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LINEAR PROJECTIONS AND SUCCESSIVE MINIMA

CHRISTOPHE SOULE

Abstract. Let X be an arithmetic surface, and let L be a line bundle on X.
Choose a metric h on the lattice A of sections of L over X. When the degree of
the generic fiber of X is large enough, we get lower bounds for the successive
minima of (A, h) in terms of the normalized height of X. The proof uses an
effective version (due to C. Voisin) of a theorem of Segre on linear projections
and Morrison’s proof that smooth projective curves of high degree are Chow
semistable.

In arithmetic geometry, cohomology groups are not vector spaces as in
classical algebraic geometry but rather are Euclidean lattices. As a conse-
quence, to understand these groups we need to evaluate not only their rank
but also their successive minima, which are fundamental invariants in the
geometry of numbers. The goal of this article is to perform this task for line
bundles on projective curves.

Let K be a number field, let Ok be its ring of integers, and let E be a
projective Og-module of finite rank N. We endow E ®z C with a Hermitian
metric h, and we let uq,...,un be the logarithm of the successive minima
of (E,h). Assume that Xx C P(E),) is a smooth geometrically irreducible
curve of genus g > 0. We shall find a lower bound for the numbers u;,
g+8<i< N —3,in terms of a normalized height of Xk and the average of
the p; (Theorem 2). This result is a complement to [13, Theorem 4], which
gives a lower bound for p;.

The method of proof is a variant of [13, Theorem 4]. It relies upon Morri-
son’s [11] proof of the fact that X, is Chow semistable. We use a filtration
Vi=FEg D Ve D--- D Vy of the vector space Fx. But, contrary to [13],
this filtration is chosen such that, for suitable values of i, the projection
P(V;}¥)---—P(V;Y,) does not change the degree of the image of Xf. That
such a choice is possible follows from a result of Voisin, namely, an effec-
tive version of a theorem of Segre on linear projections of complex projective
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curves (Theorem 1). I thank C. Voisin for proving that result and for helpful
discussions. I am also grateful to the referee for useful corrections.

81. Linear projections of projective curves

Let C' C P™ be an integral projective curve over C, and let d be its degree.
Assume that C' is not contained in some hyperplane, that d > 3, and that
n > 3.

THEOREM 1 (Voisin). There exists an integer A(d) and a finite set ¥
of points in (P" — C)(C), of order at most A(d), such that, for every point
P e P*(C)—XUC(C), the linear projection P --- — P"~! of center P maps
C' birationally onto its image.

Proof. The existence of a finite set ¥ with the property above is a special
case of a theorem of Segre (see [5]). The order of ¥ can be bounded as
follows by a function of d.

If n > 3, a generic linear projection into P? will map C' isomorphically
onto its image [10], and the exceptional set ¥ C P will map bijectively onto
the exceptional set in P3. Therefore we can assume that n = 3.

When the projection with center P € P3(C) is not birational from the
curve C' to its image C’ C P2, we have d’ = deg(C") < d/2; hence d’ < d — 2,
and P is the vertex of a cone K with base C’ containing C. So we have to
bound the number of such cones.

Let N be the dimension of the kernel of the restriction map

a: HY(PP,0(d)) — H°(C,0(d)).

Clearly, N is bounded as a function of d, and any f € ker(«) is a homoge-
neous polynomial of degree d’ that vanishes on C.

Let Z C P3(C) x PN~1(C) be the set of pairs (P, f) such that f is the
equation of a cone K of vertex P. If p; : P? x PN=1 — P3 is the first pro-
jection, we have to bound the order of p;(Z). We note that this order is at
most the number ¢ of connected components of Z.

Now Z is defined by equations of bidegree (9,1), § < d'. Indeed, f is
homogeneous of degree d', and (P, f) € Z when all the derivatives of f,
except those of order d’, vanish at P.

Let L=0(d',1), let M =dim H(P3 x PV, L) — 1, and let

j: PP x PN - pM
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be the Segre embedding. Since j(Z) is the intersection of j(P3 x PV) with
linear hyperplanes, the Bézout theorem [7, §8.4] tells us that

c< deg(j(IP’?’ X ]P’N)).

Hence c is bounded by a function of d. 0

COROLLARY 1. Given any projective line A C P™, there exists a finite
set ® of order at most A(d) +d in A such that, if P € A — ®, the linear
projection of center P maps C birationally onto its image.

Proof. Since C' is not equal to A, the cardinality of C' N A is at most d.
So the corollary follows from Theorem 1.

REMARK. The proof of Theorem 1 provides an upper bound for A(d).

Indeed,
aeati) = (P4 ) 2,
d' <d/2, and
N =dim H(P3,0(d)) = ‘%3 +d?+ %d’ +1.

In particular, when d > 12, we get

log(A(d) + d) < 12log(d) — 12.

82. Successive minima

2.1.

Let K be a number field, let [K : Q] be its degree over Q, let O be its
ring of integers, let S = Spec(Ok) be the associated scheme, and let ¥ be
the set of complex embeddings of K. Consider a Hermitian vector bundle
(E,h) over S; that is, F is a torsion-free Og-module of finite rank N, and
for all o € ¥, the associated complex vector space £, = E®p, C is equipped
with a Hermitian scalar product h,. If & is the conjugate of o, we assume
that the complex conjugation E, ~ Ej is an isometry. If v € E, we define

lv]l = max v/ho (v, v).
[4S]
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If ¢ is a positive integer, ¢ < N, we let p; be the infimum of the set of real
numbers 7 such that there exist vy,...,v; € E, linearly independent over K,
such that log ||v,|| < r for all & <i. The number y; is thus the logarithm of
the ith successive minimum of (F,h). Let

I
(1) p=—N

2.2.

If BV =Hom(FE,Ok) is the dual of E, we let P(EY) be the associated
projective space, representing lines in EV. Let E}Y, = EY ®0,. K, and let
Xk CP(EY,) be a smooth geometrically irreducible curve of genus g and
degree d. We assume that the embedding of Xy into P(E};) is defined by a
complete linear series on X . We also assume that d > 2¢g + 1. The rank of
Eisthus N=d+1—g.

If X is the Zariski closure of X in P(EY), and if O(1) is the canoni-
cal Hermitian line bundle on P(E"), the Faltings height of X is the real
number -

h(Xk)=deg(é1(0(1))*| X)
(see [2, (3.1.1) and (3.1.5)]).

2.3.
For any positive integer ¢ < N, we define the integer f; by the formulas

fi=i—1 ifi—1<d-—2g
and
fi=i—14+a ifi—1=d—-2g9+q, 0<a<y.
Assume that k£ and i are two positive integers, k < N, ¢ < N. We let
T fi ifi<k,i=N-1,ori=N,
TN fe itk<i<N—2.
Finally, if 2 <k < N, we let
Wiy
Smax_ — — .
PROPOSITION 1. For every k such that 2 <k < N — 3, the following
inequality holds:

By =

h(Xk)
(K : Q]

Bi(uNt1-k — 1) + +2dp > (2d — N By) (1 — pn) — 2dlog (A(d) + d).
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2.4.
From Proposition 1, we shall deduce the following result.

THEOREM 2. If g > 0, for every integer k such that 4 <k <d—2g — 6,
the following inequality holds:

h(XK)] n M) — 12dlog(d) + 12d.

N1k — M= —k(m

REMARKS. (i) It is proved in [13] that, when d > 2g + 1,

h(Xk) 2g(d — 2g)
R > S S ).
2k 1B d g
In particular,
h(Xk)
2diq M=

(ii) From Bombieri and Vaaler’s version of Minkowski’s theorem on suc-
cessive minima (see [4]), we know that

us deg(E,h) log|Dk|
N[K:Q] 2[K:Q

K(N),

where D is the absolute discriminant of K and the constant K (/N) depends
only on N. If hy2 is the L:-metric on HY(X,0(1)) (see [3, (1.2.3)]), the
quantity

L (M) _ d’e%(HO(X,oa)),hm)
[K:Q\ 2d N
is the normalized height of X introduced by Bost [3, (1.2.4)].

2.5.
To prove Proposition 1, fix a positive integer £ < N — 3 and choose ele-
ments x1,...,xx in E, linearly independent over K and such that

log|l@i|| = pn—iv1, 1<i<N.
Fix integers n,, a =k +1,...,N — 2, to be specified later (in §2.7). If

1 <i< N, we define

(2) U_{%—i—nixi_l ifhk+1<i<N-2,
;=

T; otherwise.
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We get a complete flag Exr =V; D V5 D --- D Vy by defining V; to be the
linear span of v;,v;41,...,UN.
When m is large enough, the cup-product map

¢: EY™ — HO(Xk,O(m))
is surjective; hence H%(Xx,O(m)) is generated by the monomials

ai anN __ ®Ra ®an
Ul UN _(p(vl fUN ),

a1+ +any =m. A special basis of H'(X,O(m)) is a basis made of such
monomials.

Let r1,72,...,75 be N real numbers, and let r = (r1,...,7n). We define
the weight of v; to be r;, we define the weight of a monomial in E}%m to be
the sum of the weights of the v; occurring in it, and we define the weight of
a monomial u € H°(Xf,O(m)) to be the minimum wt, (u) of the weights of
the monomials in the v; mapping to u by ¢. The weight wt,(B) of a special
basis B is the sum of the weights of its elements, and w,(m) is the minimum
of the weights of special bases of H*(X g, O(m)).

When ry > r9 > --- > ry =0 are natural integers, there exists e, € N such
that, as m goes to infinity,

2

wy(m) = er% + O(m)

(see [12], [11, Corollary 3.3]).
Our next goal is to find an upper bound for e,.

2.6.

For every positive integer ¢ < N, we let e; be the drop in degree of X
when projected from P(EY.) to P(V,¥). A criterion of Gieseker (see [8], [11,
Corollary 3.8]) tells us that e, < .S with

-1
5= 1=io<H}-iI<1iz=N Z(rij — iy )+ iy ).
7=0

Note that S is an increasing function in each variable e;. Furthermore, it
follows from Clifford’s theorem and Riemann-Roch that

(3) ei < fi
for every positive i < N (see [11, proof of Theorem 4.4]). (Note that in [11,
Theorem 4.4], the filtration of Vj has length n + 1, while n = dimVj. In

our case, we start the filtration with V7, hence the discrepancy between our
definition of f; and that of [11].)

https://doi.org/10.1215/00277630-2009-002 Published online by Cambridge University Press


https://doi.org/10.1215/00277630-2009-002

LINEAR PROJECTIONS AND SUCCESSIVE MINIMA 51

2.7.

We now specify our choice of the integers n; in (2). This is where our
argument will differ from that of [13, Theorem 4], which corresponds to the
choice n; =0 for every i.

Let wy,...,wn € E}, be the dual basis of vy, ...,vy. The linear projection
from P(V;") to P(V;Y,) has center the image w; of w;.

If y1,...,yn € EY. is the dual basis of x1,...,2y, then we get

{yi—knizi ifk<i<N—3,
w; =

Yi otherwise,
where z; + y;4+1 is a linear combination of y;49,¥it+3,... with coefficients
depending only on n;41,n;419,.... When n # m are two integers, the vectors

y; +nz; and y; +mz; are linearly independent over K; therefore, their images
in P(V;) are distinct. Since ex_3 < fn_3 and g >0, we get ey_3 < d — 3;
therefore, the image of Xx in P(V,V), i < N — 3, has degree at least 3.
Furthermore, dimP(V;") > 3. By Theorem 1 and Corollary 1, it follows that
we can choose n; such that 0 <n; < A(d) +d and the projection from P(V,)
to P(Vz\frﬁ does not change the degree of the image of X . We fix the integers
n;, k<1< N — 3, with this property. Hence we have

(4) e; =e, whenever k<i< N —2.

2.8.
From (3) and (4), we conclude that

eighi,k iflSiSN

(see §2.3). Hence, by Morrison’s main combinatorial theorem [11, Corol-
lary 4.3], for any decreasing sequence of real numbers r; > r9 > - >ry we

have, if k > 2,
S <a(r)
with
N
$(r) =By > (ri—rn).
=1

So, when r; > 19 >--- > ry =0 is a decreasing sequence of integers,

(5) er <(r).
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Let
(©) log |zi—1]| +log(A+d) ifk+1<i<N -2
S =
' log ||zi|| + log(A + d) otherwise,
and let r; = s; — sy. The sequence 71,...,7y = 0 is decreasing, and (2)

implies that
log ||vi|| < log ||zi—1]| +1og(14+n;) <s; ifk+1<i<N—2,

and
log ||vi|| =log ||zi|| < s; otherwise.

We endow O(1) with the metric induced by the metric A on E. We
choose a Hermitian metric, invariant by complex conjugation, on the com-
plex points of X, and we endow M = H%(X,O(m)) with the associated
L?-metric. After multiplying the metric on X by a fixed constant, we know

that, for every m, the morphism ¢ is norm decreasing. Therefore, if u =

PP ™) is a monomial in M, we have

N N N
log ||ul| < Zai log ||vi || < Z%Sz‘ = Zam +msy.
i=1 i=1 i=1

By definition of wit,(u), we get
log [|u]] < wt,(u) +msy.

Let d/(%(]\_i ) be the arithmetic degree of the Hermitian vector bundle M =
(M, hr2) over S. From the inequality above and the Hadamard inequality,
we deduce that, for any special basis B of M,

deg(M) > —[K : Q] Y _ (wt,(u) +msy).
ueB

This implies that
deg(M) > —[K : Q] (wr(m) +mh®(Xg,O(m))sy).

By (5) and the definition of e,, since both wy,(m) and ¥ (r) are linear
functions of 7, by approximating r by a collection of rational numbers we
get that, for every positive real number 7,

2

wi(m) < ((r) +n) = +O(m)
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(see [13, §2.2]), so we get
2

deg(M) > —[K : Q|(4(r) +2dsy +n) 5= + O(m).

On the other hand, by [6, Corollary to Theorem 3] and [9, Theorem 8],

we have )

deg(M) = h(XK)m7 +0(mlog(m)).
Therefore, for every n > 0,
(7) W(Xk) > ~[K : Q|(v(r) + 2dsy +1).

By the definition of ¢, we deduce from (7) that

N

hMXKk)
I %] + 2dsy > —Bk(;ﬁ),

and, using (6), that

h(Xk)

®) &g

N
+2dpy > —Bg (Z(Mz‘ — 1)+ AN 1k —M3> —2dlog(A(d)+d).
i=1
Since p3 > p1, (8) implies the inequality in Proposition 1.
2.9.

To make Proposition 1 more explicit, we need to evaluate Bj. For any
1=2,...,N, we let

h2
Bi,k: X Lk i—1
(0= Dhig = 22521 hjk
so that
By, =sup B; .
7
LEMMA 1. Assume that k—1<d—2g. Then
o ifi<k,
2
Bix=2——;
i
o ifk<i<N-2,
2
Bir=2——.
i,k A
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2.10.
To prove Lemma 1, we first assume that ¢ < k. Then, if j <14, we have
hj’k:fj:j—l.
Therefore,
i—1 i—1 . ,
—-2)(i—1
S = (-1 = 2,
j=1 j=1
and ( e
1—1 2
B = =2 —.
i,k (Z _ 1)2 _ (1—2)2(1—1) 7

Assume now that £k <i¢ < N — 2. Then, if 1 <j <k —1, we have
hjk="rfi=75—1

Furthermore, if £ <j <i—1, we get

hjr=fi="Fk—1.
Therefore,
k—1)>2 2
Bik=— (kfl ) i1 =2- k'
(i—1)(k—-1)— Zj:l (-1 - Zj:k(k —-1)
0
2.11.
LEMMA 2. Assume that g >0 and that 4 <k <d—2g—6. Then By <2
and 0
2d — NBy > -

To prove Lemma 2, we first compute By_1 ; and By ; under the assump-
tion k —1<d—2g9. When d—2g<i—1< N, we have

fi=2—2—d+2g.

Therefore,
hn_ip=fn-1=2(N—-2)—d+29=d—2,

and
hN7k=fN:2(N—1)—d+2.g=d.
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On the other hand,

N-2 k N-2
h],k = Z fj + fk
Jj=1 Jj=1 j=k+1
k N-2
7=1 ]:k—i-l
and
N-1 N—2
hjr= hjr+ fn-1.
j=1 j=1
Therefore,
. (d-2)?
N-1k = 5 -
) (N=2)(d-2) -5 (-1 -2 (k—1)
_ (d—2)°
(N —2)(d—1—Fk)+ D
and
d2
By = - —
10) (N=2)d+2-3F (-1 -2 (k-1)

d2
- E(k—1) °
24+ (N —2)(d+1—Fk)+ 2l

When i < N — 2, we know from Lemma 1 that
B; <2 2 < 2;
i,k X Lk )

hence,
2 2d
94— NBiy, > 2d — (d+1—g)(2— E) =,
When i=N—1, weput k=4+p, p>0,and d=10+2g+p+1t, t >0.
Then (9) implies that 2 — By _1x has the same sign as 2gt + 14g +p + t* +
12¢ 4 38, which is positive. On the other hand,
2d

2d— NBy_1— -
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has the sign of the numerator of k —1 — NkBy_1 1/(2d), namely,

(2+p)t* + (p* + (59 + 21)p + 10g + 36)¢*
+ ((8 + 49)p* + (8¢* + 121 + 729)p + 186 + 118¢ + 16¢°)t + (g — 1)p*
+ (54 269 + 4¢%)p? + (172 + 4> + 60g% + 240g)p
+ 244 + 328g + 92¢* + 8g° > 0.

Similarly, (10) implies that 2 — By j has the same sign as t> + (2g+ 12)t +
42 4+ 10g + p, so it is positive, and

2d— NBy, — %d

has the sign of

2+p)t*+ ((9+3g)p+ 12+ 69)t + (g — 1)p® + (11 + 18g + 2¢°)p
— 144 229+ 44° > 0.

This ends the proof of Lemma, 2.

2.12.
To prove Theorem 2, we first note that By < 2 and 2d — N By > 2d/k by
Lemma 2. Since p1 < puny11-; and g1 < p, Proposition 1 implies that

M) s> 2 ) — o (40 +)

2(Nt1-k — 1) +

By dividing this inequality by 2d, we obtain

1 h(X 1
(11) a(#NH—k — 1) + 2d[(K K(g] +u=> E(M — p1) —log(A(d) +d).
Since k < d, we get
h(Xk)

MN+1—k—M1+k< +M>2M—H1—d10g(A(d)+d),

2d|K : Q]

and, since d > 12, the remark in §1 implies Theorem 2.

https://doi.org/10.1215/00277630-2009-002 Published online by Cambridge University Press


https://doi.org/10.1215/00277630-2009-002

LINEAR PROJECTIONS AND SUCCESSIVE MINIMA 57

REFERENCES

[1] E. Arbarello, M. Cornalba, P. A. Griffiths, and J. Harris, Geometry of Algebraic
Curves, I, Grundlehren Math. Wiss. 267, Springer, New York, 1985.
[2] J.-B. Bost, H. Gillet, and C. Soulé, Heights of projective varieties and positive Green
forms, J. Am. Math. Soc., 7 (1994), 903-1027.
[3] J.-B. Bost, Intrinsic heights of stable varieties and abelian varieties, Duke Math. J.,
82 (1996), 21-70.
[4] E. Bombieri and J. Vaaler, On Siegel’s lemma, Invent. Math., 73 (1983), 11-32.
[5] A. Calabri and C. Ciliberto, On special projections of varieties: Epitome to a theorem
of Beniamino Segre, Adv. Geom., 1 (2001), 97-106.
[6] G. Faltings, Calculus on arithmetic surfaces, Ann. of Math., 119 (1984), 387-424.
[7] W. Fulton, Intersection Theory, 2nd ed., Ergeb. Math. Grenzgeb. (3), 2, Springer,
Berlin, 1998.
[8] D. Gieseker, Global moduli for surfaces of general type, Invent. Math., 43 (1977),
233-282.
[9] H. Gillet and C. Soulé, An arithmetic Riemann-Roch theorem, Invent. Math., 110
(1992), 473-543.
[10] R. Hartshorne, Algebraic Geometry, corr. 3rd printing, Grad. Texts Math. 52,
Springer, New York, 1983.
[11] I. Morrison, Projective stability of ruled surfaces, Invent. Math., 56 (1980), 269-304.
[12] D. Mumford, Stability of projective varieties, Enseign. Math. (2), 23 (1977), 39-110.
[13] C. Soulé, Successive minima on arithmetic varieties, Compos. Math., 96 (1995),
85-98.

Institut des Hautes Etudes Scientifiques
35 Route de Chartres

91440 Bures-sur-Yvette

France

soule@ihes.fr

https://doi.org/10.1215/00277630-2009-002 Published online by Cambridge University Press


mailto:soule@ihes.fr
https://doi.org/10.1215/00277630-2009-002

