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Abstract

Markov and semi-Markov processes with block tridiagonal transition matrices for their
embedded discrete-time Markov chains are underlying stochastic models in many applied
probability problems. In particular, identity-by-descent (IBD) problems for uncle-type
and cousin-type relationships fall into this class. More specifically, the exact distributions
of relevant IBD statistics for two individuals in either an uncle-type or cousin-type
relationship are of interest. Such statistics are the amount of genome shared IBD
by the two related individuals on a chromosomal segment and the number of IBD
pieces on such a segment. These lead to special reward distributions associated with
block tridiagonal transition matrices for continuous-time Markov chains. A method
is provided for calculating explicit, closed-form expressions for Laplace transforms
of general reward functions for such Markov chains. Some calculation results on the
cumulative probabilities of relevant IBD statistics via a numerical inversion of the Laplace
transforms are also provided for uncle/nephew and first-cousin relationships.
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1. Introduction

Markov and semi-Markov processes with block tridiagonal transition matrices for their
embedded discrete-time Markov chains are underlying stochastic models in many applied
probability problems. In particular, identity-by-descent (IBD) problems for uncle-type and
cousin-type relationships fall into that class of problem. Although the motivation for this paper
stems from such IBD problems, our results on block tridiagonal matrices might also be useful
in other applied areas. The IBD of genetic material amongst individuals in a pedigree is a
fundamental concept in genetics. Evaluations of the distributions of relevant IBD statistics are
of interest in the framework of the genomic continuum model. Such statistics are the amount of
genome shared IBD by two related individuals in a pedigree on a chromosomal segment and the
number of corresponding IBD pieces on such a segment. There are few exact results in this area
and they concern only grandparent-type, sib, and half-sib relationships; see Stefanov (2000a),
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(2002), (2004), Ball and Stefanov (2005), and Walters and Cannings (2005). Previously, only
approximations to such distributions have been investigated, such as Poisson approximations
(cf. Bickeboller and Thompson (1996a), (1996b)). Some simulation methods have also been
suggested for such evaluations by Browning (2000), and a combination of analytical results with
relevant simulations have been introduced in Cannings (2003). The uncle-type and cousin-type
relationships are basic and important nonunilineal relationships. Note that two individuals are
said to be in a unilineal relationship if one is a descendant of the other.

In this paper a method is provided for calculating explicit, closed-form expressions for
Laplace transforms of general reward functions associated with some block tridiagonal tran-
sition matrices for continuous-time Markov chains. In particular, these cover relevant IBD
distributions for uncle-type and cousin-type relationships. Successful numerical inversion of
these transforms yields the corresponding cumulative probabilities. Some calculation results
of cumulative probabilities are also provided for uncle/nephew and first-cousin relationships.
More powerful PCs than those currently available should be able to handle the computational
problems arising with numerical inversion of the Laplace transforms for high-order uncle-type
and cousin-type relationships.

Our models are special cases of inhomogeneous quasi-birth-and-death (QBD) processes and
there is a huge literature on these. There are many results on QBD processes that are somewhat
related to ours (see Gaver et al. (1984), Lucantoni et al. (1994), Latouche and Ramaswami
(1999), and Asmussen and Pihlsgard (2004)), including distributions for special rewards within
first passage times (cf. Li and Cao (2004)). On the other hand, our explicit expressions for the
Laplace transforms (Theorem 3 in Section 4) do not involve infinite sums or inverse matrices
and, therefore, their evaluation does not create any computational problems.

Our methodology is different from that used in the literature on QBD processes and it treats
them with semi-Markov tools. More details on the methodology follow. The mathematical
model of the problem leads to evaluation of distributions of special reward functions associated
with continuous-time Markov chains observed on fixed time intervals. Recent results of
Stefanov (2006) provide closed-form solutions for two-dimensional Laplace transforms of
the cumulative distribution functions of reward functions, on finite-time horizons, for Markov
chains and semi-Markov processes. These solutions are practicable if the number of states
of the embedded discrete-time Markov chain is small. More specifically, these solutions are
expressed in terms of two-dimensional Laplace transforms for joint distributions associated
with the first passage times between states, where the latter Laplace transforms are derivable
explicitly as explained in Stefanov (2006). For the simple uncle/nephew and first-cousin
relationships, the number of states is 4 and 7, respectively, and for great-uncle/great-nephew
and second-cousin relationships these are 8 and 21, respectively. The evaluations of the
Laplace transforms of relevant joint distributions associated with the first passage times for
such low-order relationships are implementable. For higher-order uncle-type and cousin-type
relationships, we need to find a more practicable formula. We provide a method that leads to
such a formula, which allows calculation of explicit, closed-form expressions for the Laplace
transforms of the aforementioned IBD statistics. In particular, for any uncle-type relationship,
the computations are associated with only 8- and 9-state embedded Markov chains and, for any
cousin-type relationship, with 14- and 15-state Markov chains.

The paper is organized as follows. The motivation, as well as the underlying mathematical
models for the uncle-type and cousin-type relationships, are discussed in the next section. Some
preliminary results required in the sequel are found in Section 3. The main results are presented
in Section 4. Applications to IBD distributions for uncle-type and cousin-type relationships
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are described in Section 5. A relevant extension of the result in Stefanov (2006) for rewards on
semi-Markov processes, required in Section 4, is provided in Appendix A.

Throughout the paper, I is the identity matrix and 1 is a column vector of 1s, the dimensions
of these being apparent from the context. Any sum is O if vacuous.

2. Motivation

2.1. Identity by descent

The genome of diploid organisms (such as humans) resides on a set of pairs of chromosomes.
For example, humans have 23 pairs of chromosomes, 22 autosomal pairs and one pair of sex
chromosomes (XX for females and XY for males). Any small segment of the DNA sequence
on a chromosome is called a locus. In particular, genes are also called loci. A locus that exhibits
observable variation in the DNA sequence is called a marker locus. The number of marker loci
on each chromosome is huge and, therefore, the genome can be viewed as a continuum. That
is, a chromosome is viewed as a finite interval and a locus simply indicates a particular position
on that interval. For each pair of chromosomes of an individual, one chromosome is inherited
from his father and the other from his mother. The chromosome inherited from a parent is
either (i) the entire one from the grandfather (that is, the one the parent derived from his father),
(ii) the entire one from the grandmother, or (iii) a combination of the two. In case (iii), the
inherited chromosome consists of alternating pieces of the two grandparental chromosomes.
The occurrences of switches (from a grandpaternal to a grandmaternal and vice versa) along a
chromosome are usually modelled by a homogeneous Poisson process. The distances between
loci are measured by the expected number of switches between them. The units of that distance
are called morgans. Typical lengths of the human chromosome are between 0.5 and 3 morgans.

In the context of a grandparent/grandchild relationship, the DNA sequence at a locus from a
chromosome of the grandchild is called identical by descent (IBD) with the DNA sequence at the
same locus of the corresponding chromosome of the grandparent if the former DNA is inherited
by the grandchild from the latter of the grandparent. Assume now that two individuals are in
a half-sib relationship. Then the DNA sequence at a particular locus from the corresponding
chromosomes of the two half-sibs is called IBD if that DNA sequence is inherited from the same
grandparent. More generally, the DNA sequence at a locus for two related individuals is called
IBD if the DNA sequence at that locus of one of these individuals is a physical copy of the DNA
sequence at the same locus of the other individual (as in the grandparent/grandchild relationship
above) or both are physical copies of the DNA sequence at the same locus of the corresponding
chromosome in a common ancestor of the two individuals (as in the half-sib relationship above).
For a given relationship, for example uncle/nephew, there are a finite number of parent/child
relationships that affect IBD. The occurrences of switches along the inherited chromosomes
for each such parent/child relationship are assumed to follow independent unit-rate Poisson
processes. Thus, for each such parent/child relationship, we can derive a two-state continuous-
time Markov chain, with states 0 and 1, corresponding to whether the DNA sequence at a
particular location on the chromosome is inherited from the child’s grandmother or grandfather,
respectively. It follows that, if m parent/child relationships impact on a given relationship
then IBD for the given relationship is modelled via a continuous-time Markov chain, X, say,
having state space {0, 1}, given by the cartesian product of the m independent parent/child
Markov chains. However, there are symmetries present in X; which enable its state space to be
substantially reduced. A detailed treatment of the concept of IBD and the relevant mathematical
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models for various relationships are discussed in Donnelly (1983). The relevant models for
uncle-type and cousin-type relationships are introduced in the next subsection.

The motivation of this paper stems from the need to evaluate p-values in relevant tests
associated with resemblance of individuals suspected to be in a particular relationship and
p-values for tests associated with identifying chromosomal segments responsible for complex
diseases. Stefanov (2000a), (2002) discussed such tests for the simple grandparent/grandchild
and sib relationships based on continuous genome data. IBD distributional results are widely
used on discrete genome data (few loci or, more recently, multiple loci) (see Thompson (2000)
and Lange (2002)). However, owing to a lack of exact distributional results on the continuous
genome beyond those for the simple grandparent/grandchild and sib relationships, such tests
have not been devised. The aim of this paper is to provide such distributional results on the
continuous genome for a large set of relationships (uncle-type and cousin-type). Then the
p-values mentioned above are obtained from cumulative probabilities of the aforementioned
IBD statistics, that is, the amount of genome shared IBD on chromosomal segments and the
number of IBD pieces on such segments. In particular, our results yield p-values of relevant
significance tests for resemblance of two individuals as being in a particular uncle-type (or
cousin-type) relationship. Such tests are devised in the same way as is done in Stefanov
(2000a), (2002) for the simple grandparent/grandchild and sib relationships.

2.2. Uncle-type and cousin-type relationships

First we describe the processes of interest in this paper. Let (X,, ¥;) be an inhomogeneous
QBD chain with discrete-time > parameter and state space {G,j):i =0,1, —-1,j =
1,2,...,k}. Conventionally, X, is called the level and ¥, the phase at time 7. The number of
phases k is the same for all levels. The one-step transition probability matrices of such chains
have a block tridiagonal structure and we consider the following special case of such matrices:

A (n — 1)diag[d]

diag[d] A (n — 2)diag[d]
B, = : - - , (D
(n — 2)diag[d] A diag[d]
(n — 1)diag[d] A
where A is a matrix of order k, d = (dy, d3, ..., dk)T is a k-dimensional vector, and diag[d]

is the diagonal k x k matrix with d; on the diagonal, that is,

. . di ifi=j,
diagld](i. j) = 0 otherwise.
The notation ()A( t f,) | By, is also used for this QBD chain.

Throughout the paper, the models of interest, denoted by (X;, Y;) | B, are semi-Markov
processes whose embedded discrete-time Markov chains are the QBD chains (X ‘s I?t) | By,.
Whenever such a semi-Markov process is considered, the relevant holding time distributions
are also described. In particular, recall that continuous-time Markov chains are semi-Markov
processes with exponentially distributed holding times.

The motivation for considering these models stems from genetics problems associated with
evaluation of relevant distributions concerning the amount of genetic material shared in common
by related individuals. More specifically, we are interested in uncle-type and cousin-type
relationships. The underlying mathematical model (see Donnelly (1983)) for uncle-type and
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cousin-type relationships is (X, Y;) | By, with the following assumptions on the number of
phases k, the matrix B,, and the holding time distributions.
Uncle-type relationships: k =4, dy =d3 =1/(n+4),dry =ds = 1/(n + 3); and

- . 2 . 2 A
n+3 n+3

2 0 2 1

A n+4 n+4 n+4

2 2

0 n+3 0 n+3

2 1 2

Ln+4 n+4 n+4 0 .

The holding times are exponentially distributed with parameters (A1, A2, A3, A4) for the four
phases at each level, where Ay = A3 = n+ 3 and Ay = A4 = n + 4. For example, n = 1
corresponds to the uncle/nephew relationship, n = 2 corresponds to the great-uncle/great-
nephew relationship, etc. That is, the number of levels n indicates the generation gap.
Cousin-type relationships: k =7;d; = 1/(n 4+ 5) foreachi =1,2,...,7; and

B 2 2 2 .
0 0 0 0
n+5 n+S5 n+35
2 0 0 2 0 2 0
n+5 n+5 n+5
2 2 2
0 0 0 0
n+5 n+5 n+5
2 2 2
A= 0 0 0 0
n+5 n+S5 n+35
2 0 0 0 0 4 0
n+5 n+5
1 1 2 2
0 0 0
n+5 n+5 n+5 n+5
2 4
0 0 0 0 0
L n+35 n+35 -
The holding times are exponentially distributed with parameters A; =n +5,i =1,2,...,7,

for the seven phases at each level. For example, n = 1 corresponds to first cousins, n = 2
corresponds to first cousins once removed, and n = 3 corresponds to second cousins.
The initial probability vector for both types of relationship has the form

1 ((n—1 n—1 n—1\ \'
— u, u,..., ul .,
2n=1 0 1 n—1
where the vector u is equal to (}T, ‘l‘, le’ %
cousin-type relationships, respectively.

The lengths of chromosomes can be viewed as time intervals, [0, T] say for a chromosome
of length T morgans, where a locus on a chromosome corresponds to a time epoch. When a

and (%, SRR A3 for the uncle-type and
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chromosome from one individual is aligned with the corresponding one of another individual,
related to him, at each location (time epoch) we have two states: either the DNA sequence is
IBD or it is not. Therefore, the IBD status along a chromosome can be viewed as a two-state
process. Donnelly (1983) explained that for uncle-type and cousin-type relationships this two-
state process can be embedded in the aforementioned (X;, Y;) | B, processes as follows. The
first two states of (X¢, Y;) | B, correspond to IBD status and the remaining states correspond to
non-IBD status. Therefore, the following two reward functions for (X;, Y;) | By, are of practical
importance here: the time spent in the first two states within a time interval of length 7" and the
number of visits to the first two states within such a time interval. The genetic interpretation of
these is as follows. The first reward function represents the amount of genome shared IBD by
the two related individuals along a chromosomal segment of length 7 morgans and the second
reward function gives the number of IBD pieces within such a chromosomal segment.

3. Preliminary results

In this section we list a few relevant results on absorbing Markov chains and we derive a result
(Lemma 1) on the state space restriction of semi-Markov processes. Lemma 1 is frequently
used in the next section. Throughout the paper, the entries of a matrix A are written as g; ; or

as A(i, j). The Laplace transform of a random variable X is denoted by L[X](s) = E(e™*%).
Consider the following QBD transition probability matrix with k& phases and two levels:
_ 0 diag[x]
B= [diag[y] R | @
where @ and R are k x k matrices, and x = (x1,..., xx) " and y =01, yk)T are

k-dimensional vectors. Some notation concerning relevant probability generating functions
associated with absorbing finite-state Markov chains follows. Denote by R | y the 2k x 2k

matrix
R dia

where 0 is a k x k matrix of Os. Assume that R | y is the one-step transition probability matrix
of a discrete-time Markov chain with 2k states. Let 7, be the time until absorption in the last
k states, given that the initial state is r, 1 < r < k, and let 7, (i, j) be the number of one-step
transitions from state i to state j, where 1 < i < k (the transient states) and 1 < j < 2k,
by time 7,. Likewise, let T,(")(i, J) be the count of T.(i, j) given that absorption occurs in
state n + k. Denote by gg|y.-(S,s) the joint probability generating function of the 7} (7, j)
until absorption, given that the initial state is r, 1 < r < k, that is,

k k
T, j) T, (i,i+k)
gRly,r(S»s)=E<l—[ Si,j / S; >,
i j=1 i=1
where the s; ; are the entries of the matrix § and s = (s1, 52, ..., sk)T. Of course,

k
Y Li+h=1,

i=1

and if 7,(i,i + k) = 1 then absorption occurs through a one-step transition from state i to
state 7 + k. Denote by gr|y,r, (S, s) the conditional joint probability generating function of
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the 7T} (i, j) until absorption at state j + k, that is,

k
)
T,(j,j+k) = 1) :E(;, [T st '">)

n,m=1

k
8R|y.rj(S, Sj):E(sj [T st

n,m=1

Let B, j (R | y) be the probability that the Markov chain is absorbed at state j +k, 1 < j <k,
given that the initial state is#, 1 <i < k. We denote by B(R | y) the matrix whose entries are
Bi,j (R | y). For the matrix of absorption probabilities, 8 (R | y), and the probability gener-
ating functions, gr |y (S, s) and gr |y, ; (S, s;), we have (heree; = (0,...,0,1,0, ..., 0T
is the k x 1 unit vector with 1 in the jth position and 117 is a k x k matrix of 1s)

B(R | y) = I — R 'diag[y],
gr|y(S.s) = (I — R(S))"'diag[y]s,
8R1y.r(S,sj€))

b r7.=1727"'7k7 (3)
gr1y (17 €)) /

&Ry j(8,5) =

where gr|y(S,5) = (gr|y,1(S,5), gR|y,2(S.8), ..., gR|y.k (S, s)) " and the (i, Jj)th entry of
the k x k matrix R(S) is given by R(i, j)S(, j) (= R(, j)s;, ;). The first two identities in (3)
follow from losifescu (1980, p. 103) (cf. also Karlin and Taylor (1981, p. 29)) and the third
identity is an easy exercise. Note that the denominator in the third identity above is equal to the
absorption probability, given that the initial state is » and absorption occurs through a transition
from state j to state j + k, that is,

Bri(R | y)=gr|y 11" ¢)).

Consider the semi-Markov process (X;, Y;) | B, where B (see (2)) is the one-step transition
probability matrix of the embedded discrete-time Markov chain and the Laplace transforms
(LTs) of the holding (sojourn) times are described below. Also, recall that we denoted the
embedded discrete-time Markov chain of (X, ¥;) | B by ()A( ‘s }A’,) | B. The LT of the holding
time associated w1th a one-step transition from phase i to phase j within level m (m = 1 ,2)
is denoted by ,0 (s) from phase i in level 1 to phase i in level 2 is denoted by ,0 (s)
and likewise from phase i in level 2 to phase i in level 1 is denoted by ,ol2 b (s). Recall from
the matrix B that one-step transitions are not possible between states whose phases and levels
are both different. Denote by (f( ‘s 17,) | B the semi-Markov process derived from the semi-
Markov process (X;, Y;) | B through restricting the state space to the states from level 1. More
precisely, assuming that Xo = 1, forz > 0, if X; = 1 then (f(t, 17,) | B=(X;,Y;) | B, whilst
if X, = 2then (X;,Y;) | B = (Xu—,Yu_) | B, where u = sup{v < t: X, = 1} and, for
example, X, = limy4, X (v). Since X, is fixed (equal to 1), we may ignore it and say that
Y, | B is a semi-Markov process with k states. Denote by v;,j the holding time in state 7, given
that the next state to be visited is state j, of the semi-Markov process Y; | B.

Lemma 1. The Laplace transform of v; j, i, j =1, ...k, is given by
¢ 2) 2,1
qi, jp (s) + xi Bi, j(R | y)Pl (S)gR\yt /(C'R(s) :0 (s))
qi,j +x113l](R [ y)

where the entries of the k X k matrix R (s) are pn m (s) The one-step transition probabilities
of the embedded discrete-time Markov chain of the semi-Markov process Y, | B are denoted

LIy j1(s) =

, “
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by pi,j for the transition from state i to state j and given by
Di,j =¢i,j +xiBi, j(R|Yy), i,j=12,...k, &)

where recall that the q; j are the entries of the matrix Q and B; j(R | y) is the absorption
probability in state j + k of a discrete-time Markov chain with transition probability matrix
R | y and initial state i.

Proof. A one-step transition from state i to state j in the embedded discrete-time Markov
chain of the semi-Markov process Y, | B may occur in two ways: either (i) through a direct
transition from (1, ) to (1, j) in (X,, ¥,) | B (with probability ¢; ;/(q:.; +xi i j (R | ¥))), or
(ii) after a transition to level 2 and a subsequent excursion there before entering level 1 through
state (2, j) (with probability x; 8; j (R | y)/(gi,j + xiBi,j(R | y))). Therefore, in view of the
basic properties of semi-Markov processes, the distribution of the holding time v; ;, denoted
by DVi,_j , is a mixture of two distributions, say D1 and D, that is,

D, — qi,j D xiBij(R|Y)
g+ xifi (R Y) gi,j +xiBij(R|y)

Here the LT of the distribution Dj is ,o( )(s) The distribution D, is equal to that of a sum of two
independent random variables, of Wthh the LT of the first one is ,0(1 2) (s) and the second one
has the distribution of the excursion of the semi-Markov process (X, ¥;) | B in level 2 given
that the initial phase is i, and given that the phase before leaving level 2 is j. This excursion

])
equals the following sum of random sums: Zn mel Z (m " Znm.rs where the Z, p, , are

(6)

independent and, for each pair (n, m) andr =1, 2, ..., the LT of Zy m,ris ,o (s) recall that,
forl <i,j <k, Ti(] )(n, m) denotes the number of one-step transitions from state n to state m
until absorption in a discrete-time Markov chain whose one-step transition matrix is given by
R | y, given that the initial state is i and absorption occurs in state j + k. Therefore, in view
of Lemma 2, below, the LT of this excursion is given by

gR | y.r,j(R (), pi7 Y (s)), 7

where the conditional joint probability generating function gg | y., j (S, s;) has been introduced
earlier. Thus, (4) follows from (6) and (7). It is easy to see that (5) holds. This completes the

proof.
Lemma 2. LetT = (y1, 2, ..., yr) be a vector of nonnegative znteger—valued random vari-
ables with joint probability generating function gr (s1, $2, . .., ). Let Z,1 ,i=12,...,r be

r independent sequences of independent and identically dlsmbuted random variables that are
independent of T'. For each n, it is assumed that the distribution of Z,(f) follows the distribution
of a random variable, z® say, fori = 1,2,...,r. Let

Yi
s,~=Zz<.’), i=1,2,....r
j=1

Then the Laplace transform of the r-dimensional vector S = (S1, ..., S,)" is equal to

LISIt, 12, -, 1) = gr(LIZV1(@), LIZPN(0), ..., LIZV1(,)),
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and, more generally, the Laplace transform of the 2r-dimensional vector (S, T') is equal to

£[S, r](tl, ..., tzr)
= gr(exp{—t-+1}LIZV1(11), exp{—t,42)LIZPN(12) . . ., exp{—12,}LIZV1(1,)).

Proof. The proof follows from Lemma 2.1 of Stefanov (2000b).

4. Main results

4.1. State space restriction

In this subsection we provide an effective route, via relevant recurrence relations, for the
evaluation of explicit, closed-form expressions of the holding time distributions and transition
probabilities of a state space restricted semi-Markov process. The latter is the semi-Markov
process derived from (X;, Y;) | B, (introduced in Section 2) via a state space restriction to the
states in level 0. To understand how the recurrence relations are derived, we consider first the
special cases n = 2 and n = 3. The general case is stated in Theorem 1, below.

The n=2 case. Consider the process (X;, Y;) | B. The holding times are exponentially
distributed (that is, the process is a continuous-time Markov chain) and their parameters are
given by A1, Ao, ..., Ag for the k phases at each of the two levels (recall that the levels are 0
and 1). Denote by (X:,Y)) | B> the semi-Markov process derived from the continuous-time
Markov chain (X;, ¥;) | B through state space restriction of the latter to the states in level 0.
Since X, | B is fixed (equal to 0), we may ignore it and say that Y, | B, is a semi-Markov
process with k states. Denote by v(l the holding time in state i, given that the next state to be
visited is j, of the semi-Markov process Y, | By.

Lemma 3. The Laplace transform of vl(lj) i,j=1,2,...,k, is given by

A
L} 1(s) =

<ai,j +diBij(A | d)gaaj(A(s), A;/(h; +S)))
Aits ’

aij+dipij(Ald)

where the (n, m)th entry of the k x k matrix A(s) is given by An/(An + ). The one-step
transmon probabilities of the embedded discrete-time Markov chain of Y, | B> are denoted by
pl F ) and given by

p~l(]j)—al]+di,3i,j(A|d)7 l’J=1’2’7k’

recall that B; j(A | d) is the absorption probability in state j + k of a discrete-time Markov
chain with transition probability matrix A | d and initial state i.

Proof. The result follows from Lemma 1, replacing B by B; and, fori, j = 1,2,...,k,
replacing P )(s) ,01(2]) (s), ,oll )(s), and pl.(z’l)(s) by the LT of an exponentially distributed
random varlable whose parameter is A;.

If we denote by P! the matrix whose entries are ﬁl(lj) then the second identity in Lemma 3
can be written in matrix form as

PY = A + diag[d]B(A | d).
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The n = 3 case. Now consider the process (X;, Y;) | B3. The holding times are exponen-
tially distributed and their parameters are given by A1, A2, ..., Ax for the k phases at each of
the three (0,1,2) levels. Introduce the 2k x 2k matrix

B _ AL diagldD]
3 2diag[d] A ’

where the entries of the matrix A1) and the vector d'1) are given by

o = B gng g0 = Y
YT 14, [

Of course, B( ) is the one- step transition probability matrix of the discrete-time Markov
chain (X,, Yt) | B31), derived from (X t Y,) | B3 through conditioning on staying in levels 1
and 2. The corresponding continuous-time Markov chaln is denoted by (X;, Y;) | B(l) Anal-
ogously to the precedmg case, denote by (X;,Y;) | B3 Y the semi-Markov process derived
from (X, Y;) | B through state space restriction of the latter to level 1 (the first k states of
(X1, Y | 331 ). In view of Lemma 1 we obtain the following expressions for the LT of the
holding time v; ' (the reader should not get confused with the same notation for an analogous
holding time in ‘the preceding case) and transition probabilities of this semi-Markov process:

1 A ) _|_d(1)ﬁ”(A | 2d)ga 24,i,j(A(s), A /(Aj +5))
L)) = ( )

hi + s al) +d" (A | 2d)
P =) + A2, =12k

where the matrix A (s) has been introduced in Lemma 3. The second identity can be written in
matrix form as follows:

P = AD 4 diag[d V1B (A | 2d).
Introduce a k x k matrix & (2), whose (i, j)th entry is given by (1 — d;)p Pi; M , that is,
P @ = diag[1 — d1PD.

Let
?2) — A 2diag [d]
3 diagld] &#?

It follows from the above construction that B3(2) is the one-step transition probability matrix of
the embedded discrete-time Markov chain of the semi-Markov process derived through state
space restriction of the continuous-time Markov chain (X, ¥;) | B3 to the first two (0 and 1)
levels. Denote this semi-Markov process by (X;, ;) | Béz). Of course, the LTs of the holding
times for this semi-Markov process are given by (i) A;/(A; + s) for a transition from phase i
in level O to any other phase in that level as well as for a tran51t10n from phase i in level O or 1
to phase i in level 1 or, respectively, level 0, and (ii) v J (glven in Lemma 2) for a transition
from phase i in level 1 to phase j in level 1. Furthermore, if we restrict the state space to the
states in level 0 (the first k states of (X;, ¥;) | B( )) we obtain another semi-Markov process,
Y | B( say (here X, can be ignored because 1t equals 0), whose embedded discrete-time
Markov chain has k states and the corresponding one-step transition probabilities and holding
time distributions are found in the following lemma, which is again a paraphrase of Lemma 1.
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Lemma 4. For the holding times vl( ]), i,j=1,...,k, of the semi-Markov process Y | Béz)

and the corresponding one-step transition probabilities, we have

L[v21(s) =

A <al~, j+ 2B (PP | dgpar (N D) /G + s)>>
Ai+s a;i,j +2d; B j (P O | d) ’

P =ai+2dip (PP 1), i =12,k
where the (n, m)th entry of the k x k matrix e/V(l)(s) is OC[V,S},),!](S), which is given by Lemma 3.

If we denote by P® the matrix whose entries are p ) then the second identity in Lemma 4
can be expressed in matrix form as

P? = A + diag[2d]|B(P? | d).

Remark 1. Note that from the construction above the semi-Markov process ¥; | Béz) is equal
to the semi-Markov process which is derived through state space restriction of the continuous-
time Markov chain (X;, Y;) | B3 to the states in level 0.

The general case. Suppose that n > 2 is fixed and consider the matrix B, introduced in (1).

Forr=1,2,...,n—1,let A” and d) be the matrix and column vector with elements
a”) = di.j and d<r) rdi
Yoo l—(m—1-r)d; l—(n—1-=r)d;’

In matrix notation we have
AV = (I — (n— 1 —r)diag[d]) ' A,
d” =r(I — (n— 1 — r)diag[d])~'d.

Note that A®~D = A and d®~D = (n — 1)d. Introduce the k x k matrices P, e‘P(’), and
:B(’), and, fori, j =1,2,...,k,the LTs Mfr/) (s) and gl(rj) (s) through the following recurrences:

PN = A, (8)
80 =8| n-Da), ©)
PD = AD +diag[d(1)]£(1), (10)
2O Ai
11
Hig®) = T (1
M,y ©) Aj
g,j(s) 8p M| (n— 1)d”<f/"( (s), ﬁ) (12)

where the (7, j)th entry of the matrix MO (s) is M(O) (s);and, forr =2,3,...,n—1,

P = I — (n — r)diag[d)) PV, (13)
8" =8P | (n—r)d), (14)
P = A 4 diagld 18", (15)
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| w ) @i +d VBV, gl )

(r=1)
w' D) = PG , (16)
Aj
8!)(5) = 8pw) | (ne ,)d,,<eM(’ D(s), m) (17)
) w ()i +d" VBV G, eV ) -
Hig 0= PO, j) ’

where the (i, j)th entry of the matrix MD(s) is M(r)(s) and recalling that the £ x k matrix
B(P ) | (n — j)d) isthe matrix of absorption probabllltles to the last k states of a dlscrete time
Markov chain whose one-step transition probability matrix is the 2k x 2k matrix P | (n—j)d.

Theorem 1. Consider the continuous-time Markov chain (X;, Y;) | B, introduced in Section 2.
The parameters of the exponentially distributed holding times are given by \; for phase i

at each level. Denote by f’t the semi-Markov process derived from (X;,Y:) | B, by state
space restriction to the states in level 0. Then the one-step transition probability matrix of the

embedded discrete-time Markov chain (with k states) of Yy is given by P~V and the Laplace

transform of the corresponding holding time distribution at state i, given that the next state
(n—1) (n—1) -1

to be visited is j, is given by Wij s where P and ,u are found using recurrences

(13)—(18), with initialisation given by (8)—(12).

Proof. The cases in which n = 2 and n = 3 follow from Lemmas 3 and 4, respectively. For
a general n, we make step-by-step state space restrictions, reducing the state space by one level
at a time starting from the last level. The derivation of the relevant holding time distributions
follows the idea used in the preceding special cases. Therefore, we confine ourselves to a brief
statement of the necessary steps and leave the technical details to the reader. In the first step
we restrict the state space of (X, ¥;) | B, to the first n — 1 levels and obtain a semi-Markov
process, (X o Y, 1)) | B, say, with (n — 1)k states. The one-step transition probability matrix
of its embedded discrete-time Markov chain is found to be equal to the matrix derived from B,
by deleting its last row and last column and then replacing the bottom-right matrix A by & "(2)
Also, the holding time distributions of (X, 1 Y, (1)) | B,, are the same as those for the same states
of the continuous-time Markov chain (X;, Y, ,) | By, except for those associated with transitions
between the phases in the last level (level n —2) whose LTs are found to be equal to the u( /) (s).
In the next step we restrict the state space of (X, M Y( ) | B, tothe first n — 2 levels and obtain
a semi-Markov process, (X 2 Y ) | B, say, w1th (n — 2)k states. The one-step transition
probability matrix of its embedded discrete-time Markov chain is found to be equal to the
matrix derived from B,, by deleting its last two rows and last two columns and then replacing
the bottom-right matrix A by . Also, the holding time distributions of (X, @ Y(z)) | B,
are the same as those for the same states of the continuous-time Markov chain (X;, ¥;) | By,
except for those associated with transitions between the phases in the last level (level n — 3)
whose LTS are found to be equal to /L(z) (s). By induction we obtain a semi- Markov process
(X; (=1 Y, (-1 ) | B, with k states, whose holding times have LTs given by /L ~1 and whose
correspondmg one-step transition probability matrix is given by P~V From the construction
of the semi-Markov processes (X ,(r), Y,(r)) | By, it is clear that (X ,(" 1), Y,(n ])) | B, is equal
to the semi-Markov process Yt | B,,. Thus, the statement of Theorem 1 holds.

Consider again the continuous-time Markov chain (X, ¥;) | B,. Denote by 81.(7 (s), r =
1,2,...,n — 1, the LT of the waiting time to move from phase i in level r to the set of states
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in level 0, given that the reached phase in level O is j, and denote by ql.(r.) the corresponding
probability that level O is reached at phase j. Forr =1,2,...,n—1,let Q(’ ) denote the k x k
matrix whose (i, j)th entry is ql.(.rj). The following theorem is a by-product of the method used
to derive Theorem 1.

Theorem 2. The following recurrences hold for Sl(rj) (s)and QW , i, j=1,2,... k:

(1 (n—=1)
Si,j (S) =gl’n] (S)’ (19)
oM — g, (20)
k
8)() = 8l (B .m)5, 7 (s, @n
m=1
QN =8 QU y=23 . n—1, (22)

where 8" and gl(r]) (s) are given above.

Proof. Note the meaning of gl(r]) (s), r=1,2,...,n — 1. Actually, gl(rj) (s) is the LT of the
excursion from phase i in level n — r before entering level n — r — 1, given that level is entered
via phase j. The probability that, after that excursion, the level n —r — 1 is reached via phase j
is given by the (i, j)th entry of matrix 8. In other words, if » = n — 1, we have

1 -1
50 (s) = gV (s).

Also, the probability that level O has been reached via phase j is given by the (i, j)th entry
of matrix 8”1, Furthermore, note that the LT of the waiting time to move from phase i in
level 2 to level 1, given that the latter is reached via phase j, is given by

k
2 -2 — . 1
52 (5) =" gl D) B i, sy, (9);
m=1

recall that .!B(”_z)(i ,m) is the (i, m)th entry of the matrix B2, Also, the probability that
level 1 has been reached via phase j is equal to

k
(n=2): (eY]
Z B (@, m)qmyj.

m=1
By induction we obtain recurrences (19)—(22).

4.2. Reward processes

In this subsection we derive explicit, closed-form expressions for reward functions associated
with visits to, and sojourns in, the states in level O of the two-dimensional process (X;, Y;) | By,
which has been introduced above. In order to keep the expressions neater and consistent
with related expressions on reward functions for semi-Markov processes, we convert our two-
dimensional processes to one-dimesional processes. More specifically, define a semi-Markov
process V; by V; = Y; + kX;, where X; and Y; are the components of the two-dimensional
process (X;,Y;) | B,. Then V; has kn states. Denote the initial probabilities by p; ;, i =
0,1,....,n—1,j = 1,2,...,k, where p; ; is the initial probability for state j + ik. The
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quantity of interest is a reward function associated with the sojourns in the first k states and
visits to them. More specifically, introduce the reward function

2k k k k
H(t) =YY hijNij®) + Y hiSi@®)+ Y hily=iy, (23)

i=1 j=1 i=1 i=1

where 1, is an indicator function which is equal to 1 if the event {-} occurs and O otherwise,
S; (¢) is the time spent in state i by V;, and N; ;(¢) is the number of transitions from state i to
state j of V; within the time interval [0, ¢].

Now consider the semi-Markov process (X, (n=2) .Y, =2}y | B, introduced in the proof of
Theorem 1. Convert it into a one-dimensional process via V"~ = ¥/ 4+ kX"~ Then
V,( ) has 2k states and the one- step transition probability matrix of its embedded discrete-time
Markov chain is

A (n — 1)diag[d]
Pvos =1 giagtay @0 |-

Recall that, fori, j = 1,2, ..., k, the LTs of the holding time dlstrlbutlons are given by the
Xi/(s 4+ A;) for pairs of states (z j)or(i,i +k)or (i +k,i) and by y,l f 2 for pairs of states
(i+k, j+k).

Introduce the following reward function associated with the process Vl("_z):

2k k k k
I:I(t) = Z Zhi,j]\?i,j([) + Zh,@i(t) + Zh;l{vo(n—a:i},

i=1 j=1 i=1 i=1

where S; (¢) is the time spentin state i by the semi-Markov process V(" 2 , N; ,j (t) is the number
of transitions from state i to state j of V =2 within the time interval [0, ], and h; ;, h;, and
h} are the quantities associated with the reward function H (¢) 1ntroduced in (23). It is clear
that foreachi,i = 1,2, ...,k (the first k states of the process V 2))

P(Ht)<x | Vo=i)=PHW) <x | V" =i). 24)

Denote by 7(;,, j),(i», j») the waiting time to move from state i1 to state i, given that the next
state visited after i; is state j; and that the next state visited after state i is state jj, in the
semi-Markov process Vt("_z). Note that there is a random number of visits to state i before
T(i1, j1).(ia, j») 5 these are visits to i which are succeeded by jumps to states different than state j;.
The waiting times 7(; ;), ;i) and 7, j),, j) (Which are strictly positive) are the first return times
to state 7, under the relevant conditions. Denote by Dy, j)), (i, j») the joint (two-dimensional)
distribution of 7, j,) s, ) and H (TGy, 1), (2, jo))» that is, the joint distribution of that waiting
time with the associated reward H accumulated within that waiting time. Denote the Laplace
transform

o o - 2
/ / exp{—sit —sox}P(H(t) < x | VO("_ ) — i)drdx
0 0

(n—=2)
0

by Jf[P(ﬁ ) <x|V, = i)](s1, s2). Then from Theorem 4 in Appendix A we obtain,
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for r; = 1,2, ..., k (the factor exp{—s2h } is due to the reward associated with the initial
state rq),
LIP(H () < x | V"™ = r)l(s1. 52)

%
1 — hi))L[D 01051,
=exp{—s2h*l}( Z (I — i, j(s1 + 520)) LIDry ), (0, H1(515 52)

s2(s1 + s2h) (1 = LD, jy, i, 151, 52))

r2,i, j=1
X Pyw-2 (r1,r2) Pym-2 (i, j)

2k
+ Z (1- Mr.,rz(sl +52hr1))
s2(s1 + s2h))

Py (11, rz)>, (25)

rp=1

where the p; ; are the LTs of the holding time distributions of the semi-Markov process V,("fz).

Now consider
PH@) <x | Vo=u-+rk), u=12,....k,r=1,2,...,n—1.

Fix u and r, and augment the state space of the semi-Markov process Vl("_z) by one state, 0
say, which will play the role of the initial state. The nonzero one step transition probabilities
from state O are only to states 1 through k and they are equal to 9y, ") for j=12,...,k. Also,

the associated holding times with such transitions are given by S(r)

‘11% and 6( ) are introduced in Theorem 2. Denote this new semi- Markov process with 2k + 1

Recall that the quantities

states by Vt(" ) and consider the reward function

2k k

- . koo k _
H@) =YY hijNij(®) + > hiSit)+ Y hiNoi(),

i=1 j=1 i=1 i=1

where S, (t) and N i,j(t)are the relevant quantities associated with the augmented process V( L)
From the construction of V , it is clear that

P(H() <x | Vo=u+rk) =P(H@®) <x | V" =0).

Therefore, again from Theorem 4 we obtain (recall that there is no reward associated with
sojourns in state 0, so g = 0)

LIP(A () < x | Y& = 0)l(s1. 52)

(1= pi j(s1 + 28 LIDGT) (151, 52)
s2(s1 +s2h)) (1 — LD, jy, i, 1051, 52))

Igrl)’zPV(" 2)(l ])

ro=1i,j=1
k (r)
1-6 S
+ Z ( u,rz( 1))%5;:22’ (26)
rp=1 §251

where the p; ; are the LTs of the holding time distributions of the semi-Markov process Vt("_z)
and D((g o )) (. j) 1s the joint distribution of the waiting time 7(,r,),(i,j) (for the semi-Markov

process V,( r)) together with the associated reward accumulated during that waiting time.
In view of (24), (25), and (26), we arrive at the following theorem.
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Theorem 3. For the Laplace transform [;° [;° exp{—sit — sox} P(H(t) < x)dt dx of the
cumulative distribution function of the reward function H (t) givenin (23), we have the following
expression:

k 2%
S o o2, < 3 (1 — wi, j(s1 + 520i) LIDGy 10), 6,y (51, 52)
. 52081 +52h))(1 — LD, jy, 4, H1(s1, 52))

r=l i.j.ra=1

X Pv(n72) (r], rz)Pv(an) (l, J)

2k

1- Mry,r) (S] + Szhrl)

+ : P n— riy, r
Z s2(s1 + s2h,,) v (.r2)

2 (1= i j (51 + sshi DLIDGT) 11, Sz)

u,r ’ P -
+ZZP <Z 2 52051+ 52h)(1 — LD . plls1,s2)) wr Ve 2, J)

r=1u=1 ro= llj 1
s
(1 urz(sl)) r)
+ )
> B —
rp=1

where the | j are the LTs of the holding time distributions of the semi-Markov process V,("_z) ,

and the p; ; are the initial probabilities of V;, as introduced at the beginning of this subsection.

Explicit, closed-form expressions for the Laplace transforms

(
LIDGy (i) and  LIDGS) G, )]
can be derived as explained in Appendix A. Recall that the number of states, 2k + 1, of
the embedded Markov chains is small, for example, 9 and 15 for uncle-type and cousin-type
relationships, respectively.

4.3. Implementation

We summarise below the algorithm for calculating an explicit closed-form expression for
the Laplace transform of the cumulative distribution function of the reward H (¢) given in (23).
All steps are implementable using a computer algebra package such as MAPLE® or MATHE-
MATICA®.

e Using the identities given in (3), evaluate the initial quantities given in (8)—(12), that is,
B8PV | (n—1)d), PV, and

g()(s)_gA\(n Dd.i,j | As), ol
i.j i rj+s

where the matrix A(s) has been introduced in Lemma 3 and recall from the line after
(12) that M©Q(s) = A(s). Using the recurrences given 1n (8)- (18) and (19)-(22)
(cf. Theorems 1 and 2), evaluate the Laplace transforms ,u( ) and 8 and the matrices
P72 and Q).

o Derive explicit closed-form expressions for the Laplace transforms «£L[ D, j,), (i, j»)] and
£[D(6’ ;1)) (. m] that is, the Laplace transforms of the joint distributions of relevant first

passage times together with the associated accumulated rewards.
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e From the quantities evaluated above, calculate an explicit closed-form expression for the
Laplace transform of the cumulative distribution function of any relevant reward function
H (¢) using the result in Theorem 3.

A successful numerical inversion of the Laplace transform yields cumulative probabilities
of the reward function H (z). Abate and Whitt (2006) provided several algorithms for such
inversions (cf. also Abate et al. (1998) and Choudhury et al. (1994)).

5. Applications to IBD
The relevant reward functions for uncle-type and cousin-type relationships are

2k

Hi(t) = $1(t) + $2(t),  Ha(®) = Y _(Nia(6) + Nia(0)) + Livp=1 + Livp=2),
i=1

that is, the accumulated sojourn in the first two states and the number of entries to the first
two states. Their interpretation in terms of IBD has been explained in Section 2. The explicit
expressions for the reward LTs are relatively lengthy and we confine ourselves to listing the
ones for the uncle/nephew relationship which can be written on one line. More specifically,
for the Laplace transform £L[P(H;(¢) < x)](s1, s2) of the cumulative distribution function of
the reward function Hj (¢) corresponding to the amount of IBD genome shared by an uncle and
his nephew on a chromosomal segment of length # morgans, we obtain the following explicit
expression:

4s3 + 6525y + 25153 + 7257 + 725152 + 1353 + 41651 + 2085, + 768
452@;1 + 2s?sz + s%s% + 18s13 + 27312sz + 9s1s% + 104s% + 1045157 + 16s§ + 19251 + 96s2)

For discrete reward functions, such as H,(t), it is more convenient to use the mixed (generating
function - Laplace) transform

Z/ooxfz exp{—si1} P(H (1) < x)dt.
x=0 0

For the mixed transform of the cumulative distribution function of the reward function H,(t)
corresponding to the number of IBD pieces on a chromosomal segment of length # morgans,
we obtain the following explicit expression:

457 + 9s152 + 253 + 4751 + 5457+ 136
—41n(s2) (57 — 4s155 + 14s7 — 95152 — 2855 + 6151 — 5252 + 80)

We also list some calculation results for the uncle/nephew and first-cousin relationships in
Tables 1 and 2. These have been calculated using the Gaver—Stehfest algorithm (cf. Abate and
Whitt (2006)). From Table 1 we also note that the distribution of the proportion of shared
genome for the uncle/nephew relationship is symmetric.

Remark 2. There is a matrix exponential representation for the one-dimensional Laplace trans-
form of the reward function Hj (¢) (cf. Ball et al. (1994, p. 929)). Effective numerical evaluations
of such matrix exponentials are possible if the matrix in the exponential is diagonalizable. Since
the transition matrices for uncle-type and cousin-type relationships are diagonalizable, then such
a numerical approach for Hj(¢) is feasible and will be investigated by the authors elsewhere.
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TaBLE 1: Cumulative probabilities F'(x) for the proportion of the genome shared IBD on a chromosomal
segment of length d morgans.

X

0.45 040 035 0.30 0.25 020  0.15 0.10  0.05 0.00

Uncle/nephew relationship

2 0970 0911 0.808 0.666 0.500 0.334 0.192 0.090 0.030 0.003
3 0.990 0952 0.859 0.702 0.500 0.298 0.141 0.048 0.010 0.0003

First-cousin relationship

2 0999 0995 0982 0953 0.895 0.784 0.645 0451 0.242 0.064
309999 0999 0994 0978 0932 0.832 0.657 0417 0.174 0.019

TaBLE 2: Cumulative probabilities F'(k) for the number of shared IBD pieces, k, on a chromosomal
segment of length d morgans.

k
0 1 2 3 4 5 6 7 8 9 10 11

Uncle/nephew relationship

2 0.080 0.030 0.107 0.250 0.429 0.626 0.775 0.875 0.943 0978 0.991 0.997
3 0.001 0.004 0.018 0.058 0.131 0.261 0411 0.558 0.702 0.821 0.898 0.946

First-cousin relationship

2 0080 0.161 0343 0.545 0.714 0.844 0.920 0.961 0.985 0.995 0.998 0.999
3 0024 0.059 0.153 0.295 0451 0.617 0.747 0.841 0913 0958 0.979 0.991

Appendix A

In this appendix we extend a result of Stefanov (2006) on reward functions for semi-Markov
processes to the case where the holding time in a given state depends on both the current state
and the next state visited. The notation in this appendix is self-contained and local to it. Let
Y; be a semi-Markov process with m states, and let the one-step transition probability matrix
for the embedded discrete-time Markov chain and its (7, j)th entry be denoted by P and p; ;,
respectively. The LT of the holding time distribution at state i, given that the next state to be
visited is state j, is denoted by ;. jy. Introduce the following reward function:

H(@t) = Z hi jNij(t) + Zhigi(t),

i,j=1 i=1

where S; (¢) is the time spent in state i by the semi-Markov process Y; and 1\7,-, j(t) is the number
of transitions from state i to state j of ¥; within the time interval [0, ¢].

Denote by 7, j), (s, j») the waiting time to move from state iy to state i, given that the
next state visited after i is state j; and that the next state visited after state iy is state j,, in
the semi-Markov process Y;. Note that there is a random number of visits to state i» before
T(i1, j1).(ia, j) these are visits to i which are succeeded by jumps to states different than state j;.
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The waiting times (; ;), ;i) and 7, j),, j) (Which are strictly positive) are the first return times
to state 7, under the relevant conditions. Denote by Dy, j)), (i, j») the joint (two-dimensional)
distribution of 7, ), >, j») and H (T(iy, j1), (i, jo))» that is, the joint distribution of that waiting
time with the associated reward H accumulated within that waiting time.

Theorem 4. For the LT ofP(IfI(t) < x | Yo = r1) with respect to t and x, we have

LIP(H(1) < x | Yo = r)](s1, 52)

m

(L = g, jy(s1 + 528 LID (1,10, jH1 (51, 52)
Z Pry,r Pi,j
52051 +s2h) (1 — LD, jy,a, 1051, 52))

ra,i, j=1

N i (1 = Ly (51 + $2R1))
52(81 + $2h;)

Pryra-
ry=1

Proof. Denote by w, the waiting time starting from time epoch ¢ and ending when a jump
in the semi-Markov process Y; occurs. That is, if the process is in state i at time ¢ then at f 4 w,
the process enters the next state visited after state 7. Also, let

t((tk;) = inf{u > r((i]f;)l): Y, =i, Yy4y, = Jj, and ¥; jumps in (r((i]fjf)l), ul}, k=12,...,

where T((IO)) = 0; recall that a semi-Markov process may jump without changing state. Of
course,
m
P(H@) <x | Yo=r))= Y PHW) <x,Yyy=r2, Y =i, Yigy, =j | Yo=r1).
ra,i,j=1

Case I: (i, j) # (r1, r2). First note that
PH{) <x, Yyo=12, Vi =i, Yipw, =j | Yo=11)
=PH@W) <x, Y, =i | Yo=r1, Yy =12, Yisw, = j)Pri.raDisj- (27)
Furthermore,

PH) <x, Y, =i|Yo=r1, Yuy =r2. Yijw, =)
o
~ k41 .
=Y PHM <x, V=i, 1 <t <tV 1 Yo =r1, Yug =12, Yigu, = j).
k=

(28)

From the basic properties of semi- Markov processes, it follows that, for a given pair of states
(i, j), the process regenerates at each T )). Therefore, using the same arguments as those
applied in the proof of Theorem 2.1 of Stefanov (2006) for deriving the LT of a similar
conditional probability, for the LT of

e . k k+1 .
PHW) <x, Y =i 1) <t <tV | Yo=r1, Yoy =r2. Y, = ),

we obtain the expression

(1 = i, jy (51 + 520 LID(ry 12, 1,151, $2) (LID i, jy, i p 1051, 52))K !

29
s2(s1 + $2h;) 29
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In view of (27), (28), and (29), for the LT of
P(H(1) < x, Yy =12, Yy =i, Yipw, = j | Yo =r1),
we obtain the expression

(L = g, jy (51 + 28 LID 1,10, jH1 (51, 52)
prl,rzpi,j-
52(81 +s2h))(1 — LD, jy, i, 1051, 52))

Case 2. (i, j) = (r1, r2). We have

P(H(t) <x, Yyy =12, Yi =11, Yigw, =12 | Yo =11)

]

~ k k+1
= ZP(H(I) <x, Yuwy=nr Y =r1, Yi4w, =12, T((,l),,z) <t < T((,IJ;Z)) | Yo=r1)
k=0
=PH@) <x,Yr=r, wo>t, Yiyy, =r2| Yo=r1)
o
~ k k1
+ Y PH@W) <X, Yy =12, Yo =11, Yigw, =12, T ) St < Tt D | Yo =11).
k=1

Similarly to the arguments used in deriving (2.6) of Stefanov (2006), for the LT of
P(H@) < x, Yi=ri, wo =1, Yrru, =12 | Yo =r1),

we obtain the expression
(I = wry,r) (51 + $2h)))
s2(s1 + s2hy)

Priry-

Therefore, the LT of
P(H(t) <x, Yyy =12, Vi =11, Yoy, =12 | Yo =11)

is equal to
- M(rl,rz)(sl + SZhrl))
s2(s1 + s2h,,)
(1- MK(@ry.r) (s1+ S2hr1))°C[D(r1,r2),(r1,r2)](sly 52)
s2(s1 + 520, ) (1 — LDy, 1), (1,7 1(51, 52))

Pri,r

ri.ra Prir-

In other words, this case leads to an expression that equals the sum of two components—one
is the same as that in case 1 and the other corresponds to the situation when the process does
not leave state r; before time ¢.

Putting together the expressions derived above, we obtain the statement of Theorem 4.

A.1. Evaluation of the Laplace transforms £L[D;,, j,), 2, j» 1(51, 52)

Suppose that we have an explicit, closed-form expression for the joint probability generating
function, gN(S) say, of Ni,j(f(il,jl),(iz,jz))’ i,j = l 2,...,m; here S is an m X m matrix.
Then, applying Lemma 2, we obtain the joint LT of S; ; (T(i,, 1), (2, j2)) and N; j (TG, j1), G2, o))
where

Nij (T ). i)
Sij (T ), ) = > Z()y:
k=1
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and, for each (i, j), the Zfl ),) are independent and identically distributed random variables with
LT i, j)- Therefore, since the reward function is a linear function of the Sl i (TGi1,j0), G, j)) and
Ni i (Tiy, ji), (2, jo)) (recall here that S, ) = Z, 1 S, ,j (D), we obtain L[ D, 1), (ir, )1 (51, sz)
We now explain how to derive the joint probability generating function, g5 (S). Let Y,
be the embedded discrete-time Markov chain of the semi-Markov process Y;. Recall that the
number of states is m. Denote by 7, r,),- the waiting time in the Markov chain Y, to move
from state r; to state r3, given that the next state visited after ry is state r2. Let N; ; (T(ry,ry),r3)
denote the number of one-step transitions from state i to state j in the interval [0, 7(;, ,,),r, ] Let
8(r1,m),; (S) be the joint probability generating function of N; ; (T r2).r3), 1, ] =1,2,...,m
Then, using the second identity in (3), we obtain an explicit expression for this joint probability
generating function. For given iy, ji, i2, ja, consider the following time-homogeneous multi-
variate Markov renewal process, (C,, T,,), whose embedded discrete-time Markov chain, Cy,,

has m + 1 states, labelled O, 1, . .., m, and one-step transition probability matrix given by

0 Ppi1 P2 --- Diym

0 pia1 Ph2 - Piym

0 pi1 P2 - Pipm

0 pi1 P2 - Pipm
The additive component, T,, (=7,(, j), i, j,=1,2,...,m),is m?2-dimensional and the distri-
bution of 7, — T,,_ is introduced below. For k,r = 0, 1, ..., m, let G4 , be the conditional
distribution of 7,41 — T, given that C,, = k and C,,41 = r. Fork = O and each r, r =
1,2,...,m, the joint (m>-dimensional) probability generating function of Gy, is equal to

8G1,jn.i2(8), and, for k > 1 andeachr, r = 1,2,...,m, itis equal to g, k)i, (S). Let 1o,
be the waiting time to move from state O to state j, in the discrete-time Markov chain C,,.
Again, by N ,(79,j,) we denote the number of one-step transitions of C, from state k to
state r in the interval [0, 7o, ,]; here k,r = 0,1, ..., m. We can easily note the following
interpretation of the Ni , (7o, j,). Fork > 1, Z:": 1 Ni,r (70, j,) counts how many times, in the
time interval [0, ¢, ), (2, /)], the semi-Markov process Y; enters state ip with k being the
next state visited. The joint probability generating function, say gc (s, S), of the Ny , (7o, },)
(here the (m + 1)-dimensional vector s corresponds to Ny, (7o, j,) and the m x m matrix §
corresponds to Ny (7o, j,), k,r = 1,2, ..., m) is derived using the second identity in (3).

Finally, in view of Lemma 5, below, we obtain the following identity for the joint probability
generating function g5 (S):

gy (8) = gc(3(S), 8(8)),
where the (m + 1)-dimensional vector §(S) and the m x m-matrix S (S) are given by
5(8) = (1, 861,112 (81 &Gy, j1).in (8)s -+ &Gy j1),in (),
Sk, ) = gi0.i(S),  kor=1,2,...,m
and g(r;.r,),r; () is introduced above.

Lemmas. LetT = (y1, 2, ..., yr) be a vector of nonnegative znteger—valued random vari-
ables with joint probability generating function gr (s, s2, ..., Sy). Let Zn ,i=1,2,...,r be
r independent sequences of independent and identically dlsmbuted random vectors ( wzth the
same dimension, u say) that are independent of T'. For each n, it is assumed that the distribution
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of Z,(f) follows the distribution of a random vector, Z say, fori = 1,2,...,r. Also, it is

assumed that, for each i, the components of Z\") are nonnegative integers and the joint froba—
bility generating function of Z® is denoted by 870 D), where t V) = (tl(l), tz(l), ceey tu’))T is

a u-dimensional vector. Let

Vi
Uui=Y2¥, i=12..r
j=1

Then the joint probability generating function of the ru-dimensional vector
U= U Us,....U)"
is equal to

gu@V. t® ) = er (g0 ), g0 tD), ..., 870 @ )).

Proof. The proof is an easy extension of Lemma 2.1 of Stefanov (2000b) and Lemma 2 to
the case of multidimensional summands.
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