of Hy ,,H,,,
respectively, and let e, ex be the edges of I'(G, X U H) with their labels in H, ,, H,,, respectively,
such that e is from ;,(C-,) to @, (C—,) and e; is from a;,(Cp) to Bou:(Cy). Since we have
dx i (@out (C-n), @in(Cp)) = dxur (Bour (C-n), Bin(Cn)) = dxun(C-_pn, Cy) by Lemma 3.3, the path
e1pes from B;, (C—y) to Bous (Cy) is geodesic in I'(G, X L'H) and essentially penetrates C;. This implies
C; € S(Bin(C-1), Bou: (Cp); D) C S(B; D). Hence, we have S(a; D) C S(B; D). Similarly, we can also
see S(B; D) c S(a; D). O

We can now extend the notion of Hull-Osin’s separating cosets to a pair of boundary points in the
same way as Definition 3.25.

Definition 6.9. For &, € 0I' (G, Y UH) with ¢ # n, we take a bi-infinite geodesic pathy in['(G, X UH)
satisfying Y-lim y_ = £ and Y-lim y, = 7, and define the set S(&, i7; D) of cosets by

S(&,m;D) = S(y: D).

We call an element of S(&, i7; D) a (£, n7; D)-separating coset. For convenience, we also define S(&, &; D)
by S(¢&,&;D) =@ forany & € 0T (G,Y UH).

Remark 6.10. Definition 6.9 is well-defined by Proposition 6.5 and Lemma 6.8. Also, S(&,n; D) is
exactly the set of all cosets that are essentially penetrated by some bi-infinite geodesic path 7y in
I'(G, X UH) satisfying Y-lim y_ = ¢ and Y-lim y, = 7.

Our next goal is to show Proposition 6.14, which is an analogue of [12, Lemma 3.9]. We first prepare
auxiliary results. For distinct elements &£, 7 € 0T'(G, Y UH), if a bi-infinite geodesic path in ' (G, X LIH)
satisfies Y-lim y_ = £ and Y-lim vy, = 1, then we say that vy is from & to 7.

Lemma 6.11 below is analogous to Lemma 2.35.
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QOut(C')

Pout(Ci) pin(Ci)
Ci P Ci
Figure 7. Proof of Lemma 6.11.

Lemma 6.11. Let D > 6C. For any distinct elements £,1,¢ € OU(G,Y UH) and any B € S(&,1n; D),
B is either penetrated by all bi-infinite geodesic paths in T'(G, X UH) from & to { or penetrated by all
bi-infinite geodesic paths in T'(G, X UH) from { to n.

Proof. Let S(¢,m7;D) ={--- < C_; < Cy = Cy < ---}, and suppose that there exist j € Z and a bi-
infinite geodesic path ¢ in I'(G, X UH) from ¢ to { that doesn’t penetrate C;. Take a bi-infinite geodesic
path p in I'(G, X U H) from & to 7 that essentially penetrates C;. For any bi-infinite geodesic path & in
I'(G, X UH) from ¢ to n, there exists an H,-coset B’ and i, k € Z with i < j < k such that B” (resp.
C;, Cy) is penetrated by both g and @ (resp. p and ¢, p and @) by Corollary 3.28. Note B’ # C; since
q doesn’t penetrate C;. Let C;, C;, Cy be cosets of Hy,, H),, Hy,, respectively, and let e, e, e3 be the
edges in I'(G, X U H) with their labels in H,,, H), H,, , respectively, such that e; is from p,,;(C;) to
Gout (Cy), ey is from g, (B’) to @y, (B’), and e3 is from a;,(Cx) to pin(Cy). If @ doesn’t penetrate
Cj, then the component of py,, ., (Ci).pin(Cr)] COTTESponding to C; is isolated in the geodesic hexagon
€14 (s (Co)in (B)1 €2 [0 (B'). 1 (C) 163 (P [pou (Co).pin(€))) ™ Y Cj & {Ci i, B'}. This implies
d, ;(Pin(Cj), pour (C;)) < 6C by Proposition 2.30. This contradicts that p essentially penetrates C;
since we assume D > 6C. Thus, @ penetrates C;. O

Lemma 6.12 below means that if a geodesic ray converges to one endpoint of a bi-infinite geodesic
path, then the geodesic ray penetrates separating cosets of the bi-infinite path in the same order as the
order of the separating cosets.

Lemma 6.12. Let D > 4C. Suppose that £, € OT'(G,Y U H) are distinct and « is a geodesic ray in
I'G,XUH)froma- € Gton. Let S(¢,m;D) ={--- < C_; £ Cy = Cy < ---}. If @ penetrates C; for
some i € Z, then the subpath «|q,,,(c;),~) penetrates Ci,1.

Proof. By Ciy1 € S(&,1; D), there exists a bi-infinite geodesic path 8 in I'(X U H) from ¢ to 7 that
essentially penetrates C;y;. By Y-lim @ = Y-lim 8, = 5 and Corollary 3.28, there exists j with j > i + 1
such that C; is penetrated by both @ and S and satisfies dxuy (-, @in(C;)) < dxup(a-, @in(Cj)).
Note that g penetrates C;. Let C;, Ciy1, C; be cosets of Hy,, Hy,,,, H A respectively, and let eq, e
be the edges in I'(G,X U H) with their labels in H,,, H,,, respectively, such that e; is from
@our (Ci) t0 Bour(C;) and ey is from @;,(Cj) to B;,(C;). If the subpath a|q,,,(c;),) doesn’t
penetrate Ci.1, then the component of Big,,, (c).i.(c;)] corresponding to Ciyy is isolated in the
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Bout(Ci) Bin(C) 1
Figure 8. Proof of Lemma 6.12.

xo «

TRl

Figure 9. Proof of Lemma 6.13.

geodesic quadrilateral elﬁ[ﬁout(Ci)’ﬁl.”(cj)]egl(a[aom(cl.),am(cj)])‘l by Cis1 € {C;, C;}. This implies
‘Zlm (Bin(Cit+1), Bour (Ciz1)) < 4C by Proposition 2.30. This contradicts that B essentially penetrates
Ci41 since we assume D > 4C. Thus, ¢[q,,,(C;),~) penetrates Ciy. m]

Lemma 6.13 below enables us to create a new bi-infinite geodesic ray by concatenating two geodesic
paths.

Lemma 6.13. Suppose that £, € U (G,Y U H) are distinct, « is a geodesic ray in T'(X U H) from
a- € G ton, and B is a bi-infinite geodesic path in I'(X U H) from & to n. If @ and B penetrate an H -
coset B satisfying du,(Bin(B), Bour (B)) > 3C and e is the edge inI' (G, X UH) from Bin(B) to &our (B)
whose label is in H,, then the bi-infinite path (—c g;,(B)]€X[ayu: (B),c0) IS geodesic inI'(G, X LI'H).

Proof. Let @ = (xg,x1,---) and B = (---,¥_1,¥0, Y1, -+ ), and let N € Z satisfy yny = Bin(B). Fix
i € Z with i < N. There exist k € N and a geodesic path p in I'(G, X L H) from y; to xx such
that the path pa|y, ) is geodesic in I'(G, X U H) by Lemma 3.27. By Y-lim & = Y-lim B, = 7
and Corollary 3.28, there exists a Hy,-coset By € S(a, D) such that 8 penetrates B; and we have
dxun (x0,xk) < dxup (X0, @in(B1)) and dxuy (i, Bin(B)) < dxu3(yi, Bin(B1)). Let e be the edge in
I'(G, XuH) from a;, (B1) to Bin (B1) whose label is in H,, . Define the path g by ¢ = pa[x, .0, (8,)]- and
consider the geodesic triangle A = ge1(B(y, g, (81)]) "' - The component of B|y, 4., (8,)] corresponding

to B cannot be isolated in A by Proposition 2.30 and 6?1-11 (Bin(B), Bour (B)) > 3C. By this and B # By,
the path g penetrates B. Hence, we have

dxun (i, Bin(B)) = dxun (yi» qin(B)) (= dxu(yi, B))
and  dxun (@our (B), @in(B1)) = dxu3(qour (B), @in(B1)) (= dxun(@in(B1), B))
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Figure 10. Proof of Proposition 6.14.

by Lemma 2.36. This implies

1B 1yi,Bin (B)1 X[ aour (B),ain (B1) ]| < dxur (Vis Bin(B)) + 1 + dxuri(@our (B), @in(B1))
=dxun (i, qin(B)) + 1 + dxun (qous (B), ain(B1))
= |q| = dxun (yi> @in(B1)).

Hence, the path r defined by r = By, g..(B)|€¥ [ au: (B).ain(By)] 1S geodesic in I'(G, X U H) and has
the same endpoints as g. This implies that B[y, g...(B)]€®¥ [ ayu: (B),00) (= T@[ s, (B1),00)) is geodesic in
['(G, X U H) since qa|q,,(B)),0) (= PA[x;,0)]) is geodesic in I'(G, X L H). Since i with i < N is
arbitrary, this implies that 8(_«_g,,(B)]€¥ [y (B),0) i geodesic in ['(G, X LIH). ]

We are now ready to show Proposition 6.14. The proof is similar to [12, Lemma 3.9] modulo the
above auxiliary lemmas.

Proposition 6.14. Let D > 11C. Forany é,n,¢ € G U JT'(G,Y UH), S(&,n; D) can be decomposed
into S(¢,m;D) = 8" US” UF such that S’ c S(¢,¢;D), S” € S(¢,n; D), and |F| < 4.

Proof. We will only show the case where &,1,¢ € 0T'(G,Y U H) and &, 7, ¢ are all distinct because
the proof of other cases is similar. Let S(¢,77;D) = {--- < C-; = Cy <= C; < ---}, and define
Pe = {i € Z | Vy: bi-infinite geodesic path in I'(G, X L H) from ¢ to { penetrates C;} and P,, =
{i € Z | Vy: bi-infinite geodesic path in I'(G, X U H) from ¢ to n penetrates C;}. By Lemma 6.11,
we have Z = Pg U Py,. Suppose for contradiction that there exists a sequence (ix);2, in Pg such
that limg_,. iy = oo. Take bi-infinite geodesic paths p,q in I'(G, X U H) such that p is from & to ¢
and ¢q is from ¢ to 5. Since iy € Pz implies dyuy (pin(Ciy), qin(Ciy)) < 1 for any k € N, we have
{ =1limg 00 pin(Ci,) = limg e ¢in(Cy, ) = €. This contradicts our assumption that &, 77, { are distinct.
Hence, there exists i; € Z such that Pz N [ij, o0) = @. Similarly, we can see P,, N (=0, i>] = @ for
some i € Z. In particular, P,, is nonempty and min P,, exists. Define N by N = min P,,.

We claim {C; | i > N +2} c S({,n; D). Fix a bi-infinite geodesic path 8 in I'(G, X U H) from
{ ton. By N € P, the path 8 penetrates Cy. Hence, the subpath Sg, ., (Cy),~) Penetrates Cy 41 by
Lemma 6.12. Let Cp 41 be an H,-coset, then we have J/l(ﬁin(CNH),Bout(CNH)) > 3C. Indeed, take
a bi-infinite geodesic path p’ in I'(G, X L H) from ¢ to 7 that essentially penetrates C . By applying
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Lemma 3.4 to Cy and Cpy.1, we have J/l(p:-n(CNH),ﬁin(CNH)) < 4C. By the same argument for

Cn+1 and Cp 42, We can also see ch(p;u,(CN+1),,80ut(CN+1)) < 4C. Since p’ essentially penetrates
Cn+1, this implies

d1(Bin(Cn+1)» Bout (C+1))

> (P (CN+1)s Pt (Ch41)) = da(Bin(Cns1)s P (C+1)) = da(Bout (C41)s Pl (Cis1)) (24
>D—-4C -4C > 3C.

For any i > N + 2, there exists a bi-infinite geodesic path « in I'(G,X U H) from & to n that

essentially penetrates C;. Note that @ penetrates Cp.;. Let e be the edge in I'(G,X U H) from
Bin(Cn+1) t0 @ous (Cn 1) Whose label is in Hy. By Lemma 6.13, the bi-infinite path y defined by
Y = B(=co,Bin (Cns1) | €X  apu: (Cya1),00) 18 geodesic in ['(G, X LI H) and essentially penetrates C;. This
implies C; € S(y; D). On the other hand, we have S(y; D) = S({,n; D) by Y-limy_ = Y-lim 8_ = ¢
and Y-lim y, = Y-lim @; = 5. Thus, we have {C; | i > N +2} C S({,n; D). Similarly, we can also see
{Ci |i < N -3} c S(¢,¢;D) since we have N — 1 € Pz by Z ="Pg UP,, and N = min P,,. Thus, we
get the desired decomposition by defining S’,S”, Fby 8’ ={C; | i < N-3},8" ={C; | i > N+2}
and F = {Cn—2,Cn-1,CN,Cna41} m]
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