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Abstract

We systematically study the moduli stacks of Higgs bundles, spectral curves and Norm maps on
Deligne-Mumford curves. As an application, under some mild conditions, we prove the Strominger-Yau-

Zaslow duality for the moduli spaces of Higgs bundles over a hyperbolic stacky curve.

Contents

[L__Introductionl

2 Preliminarics

[2.1 Deligne-Mumford curves| . . . . . . . . . . .

[2.2  Semistable sheaves on Deligne-Mumford stacks| . . . . . ... .. ... ... ... ...
[2.3  Higgs bundles and stability] . . . . . . . ...

13 Moduli spaces of Higgs bundles|
[3.1  Moduli stacks of Higgs bundles| . . . . . . .. ... ... ... ... o
[3.2  Moduli stack of SL,-Higgs bundles| . . . . . .. ... ... oo
[3.3  Moduli stack of PGL,-Higgs bundles| . . . . . . ... ... ... 00

[3.4  Application to the case of stacky curves| . . . . . . . .. ... oL

|4 Spectral curves and Hitchin morphisms|

[4.1 Spectral curves| . . . . . . . e
[4.2  The Hitchin morphism| . . . . . . . . . . . . .
[4.3  Classification of spectral curves| . . . . . . . . . . . L o

Ig Norm mapsl

[5.1 Norms of invertible sheaves on Deligne-Mumford stacks| . . . . .. .. ... ... .. .. ...

[5.2  Norm maps of finite morphisms of Deligne-Mumford stacks[ . . . . . . ... ... .. ... ..

[0.3  The case of stacky curves| . . . . . ... L L

[6SYZ duality]

[6.1 BNR correspondence| . . . . . ...
[6.2 The proof of SYZ duality] . . . . . . . . . . e

*Email: huangyh@xju.edu.cn

https://doi.org/10.4153/S0008414X24000439 Published online by Cambridge University Press

T O O S U W N N

co @

11
13
16

18
18
20
21

27
27
28
31


https://doi.org/10.4153/S0008414X24000439

[A° Comparison of the modified slope and the parabolic slope] 40
[B Proof of the properness of the Hitchin morphism| 41
[C Spectral Construction| 44

1 Introduction

1.1 Strominger-Yau-Zaslow

Mirror symmetry stemed from the study of superstring compactification in the late 1980s. Its first precise
formulation was given by Candelas, dela Ossa, Green and Parkes. They conjectured a formula for the number
of rational curves of given degree on a quintic Calabi-Yau in terms of the periods of the holomorphic three
form on another “mirror” Calabi-Yau manifold, which is related to the theory of closed strings in physics (see
[COPLA1]). In the mid-1990s, two developments emerged, inspired by the open string theory: Kontsevich’s
proposal of homological mirror symmetry (see [Kon95]) and the proposal of Strominger-Yau-Zaslow (see
[SYZ94]).

Let us focus on the Strominger-Yau-Zaslow’s proposal. Consider a pair of compact Calabi-Yau three-folds
M and M related by mirror symmetry in the sense: the set of BPS A-branes on M is isomorphic to the set
of BPS B-branes on M, while the set of BPS B-branes on M is isomorphic to the set of BPS A-branes on M.
The simplest BPS B-branes on M are points and their moduli space is M itself. For every point in M, the
corresponding BPS A-brane on M is a pair (T, L), where T is a special Lagrangian submanifold of M and L
is a flat U(1)-bundle on T'. Then, there is a family of special Lagrangian submanifolds on M parametrized
by points of M. According to McLean’s theorem (McLean [Mcl98]), the deformation space of a special
Lagrangian submanifold 7" is unobstructed and has real dimension b1 (7") (the first Betti number of T"). On
the other hand, the moduli space of flat U(1)-bundles on T is H'(T,R/Z) (a torus of real dimension by (T)).
Thus, the total dimension of the moduli space of (T, L) is 2b;(T"). Since the moduli space is M, we must have
bi(T) = 3. Then, M is fibered by tori of dim 3. Exchanging the roles of M and M, we conclude that M is
also fibered by three-dimensional tori. Motivated by those, Strominger-Yau-Zaslow made a conjecture called
SYZ conjecture: every n-dimensional Calabi-Yau manifold M admits a mirror M (which is also a Calabi-Yau

manifold of dim n). And, there exists a real manifold N of dimension n together with two smooth fibrations

h, h
M M
N

where the generic fiber is a special Lagrangian n-torus. Moreover, h and h are dual in the sense that for a
common regular point b € N of h and h, we have

R7Y(b) = HY(h7Y(b),R/Z), h~(b) = H (=1 (b),R/Z).

Hitchin [Hit0I] extended the formulation of SYZ Conjecture to Calabi-Yau manifolds with B-fields, where
B-fields are flat unitary gerbes in mathematics. Suppose that B is a flat unitary gerbe on a Calabi-Yau X
such that the restriction of B to every special Lagrangian torus fibre 7T is trivial. Since the set of isomorphism
classes of flat unitary gerbes on T is H?(T,R/Z), a trivialization of B on T is a 1-cochain whose coboundary
is B and two trivializations are equivalent if they differ by an exact cocycle. Then, the set TriVU(l)(T, B)
of equivalence classes of trivializations of B on T is a H'(T,R/Z)-torsor. The SYZ mirror of Calabi-Yau X
with a B-field B is defined to be the moduli space of pairs (T, ¢) where T is a special Lagrangian torus and
t is a flat trivialization of B on T'. Note that if B is a trivial flat unitary gerbe, we obtain the original SYZ
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mirror. More precisely, two n-dimensional Calabi-Yau orbifolds X and X, equipped with B-fields B and

B respectively, are said to be mirror partners, if there is an n-dimensional real orbifold Y and two smooth

XXY%X

such that for every regular value x € Y of y and i, the fibers =1 () and ji~!(x) are special Lagrangian tori

surjections u, fi

and dual to each other in the sense that there are smooth identifications
p M (z) = Triv' D (Y (2), B) and i '(z) = Teiv/D (u~'(z), B).

In [HTO3], Hausel and Thaddeus showed that the moduli spaces of flat connections on a curve with
structure groups SL, and PGL, are mirror partners in the above sense. Their work has been extended to
the Go case by Hitchin [Hit07] and to all semisimple algebraic groups by Donagi-Pantev [DP12]. For the
case of parabolic Higgs bundles, Biswas and Dey [BD12] proved the SYZ conjecture for full flags parabolic
Higgs bundles with structure groups SL, and PGL,..

1.2 Moduli spaces of Higgs bundles, Hitchin morphisms and Norm maps

In [Nir08|, Nironi constructed the moduli stacks (spaces) of coherent sheaves on projective Deligne-Mumford
stacks. We use his construction to study the moduli stacks (spaces) of Higgs bundles on Deligne-Mumford
curves. In fact, Simpson used coverings by smooth projective varieties to give description of the moduli
stacks of Higgs bundles with vanishing Chern classes on Deligne-Mumford curves (see Simpson [Sim11]).
For the stacky curves (or orbifold curves), Biswas-Majumder-Wong [BMW13], Borne [Bor(7], Nasatyr-Steer
[NS95] and others had considered the problem.

Let X be a complex hyperbolic Deligne-Mumford curve with coarse moduli space 7 : X — X. We show
that the moduli stack Mpe(GL;) of rank r Higgs bundles on X is locally of finite type over C. Fix a
polarization (£,0x (1)) on X, where € is a generating sheaf (see Subsection2.2)) and Ox (1) is an ample line
bundle on X. We introduce the notion of modified slope for Higgs bundles on X'. Using the modified slope,
we define semistable(stable) Higgs bundles. As usual, we can represent the moduli stack My, p(GL;) of
semistable Higgs bundles with modified Hilbert polynomial P as a quotient stack. Moreover, we show that

borp(GL;) admits a good moduli space Mp?) p(GL;).

Fix a line bundle L on X. The SL,-Higgs bundles is a Higgs bundle (F,¢) with det(F) = L and
tr(¢) = 0. We also prove that the moduli stack Mpe(SL;.) of SL,-Higgs bundles is locally of finite type over
C. And also, we show that the moduli stack M5 p(SL;) of semistable Higgs bundles with modified Hilbert
polynomial P is a quotient stack and admits a good moduli space Mp7; p(SL,) which is a closed subscheme
of M3, p(GL,).

Recall that for a principal PGL,-bundle P, there is an associated cohomology class a € H%(X, ), which
is the obstruction of lifting P to a principal SL,-bundle. We call P with topological type a. A PGL,-Higgs
bundle is said to be with topological type « if the principal PGL,-bundle is with topological type a. In
order to show the algebraicity of moduli stack M@ _(PGL,) of PGL,-Higgs bundles with topological type
a, we divide two cases: Case I. Assume the image of a in H?(X,G,,) is zero. Therefore, there is a line
bundle L on X such that §(L) = —« in the Kummer exact sequence (23). We prove that Mpe(SL;) is a
J--torsor over M3 | (PGL;), where 7, is the stack of u,-torsors on X. Hence, Mg (PGL,) is locally of
finite type over C (see [Lie09, Lemma 3.4]). Case II. Suppose the image of a in H?(X,G,,) is non-zero.
We consider the p,-gerbe p, : G, — X corresponding to «. Then, we introduce the notion of twisted Higgs
bundles and the moduli stack M@ _,(SL,) of SL,-Higgs bundles with trivial determinant. Then, we prove
that Mg, (SL;) is locally of finite type over C. On the other hand, we show that M2 ,(SL,) is a J,-torsor
over Mg (PGL,). Thus, Mg (PGL,) is also locally of finite type over C (see [Lie09, Lemma 3.4]). In
Subsection we consider the case of stacky curves and give a definition of the moduli space M7} (PGL;)
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of stable PGL,-Higgs bundles with topological type «. For further applications, we also consider the moduli
space Mp, ¢(SLy) (vesp. Mpy (PGL;)) of stable SL,-Higgs bundles (resp. stable PGL,-Higgs bundles)
with fixed K-class & € Ky(X)g.

Hitchin morphism was introduced by Hitchin in his study of 2-dimensional reduction of Yang-Mills
equations (see [Hit87]). We also introduce the Hitchin morphisms in our setup. If X' is a hyperbolic stacky
curve, then the Hitchin morphism is proper (see [Yok93]), where we use the correspondence between the Higgs
bundles on a stacky curve and the parabolic Higgs bundles on its coarse moduli space (this correspondence
is called orbifold-parabolic correspondence in this paper). In Appendix we will give a direct proof of
the properness of the Hitchin morphisms, following the argument of [Nit91]. As an immediate corollary,
the Hitchin morphisms hgy,, : Mﬁil,g(SLr) — H°(r, Kx) is also proper, where H°(r, Ky) is the affine space
associated to the vector space @@._, H*(X, K¥).

For hyperbolic Riemann surfaces, if the rank of Higgs bundles is at least 2, then a general spectral curve
is integral (see [BNR&9, Remark 3.1]). But, for hyperbolic Deligne-Mumford curves, it is not so. Indeed,
there is a hyperbolic Deligne-Mumford curve Es such that for any a € H°(Es, Kg,) ® H°(Es, K3_) the
associated spectral curve is reducible (see Example . With regard to this, we find an optimal criterion
for the integrality of spectral curves (see Proposition and Remark .

A partial classification of spectral curves is obtained (Theorem . We also construct an example
satisfying the last conclusion of the above theorem i.e. for hyperbolic stacky curve Py, 4, we show that
for a general element a of @°_, HO(P} 55, KIiPi s

Example [4.22)). On another hand, we also show that the coarse moduli space of the spectral curve on a

), the corresponding spectral curve X, is singular (see

hyperbolic stacky curve X is the spectral curve of the corresponding parabolic Higgs bundle on X under
some condition (see Theorem and Remark .

In Section [5] we systematically study the norm theory on Deligne-Mumford stacks. Applying the general
theory to the stacky curves, we obtain the Norm maps for stacky curves (see Proposition . And, there
is a connection between the Norm map of a finite morphism of stacky curves and the Norm map of the
induced finite morphism of coarse moduli spaces (see Lemma . With the help of it, the proof of the
SYZ duality can be reduced to the usual case.

1.3 Main results

Let X be a hyperbolic stacky curve of genus g with coarse moduli space 7 : X — X. The stacky points of X
are pi,--- , Pm and the stabilizer groups are i, - - - , oy, respectively. Assume that the assumptions of Corol-
lary (which ensure a general spectral curve is irreducible and smooth) are satisfied. Suppose the K-class ¢
satisfies and & = (r,dg, (m1)7 0 o (M) !) € Ko(X)g. Fix aline bundle L € Pic? (edm) (1),
where d', j1, ..., jm satisfy . Consider the moduli space of My, . (SL,.) of semistable SL,-Higgs bundles
with K-class £ and determinant L. The Hitchin morphism hgy,, : Mf)f)l,g(SLT) — H°(r, Kx) is surjective.
Note that the stable locus Mpoie of M7, ¢ (SL,) is non-empty. Therefore, the properness of hgy, implies
there is a non-empty open subset & C H°(r, Ky ) such that the inverse image hs_ﬂr (U) is contained in Mpoy¢.
Then, Mgy, := hS_LlT (U) is a hyperkéhler manifold and MpgrL,, = hEéLT (U) = [MsL, /To] is a hyperkéhler

orbifold. Furthermore, we obtained two proper morphisms

Mpar,, (1)

Mg,
hsux AGLT,L{
u

where hgr,, 1/ and hpgr, i are complete algebraically integrable systems. If we perform a hyperkahler rotation
i.e. change to a different complex structure, the generic fiber of hgr,, 1/ (resp. hpgr, ) is a special Lagrangian
torus (see Proposition . Moreover, for a general point a € H°(r, Ky), hsfﬁmu(a) and hEéL“u(a) are
dual (see Corollary . On the other hand, there are two flat unitary gerbes B and B on Mesgy,, and Mpgr,
respectively (see Subsection [6.2). We can therefore state our main results (Theorem [6.13).
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Theorem 1.1. (1) Assume that [[=] € {;- ™Y for all 1 < k < m. Then (Msy,,B) and (Mpgy,,, B)

o e
are SYZ marror partners if one of the following conditions is satisfied:

(i
(4

(41
(i

(2) Suppose that the assumption about [-] in (1) does not holds. We make the following assumption: if
(=12 % for some 1 < k < m, then [%] = 1-7;1' Then (Msy,,,B) and (Mpcy,,,B) are SYZ mirror

partners if one of the following conditions is satisfied:

| \/

g
g=1 ande (=150 =2
9=0and 300, (r—[71) > 2r + 1;

)
)
)
v) g=0, Zk L(r— frk]) 2r and dimcHO(X, K%) > 2 for some 2 <k <.

(i) 9>2;
(i) g =1 and 33, (r =1 - [2=1]) > 2;
(@ii) g=0, >0 (r—1— f%]) > 2r — 2 and Ky satisfies the condition in Subsection .

Corollary 1.2. If the K-class £ satisfies the condition of Proposition [A, then for a generic rational
parabolic weight (Definition ; the moduli spaces My, (SL,) and MSO‘; ¢(PGL;) with natural flat unitary

gerbes B and B respectively, are SYZ mirror partners.

Remark 1.3. At the end of Subsection we construct a pair of moduli spaces of Higgs bundles with
structure group SL3 and PGL3 respectively on the stacky curve IP%’Q’Q&2 (see Example in Subsection
. Moreover, in this example, under the orbifold-parabolic correspondence, the quasi-parabolic flags of
the corresponding parabolic Higgs bundles are not all full flags. Our theorem provides more examples for
the SYZ duality.

1.4 Hausel-Thaddeus Conjecture

For any two natural numbers d, e coprime to r, Hausel-Thaddeus [HT03] conjectured that the mixed Hodge
numbers of the moduli space Mg ,(SL,) of stable SL,-Higgs bundles of degree d on a compact Riemann
surface is equal to the stringy mixed Hodge numbers of the moduli space Mf ,(PGL,) of stable PGL,-Higgs
bundles of degree e on the same compact Riemann surface. And, Hausel-Thaddeus proved the conjecture for
r = 2,3 by direct calculations in the same paper. Only recently, the conjecture was proved by Groechenig,
Wyss and Ziegler in [GWZ20] via p-adic integration. Maulik-Shen [MS21] gave a new proof of the conjecture
using perverse filtration on the moduli space and Ngo’s support theorem in [Ngo0O6], [Ngol0]. The method
in [MS21] has more applications in area of Gopakumar-Vafa invariants. For the moduli spaces of parabolic
Higgs bundles, Gothen-Oliveira [GO19] proved the Hausel-Thaddeus Conjecture for ranks 2 and 3 but gave

evidence that the same holds for any rank.
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Notations and conventions

e All schemes and Deligne-Mumford stacks are defined over the complex field C throughout of the paper.
A Deligne-Mumford stack is always assumed to be a global quotient stack with projective coarse moduli

space unless otherwise specified.
o Ky(X)q is the rational K-group of coherent sheaves on the Deligne-Mumford stack X.
e For a Deligne-Mumford stack X, let Xs denote the small étale site of X.

e Let U — X be a morphism from a scheme U to a Deligne-Mumford stack X. We use U[n] to represent
the cartesian product U xx U Xx --- Xx U of n+ 1 copies of U. Let pr; : U[1] — U be the projection
to the i-th factor, for ¢ = 1,2 and let pry, : U[2] — UJ[1], prag : U[2] — U[1], and pry5 : U[2] — U[1]
be the three natural projections. For an étale covering U — X, let Des(U/X) denote the category of
pairs (F, o), where E is a sheaf of Opy-modules on Uy and o : priE — pr3E is an isomorphism on

U[1)et, which satisfies the cocycle condition priso o prigo = prigo.
e (Sch/C)e is the category of schemes over the complex field C with big étale topology.

e For a Deligne-Mumford stack X and a C-scheme T', we denote the fiber product X x T by Xp. Also,
prx : Xp — X is the projection to X and pry : Xr — T is the projection to 7'

e Tot(E) denotes the relative Spec, (Sym®E"), where Sym®EV is the symmetric algebra of the dual EV
of a locally free sheaf E on a Deligne-Mumford stack X'

e For a locally free sheaf F on a Deligne-Mumford stack X, the associated projective bundle P(E) is
defined to be the relative Proj(Sym®*EY), where Sym®*EY is the symmetric algebra of the dual EV of
E.

e For any real number ¢ € R, we use [c¢| to denote the ceiling of c.

2 Preliminaries

2.1 Deligne-Mumford curves

We recall some basic definitions of Deligne-Mumford curves. For a detailed discussion of these topics, please
refer to [BNOG].

Definition 2.1. A Deligne-Mumford curve X is a one-dimensional Deligne-Mumford stack of finite type

over C. A stacky curve (or an orbifold curve) is a Deligne-Mumford curve with trivial generic stabilizers.

Remark 2.2. For a smooth Deligne-Mumford curve X, there is a smooth stacky curve X and a morphism
R : X — X, where R is an H-gerbe for some finite group H (see [BNOG, Proposition 4.6]).

Definition 2.3. A smooth irreducible Deligne-Mumford curve X is said to be hyperbolic if the degree
deg(K x) of the canonical line bundle Ky is positive.

Remark 2.4. A Deligne-Mumford curve X is hyperbolic if and only if the associated stacky curve is
hyperbolic (see [BNOG, proposition 7.4]).

2.2 Semistable sheaves on Deligne-Mumford stacks

On a Deligne-Mumford stack, there is no very ample line bundle on it unless it is an algebraic space. However,
Olsson and Starr (JOS03]) have discovered that under certain hypothesis, there are locally free sheaves, called
generating sheaves, which behave like very ample line bundles. In the following, X is a Deligne-Mumford

stack with coarse moduli space 7 : X — X.
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Definition 2.5. Let F' be a coherent sheaf on X'. F is said to be a pure sheaf of dimension d if the support

of every non-zero coherent subsheaf G of F' is of dimension d.

Definition 2.6. A locally free sheaf £ on X is said to be a generating sheaf if for any quasicoherent sheaf
F on X, the left adjoint of the identity morphism id : M (F ®EY) = T (F R EY), 7*(m(EV Q F)) Q@ E — F

is surjective.
Remark 2.7. A smooth Deligne-Mumford curve X possesses a generating sheaf (see [Kre05, Theorem 5.3]).

Definition 2.8. A polarization on X is a pair (£,Ox(1)), where € is a generating sheaf on X and Ox(1)

is a very ample line bundle on X.

Example 2.9. Suppose that X is a smooth irreducible stacky curve with coarse moduli space 7 : X — X.
Let {p1,...,pm} be the set of stacky points of X with the orders of stabilizer groups {ri,...,rn}. Then,
the locally free sheaf

£u =@ B Ox(L i) (2)
is a generating sheaf, since it is 7-very ample (see [NirO8, Definition 2.2 and Proposition 2.7 ]). Let Ox (1)
be a very ample line bundle on X. Then, (£,,Ox (1)) is a polarization on X.

Definition 2.10. Let (£,0x(1)) be a polarization on the X and let F' be a coherent sheaf on it. The
modified Hilbert polynomial P of F is defined by Pr(m) = x(m.(F @ £Y) ® Ox(m)), where x(m.(F ®
EY) ® Ox(m)) is the Euler characteristic of m.(F ® £Y) ® Ox(m) on X.

Remark 2.11. In general, the modified Hilbert polynomial is

Pp(m) = S0 %t i, (3)

!

where d is the dimension of the support supp(F') and a;(F) are rationals.

Definition 2.12. If the modified Hilbert polynomial Pr of F'is , then its reduced Hilbert polynomial

pr is defined to be pp(m) = 1:5((?))

Definition 2.13. The modified slope jig(F) of F is defined by pig(F) = “4=H7.

Definition 2.14. Suppose that F is a pure sheaf on X. F is said to be semistable (stable) if for every
proper coherent subsheaf F’ of F, we have

prr(m) < (<)prp(m), for m > 0.

2.3 Higgs bundles and stability

Let X be a smooth Deligne-Mumford curve with coarse moduli space 7 : X — X.

Definition 2.15. A rank n Higgs bundle (F, ¢) on X consists of a rank n locally free sheaf E on X and
a morphism ¢ : E — E ® Ky of Oy-modules, where ¢ is called the Higgs field.

Definition 2.16. For a scheme T, a T-family (Er, ¢r) of Higgs bundles on X consists of a rank n locally
free sheaf Er on Xr and a morphism of Ox,-modules ¢r : Er — Er @ priyKxy.

Example 2.17. Let X be a smooth irreducible Deligne-Mumford curve with coarse moduli space 7 : X — X.
The canonical line bundle is Ky = 7*Kx ® Ly, for some line bundle Ly on X. In fact, if X is a stacky

curve by Remark (2.2). Let £ = E; & E5, where F; = W*KZ and Fy = 7T*K 3 ® Li With respect to the

decomposition of E, there is a morphism of O y-modules

curve, it is so (see [VB22, Proposition 5.5.6 |). Then, we can get the formula for a general Deligne-Mumford
l»

00
¢=<1 0>€H0mOX(E,E®KX),

where 1 is the identity morphism in Home, (E1, E1). The pair (E, ¢) is a Higgs bundle on X.
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Using the modified slope, we introduce the notions of semistable (stable) Higgs bundles.

Definition 2.18. Fix a polarization (£,0x(1)) on X. A Higgs bundle (F,¢) is said to be semistable
(resp. stable) if for all proper nonzero ¢-invariant locally free subsheaf FF C E (i.e. ¢(F) C F® Ky ), we
have

pe(F) < pe(E)  (resp. pe(F) < pe(E)).
If (E, ¢) is not semistable, we say (E, ¢) is unstable.

Example 2.19. If X is a hyperbolic stacky curve, then the Higgs bundle (F, ¢) in Example is a stable
Higgs bundle with respect to the polarization (£,,Ox (1)) in Example

3 Moduli spaces of Higgs bundles

In the following, X is supposed to be a hyperbolic Deligne-Mumford curve with coarse moduli space 7 : X —
X.

3.1 Moduli stacks of Higgs bundles

The moduli functor of rank r Higgs bundles is
Mpol(GL;) : (Sch /C)g, — (groupoids),

where Mpo(GL,)(T) is the groupoid of T-families of rank r Higgs bundles on X for a test scheme 7.
Similarly, we can also define the moduli functor Mpo, p(GL;) of rank r Higgs bundles with modified Hilbert
polynomial P on X. Suppose that Myec , is the moduli functor of rank r locally free sheaves on X'. There
is a forgetful functor

F: MDOl(GLT) — Mvec’r. (4)

defined by forgetting the Higgs fields.
Proposition 3.1. Mywcr s an algebraic stack locally of finite type over C.

Proof. Since the stack Coh(X) of coherent sheaves on X is an algebraic stack locally of finite type over C
(see [Nir08|, Corollary 2.27]) and the inclusion of Mye. into Coh(X) is represented by open immersion (see
[HLI0, Lemma 2.1.8]), Myec, is an algebraic stack locally of finite type over C (see [Ols16l Proposition
10.2.2)). O

Proposition 3.2. Mpq(GL,) is an algebraic stack locally of finite type over C.

Proof. The morphism is representable, which is an abelian cone over Myec . Hence, Mpo(GL,) is an
algebraic stack locally of finite type over C (see [Ols16l Proposition 10.2.2]). O

Corollary 3.3. Mp, p(GL,) is an algebraic stack locally of finite type over C .

Let Y = P(Kx @ Ox) be the projective bundle associated to Kx @ Ox and let Oy (1) be the relative
hyperplane bundle on ). Due to the universal property of coarse moduli spaces, we have the commutative
diagram

y -y (5)

at
X=X

where 7’ : ) — Y is the coarse moduli space of ) and the first square is cartesian. For a polarization
(Ex,O0x(1)) on X, there is a polarization (£y, Oy (1)) on Y, where £y = U*Ex (P*Ex is a generating sheaf
on P(Kx @ Ox) (see [OS03, Proposition 5.3])) and 7" Oy (1) = (7 0 ¥)*Ox (1)@0Oy(m) for some m > 0. A
Higgs bundle (E, ¢) on X is equivalent to a compactly supported one-dimensional pure sheaf E4 on Tot(K y)
(see Appendix [C]).
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Proposition 3.4. A Higgs bundle (E,¢) on X is semistable (resp. stable) with respect to (Ex,Ox (1)) if
and only if E4 is Gieseker semistable (resp. stable) with respect to (Ey, Oy (1)).

Proof. Ey is a pure sheaf on ) with modified Hilbert polynomial P, (n) = x(¥,Ey ® Eq @7 Oy (n)). Since
the support of Ey is contained in Tot(K ), we have

XV, &y © Ey @ 1" Oy (n)) = x(Tot(Kx), " ¥ @ Ey ® (w0 ¢)" Ox(n)),

where 1) : Tot(X) — X is the natural projection. Note that 1 is an affine morphism. Hence, the pushforward
functor v, is exact on the category of quasicoherent sheaves. Then, we have the identity

X(Tot(Kx),v*EY @ By @ (mo9)) Ox(n)) = x(X, €Y @ E®@n*Ox(n))),

where we use the fact Y. Ey = E. So, Pg, = Pg. On the other hand, the ¢-invariant locally free subsheaves
of F are equivalent to the coherent subsheaves of I;,. We complete the proof. O

In order to construct the moduli space of semistable Higgs bundles on X, we recall a lemma (see
[EGIKNO5, Section 5.6 ]).

Lemma 3.5 ([FGIKNO5J) Let f: X > Sbea proper | morphism of noetherian schemes. Suppose that Y is
a closed subscheme ofX and F is a coherent sheaf on X. Then, there exists an open subscheme S’ of S with
the universal property that a morphism T — S factors through S’ if and only if the support of the pullback
Fr on X xg T is disjoint from Y xgT. O

We need a stacky version of the above lemma. First, we state a technical lemma.

Lemma 3.6. Suppose that X isa proper Deligne-Mumford stack over a noetherian scheme S and E is a

coherent sheaf on X. If £ is a generating sheaf on 2?, then we have

supp(Fg(E)) C m(supp(E)),

where © : X — X is the coarse moduli space of X and Fe(E) = m,(Y ® E). Moreover, Fg(E) = 0 if and
only if E=0.

Proof. The proof of this lemma is the same as Lemma 3.4 in [Nir08]. O

Lemma 3.7. Let X be a proper Deligne-Mumford stack over a noetherian scheme S and let W be a closed
substack of X. For a coherent sheaf E on /’? there exists an open subscheme S’ of S with the universal
pmperty a morphism T — S factors through S’ if and only if the support of the pullback Er of E to
XT =X xg T is disjoint from Wp =W xg T.

Proof. Let mpy : W — W and 73 : X — X be the coarse moduli spaces of W and /\A,’, respectively. Then, by
the universal property of coarse moduli spaces, there is a commutative diagram

W s

o]

W—>X

(6)

X

>$><>

where i is the closed immersion and 4’ is the induced morphism.
Claim: the morphism ¢’ : W — X in @ is a closed immersion. In fact, there is a short exact sequence of
coherent sheaves

0—Ty — 05 —1i,0pp —0, (7)

where Tyy is the ideal sheaf of W in X. By the tameness of X (see Definition 1.1 and Theorem 1.2 in Nironi
[Nix08]), the pushforward of (7) to X is

0—75Tw—75,0p —75(i-(Ow)) —0. (8)
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By (6)), the following two compositions
05(‘ — 772*02 — WA?*(Z*(OV\;)) and Og — Z;OW — ’L;(TFW*(Ow)) (9)

are the same. By and the isomorphism O — w5, O 5, we have the commutative diagram of short exact

sequences
0—)77/?*11/\;—)ﬂ/g*oz?—)ﬂﬁ*(i*(ow))—)O’ (10)
0 Tw O)? ﬂ/@\*(l*(ow)) —0

where Zy, is the kernel of the composition in @ Note that the naturel morphism Ow — T, Oy is an
isomorphism. By @ and , we have the short exact sequence

0—TIy — 05 —i,Ow —0. (11)

On the other hand, the morphism of topological spaces induced by i’ is a closed embedding. Thus, W — X
is a closed immersion. By Lemma for the coherent sheaf Fg¢(F), there is an open subscheme S’ of S
with the universal property: a morphism T° — S factors through S’ if and only if the support of the pullback
Fe(E), of Fe(E) on X’T =X x g T is disjoint from W x g T. On another hand, for a morphism 7' — S, we
consider the cartesian diagram

)?T — /?

idp % Trf\L i/ﬂ')?

Xr—X
By Proposition 1.5 in Nironi [Nir08], we have Fz(E)r ~ Fe, (Er), where the pullback &7 of € to T xg X is
a generating sheaf (see [OS03, Theorem 5.5]). Then the support of the pullback Er of E on Xr is disjoint
from Wr if and only if the morphism 7' — S factors through the S’, by Lemma |3.6 O

Recall the Theorem 5.1 in [Nir08]:

Theorem 3.8. There is an open subscheme R}® of Quoty jc(V@cn'* Oy (—n)@Ey, P) such that the moduli
stack of semistable purely one-dimensional sheaves with modified Hilbert polynomial P on Y is the quotient
stack [R3® /GLy], where GLy is the general linear group over C with N = P(n). O

Let M5, p(GL;) be the moduli stack of rank r semistable Higgs bundles with modified Hilbert polyno-
mial P on X. By Proposition [3.4] and Lemma we have the following corollary.

Corollary 3.9. There is an open subscheme R** of R$* such that M, p(GLy) is quotient stack [R** /GLy ],
where N = P(n). O

We need the following proposition to define the S-equivalence of semistable Higgs bundles.

Proposition 3.10. Suppose that (E,$) is a semistable Higgs bundle on X. Then, there is a sequence
of ¢-invariant locally free subsheaves 0 C E; C FEy C --- C Ey = FE such that u(Ei/Ei_l) = w(E)
and (E;/E;_1, ¢;) is stable for each i = 1,...,s, where ¢; : E;/E;_1 — E;/FE;_1 ® Kx is induced by ¢.
Moreover, the associated graded Higgs bundle gr(E, ¢) = @221 (Ei/Ei,l,@) 18 uniquely determined up to

an isomorphism by (E, ¢).
Proof. This proposition can be proved following the steps in the proof of [Nit91 Proposition 4.1]. O

Remark 3.11. Under the equivalence (109) (see Appendix7 the coherent sheaf corresponding to gr(F, ¢) =
@é:l (EZ J/Ei_1, gbi) is isomorphic to a Jordan-Hélder filtration of Ey.

Definition 3.12. Suppose that (F,¢) and (E’,¢’) are two semistable Higgs bundles on X. They are said

to be S-equialent if the associated graded Higgs bundles are isomorphic.

10
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In general, the algebraic stacks without finite inertia rarely admit coarse moduli spaces. Alper introduced
the notion of good moduli spaces in [Alp13].

Definition 3.13. Let w : § — S be a morphism from an algebraic stack to an algebraic space. We say that

w:S — S is a good moduli space if the following properties are satisfied:
(i) The pushforward functor w, on the categories of quasicoherent sheaves is exact.
(ii) The morphism of sheaves Og — w.Ogs is an isomorphism.

Theorem 3.14. My, p(GL;) has a good moduli space Q : My, p(GL,) = Mg, p(GL.). More precisely,
the following hold:

(i) Universal property: for a scheme Z and a morphism g : ./\/lj"'jsoLP(GLr) — Z, there is a unique morphism
0 : Mgy, p(GL;) = Z such that the following diagram

M5, p(GLy)

N,

A

commautes.
(ii) Mp3) p(GLy) is a quasiprojective scheme over C.

Proof. According to Theorem 6.22 in [Nir0g], the moduli stack [R;®/GL ]| of semistable one-dimensional pure
sheaves with modified Hilbert polynomial P on P(Ky @ Ox) has a good moduli space 9y : [R{*/GLy] —
M3, where M7 is the GIT quotient of R}® with respect to the SL-action. It also satisfies the properties:

e Universal property: for every scheme Z and every morphism g; : [R§*/GLy] — Z, there is a unique
morphism 6; : M7?® — Z such that g; =601 0 Q4

e M7? is a projective scheme over C.

Recall M5, p(GL,) = [R**/ GLy] (see Corollary . Since R*® is an GLy-invariant open subscheme of
R, R3* \ R*° is an GL y-invariant closed subset. Let @ : R;® — M7° be the GIT quotient which is a good
quotient. Hence the image Q(R5® \ R*®) is a closed subset of M{*. And also, Q(R**) N Q(R;* \ R*) = 0.
In fact, two semistable sheaves on ) represent the same point in M7* if and only if they are S-equivalent
(see [Nir08| Theorem 6.20]). By Remark for a semistable (E, ¢) on X, the support of the graded sheaf
associated to some Jordan-Holder filtration of Ey is contained in Tot(Kxy). Denote Q(R*®) by M?®*. The

following diagram is cartesian

[R**/GLy] — [Ry*/GLy]

0| |e

M M.

The universal property of Q : [R**/GLy]| — M?** is an immediate conclusion, since ) is a universal categorical
quotient. M?® is the good moduli space of [R**/GLy]| (see [Alp13] Remark 6.2]). O

3.2 Moduli stack of SL,-Higgs bundles

Definition 3.15. Fix a line bundle L on X. An SL.-Higgs bundle (FE, ¢) is a rank r Higgs bundle with
det(E) ~ L and tr(¢) = 0. The stability of SL,-Higgs bundles is the same as the Definition [2.18]

The moduli stack Mp,1(SL;.) of SL,-Higgs bundles is the stack whose fiber over a test scheme T is the
groupoid of T-families of SL,-Higgs bundles on X'. Similarly, we have the moduli stack Mpe; p(SL;) (resp.
Mo, p(SLy)) of (vesp. semistable) SL,-Higgs bundles with fixed modified Hilbert polynomial P.

11
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Proposition 3.16. Mp(SL;) is an algebraic stack locally of finite type over C.

Proof. The Picard stack Pic(X) of X is an algebraic stack locally of finite type over C (see [Ack06]). There
is a morphism of algebraic stacks Det : Mpo(GL,;) — Pic(X), which is defined by taking determinants.
By taking the traces of Higgs fields, we can define a morphism 77 : Mpy(GL,) — H%(X, Kx), where
HY(X, Ky) is the affine space associated to H°(X, Ky). On the other hand, L defines a geometric point
[L] : Spec(C) — Pic(X) and the origin of HY(X, Kx) defines a closed point o : Spec(C) — HO(X, Kx). We

therefore have the cartesian diagram

MDOI(SLT) MDOI(GLT) (12)
i i/(Det,Tr)
(IL0) . 0
Spec(C) Pic(X) x HY (X, Kx)
Hence, Mpoi(SL,) is an algebraic stack locally of finite type over C by Proposition O

Corollary 3.17. Mpe p(SL,) is an algebraic stack locally of finite type over C.

Proof. Since the moduli stack Mpo1,p(SL;) is an open and closed substack of Mpoi(SL;), Mpol,p(SL;) is
an algebraic stack of locally finite type over C by Proposition [3.16] O

In the following, we will show that the moduli stack Mgy, p(SL;) is a quotient stack. Let (Egss, ¢r::)
be the GLy-equivariant Higgs bundle on X x R®®, which is the pushforward of the universal quotient sheaf
on Tot(Ky) x R*°. Let det : R*®* — Pic(X) be the classifying morphism defined by det(Erss), where
Pic(X) is the Picard scheme of X (see [Brol2, Corollary 2.3.7 (i)]). On the other hand, the trace of the
morphism ¢pgss : Epss — Epss ® priyKx defines a section tr(¢rs:) of pri, Kx. It defines a morphism
tr: R*® — HO(X, Kx). Consider the cartesian diagram

SL, r (13)

J{ i/(det,tr)

Spec(C) Pic(X) x HY(X,Ky).

([L],0)
_—
Theorem 3.18. There exists a GLy-equivariant line bundle W on R&; ~ such that the moduli stack /\/lf)solﬁp(SLT)
can be represented by [W*/GLy], where W* is the frame bundle associated to W.

Proof. First, we consider the cartesian diagram

gsgﬁP(GLr) —— Spec(C) (14)

: e

. Tr
Bgol,P(GLT) - HO(XaKX)~

Hence, My} p(GL;) can be presented by [R**°/GLy], where R**® = R** Xyp(x k) Spec(C). Moreover,
the moduli stack M5, p(SL;) is the fiber product

Dot p(SLy) —= My p(GLy) (15)
i/ i/Det
(L] .
Spec(C) Pic(X).

On the other hand, we have the following cartesian diagram

Dorp(SLr) —= M) p(GLy) (16)
i/ ildet
(L] .
Spec(C) Pic(X),

where det is the classifying morphism of the determinant line bundle of the universal Higgs bundle on
X x M5y p(GL,). The closed substack Mg p(SL,) of M{) p(GL;) can be presented as [Rg], / GLn],

12
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where Rg; is the fiber product in the cartesian diagram (13). Since Mg, p(SL,) — M) p(GL,) in the
diagram factors through the closed immersion Msbs(;ﬁ P(SLT) — ./\/lsbsoi p(GL;) in the diagram , it is
easy to check that the following commutative diagram is cartesian

MDol P( r) —> Mf)%i),P(SLT) (17)
i/ i/Det
(L] )
Spec(C) Pic(X),

where Det is the restriction of Det : My} p(GL,) — Pic(X) to M5 p(SL,). On the other hand,
det(ERH)
projections to X and

XxRy ~ priy L ® er“ W for some line bundle W on Rgj , where pry and Prgss —are the

3, rebpectlvely Moreover, W is a GLy-equivariant line bundle on Rgj , since priyL

is a GLy-equivariant hne bundle with the trivial equivariant structure. By the cartesian diagram ,
bo1p(SLy) can be represented by [W*/GLy], where W* is the frame bundle associated to W. O

Corollary 3.19. My, p(SL;) has a good moduli space Mg p(SL;), which is a closed subscheme of
Mg, p(GLy).

Proof. As the center C* of GLy acts trivially on Rgj, , the GL y-equivariant morphism W* — Rg§j induces

a morphism of quotient stacks
(W*/GLy] — [R&1, /PGLN]. (18)
On the other hand, there is a cartesian diagram

(W=/c SL, (19)

| l

[W*/GLN] — [Rg, /PGLx].

Note that the top morphism in is a pp-gerbe. It follows that the bottom morphism (18] is also a
pr-gerbe. So, the good moduli space of [Rg1, /PGLy] coincides with the good moduli space of [W* /GLN].
Note the good moduli space of | SLr/PGLN] is a closed subscheme of Mp7, p(GL;). This completes the
proof. O

3.3 Moduli stack of PGL,-Higgs bundles

We first recall some basic facts about principal bundles (or torsors) on X. Our main reference is [Gir71].
For an algebraic group G, the set of isomorphism classes of principal G-bundles is denoted by H(X,G) (if
G is abelian, H!(X, Q) is equivalent to the étale cohomology group with values in G). For a morphism of

algebraic groups G — H, we have a morphism of pointed sets
Hl(XaG)—>H1(X7H)a [PG]H[PG/\GHL (20)

where Pg AY H is also denoted by Pg x¢ H in some literatures. In general, the morphism is not
surjective. We say a principal H-bundle Py can be lifted to a principal G-bundle if Py ~ Pg A® H for some
principal G-bundle Pg. For simplicity, we only consider the case when G is a central extension of H by C,
i.e. there is an exact sequence of algebraic groups 0 — C — G — H — 0. The obstruction of lifting
Py to a principal G-bundle is the so-called lifting gerbe Gp,, (or G-lifting gerbe). Recall that there is a
natural morphism of classifying stacks BG — BH defined by

BG(T) — BH(T), (Pg—T)v+— (PaA®H —=T),
for a test scheme 7. The lifting gerbe Gp,, is the fiber product X x g BG for the cartesian diagram

ng — BG

b

X —= BH,

where X — BH is the classifying morphism of Ppg.
13
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Remark 3.20. The lifting gerbe Gp,, — X is a C-gerbe on X (see [Olsl6, Definition12.2.2]), since the
morphism BG — BH is a C-gerbe.

The set of isomorphism classes of C-gerbes is equal to H, ézt(X ,C). Then, we have a morphism of pointed

sets
0:HYX,H) — HZ(X,C), [Pu]+— [Gpryl, (21)

which maps the trivial principal H-bundle to the trivial C-gerbe. Indeed, according to the general theory of
[Gir71], we have:

Proposition 3.21. A principal H-bundle Py can be lifted to a prinicipal G-bundle if and only if the lifting

gerbe Gp,, is trivial. Moreover, there is an associated exact sequence of pointed sets

1 —= HO(X,C) — HO(X,G) —= HO(X, H) ) (22)

C) HL(X,C) — HY(X,G) — H (X, H) % H%(X,C).

Recall the Kummer sequence

T Hét(Xma) ﬂ' Hét(Xma) 2 Hé?t(Xal‘r) - Hézt(XaGm) . (23)

For a line bundle L on X, we use Gy, to denote the p,-gerbe defined by the cohomology class §([L]). Consider

the central extension
1— y, —SL, — PGL, — 1. (24)
By Proposition we have the following exact sequences of pointed sets
oo —> HA (X, pp) — H'Y(X,SL,) — H'(X,PGL,) 2= HZ (X, u,). (25)
The SL,-lifting gerbe of PpgL, is denoted by Gppq,, -

Proposition 3.22. Let E be a rank r locally free sheaf on X and let Pg be the associated frame bundle of
E. Then, the two gerbes are equivalent

gdet(E)v =~ gPpGLra

where Ppar, = P AGL- PGL,..

Proof. By repeating the proof of [HS03, Lemma 2.5], but with replacing the analytic topology with the étale
topology, the conclusion of the proposition is immediate. O

Definition 3.23. A PGL.-Higgs bundle (PpcL,,¢) consists of a principal PGL,-bundle Ppgr,. and a
section ¢ of ad(PpgL,.) ® Kx, where ad(PpgL, ) is the adjoint bundle of Ppgr,.. For a scheme T, a T-family
of PGL,-Higgs bundles (Ppcr, 7, ¢r) is a T-family of principal PGL,-bundles Ppgr,,. r with a section of
ad(Ppar,,7) @ pra*Kx.

In order to construct the moduli stack of PGL,-Higgs bundles, we introduce the following notion:

Definition 3.24. Suppose that « is a cohomology class in HZ (X, y1,-). Let k be an algebraically closed field
containing C. A principal PGL,-bundle Ppgr, r on Xy is said to have topological type a € HZ (X, i)
if the SL,-lifting gerbe of Ppqr, k in Hézt()(k,pr) is pry*a, where pry : Xy = X Xgpecc Speck — X is
the natural projection. For a scheme T, a T-family of principal PGL,-bundles with topological type « is a
principal PGL,-bundle Ppgr,, 7 on X7, which restricts to every geometric fiber of X7 — T is with topological
type a.

14
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The moduli stack M@ (PGL,) of PGL,-Higgs bundles with topological type « is defined by: for a
test scheme T', Mg _(PGL,)(T) is the groupoid of T-families of PGL,-Higgs bundles, in which the prin-
cipal bundles with topological type a. Suppose that there is a principal PGL,-bundle Ppgr,, satisfying
d([PpcL,]) = a. Consider the exact sequence:

1—G,, — GL, —PGL, — 1.

The cohomology class in HZ (X, G,,) corresponding the GL,-lifting gerbe of Ppgr, is the image of « in
HZ(X,G,,) (see the proof of [MiI80, Proposition 2.7 in Chapter IV ]).

Case I: Assume that the image of o in H%(X,G,,) is zero. Then, there is a locally free sheaf E on X
such that the associated frame bundle is a GL,-lifting of Ppgr, and d([det(E)Y]) = a. Moreover, by the
Kummer sequence we see that det(F) is uniquely determined up to an r-th power of some line bundle.

We therefore have the proposition:

Proposition 3.25. Suppose that a is zero in H*(X,G,,) and L is a line bundle with §([L]) = —« in the
Kummer sequence . For every principal PGL,.-bundle Ppgr, with O([Ppar,]) = «, there is a locally free
sheaf E with det(E) ~ L, whose associated frame bundle Pg is a GL,-lifting of PpaL, . O

Let Mpo1(SL;) be the moduli stack of SL,-Higgs bundles with fixed determinant L. By Proposition [3.25]

there is a surjective morphism of stacks
Mpa(SL,) — M3, (PGL,), (26)

defined by
Mpo(SLy)(T) — ME(PGL,)(T), (Er,¢r) — (PEs ASM PGL,, ¢7),

where 7' is any test scheme and Pg,. is the frame bundle associated to Er.
Proposition 3.26. The morphism is a Jr-torsor, where J,. is the stack of u,.-torsors on X.

Proof. The proof is the same as [Las97, Lemma 5.1]. O

Case II: Assume that o € HZ (X, u,) is not zero in HZ (X, G,,). The corresponding i,-gerbe is denoted
by pa : Go — &, which is a Deligne-Mumford curve. By the universal property of G,, for any Ppgr, with
topological type «, p}Pprar, has an SL,-lifting on G,, i.e. there exists a locally free sheaf E of rank r with
det(E) ~ Og, on G, such that the associated principal bundle is a SL,-lifting of p Ppgr,.. The E is a twisted
vector bundle. In what follows, we will give the definition of twisted vector bundles. For a quasicoherent

sheaf F' on G, it admits an eigendecomposition

= @)\GZ/TZF)\’ (27)

where F) is the eigensheaf on G, with respect to the character A of p, (see [Lie08, Proposition 3.1.1.4]).

Definition 3.27. A quasicoherent sheaf F' on G, is called a twisted quasicoherent sheaf if ' = Fj in
the eigendecomposition . In particular, if the aforementioned F' is a locally free sheaf, we say F is a
twisted vector bundle. A twisted Higgs bundle is a pair (E, ¢), where E is a twisted vector bundle
and ¢: E — E ® Kg, is a p,-equivariant morphism of Og_-modules.

Consider the moduli stack Mg _(GL,) of twisted Higgs bundles on G, whose fiber over a test scheme
T is the groupoid of T-families of rank r twisted Higgs bundles on Go. M$ (GL;,) is an open and closed
substack of the moduli stack of rank r Higgs bundles on G, for the decomposition . For a modified
Hilbert polynomial P, we can also consider the moduli stack Mp; p(GL;) of rank r twisted Higgs bundles
with modified Hilbert polynomial P, which is an open and closed substack of Mpe1 p(GL;) on G,. If there
is a polarization on G,, we can also introduce the notion of stability for twisted Higgs bundles as usual.
The moduli stack of semistable twisted Higgs bundle with modified Hilbert polynomial P is denoted by
M3 (GL,).

15
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Proposition 3.28. M$ (GL,) and M3 p(GL.) are algebraic stacks locally of finite type over C. More-
over, M3 p(GL,) of semistable twisted Higgs bundles with modified Hilbert polynomial P is a quotient

stack, whose good moduli space Myy'1°p(GL,) is a quasiprojective scheme.

Proof. Since “twisted”, “with fixed modified Hilbert polynomial” and “semistable” are open conditions, the

conclusion of the proposition is immediate by the counterparts in the Subsection (3.1 O

Definition 3.29. A twisted SL,.-Higgs bundle is a twisted Higgs bundle (E, ¢) with det(E) ~ Og_ and
tr(¢) = 0.

The moduli stack M _,(SL;) of twisted SL,-Higgs bundles is an open and closed substack of the moduli
stack of SL,-Higgs bundle on G,. As Proposition [3.28] we have:

Proposition 3.30. M2 (SL,) is an algebraic stack locally of finite type over C. Furthermore, M5’ p(SL;)
of semistable twisted SL,.-Higgs bundles with modified Hilbert polynomial P is a quotient stack of finite type

over C. Its good moduli space Mp,)\°»(SLy) is a quasiprojective scheme. O

For a twisted SL,-Higgs bundle on G, the associated PGL,-Higgs bundle is the pullback of a PGL,-Higgs

bundle with topological data « on X. Then, we have a surjective morphism of algebraic stacks
Mpei(SLy) — Mpo (PGL;). (28)
Similar to Proposition we also have:
Proposition 3.31. The morphism is a J.-torsor, where J, is the stack of p,.-torsors on X. [
By [Lie09, Lemma 3.4 ] and Propositions we have the following theorem.

Theorem 3.32. For any o € H%(X,p,), the moduli stack M (PGL,) of PGL,-Higgs bundles with
topological type « is a locally finite type algebraic stack over C. O

3.4 Application to the case of stacky curves

In this subsection, & is assumed to be a genus g hyperbolic stacky curve with coarse moduli space 7 : X — X.
Fix a polarization (£,0x(1)) on X. Since HZ(X,G,,) is trivial (see [PomlI3, Proposition 5.3]), every
cohomology class of HZ (X, u,) satisfies the assumption of Case I (see Subsection . Suppose that
a € HZ(X,u,) is in the image of the d in and L is a line bundle on X such that 6([L]) = —a« in
(23). Note that there are finitely many modified Hilbert polynomials if the rank and determinant are fixed.
Then the moduli stack Mg, (SL;) of stable SL,-Higgs bundles with determinant L contains finitely many
open-closed substacks indexed by the modified Hilbert polynomials. Therefore, M3,  (SL,) admits good
moduli space Mg ,(SL,), which is finite type over C. After rigidification, we get an action of the group T
of r-torsion points of Pic(X’) on the moduli space Mg ,(SL,) of stable SL,-Higgs bundles (see Proposition
. Specifically, the group I' acts on M} (SL,) via the tensor product

W-(E,¢)=W®®E,¢), WeT.
We give the definition of moduli space of stable PGL,-Higgs bundles with topological type «.

Definition 3.33. The moduli space of stable PGL,.-Higgs bundles with topological type « is defined to be
the quotient stack
Mp(PGLy) = [Mp(SLy)/T].

Remark 3.34. For a modified Hilbert polynomial P, the moduli stack M3, p(SL;) (resp. Mg p(SL;))

may have many open-closed substacks (resp. subschemes) indexed by K-classes in Ko(X)q.
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Suppose that the set of stacky points of X is {pi,...,pm} and the corresponding stabilizer groups are
Hrys- -yt . For each p;, the residue gerbe ¢; : Bu,, — X is a closed immersion. On another hand, Ko (B, )
is isomorphic to the representation ring Ry, = Z[z]/(2™ — 1) where x represents the representation defined
by the inclusion u,, < C*. The following proposition is well-known (see [AR03| Example 5.9] or [MM99]
p.563]).

Proposition 3.35. We have an isomorphism
Ko(X)g~QxQxQ tx...xQm (29)

Suppose that E is a locally free sheaf on X. If the K-class [vfE]| = Z;’;Ol m; - x¥ for every i, then the image
of [E] under is
(rk(E), deg(m.(E)), (m1,:)i1 11a ooy (M, Z)me1)~

O

According to the rational K-classes of line bundles on X, the Picard group Pic(X) is the disjoint union:

. ri—1yyra—1 Tm 11,0005 0m
Pic(X) = HdeZ Hillzo Hi;:o "'Hzmzo Pic¢ )(X)- (30)
Then, the line bundle L belongs to a unique Pic®(1>+i) (X). Suppose &€ = (r,d’, (m15)"7" ..., (Mans)m7 1) €
Ko(X)g and 7, d’, m14,..., My, are all integers. We further assume that { satisfies:

® i is the remainder, when Z:;;l my,; divided by 7, for every 1 <k < m;

—d+Zk 127k 1mkz Zk 1 Uk

Consider the moduli stack My, ¢ (SL;) (with good moduli space Mg (SLy)) of stable SL,-Higgs bundles
with K-class £&. We give the following definition.

Definition 3.36. The moduli space My .(PGL;) of stable PGL,-Higgs bundles with topological type o
and K-class ¢ is defined to be the quotient stack My -(PGL,) = [Mp, ¢/To], where T is the group of
r-torsion points of Pic’(X) and the action Ty on M3, ¢(SLy) is given by

W(E,Qﬁ):(ﬂ'*W@E,(,b), W€F0~

Remark 3.37. By the decomposition of K¢(X)q (see [AR03, Example 5.9], for example), the subgroup of T
which preserves the K-class ¢ is the image of I'y under the morphism 7* in (see Subsection . Then,
My (PGL,) is an open-closed substack of M (PGL;.).

Remark 3.38. By the orbifold-parabolic correspondence, for a rational parabolic weight, the corresponding
parabolic-slope can also define a stability condition on the moduli stack Mpei¢(GL;) of Higgs bundles
with K-class £. In fact, this way supplies more abundant stability conditions than using modified slopes
(see Proposition and Remark . For stacky curve, we will use parabolic slopes to define stability
hereafter.

By the standard infinitesimal deformation theory of Higgs bundles on stacky curves (see [KSZ20, Propo-

sition 3.2 and Corollaries 3.3 and 3.4 ]), we have following proposition.

Proposition 3.39. If (E, ¢) is a stable SL,.-Higgs bundle with K-class &, the dimension of the tangent space
of Mgol’E(SLr) at (E, @) is

1220 —2) +2 - 29+ X0 (r? — (r = pS mae)? — pm2,)-

Moreover, My, (SLy) is smooth at (E, ¢). O
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4 Spectral curves and Hitchin morphisms

4.1 Spectral curves

Let (E, ¢) be a Higgs bundle on a hyperbolic Deligne Mumford curve X. The characteristic polynomial of
¢ is det(A — ¢) = A" + a1 A" + -+ + a,, where X is an indeterminate variable and a; = (—1)%tr(A‘p) for
1 < <r. It defines the so-called spectral curve associated to the Higgs bundle (E, ¢). More precisely, the

spectral curve is the zero locus of the section
7.®7‘ + d)*al ® 7_®7"71 S @Z}*ar—l QT + w*ar, (31)

where ¢ : Tot(Kx) — X is the total space of Ky and 7 is the tautological section of )*Ky. Since the
spectral curve is only dependent on the coefficients of the characteristic polynomial, we can define a spectral
curve X, for any element a = (a1,...,a,) € @;_,H°(X, K%). In general, a spectral curve is neither smooth
nor integral. Nevertheless, under some mild conditions, for a general element a € @::1 HO(Xx, Kﬁf), the

associated spectral curve X, is integral (see Proposition [4.3]). Tt is easy to check the following proposition:

Proposition 4.1. Suppose f : Xq — X is the projection. Then, f.(Ox,) ~ @Z& K;(i and the arithmetic
genus of Xy is .., dimcHO(X, K% ). O

There is another method to construct spectral curves, which is used in [BNR89]. Recall ¥ : P(Kx @
Ox) — X is the projective bundle associated to Kx ®Ox. Since V..Op(ke0x)(1) = K;l ® Oy, the section
(0,1) of K3' & Ox gives a section y of Op(kya0)(1). Meanwhile, since U, (V*Kx ® Op(kra04.)(1) =
Ox ® Ky, Vu(V'Kx ® Op(kra0x)(1)) has a section (1,0). It gives a section  of ¥*Kx ® Op(k,a0x)(1).
For a = (a1,...,a,) € @, H(X, K%), there is a section

s =2 + V0 2 ' Qy+ -+ U¥a, @ y®" (32)

of U*K’ ® Op(kva0.)(r). Note that the zero locus of x and y are P(Ox) and IP(Kx) respectively. Hence,
the zero locus of section is the spectral curve X, associated to a.

Remark 4.2. There exists a stacky curve X and a morphism R : X — X which is an H -gerbe on X for
some finite group H (see Remark [2.2). Since R*K 3 = Ky, the spectral curves on X are H-gerbes on the

corresponding spectral curves on X.

Proposition 4.3. Let X be a hyperbolic Deligne-Mumford curve and let v > 2 be an integer. Suppose that
Ky satisfies

dimcHY (X, KX) > 2 for some 1 <k <r and dimcH(X,KY) #0. (33)

Then, for a general element of @;1 HO(X,K%,), the associated spectral curve is integral.

Proof. Recall a basic fact: for a gerbe X} — X, X is integral if and only if A5 is so. By Remark [£:2]
we can assume that X’ is a stacky curve in the following discussion. Since X' is a hyperbolic stacky curve,
there is a smooth projective algebraic curve ¥ with an action of a finite group G such that X = [£/G] (see
[BNO6l Corollary 7.7]). Suppose that g : ¥ — X is the morphism defined by the trivial G-torsor on ¥ and
the G-action. Then, g is a G-torsor over X. As before, let U : P(Ky & Ox) — X be the projective bundle
of Kx @ Oy. Then, there is a cartesian diagram

P(Ks ® O5) > P(Kx @ O) (34)
v ) |
> X

Similar to the second method of the construction of a spectral, we use z’ to denote the section of
UKy, ® Op(kypa0s)(1) corresponding to the section (1,0) of Os @ Ky. And, let 3 be the section of
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Op(ks00s) (1) corresponding to the section (0, 1) of K5 & Oy. For any a = (ay,...,a,) € @.,_; H(X,KY),
the associated spectral curve X, is the zero locus of the section s defined by . Since (¢')*z = 2’ and
(¢')*y = v/, the pullback section of s is

8/ = g’*s _ x/®r + \If’*a'l ® $/®T_1 ® y/ N \I/'*a; ® y/@r, (35)

where a = g*a; for all 1 <7 <r. The zero locus X, of ¢ fits into the cartesian diagram

Yu X, (36)

I

P(Ks ® Og) > P(Kx @ Ox)

where the vertical morphisms are closed immersions. Then, g : L4 — Xy is a G-torsor and X, = [X4/G].
Under the hypothesis of Proposition we will show the ¥, is integral, for a general a € @;_, H(X, K%).

Consider the injective linear map of complex vector spaces

@i HO(X, KY) = HY(P(Ks @ Ox), V" K§, @ Op(iya05) (1),

| , (37)
(a1,...,a.) = S_ (Vo g)ra; @20~ @ y/®i,

Let V' be the vector subspace of H(P(Ky, @& Ox), ¥* K% ® Op(kyooy)(r)) generated by the section 2/®"
and the image of . Note that the zero loci of 2’ and ¢’ are disjoint. Since H°(X, K%,) # 0, the base locus
B of the linear system corresponding to V is codimension 2. Then, there is a morphism

Oy P(Ks ® Os)\ B — P(VY), (38)

where P(V'V) is the projective space associated to the dual V'V of V.
Claim: The dimension of the image of @y is two. We only need to show that the dimension of the image
of the restriction
Oyl 11— P(VY), (39)

is two, where Il = P(Kyx @ Oyx) \ (P(Kx) UP(Ox)). For any closed point = € X, the fiber of ¥'| : I — X

(V') " (=) = AT\ {0}

And, the restriction of the morphism @y |y to (¥/|) ! (x) is
AN\ {0} = P(VY), 2z [1,¢112, s Clny 2y oy Cr12 s o ooy Con 27, (40)

where all the cee € C and n; = dimcH(X, K?%) for all 1 <4 < r. If the image g(z) of x in X is not in the
base locus B of the complete linear system |K%|, the coefficients of 2" in are not all zero. In this case,
the image of the fiber (¥’|;1)~!(z) under the morphism ®y |i is dimension one. On the other hand, if Kx
satisfies the condition 7 there exist two closed points ;42 € X°\ (BU E) and a section a € HO(X, K%)
such that

a(y1) =0 and a(yz) #0, (41)

where A'? is the non-stacky locus of X and B is the base locus of the complete linear system |K%| (if r = k,
then B = B). Therefore, for any 21 € g~ (y1) and 25 € g~ (1), we have

(Wog)awa™ @y " M|y 1) =0 and (¥ og)'a®@ 2" @y ™| g 1@, #0. (42)

It means that the images of the two fibers (¥'|;1)~*(x1) and (¥'|;1) ~!(22) do not coincide. Hence, the image
of @y, has dimension two.
By Theorem 3.3.1 in [Laz04], for a general element a = (a1,...,a,) € @;_, H*(X, K%), the zero locus

Yq of

—1
x/®7" (r—1)

QY+t (P og)a @y
is integral. Therefore, X, = [X4/G] is integral for a general a € @;_, H*(X, K%). O

+ (\I’/ Og)*al ®Z‘/®
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Remark 4.4. In general, the conclusion of Proposition [4.3|does not hold if the condition is not satisfied
(see Example in Subsection {4.3]).

By the proof of Proposition 4.3} we get an immediate corollary.

Corollary 4.5. If a hyperbolic Deligne-Mumford curve X satisfies the conditions:
dimcHO(X, K%) > 2 for some 2 <k <r and H°(X,K%)#0, (43)

then for a general element of @;_, HO(X,K%,), the corresponding spectral curve is integral. O

4.2 The Hitchin morphism
Let (B, ¢r) be a T-family of rank r Higgs bundles on X for a scheme T'. Its characteristic polynomial is
det(\ — ¢7) = XN+ ar (TN + - +a,(T), (44)

where a;(T) = (—1)" A* ¢r € HY(Xr,pra*K%). The zero locus of (44) in the total space of pry*Kyx is a
flat family of spectral curves over T'. The affine space H(r, Kx) associated to vector space @;_, H*(X, K%)
parametrizes the universal family of spectral curves. Indeed, it represents the functor

(Sch /C)° — (sets) T~ @._H(Xr,pra*K?), (45)
since there is a canonical isomorphism
HY(T,H°(X,K%) ®c Or) = H(Xp,pra*K%) foreach 1 <i<r
(see [Brol2, Corollary A.2.2]). We therefore have a morphism of stacks
H : Mpo,p(GL,) = H(r, Kx), (Er,¢r) > det(A— ¢r) for any test scheme T, (46)

which is called the Hitchin morphism. The following proposition describes the fibers of the Hitchin

morphism.

Proposition 4.6. For a nonzero element a € @;_, H(X, K%), let a : Spec(C) — H(r, Kx) be the closed

point defined by a. Consider the cartesian diagram

Mbpol,p(GLr) XH(r, k) Spec(C) —= Spec(C) (47)
Mporp(GL,) —* H(r, Kx)

If the spectral curve Xq associated to a is integral, then Mpol,p(GL;) Xy i ») Spec(C) is the moduli stack
of rank one torsion free sheaves on X4 with modified Hilbert polynomial P.

Proof. This proposition follows from Proposition in Appendix [C] O

Since the moduli stack MSDSOLP(GLT) of semistable Higgs bundles is an open substack of Mpe p(GL;),
we can restrict the Hitchin morphism H : Mpo(GL,) — H(r, Kx) to M5, p(GL;), which is also denoted
by H. Let Q : My, p(GL;) — My}, p(GL;) be the good moduli space of M5, p(GL;). By the universal
property of My} p(GL;), there exists a unique morphism h : Mg}, p(GL;) — H(r, Kx) satisfying H = ho Q.
h is also called Hitchin morphism.

Theorem 4.7. If X is a hyperbolic stacky curve, then the Hitchin morphism h is proper.

Proof. The proof of the Theorem is given in the Appendix O
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Restricting the Hitchin morphism h to Mg} p(SLy) of Mg}, p(GL,), we get the Hitchin morphism for
the moduli space of semistable SL,-Higgs bundles hsy,, : Mp7) p(SL) — H°(r, Kx), where H°(r, Kx) is the
affine space associated to @;_, H°(X, K% ). Let £ € K(X)g be a K-class such that the modified Hilbert
polynomial is P. The restriction of hs, to Mgy, ((SLy) is also denoted by hsy,,. Since My, ((SL;) is an
open and closed subscheme of Mg}, p(SLy), the restriction hgr,, @ Mpy, ((SLy) — H°(r, Kx) is also proper.
Since hgy,, is invariant under the action of the group I'g of r-torsion points of PicO(X ), we have the morphism
hpgr, : Mp)) «(PGL,) — H(r, Kx), which is called the Hitchin morphism of Mg .(PGL;).

Corollary 4.8. If X is a hyperbolic stacky curve, hgr,, is proper. Furthermore, if Mf)‘gl_f(SLr) has no strictly

semistable objects, then hpgr, is also proper.

Proof. Due to the properness of h, hgr,. is also proper. If M7, ¢ has no strictly semistable objects, then
Mg, ¢ (SLi) = Mg, (SLy). By Proposition 10.1.6 (v) in [OIs16], hpgr, is proper. O

4.3 Classification of spectral curves

In the following, X is a stacky curve with coarse moduli space m : X — X. The set of stacky points is
{p1,...,pm} and the stabilizer groups are pir,,..., . Every smooth stacky curve can be obtained by
applying root constructions (see [Cad07]) to its coarse moduli space. Recall Theorem 3.63 in [Behl4].

Theorem 4.9 ([Behld]). X = n/pixx /P2Xx - Xx "%/Dm, where P, 18 the ri-th root stack associated
to the divisor py for every 1 < k < m. O

For each 1 < k < m, let (L, sk) be the pair, which consists of the universal line bundle L, and section
s of Ly on 7/pr. And, let s be the section Qe prise of @, priLy, where pr, : X — /Pr, is the
projection to wg P for every 1 < k < m.

Corollary 4.10 ([VB22]). Under the hypothesis of Theorem we have
Ky =m"Kx ® @, prjLi’ ™" and 7°0x(D)) = QL priLy,
where D =Y | py.
Proof. By Proposition 5.5.6 in [VB22], we get the first formula. The second is obvious. O

Lemma 4.11. If the natural number r satisfies r < r for every 1 < k < m, then for any element
a=(ay,...,a,) €@, H'(X,K%), there is an element

a=(a,...,a,) €@, H(X,K%{ ® O((i — 1)D)),

satisfying
a; =70 @ Qpy pr,ﬁs,;@(rrl) for each 1 <i < m. (48)

Proof. By Corollary we have K% = m* K% @ @, prZL,(j_l)TH(T’“_i) for any integer . If i satisfies
1 < 1y for every 1 < k < m, then we have

HO(X, Ky ® Ox((i —1)D) = HO(X,K%), a— m'a® @, prisc ™"
is an isomorphism, where @ € H*(X, K% ® Ox((i — 1)D). O

Let ¢ be the global section of the line bundle Ox (D) such that 7*t = @, prisy ™. Then, we have the

following corollary.

Corollary 4.12. Assume that the natural number r satisfies r < ri for every 1 < k < m. Then there is an

injection of vector spaces
®._, H'(X,K%) — D,_, H'(X,(Kx(D))), a=(a1,...,a;) — a=(a,...,a), (49)

where a; = @; ® t and a; € H*(X, K% ® Ox((i — 1)D)) is the section associated to a; in Lemma for
every 1 <7 <r.
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Proof. The section ¢ defines an injection K% ® Ox((i —1)D) < (Kx (D))" for every 1 <i <r. Then, we

get the injective linear map
@i H(X, Kk @ Ox((i — 1)D)) = B H(X, (Kx(D))"). (50)
Under the morphism , the image of @ = (@1, ...,a,) € @,_, H*(X, K% @ Ox((i —1)D)) is
a=(a,...,am) € @i, H'(X, (Kx(D))"),
where a; = a; ® t for every 1 <i < m. O

Theorem 4.13. Suppose that the natural number r satisfies 2 < r <r; foralll <i<manda = (ay,...,a,)
is an element of @,_, H*(X, K%). Then the coarse moduli space of X, is the curve Xg, which is the zero
locus of the section 7% + p*a; @ 78 ~1 4 ... 4+ ©*A, on the total space ¢ : Tot(Kx(D)) — X, where
a=(a,...,a,) is the image of a under the morphism and T is the tautological section of ¢*Kx (D).

Proof. The section s = @), prisi of @i, priLi defines an injection Ky < 7*Kx(D). Let "
Tot(Kx) — Tot(n*Kx (D)) be the corresponding morphism between total spaces. In general, 7' is not

injective. It satisfies the commutative diagram

Tot(Kx) — = Tot(r* K x (D)) . (51)

AN

On the other hand, there is a cartesian diagram

Tot(r*K x (D)) = Tot(K x (D)) . (52)
v |7
X— " .x

Composing the diagrams , , we get a new commutative diagram

Tot(K x) == Tot (K x (D)) (53)

w¢ W

X—1 =X

where 7’ = 7" on’".

The curve Xj is the zero locus of the section 7%" 4+ *a; @7~ 4. . .40*a, on the total
space Tot(Kx(D)). And, the spectral curve X, is the zero locus of section 78" +¢*a; @ 7= 4. . f4h*a,,

where 7 is the tautological section of ¥* K. Since (7')*T = 7 ® 1b*s, we have
(M) (7 + ¢ a @70 4+ ) = (P + P a @ 7T o ga,) @ s

We get the commutative diagram

7| xq

X, ‘>X~

Plxg J/ ¢<»0|X;l
X=X
In order to show that Xj is the coarse moduli space of X,,, we only need to check this locally. For each stacky
point p;, there is an affine open subset U; = Spec(4;) of X, such that U; contains only p; and p; = (f;) as a
divisor on U; for some f; € A;. In the following, we consider the commutative diagram

XoxxU; — XaxxU; ,

: !

XXXUi Ul
where
XaxxU; =S Ailz]
X XUi = OPCCN Grga fiom Taa firm 2oranfi) )
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Since

XxxU; = [Spec ((tfli%) /un}

(see [OIs16l Theorem 10.3.10(ii)]), we have

C— Ailty]
XOLXXU’L - |:SpeC ((yTJrElt"i*1yr_1+~~+6,,vt7'i*"'7t"'i *ﬁ)) /NT1:| )

where the action of u,, = Spec(C[z]/(z"* — 1)) is defined by

t—2z®Ht, y»—)z_1®y.

Hence, the coarse moduli space of X, x xU; is Spec (((ty)r+alfi(ty)7‘flfa[t2yf]i(ty)rf2+--~+a,,fi))'

O
Remark 4.14. Biswas-Majumder-Wong [BMW13], Borne [BNR89] and Nasatyr-Steer [NS95| established
the orbifold-parabolic correspondence, i.e. there is a one to one correspondence between the Higgs bundles on
stacky curves X and the strongly parabolic Higgs bundles (see [BMWI13] Subsection 3.1]) on its coarse moduli
space X with marked points {p1,...,pm}. This theorem explain the relationship between the corresponding

spectal curves.

Suppose that j is a natural number. It can be written uniquely in the form j = hjy - rp — gji, where

hjk, @ik € Z satisfy 0 < g, < ry, for every 0 < k < m. More precisely, we have
hjr = “—k—‘ and gjr =1y (Ljik-‘ - Tj—k) (54)
for every 0 < k < m. Let Ejk = j — hjy for every 1 < k < m. Then, we have
Boo—= i |4
hjk =j { k—‘ for every 0 < k < m. (55)

We therefore have K%, = m* K% @ @), prZLi(r’“_l) =T K} @ @, prZLZ"’“'r"ﬂjk. Then, the pushfor-
ward of Kz( is
K% = K% ® Ox (3235 by - pie)- (56)

Hence, there is an isomorphism
HO(X, K © Ox (S e - 21) — HOX, KL, ar— mha @ @), wisd®". (57)

Lemma 4.15. Suppose that the aforementioned X is hyperbolic with genus g and the natural number r > 2.
Furthermore, we assume that
gGgr=0 or 1 foralll<k<m. (58)

If deg(m.(K%)) > 2g and the condition (33) hold, then the spectral curve Xq is integral and smooth for a
general element a = (ay,...,a,) € @,_; HO(X, K%).

Proof. By the uniformization of Deligne-Mumford curves, there is a smooth complex projective algebraic
curve ¥ with a finite group G action such that X = [X/G]. As before, g : 3 — X is the étale covering defined
by the trivial G-torsor and the G-action on ¥. For a general element a = (a1,...,a,) € @;_, H*(X,KY%),
the spectral curve X, defined by (g*a1,...,g%a,) € @;_, H*(Z, K%) is integral (see the proof of Proposition
[£3). On the other hand, since m,(K%) > 2g, the linear system |r.(K?%)| has no base points (see [Har77,
Corollary 3.2]). There are two cases: m.(K?%) = Ox and dim|m,(K%)| > 1.

Case 1. 7. (K%) = Ox. By , the HO(X, K% is a one dimensional complex vector space generated by
the section @, pri*sp?™*. By assumption, ¢*(@}-, pri*sy*) only has simple zeros. Therefore, for a
general a € @~ H°(X, KY), the spectral curve , is integral and smooth, by the Jacobian criterion (see
[Mat86, Theorem 30.3 (5)]). Thus, a general spectral curve X, = [2,/G] is integral and smooth.

Case 2. dim|m,(K%)| > 1. In this case, a general element of |7, (K% )| is a reduced divisor, whose support
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is disjoint with the stacky locus {pi,...,pm}. By and the assumptions about g, for all 1 < k < m,
for a general section a, € H°(X,K?%), g*a, only has simple zeros. As in Case 1, by Jacobian criterion, for
a general a € @)_, HO(X,K%), ¥4 is integral and smooth. Therefore, a general spectral curve X, is also

integral and smooth. O

Lemma 4.16. We assume that the aforementioned hyperbolic stacky curve X and the natural number r do
not satisfy the condition . For that, we make the assumption:

If grk > 2 for some 1 < k < m, then q_1yx = 0. (59)
If deg(w*(K?l)) > 2¢g and the condition holds, then a general spectral curve X, 1s integral and smooth.

Proof. As before, X = [X/G] and g : ¥ — X is the natural étale covering, where ¥ is a smooth complex
projective algebraic curve with an finite group G action. And, for a general a € @,_, H*(X,K%), the
spectral curve X, defined by (g*ai,...,g%a,) € @;_, H°(, K%) is integral (see the proof of Proposition
4.3). Note that deg(m.(K%)) > 2g. Hence the linear system |m,(K%)| is base point free (see [Har77l
Corollary 3.2]). By the proof of Lemma for a general a, € H°(X,K?%), the multiple zeros of g*a,
are contained in the preimages of those stacky points px for which ¢, > 2. In order to show that the
spectral curve g is smooth for a general a € @;_, H°(X, K%, we only need to prove that a general section
a,_1 € HY(X, K}_l) does not vanish at those stacky points py for which ¢, > 2 by Jacobian criterion (see
[Mat86, Theorem 30.3 (5)] or [BNR89, Remark 3.5]). Since the linear system |, (K% *)| is base point free,
we have 7. (K% ') = Ox or dim|m, (K% )| > 1.

Case 1. m(KS{l) = Ox. By , HO(Xx, K;;l) is a one dimensional complex vector space generated by

. B4
the section @, pri*s,

. The assumptions about ¢, for all 1 < k < m implies that the zero locus
of ¢* (R, prk*sfq(””k) does not intersect with the preimage of those stacky points py for which ¢, > 2.
Therefore, for a general a € @:Zl H°(X,K',), the spectral curve ¥, is integral and smooth. Then, a general
spectral curve X, = [£,/G] is also integral and smooth.

Case 2. dim|m, (K% )| > 1. In this case, a general element of |7, (K’ ')| is a reduced divisor, whose support
is disjoint with the stacky locus {p1,...,pm}. By and the assumptions about ¢, for all 1 < k < m, for
a general section a,_; € H(X, Kfv_l), g*a,_1 does not vanish at those points whose images are the stacky
points py, for which ¢, > 2. As Case 1, ¥, is integral and smooth, for a general a € @;_, H*(X, K%).

Then, a general spectral curve X, is integral and smooth. O

Lemma 4.17. Suppose that the aforementioned hyperbolic stacky curve X and the natural number r do not
satisfy the conditions and . If the condition holds, then a general spectral curve X, is singular.

Proof. Recall that X = [X/G] and g : ¥ — X is the natural étale covering, where 3 is a smooth complex
projective algebraic curve with an finite group G action. For a general a € @;_, H°(X, K% ), the spectral
curve Y, defined by (g*ai,...,g%a,;) € @;_, H°(X, K%) is integral (see the proof of Proposition |4.3). We
will show that for a general a = (ay,...,a,) € @,_, H*(X,K%), a,—1 vanishes at the multiple zeros of a,.
Then, for a general a € @_, H'(X, K% ), ¥4 is singular by Jacobian criterion (see [Mat86, Theorem 30.3
(5)] or [BNRSY, Remark 3.5]). If the conditions and do not hold, then we have

Gk > 2 and qu_1p =1 forsome 1 <k <m.

By , for a general a = (a1,...,a,) € @;_; H(X, K%), the closed points in the preimage of pj are
multiple zeros of g*a, and zeros of g*a,._1. We complete the proof of the lemma. O

Theorem 4.18. Suppose that X is a hyperbolic stacky curve of genus g. Let r be a natural number with
r > 2 and let X, be the spectral curve associated to a € @;_, H*(X, K%).

(1) Assume that [[=] = = or [-] = % forall1 <k <m. A general spectral curve X is integral and

smooth if one of the following conditions is satisfied:
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(i) g = 2;

(i) g =1 and 3537, (r = [721) 2 2

(1) g =0 and Sy (r — [£1) > 2 +1;

(iv) g=10, > 1o W(r=T=0) = 2r and dimcH® (X, K%) > 2 for some 1 <i <.

(2) Suppose that the assumption in (1) does not hold. We make the following assumption: if [ =] > Tj}f
for some 1 < k < m, then [ 11 =

the following conditions is satzsﬁed

. A general spectral curve X4 is integral and smooth if any of

(i) g>2;
(i1) g =1 and ZZLZI(T —1- [%1) >2;
(ii) g =0, 5= (r—1—=[22]) > 2r — 2 and Kx satisfies .

3) If[=1= % and [=—= 11 > = for some 1 <k < m, then the general spectral curve Xq is integral and

singular if one of the followmg conditions occurs:

(i) 9=2;
(ii) g =1 and Kx satisfies (33);
(iii) g =0 and Kx satisfies (33).

Proof. (1). By , the assumption: [=] = = or [I] = ”kl for all 1 <k <m, is equivalent to the

T
condition . And, by , we have deg(m.(K%)) = (29 — 2)r + > p—; by On the other hand, by the
orbifold Riemann-Roch formula (see [AGAOS, Theorem 7.21]) and Serre duality, we get

dimcHO(X, K%)= (g — 1)(2r — 1) + 0, hya- (60)

By some elementary computations, we can show that if one of the conditions: (i), (ii), (iii) and (iv) is
satisfied, then deg(m.(K?%)) > 2g and dimc H°(X, K%) > 2. Hence, a general spectral curve is integral and
smooth by Lemma 4.15

(2). By , the assumption: if [-] > %‘2 for some 1 < k < m, then Vr_kl] = 7’;@1 is equiva-
lent to the condition . Moreover, the assumption of (2) implies 7 > 3. Then, by deg(m.( K;fl)) =
(20 —2)(r—1)+> -, %(T_l)k (See ) and 7", bk > Soht ) hgr_1)k, we have that: if either one of the
conditions: (i), (ii) and (iii) holds, then deg(m. (K’ ')) > 2g and the condition holds. By Lemma

a general spectral curve is integral and smooth.

(3). As the above discussions, it is easy to check that the assumption of (3) satisfies the hypothesis of
Lemma, The conclusion is immediately obtained.
O

Corollary 4.19. With the same hypothesis as Theorem [4.18), we have:

(1) Under the assumption of (1) in Theorem for a general a € @;_, H*(X, K%, the spectral curve

X, is integral and smooth if one of the following conditions is satisfied:

(i) g=2;
(@) g =1 and 300, (r = [71]) 2 2;
(iii) g =0 and Y ;" (r — (1) > 2r +1;
(iv) g=0, >3 (r—[=1) > 2r and dimcHO(X, K%) > 2 for some2 <k <r

(2) Under the assumption of (2) in Theorem for a general a € @;_, H*(X, K%, the spectral curve

Xo is integral and smooth if any of the following conditions is satisfied:
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(i) 9=>2;
(it) g =1 and 3530, (r = 1= [F2]) > 2;
(ii6) g =0, Y5, (r—1—[52]) > 2r — 2 and Ky satisfies .
(3) Under the assumption of (3) in Theorem for a general a € @_, H*(X, K?,), the spectral curve
Xo s integral and singular if one of the following conditions occurs:
(i) g>2;
(ii) g =1 and Kx satisfies ([43);
(iii) g =0 and Kx satisfies (43).
O

Lemma 4.20. Suppose f : X, — X is the projection from the spectral curve X, to X. Under the assumptions
of Theorem (resp. Corollary which ensure a general spectral curve is smooth, for a general X,
the stacky points of X, are contained in f= ({p1,...,pm} \ ), where Q consists of these stacky points

pr € {p1,...,Pm} satisfying:
r=0 mod ry.

Moreover, for any pr. € {p1,.--,pm} \ Q, there is a unique stacky point py, in f~'(px) with stabilizer group
Hory, -

Proof. Under these assumptions (which ensure a general spectral curve is smooth), deg(m.(K%)) > 2. There-
fore, the linear system |m.(K7%)| is base point free (see [Har77, Corollary 3.2]). Then, m.(K%) = Ox or
dim |7 (K%)| > 1. By , the general section a, € H°(X, K% ) does not vanish at any stacky point in €.
If X is be viewed as the zero locus of Tot(K x), then the set of the stacky points of Tot(X) is {p1,...,Pm}
with stabilizer groups pty,, ..., iy, . We complete the proof. O

Example 4.21. The condition (33) is an indispensable hypothesis for Theorem For example, let |E be
an elliptic curve and let p be a closed point of E. Consider the stacky curve 5 = {/p. The projection from

Es to I is denoted by 7 : E5 — E. The canonical line bundle of E5 is O, (2p). Its degree deg(Kg,) is 2.

So, it is a hyperbolic stacky curve. It is easy to check that
T (Kg;) = Op and m.(Kf.) = Og(p).
Then, dim¢ HO(E5, Kg,) = 1 and dimc H?(IE5, K§_) = 1. Hence, we have
HO(Es, Kg,) = C-78% and HO(Es, K2, ) =C- &%,

where 71 is the universal section of O, (£p). For a general a = (at?*,br{?®) € HO (5, Ki,) @ HO(Es, K2,),

the spectral curve X, is the zero locus of the section
72 far®* @ 1+ br8, (61)
where a,b € C. The section can be represented as a product of two sections
(7 + (a/2 = V@E=0)rP") @ (7 + (a/2+ Va2 A= B)rft).
Hence, a general spectral curve is not irreducible.

Example 4.22. We will construct an example satisfying the last conclusion of Theorem Taking four
distinet points {p1, p2, p3, pa} on the projective line P!, we construct a stacky curve IP};QQ,2 as follows

1
Pioo0 = v/P1 Xp1 /D2 Xpr /P3 Xp1 §/Pa-
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The canonical line bundle Kp; , = 7" Kp1 ® OPi,z,m(%pl + $p2 + $ps + $p4), where 7 : Pl oo, — P!
is the coarse moduli space. And, the degree of Kﬂ’i b 1S %. Hence, it is a hyperbolic stacky curve. Since

dimcHO(P} , 5 Q,K]?,l ) > 2, the condition QD holds. Suppose that 71, 72, 73 and 74 are the sections of
e 4,2,2,2
O]Pi’m(ipl), Op:i . (3p2), Op1 (3p3) and Op:

4,2,2,2 4,2,2,2 4,2,2,2

sections of the universal sections on the corresponding root stacks. By Lemma any section of K]?,

(%p4) respectively, such that they are the pullback

i,2,2,2
can be represented by

)- (62)
Let ¢ : Tot(Kpr ) — IP} 5 5. be the projection from the total space of Kp:

element a of @?:1 HO(P}L,2,2,27 Kfﬁ

~ 2 ~ .
T'E® T{g , where 5 is a section of 7T*(K]16,1
4,2,2,2

22 1O P}L,z,zz' For a general

1 ), the spectral curve X, is the zero locus of the section
4,2,2,2

790 4 y*ay @ T + Yray @ 72 + 1 ag, (63)
where 7 is the tautological section of ¥*Kp1 . By the GAGA for Deligne-Mumford curves (see [BNOG]),
we can assume that IP}LQ’Q’Q is equipped with complex analytic topology. Then, there is a unit disc D C P!

around p; such that m : IP}L’Q’QJ — P! restricting to D is isomorphic to 7 : [D/ps] — D, where the action
of puy on D is multiplication and the morphism 7y is induced by the morphism ¢ : D — D, 2z — 2%

Consider the commutative diagram
D 2 [D/ 4]

RN

D

where gp is the natural projection. Pulling back the spectral curve defined by along gp : D — [D/p4],
we get
{(z,t) €D x C|t +Az(2) - t* 4 Ay (2) - t* + Ag(2*) - 22 = 0}, (64)

where @2(2), a4(z) and @g(z) are holomorphic functions on D. It is easy to check that (0,0) is a singular

point of .

5 Norm maps

In this section, we systematically study the norm theory on Deligne-Mumford stacks. As an application, we
apply the general theory to the case of stacky curves which plays a central role in studying the Hitchin fiber
of the moduli space of SL,-Higgs bundles.

5.1 Norms of invertible sheaves on Deligne-Mumford stacks

Let X be a Deligne-Mumford stack and let A be a commutative O y-algebra with unit. Then, A is canonically
identified with an Oy-subalgebra of #ome, (A, A). In fact, for an object (' — X) in Xy, a section
s € A(T — X) defines a morphism of Op-modules A|lr — A|pr by multiplication. If A is a locally free
Ox-module of finite rank, then there is a morphism det : #Zome, (A, A) = Oy defined by

%Omo,\f (Av A)(T - X) = HomOT (A|T3A|T) — OT(T)7 ¢ — dEt(d))

The composition A — Some, (A, A) 9% Oy is denoted by N0, Obviously, N 4,0, is a morphism of

sheaves of multiplicative monoids. Following [EGA2| Section 6.5], it is easy to verify the following proposition.
Proposition 5.1. For an étale morphism T — X, we have

(1) Najor(s1-52) = Najo,(51) - Najoy(s2), for si,s0 € A(T — X);

(i) Najo,(la) =1;

(i) Ngjo,(t-14) =t" ift € Ox(T — X) and the rank of A is n.
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Therefore, N 4,0, induces a morphism of sheaves of abelian groups
N.A/OX : A* —)O}, (65)
where A* is the sheaf of invertible elements of A.

Definition 5.2. An A-invertible sheaf L on X is an A-module on X whose restriction L|y to some
étale covering U — X is isomorphic to A|y as an A|y-module.

We will introduce the notion of norm of an A-invertible sheaf L. For the notations used in the following,
we refer the reader to the section on Notations and conventions. Since L is a coherent sheaf on X', there
is an object (A|y,0) in Des(U/X) representing L for an étale covering U — X. Then the morphism
G=¢oo00¢!: Alupy = Alppy is an isomorphism of Alypj-modules, where ¢; : pri(Aly) — Alyp are
the natural isomorphisms of Oyjij-algebras, for i = 1,2. Let a be the image of the unit 1 € A*(U[1] — X)
under the morphism . On another hand, there are three isomorphisms of A|¢[g-modules

G12 = ¢p12 0 priy5 0 ¢y Ay = Alupa,  G23 = d23 0 Priso o ¢33 : Aly = Alup,

G13 = 13 0 Prigd 0 Py Alup) = Alug)-

where ¢12 1 pris(Alvp)) — Alujg, ¢23 & prag(Alupy) — Alup and é13 @ priz(Alyp)) — Alyp are three
natural isomorphisms of Opg-algebras. It is easy to check that the cocycle condition: a3 0 012 = 013
is satisfied. Then, we have ¢o3(pras*a) - ¢12(prio*a) = ¢13(priz*a) in A*(U[2] — X). Since Ny,0, is a
morphism of sheaves of abelian groups, we have

pr3sNa/o. (@) - PrisNajo, (a) = prisNajo, (a) (66)

in O%(U[2] = X) by Proposition Therefore, (Oy, N 4,0, (a)) is an object of Des(U/X') which defines a
line bundle N 4,0, (L) on X.

Definition 5.3. For an A-invertible sheaf L, the line bundle N 4,0, (L) is called the norm of L.
We summarize some basic properties of the norms of A-invertible sheaves.

Proposition 5.4. The norms of A-invertible sheaves satisfy the following properties (up to a canonical
isomorphism):

(i) Najor (L1 ®a L2) = Nyjo,(L1) ®ox Najoy (L2), for any two A-invertible sheaves Ly and Ly on X;
(i1) Najox (A) = O
(i) Najor(L7Y) = Najon (L)L, for an A-invertible sheaf L on X;
(iv) Npjon (L ®o, A) = Nagjo, (L), for an Ox-invertible sheaf L on X.

Proof. By the Proposition and the definition of norm, the proposition is immediate. O

5.2 Norm maps of finite morphisms of Deligne-Mumford stacks

Suppose that f: X} — Xs is a finite morphism of Deligne-Mumford stacks and f.Ox, is a locally free sheaf
of rank n. Then, for any invertible sheaf L on X}, the pushforward f.L is a f.Ox,-invertible sheaf. In fact,
for an étale covering U — X5, there is a cartesian diagram

UXX2X1‘>X1

fu \s

U Xs.

fu(Lluxy,x,) is an fur,(Oux , x, )-invertible sheaf on U (see [EGA2] proposition 6.1.12.1]). Then, we can
introduce the notion of the norm map of f.

28

https://doi.org/10.4153/S0008414X24000439 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000439

Definition 5.5. The norm map Nmy of f is Nmy : Pic(X1) — Pic(X2), L+ Ny o, joq, (f<l).
Proposition 5.6. The norm map Nm; satisfies the following properties:
(1) Nmy(Ly ® Ly) = Nmy(L1) ® Nmy(Ls), for any two line bundles L1 and Ly on Xi;
(i) Nmy(Ox,) = Ox,;
(iii) Nmy(L™') = Nmy (L)™', for a line bundle L on X;;
(tv) Nmy(f*L) = Nmy(L)", for a line bundle L on Xs;

(v) For a morphism of line bundles oo : L1 — Lo on Xi, there is a morphism of line bundles Nmy(a) :
Nmy(L1) = Nmy(Lo). And, it satisfies:

o If there is another morphism of line bundles 5 : Ly — Ls, then we have Nmy(f) o Nmy(a) =
Nm; (5o a);

o For two morphism of line bundles a1 : L1 — Lo and as : Ly — L4, we have Nmy(o) @Nmy(ag) =
Nmy (o ® az).

Proof. By the Proposition the conclusions of this proposition are immediate. O

Remark 5.7. In Proposition (v), if L1 = Ox,, we obtain a canonical map
Nmyj : HO(Xy, L) — H°(X2,Nmy(L)) (67)
for any line bundle L on Xj.

Proposition 5.8. Suppose that f : X1 — Xy is a finite morphism of Deligne-Mumford stacks such that
fxOx, is a rank n locally free sheaf. For a morphism of Deligne-Mumford stacks g : Yo — Xa and the

cartesian diagram

8% i; X1 (68)

7| ¥

Yy 5 X,
we have Nmy/ (¢""L) = g*Nmy (L) for any line bundle L on X;.

Proof. Using descent theory, we can prove this proposition following the proof of the counterpart in [EGAZ].
O

Proposition 5.9. Let f : Xy — X5 be a finite morphism of Deligne-Mumford stacks and let L be a line
bundle on Xy. Assume that f.Ox, is a locally free sheaf of rank n. Then, we have

Nmf(L) = det(f*L) ® det(f*(’);(l)_l.

Proof. There exists an étale covering Uy — X5 such that L|y, = Oy, where Uy = Uy x x, X). Hence, there
exists a € Op, (Uy) such that L is defined by the object (O, ,a) of Des(U;/&;). Consider the commutative

diagram
U1 —— Xl (69)
pr2
/ . /
Ul[l] U, f
fi
s
f2 Us — X
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in which every square is cartesian. The pushforward f.L is represented by the object (f1.Op,, fa«(a - id))
of Des(Us/Xs) where fa.(a -id) is identified with the composition

fg* (a~id

pri 1.0, = f2upriOv, = f2.0p, ) ELELALN f2xOu, 1) = faxprsOvu, = pr5f1.00, .

Therefore, det(f.L) is defined by the object (det(f1.Ou, ), det(f2.(a-id))) of Des(Usz/Xz), where det(fas(a-
id)) is the composition

det(fax (a-id))

pridet(f1.Ou, ) = det(f2O0u, ) det(f2.0u, 1)) = pradet(f1.0p,).

In addition, the dual det(f,Ox, )~ of f.Ox, is represented by the object (det(f1.Op, )", id) of Des(Us/Xz),
where id denotes the composition

pridet(f1.0p, )" = det(fg*(’)Ul[l])_l i, det(fg*(’)Ul[l])_l = pridet(f1.0p,) L

Therefore, the line bundle det(f.L) @ det(f,Ox,)~" is represented by the object (Oy,, Ny, 0y /04, (@) of
Des(Uz/X>). By the definition of Nmy (L), we have Nmy(L) = det(f, L) ® det(f.Ox, )" O

In the following, for simplicity, we always assume that X’ is a smooth irreducible Deligne-Mumford stack

of finite type over C.
Definition 5.10. (i) A prime divisor on X is a codimension one closed integral substack of X'.
(ii) A Weil divisor is an element of the free abelian group Div(X) generated by the prime divisors on X

(ili) Let D = )",n;Y; be a Weil divisor, where the ); are prime divisors and the n; are integers. If all the

coefficients n; > 0, then D is said to be effective.

(iv) A rational function on X is a morphism &/ — A{ from a nonempty open substack to the affine line.
The rational functions of X form a field k(X’), which is called the quotient field of X (see [Vis89l
Definition 3.4]). By [Vis89, Lemma 3.3], there is a morphism of abelian groups dx : k*(X) — Div(X),
where k*(X) is the group of nonzero elements of k(X). By convention, we use the notation div to
denote Ax. A Weil divisor is said to be a principal divisor if it is in the image of div.

(v) Two Weil divisors D, D’ € Div(X) are linearly equivalent if D — D’ is in the image of div.
(vi) The cokernel of div is called the divisor class group Cl(X) of X

Remark 5.11. In the intersection theory of Deligne-Mumford stacks (see [Gil84] and [Vis89]), the group
Div(X) of Weil divisors is the same as the group Z,_1(X) of (n — 1)-dimensional cycles, where n is the

dimension of X. And, the divisor class group Cl(X') is the Chow group A, _1(X).
The following definition is a modified version of [Vis89, Definition 3.6].

Definition 5.12. Let f : X} — &5 be a morphism of n-dimensional Deligne-Mumford stacks and let ) be
any closed integral substack of A7j.

(i) If f is proper and representable, the proper pushforward is f, : Div(X;) — Div(Xs) Y — deg(Y/V)Y’,
where )’ is image of Y in X» and deg(Y/)’) is the degree of the restriction of f to Y and Y’ ([Vis89,
Definition 1.15]).

(ii) If f is flat, the flat pullback is f* : Div(Xy) — Div(X1) f*(Y) — Dy, where Dy is the cycle associated
to the closed substack Y x y, X} ([Vis89, Definition 3.5]).

The following proposition is immediately.
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Proposition 5.13. There is a morphism of abelian groups
Div(X) — Pic(X), D+— Ox(D). (70)

If D is a principal divisor, then Ox (D) ~ Ox. Then, we have a morphism from the divisor class group
Cl(X) to Pic(X). O

Remark 5.14. In Proposition the homomorphism Cl(X) — Pic(X) is injective. In general, it is not

surjective if the generic stabilizer of X is not trivial.

Proposition 5.15. Assume that f : X} — X5 is a finite morphism of smooth irreducible Deligne-Mumford
stacks such that f.Ox is a locally free sheaf. If a line bundle L ~ Oy, (D) for some Weil divisor D, then
Nm;(L) ~ Ox,(f«(D)), i.e. the diagram

Div(X;) — Pic(X;)

fa ¢ J(Nmf

DIV(XQ) — PIC(XQ)
15 commutative.

Proof. The proof is divided into two steps. First, we show the conclusion for an effective Weil divisor D.
Finally, we check the general case.

Case 1: Let D be an effective Weil divisor. Then, D = (s) for some section s € HO(X;,L). There is
an étale morphism po : Uy — Xy such that L is represented by an object (Oy,,a) of Des(U;y/X;) where
Uy = Uz xx, X1 and a € O (;)(U1[1]). Thus, s is represented by an element h € Oy, (U1) which satisfies
prih-a = prih on Uy[1]. By @, the restriction of the norm Nmy(s) to Uz is Ny, 0., /0, (h). Consider the

cartesian diagram:

Uy 2 x
fI\L i,f
Uy 25 X,.
By the proof of [Vis89, Lemma 3.9], we have
f1.0p7 =p5 o0 fi: Div(Xy) — Div(Us). (71)

Claim: fi.(div(h)) = div(Ny, 04, 0, (h)). Without loss of generality, we can assume that U, is ir-
reducible. And, U; is the disjoint union of its irreducible components. Due to the irreducibility of AX;
and A%, the restriction of the morphism f; to each irreducible component of U; is a surjective finite mor-
phism to Us. Therefore, fi.(div(h)) = div(Ny, 0, /0., (R)) (see [Ful98, Proposition 1.4]). The flat pull-
back pi(D) = div(h) and (71) implies p3(f.(D)) = div(Ny, 04, j04, (7). In addition, the flat pullback
p3((Nmy(s))) = div(Ny 04, /0x, (R). Thus, f.(D) = (Nmy(s)) (see [Gil84, Lemma 4.2]). As a result,
Nimy (L) ~ O, (f.(D)).

Case 2: If D is a Weil divisor on X7, then there are two effective Weil divisors D1, Dy € Div(X;) such that
D = D; — Ds. So, Ox, (D) = Ox,(D1) @ Ox, (D2)~ . Thus, Nmy(L) ~ Nms(Ox, (D1) ® Ox, (D2)~1). By
Proposition we have Nm¢ (O, (D1) @ Ox, (D2) ™) = Nmy(Ox, (D1)) @ Nmy(Ox, (D2))~*. Therefore, we
have Nm (L) >~ Ox, (f+(D1)) ® Ox,(—f«(D2)) = Ox, (f«(D)). O

5.3 The case of stacky curves

In this subsection, all stacky curves are assumed to be irreducible and smooth. For a stacky curve X with
coarse moduli space 7 : X — X, the group of Weil divisors of & is

Div(X) = @ex(c) Z- 7o - (72)
where X (C) is the set of closed points of X and r, is the order of the stabilizer group of . Suppose that
the stacky points of X is pi,...,pm and the stabilizer groups are py,,..., 1, respectively. We have the
following lemma.
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Lemma 5.16. For every line bundle L on X, it can be uniquely (up to isomorphism) expressed as L =
W ® OX(ZZL:1 i—’;pk), where W is a line bundle on X and 0 < iy <7 — 1 for all1 <k <m.

Proof. For any line bundle L on X, there is a Weil divisor D € Div(X) such that L = Ox (D) (see [NS95,
Proposition 1.3]). Note D can be written as }- ()7 -z + 22”21 i—; - P, where 0 < iy < 1 — 1 for all
1 <k <m and n, € Z. We therefore have L = 7*W @ Ox (32, 7= - px), where W = Ox (X sex(c) Mo " T)-

If two Weil divisors Dy, Dy € Div(X) are linearly equivalent, then there is a rational function ¢ on X
such that D; = Dy + div(n*c). Hence, the line bundle W is unique up to an isomorphism. O

Moreover, we also have the following lemma (see [Bro09, Section 5.4]).

Lemma 5.17 ([Bro09]). There is an exact sequences of group schemes

0 — Pic(X) == Pic(X) — [, Z/riZ — 0 . (73)
O

Remark 5.18. For every m-tuple (i1,...,%,,) of integers, we have the translation
Tiiy,..oi) - Pic(X) — Pic(X), Lr— L@ Ox (30, & - py) (74)

defined by the line bundle Ox(3_;, i—i - pr). By Lemmas Pic(&X) is the disjoint union of open
and closed subschemes

Pie(X) = [T;,Zg [T -+ LIi7 o Piet™ (),
where Picliim) (X)) = Ty, i) (7*(Pic(X))) for all (i1,...,%,). For any integer d, let Pic?(X) be the
moduli space of line bundles with degree d on X. It is a connected component of Pic(X). Then, the
connected components of Pic(X) are

PichUim)(X) = Ty, (7% (Pic?(X))) (75)
where d € Z and (i1,...,0,) satisfy 0 < i, <7, —1for all 1 <k < m. We therefore have the decomposition
of Pic(X) into connected components

. ri—1pyra2—1 Tm—1 s d,(i1,...\im
Pic(X) = HdeZ Hillzo 1';:0 T Him:O Pich (1 )(X), (76)

which coincide with the decomposition [30]

In the following, we will consider norm maps for stacky curves. Let A7 and X5 be two stacky curves with
coarse moduli spaces m; : X; — X; for ¢ = 1,2. The set of stacky points of X; is {p1,...,pm,} and X’s
is {p1,..-,Pm,}. The stabilizer groups of X} and Xz are {fir,, ..., pr,, } and {uz,..., 47, } respectively.
Suppose that f: X7 — X5 be a finite morphism and f’ : X; — X3 is the induced morphism between coarse
moduli spaces.

Lemma 5.19. The proper pushforward of f is

fo: Div(X1) = Div(&y), L oae L e f(a), (77)
Proof. By the Definition the conclusion is immediate. O

Remark 5.20. Since the finite morphism f is representable, the stabilizer group of z is isomorphic to a

subgroup of stabilizer group of f’(z). Hence, 7/ (5) /7, is an integer.

Proposition 5.21. The norm map of f is

Nmy; : Pic(Xy) — Pic(Xa), Ok, (zi an) — Ok, (zi nM#f(x)) (78)

Tf(@y)
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Proof. For smooth stacky curves, the homomorphism is surjective (see [NS95, Proposition 1.3]). By
Proposition and Lemma[5.19) we complete the proof. O

Corollary 5.22. Assume that f'(p;) = p; for all 1 < i < my. For any d € Z and any (i1,...,im,) €
Z 0 [0,71] X -+ X [0,7m, ], the restriction of Nmy to Pic®-im1) (X)) is

Nmy : Pic®0im) (dy) — Pich(ima) (1) (79)
where
- il if 0< k< ma,
o= e Y0sksm (80)
0 ifmy <mo andmi;+1<k<ms.

Proof. For any L € Pich(-im1) (), there is a Weil divisor D = > zex;(c) e T+ 02y 2 py with ng, € Z
such that L = Ox, (D). Then, Nm;(L) = Ox,(>_,ex ) naf (@ )+ Y 1ik:’; fkf (p)) (see Proposition

5.21). O

Lemma 5.23. There is a commutative diagram

. . Nm ~ ~
Picd,(ll,...,zml)(‘xl)%fplcd(h,...,zmg)(xz)

Wl*l lﬂ'z*

. d Nmf/
Pic?(X;) ———— Pic’(Xy),

in which the pushforward morphisms w1, and Ta, are isomorphisms.

Proof. Without loss of generality, we only show that 7, is an isomorphism. For any L € Picd7(i1""’im1)(2t'1),
there is a unique W € Pic?(X,) such that

L=miW®Ox (3402, = - pk)-

Then, 7, L = W ® 71.0x, (Zk 15 - pr). On the other hand, Wl*OXl(Zk 15 = ‘pi) = Ox, (see [Behld]
Theorem 3.64]). Hence, 7y, is an isomorphism. As the proof of Corollary |5.22 n, we can directly verify
ﬂg*Nmf(L):Nmf/(m*L) O

6 SYZ duality

In this section, X is a hyperbolic stacky curve with coarse moduli space 7 : X — X. The stacky points are
D1, --.,Pm and the stabilizer groups are p,, ..., i, respectively. For each stacky point py, its residue gerbe

L : By, — X is a closed immersion.

6.1 BNR correspondence

For a € @;_, H*(X,K%), let 7’ : X5 — X, be the coarse moduli space of X,. There is a commutative
diagram:

a Xy —L s x (81)

i

XH—X

where f : X, — X is the natural projection and f’ : X, — X is the induced morphism between coarse moduli
spaces. Assume that the assumptions of Theorem (which ensure a general spectral curve is irreducible
and smooth) are satisfied. Hence, we can assume that X, is an irreducible smooth stacky curve and satisfies
the conclusion of Lemma [£:20] in the following discussion. Without loss of generality, suppose that the set
of stacky points of Xy is {P1,...,Dm,} such that f(px) = py for all 1 < k < m;. Note that Ko(Bpu,,) is
isomorphic to the representation ring Ry, for every stacky point py and Ry,, = Z[xi]/(x}F — 1), where zy,
represents the representation defined by the inclusion u,, — C*.
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Lemma 6.1. For each 1 < k < my, the decomposition of the K-class [t} (f<Ox,)] in Ru,, only consists of

the following two cases:

(i) if [=] = =L, then [1;(f.0x,)] = mpaf + (my — V)ag + -« + mpay ", where my, = =
(ii) if [=—= 11 = (i (f+Ox,)] = (mg + 1)zl + mkac,lc 4+ 4 mkzzk_l, where my, = Tr_kl.

Proof. By Proposition we have f,Ox, = @._, ! K3'. Since X, satisfies the conclusion of Lemma by

some elementary computation, we get the decomposition of [¢} (f,Ox,)] in Ry, for every 1 <k <m,. O

If (F,¢) is a rank r Higgs bundle with spectral curve X,, then there is a line bundle W in some
Pic®(iimi) (X, ) such that f,(W) = E (see Proposition [C.2).

Lemma 6.2. The K-class [W] € Ko(Xg)qg is uniquely determined by the K-class [E] € Ko(X)qg.

Proof. By Proposition [3.35] we only need to show that deg(W) and {i1,...,%m, } are uniquely determined
by [E]. Firstly, note that there is a line bundle W’ € Pic(X4) such that

W =7"W'® f*Ox (3252, 7 - k)
(see Lemma . Hence, E = f (7*W') @ Ox (> 12, ﬁ—’; - k). We therefore have
[thE] = [ (fu (W) 9:2" in Ry, ,

for each 1 < k < my. Note that [¢f(fou(7"*W"))] = [ti(f«Ox,)] in Ry, for all 1 < k < m. By Lemma
i, are uniquely determined. On the other hand, by Proposition [5.9 and Proposition deg(W) =
deg(FE) — deg(f+«Ox,), where deg(f.Ox,) = L;T)(Qg -2+ >, TT—*l) O

Corollary 6.3. If the spectral curve of (E,¢) is irreducible and smooth, then there exists (i1,...,4m,) €
Z™ N[0, — 1) X -+ X [0, 7y, — 1] such that [E] € Ko(X)q satisfies

(5B = (i (B2 K3') @ Ox (352 & - p))), (82)
foralll1 <k <m. O

Denote the K-class [E] € Ko(X)q by . Consider the moduli space Mgy, (GL;) of moduli space of
semistable Higgs bundles with K-class £. By Proposition the following lemma is immediate.

Lemma 6.4. The fiber h='(a) of the Hitchin morphism h : Mg ¢(GLy) — H(r, Kx) at a is isomorphic to
Picd,(ilyu,i?nl)(Xa)' D

Suppose that & = (r, dg, (ml’i)?:f, ey (M )iy ) € Ko(X)g. Fix a line bundle L € Picd/’(jl’“”j"”)()(),
where d', j1,..., jm satisfy

Jjk = the remainder, when > ;1 Yiomy, i divided by ry, for every 1 <k <m and
1 i-mg ; .
d = d& + Zk:1(zzi1 T:' - Jk)-

We consider the moduli space MB‘ZL&(SLT) of semistable SL,-Higgs bundles with K-class £ and determinant

(83)

L. Assume that the assumptions of Corollary (which ensure a general spectral curve is irreducible and
smooth) are satisfied, then for a general a € @;_, H O(x, K% ) the spectral curve X, satisfies the conclusion
in Lemma [£20] We also assume that X, satisfies the conclusion in Lemma [£.20]

Lemma 6.5. The fiber of the Hitchin morphism hg, : Mgy, -(SL.) — H°(r, Kx) at a is

gtk (@) = {W € Pic(rsims) (20,) Ny (W) = L K57},
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Proof. Since X, satisfies the conclusion in Lemma [£.:20, we have

hst,, (@) = {W € Pich(rtm) (X)) det(f.(W)) = L}.

Therefore,
hst, (@) = {W € Pic™ () (Xg)| Ny (W) = det(f. (W) @ det(f(Ox,)) "'}
(see Proposition . Note that det(f.(Ox,))" ! = K;(r_l)/r. This completes the proof. O

For f': X4 — X in the diagram , the Prym varieties Prym  (X,) is defined by
Prym;, (Xq) = Ker(Nmy/) = {W € Pic’(X,)| Nmy (W) = Ox}.

Then, thlr(a) is a Prym (Xg)-torsor (see Lemma [5.23). The fiber h;éLr (a) of the Hitchin morphism
hear, : My (PGL;) — H°(r, Kx) at a is a Prymy, (X,)/To-torsor, where

Ty = {W € Pic’(X)|[W®" = Ox}.
Thus, we have the following proposition.
Proposition 6.6. thlr (@) is a Prymy, (X4)-torsor and hgéLr(a) is a Prymy, (Xgq)/To-torsor. O
For brevity, we introduce the following notations:
o Phlinim) = (W € Pich(im) (X,)|Nmyp (W) ~ Lo Ky~ /).
o P4 = {W € Pic?(X,)| Nmys (W) ~ 7/ (L ® K5~ V/%)}.
o P00 — (17 € Pic® (0 (X, )| Nm (W) =~ Ox}.
o PO = {W € Pic”(Xo)| Nmy (W) ~ Ox }.
o Ph(it,sim;) — Pdi(insimy) T
o Pd=pd/r,.
o PO — PO(0,::0) /T
o PO = POTy.
Obviously, Ph(itsimy) (Pdimim)) js o PO (’f)\o)—torsor. By Lemma we have the following lemma.

Lemma 6.7. The pushforward
7l o P00 PO W (84)

is an isomorphism of abelian varieties. And,
7l o phlinim) __, pd (85)

is an isomorphism of torsors with respect to the isomorphism . Moreover, (84) induces an isomorphism
of abelian varieties

7 PO — PO, (86)

The morphism gives an isomorphism
w2 Phlininm) —y pd (87)
of torsors with respect to . O

Corollary 6.8. The dual of P is PO,

Proof. The dual of P? is po (see [HT03, Lemma 2.3]). Then, the dual of P is 730, by the isomorphisms
and in Lemma O
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6.2 The proof of SYZ duality

For convenience, the moduli space Mp, . (SL..) of stable SL,-Higgs bundles is denoted by Mpor¢. In general,
the universal Higgs bundle (E, ®) does not exist. But, we can construct a universal projective bundle P(E)
and a universal endomorphism bundle End(E), even though E does not exist. There is a universal Higgs
field ® € H(End(E)® Kx). Fix a closed point ¢ € X. Restricting P(E) to Mpey¢ X {c}, we get a projective
bundle P on Mpo1¢. The obstruction to lift the PGL,-bundle P to an SL,-bundle defines a Z,-gerbe B on
Mpole.

Lemma 6.9. The restriction of B to each regular fiber of the Hitchin morphism hgr,,. : Mpol,e — HO(r, Kx)

is trivial as a Z,-gerbe.

Proof. Suppose that a € H°(r, Ky) is a closed point such that the associated spectral curve X, is integral
and smooth. Recall that the fiber of the Hitchin morphism hgr,, at a is Polinsimi) where 0 < if, < rj — 1
for all k. Let L be a universal line bundle on P%(#1:im1) x X, The projection of X, to X is f : X, — X.
The pushforward ((id x f).(L), (id x f).(¢)) is a P%(E-im1)_family of Higgs bundles on X, where ¢ : L —
L®o,, [*Kx is defined by the tautological section of f*Kx. It induces an inclusion Phlinsimi) C Mpo)¢.
Hence we have
P((d % D)D) i gy = PO i

Since f : X, — X is a finite morphism, we can choose a closed point ¢ € X such that f~*(c) does not contain
any branched points. So, we have

(id X f)*(L)‘,Pd,(il ,,,,, imq) x{c} = (ld Xf>*(L|7>d,(i1 ,,,,, imq) xf*l(c)) (88)

Thus, det((id x p)«(L)|pa.ci..... im)X{c}) = ®yep-1(c)Llpati..... im)x (yy = V- On the other hand, the Néron-
Severi class of V is divisible by r. Therefore, there exists a line bundle W on P%(i1:+-im1) guch that W& ~ V.
We have

det((id x p)*(pr;;d,(,-1 ,,,,, im)W_l ® L)|pai..... im1>x{c}) ~ Opd,(il,...,iml)x{c} and

B to Phliim) g a trivial Z,-gerbe.

O
Remark 6.10. Recall the commutative diagram Therefore, we have the commutative diagram
de,(il ..... im) X Xa id sz 'Pd,(il ..... Tm) <X (89)
!l xw’l \Lﬂ" X
id x f’

Pix X, Pix X

where 7/, : Ph(simy) 5 P4 s the isomorphism in Lemma For the universal line bundle L in the proof
of Lemma there exists a universal line bundle W on P? x X, such that

L~ (7)) x ©')"W @ priy, Wi, (90)

yeeerbmy )

where W,
closed point in X, it is easy to check that

(W) P % )W) [ paery = Plparoing) - (91)

Then, the two sets of trivializations are isomorphic

im, = Ox, 0202 i - Px). Let ¢ be the image of ¢ in the coarse moduli space X. Since ¢ is a

,,,,,

Triv?r (PhUnim) | B) ~ Trivir (P, B'), (92)

where B’ is the SL,-lifting gerbe of P((id x f').W)|pay (1} -
36

https://doi.org/10.4153/S0008414X24000439 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000439

By the proof of Lemma we see that a trivialization of B on P®(it+im1) is equivalent to give a
universal line bundle L on P%(i1:im1) x X, such that

det((id Xf)*(L)|7)d,(i1 ..... 'Lml)x{c}) ~ Opd,(il ..... im1) x {c}" (93)

Then the set TrivZr (Ph(im) B) of trivialization of B on P%(i1-imi) is identified with the set T of
universal line bundles L on P%(1im1) x X, satisfying . Let P° [r] be the group of torsion points of
order 7 in P°. The set T is naturally a PO [r]-torsor. On the other hand, we have

H (P teinn) 2,) = (P, Z,) = P

Then, the H!(P%(1-im1) 7, )-torsor TrivZr (P%(iim1) | B) is isomorphic to the P°[r]-torsor <.

Since Z, is a subgroup of U(1), any Z,-gerbe extends to a U(1)-gerbe. Let B be the U(1)-gerbe defined
by the Z,-gerbe B. The triviality of the Z,-gerbe B implies that the U(1)-gerbe B is also trivial. The set of all
trivialization of B on P%(i1:im1) is denoted by TrivV V) (PLCnsimi) BY which is a H(PL 0 imi) U(1))-
torsor. Similarly, we have

H (pEliind) T(1)) = HY(PO,U(1)) = P°.

We have a natural identification

~

_ TrivPr (P liing) B) x PO
PO[r] '

Triv? O (Phin-im) | B)

Proposition 6.11. For any d,e € Z, there is a smooth isomorphism of PO-torsors
TrivU(l)(Pd’(il’“"iml), B¢) ~ Pe.

Proof. By the isomorphism , [HT03, Proposition 3.2] and [BD12, Theorem 4.2], we complete the proof.
O

Now consider the reverse direction. We need a gerbe B on the global quotient stack [MDol,§ /To, ie
an ['g-equivariant gerbe on Mpel¢. In fact, this is just B equipped with an I'p-equivariant structure. For
v € I'g, we use L, to indicate the line bundle on X corresponding to v € I'. Then the action of I'y on Mpo,¢
is given by

7 : Mpole — Mpole (E,¢) — (E®@7" Ly, ),

for v € T'g. Let (E, ¢) be the universal Higgs bundle on Mpej¢ x X (if the moduli space Mpo1¢ is not fine,
E is a twisted vector bundle on Mpe¢). We have a canonical isomorphism

fy o (v x1d)'P(E) = P(E @ pra™ (77 Ly)) — P(E)

on Mpore X X, for every v € I'g. And, for v1,7v2 € Iy,

oo (m xid)* fr, = frims-

Hence, P(F) is an I'g-equivariant projective bundle on Mpo1 ¢ X X'. The restriction IP of P(E) to Mpor ¢ x {c}
is also an I'p-equivariant projective bundle on Mpol¢. It determines a I'p-equivariant structure on the Z,-
gerbe B on Mpo¢. Then, it defines a Z,-gerbe Bon [Mpo,¢/To]. Specifically, the I'g-equivariant structure
of P|pa,ciy,..rim) 18

fry|7>d,(i1 ,,,,, imy) ’Y*]P(E|,Pd,(i1,...,iml)X{C}) = IP(E|,PL1,(¢1 ..... i’"l)><{(:}®C<7r*(L7)|{C})) — ]P(El,Pd,(il ,,,,, iml)x{c})7

for every v € T'y. By Remark there exists a locally free sheaf (id x ). W|pa (-} on P? x {¢'} such
that
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where W is a universal line bundle on P%x X,. On another hand, the projective bundle P((id x f'). W pay (1)
admits an I'g-equivariant structure

gy YV P(Ad X f)uW | pafery) = P((d X)W pax(ery @ Lyle) — P((d X)W |pas o))

for every v € 'y, which is induced by the natural I'g-equivariant structure of P((id x f'). W) on P?x X. Obvi-
ously, the I'g-equivariant projective bundle IP|7,d,(7:1,...,¢m1) is isomorphic to the pullback of the I'g-equivariant
projective bundle P((id x f').W|pa (o), along the I'p-equivariant morphism 7 : Ph(inssimy) Pl We
therefore have the following proposition (see [HT03| Lemma 3.5 and Proposition 3.6]).

Proposition 6.12. The restriction ofﬁ to P (irim) is trivial as a Z,-gerbe. Moreover, there is a smooth
isomorphism of PO-torsors
TrivV D (Phinsomsim) ge) ~ P,

where B is the U(1)-gerbe obtained by the extension ofﬁ and d,e € Z. O

Assume that the assumptions of Corollary (which ensure a general spectral curve is irreducible and
smooth) are satisfied. Suppose the K-class £ satisfies and & = (r,dg, (ml,i);;f, ceey (mmyi)ggfl) €
Ko(X)g. Fix a line bundle L € Picd/’(jl"“’j’”)(X)7 where d', j1,. .., jm satisfy . Consider the moduli
space My «(SL;) of semistable SL,-Higgs bundles with K-class { and determinant L. The Hitchin morphism
hsv, + Mg, ¢ (SLy) — H°(r, Kx) is surjective. Note that the stable locus Mpol ¢ of M7, ¢ (SLy) is non-empty.

By Proposition [3.39, we have

dim Mpore = (r* — 1)(2g — 2) + S0, (72 — (r = X5 mag)? — Z?_llm k)

On the other hand, by some elementary computation, we have

dimH°(r, Kx) = (r* = 1)(g — 1) + i (P = (r =30 mzk) ZZ’Tm k)

ie. dimHe(r, Ky) = %dim Mpore. Hence, hgy, is surjective, since the restriction of hgr, to a non-empty
open subsect of Mpoy s is an algebraically integrable systems. Therefore, the properness of hgr,. implies there
is a non-empty open subset U C H°(r, Kx) such that the inverse image hS_LlT (U) is contained in Mp,)¢. Note
that hs_ﬁr (U) is Tp-invariant, due to the T'p-equivariantness of hgr,. and the trivial action of T'g on H(r, Kx).
Then, we obtain two proper morphisms

hSLT,Z/I : hs_ﬁ7 (Z/[) —U and hPGL U - hPGL (U) = [hs_ﬁr (U)/Fo] — Z/[,

where hgr,, 1 and hpgr,, i are complete algebraically integrable systems (see [LM10] and [Mar94]). Moreover,
Mgy, = hg' (U) is a hyperkihler manifold and Mpgy, = hpdy, (U) = [MsL, /To] is a hyperkihler orbifold
(see [Kon93]). Summarizing the above discussion, we get our main result.

Theorem 6.13. (1) Assume that [ =] = = or [[-] = % foralll <k <m. (Mgy,,B) and (MPGLT,B)

are SYZ marror partners if one of the following conditions is satisfied:

(i) 9=2;
(i) g=1and 35,°, (r = [-1) > 2;
(iii) g =0 and ;" (r — [=1) = 2r+1;
(iv) g =0, >3, (r = [=1) > 2r and dimcH*(X K%)>2 for some2<k<r

(2) Suppose that the assumption in (1) does not holds. We make the following assumption: if [ -] > r+2

= r

for some 1 < k < m, then [==1] = % Hence, (Mg, B) and (MPGLT,E) are SYZ mirror partners

Tk
if any of the following conditions is satisfied:

(1) 9>2;
(i) g="1and 33, (r —1—[51]) > 2
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(iii) g =0, > 1 (r—1— (%D > 2r — 2 and Ky satisfies the condition in Subsection .
Proof. From Proposition Lemma [6.7 Corollary Proposition and Proposition we conclude

the conclusions of the theorem. O

Corollary 6.14. Ifthere is no strictly semistable SL,-Higgs bundles with K-class &, then the (Mg (SL+), B)
and (MS(’)SLE(PGLT),B) are mirror partners. O

Example 6.15. For five distinct points {p1, p2, p3, pa, ps} on the projective line P!, we can construct the
stacky curve
X =TP35550=/P1 Xp1 /P2 Xp1 /D3 Xp1 /Ps Xp1 D5
. . . . . « 5
Its coarse moduli space is 7 : X — PP1. The canonical line bundle of X is Ky = 7* Kp1 ®OX(§p1+% Y peoDk)-
Note the degree of Ky is % Hence, it is a hyperbolic stacky curve. We can show that

T (Kx) = Op1(=2), m. (K%)= 0pi(1) and 7.(K%)= Op:.

Since dime H°(X,K3%) = 2 and dim¢c H°(X, K3) = 1, the condition is satisfied. Note that K3 =
(’)X(% 22:2 pr). So, H(X, K%) is generated by the section s = 7 ® 73 ® 74 @ 75, where 7; is the pullback
section of the universal section on root stack p;, for each i. Consider the spectral curve X, define by s, i.e.
it is the zero locus of section 73 4 ¢*s, where 9 : Tot(Ky) — X is the projection and 7 is the tautological
section. According to the uniformization of Deligne-Mumford curves (see [BNOG]), there exists a smooth

projective curve ¥ with an action of a finite group G such that X' is [£/G]. More precisely, we have the

»—2 sx
IPI
where g : ¥ — X is the natural étale covering of X and f is a ramified finite covering. By the discussion

in Section Xs = [E4/G], where Xy is the spectral curve on ¥ defined by the section s’ = g*s. The

divisor defined by s is (s) = 22:2 %pk. Thus, the divisor associated to s’ is a reduced divisor on Y. Hence,

commutative diagram

the spectral curve X4 is a smooth irreducible curve. Then, X; is a smooth irreducible stacky curve. By
Proposition the genus of X; is g(Xs) = 3. The coarse moduli space of X; is denoted by X;. Obviously,
X, has four stacky points {pa, D3, D1, P5}, whose images in P! are {p,...,ps}. Their stabilizer groups are
f2. Let W be the line bundle Ox, (d-p+ 3P>), where p € X, is not a stacky point and d € Z. Let f: X, — X
be the projection. Then, we obtain a rank 3 Higgs bundle (F,¢1) on X, where E = f,W and ¢; is the
pushforwad of the tautological section 7. In the following, we will determine the representations defined by
the action of stabilizer groups on the fibers of E. Consider the cartesian diagram

B:U/S Xx Xs - Xs

b

BugblﬁX

where ¢ : Busg — X is the residue gerbe of p;. We use ) to denote Bus X xy Xs. Then, ) is isomorphic to
the quotient stack
[Spec(Clz]/(2* — 1)) /us],

where the action of g is defined by multiplication. It is a free action. Hence, any locally free sheaf of rank
r on ) is isomorphic to O%lr. Then, the ps-representation corresponding to (J E is p?o S p1 B p?z, where
p1 is the representation defined by the inclusion pg < C*. Similarly, the ps-representation corresponding
to (3 E (12 : Bus — X is the residue gerbe of ps) is p?o @ p2 @ pa, where ps is the representation defined by
the inclusion pg < C*. For another three stacky points {ps, ps,ps} C X, the corresponding representations
are isomorphic to p?o @ pgao @ pa. Denote 7, E by F. There is a strongly parabolic Higgs bundle (F, ¢2) on
P! with marked points {p1, p2,p3, s, s}, corresponding to (E,¢1). The quasi-parabolic structure on F is
given by
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o F,, =F, 0D F,1DF,2DF,3={0}atp;
o F,,=F,,0DF,,12 F,,2=1{0} at ps;
o F,, =F,, 0D Fp, 12 Fp,2o=1{0} at ps;
o F,,=F,, 0D F,,12F, 2=1{0}at py;
o ). =Fp 0D Fpy1 O Fp 0 ={0} at ps.
And, the multiplicities are
o dimc(Fy, o/Fp, 1) =1, dime(Fp, 1/Fp, 2) =1 and dime(Fp, 2/ Fp, 3) = 1;
o dimc(F), 0/Fp, 1) =1 and dime(F)p, 1/Fp, 2) = 2;
o dimc(Fp, 0/ Fps,1) = 2 and dime(Fp, 1/ Fpy2) = 1;
1:

)

L] dimc(Fp470/Fp471) =2 and dimc(Fp471/Fp472)

o dime(F), 0/Fp, 1) = 2 and dimg(Fp, 1/Fp, 2) = 1.

Denote the K-class of E in K(X)g by {g and denote the determinant line bundle of E by Lg. By Proposition
for a generic rational parabolic weight (see Deﬁnition, the moduli stack Mo ¢, (SL3) of SL3-Higgs
bundles with determinant Ly has no strictly semistable object. With a generic parabolic weight, the moduli
spaces Mp, ¢, (SL3) and MpZ 7, (PGL3) with natural flat unitary gerbes are SYZ mirror partners, where
ap € H?(X, pu3) is the image of Lgl under the morphism 4 in the Kummer sequence .

7 Appendix

A Comparison of the modified slope and the parabolic slope

Suppose that X is a smooth irreducible stacky curve and 7 : X — X is its coarse moduli space. The stacky
points of X are pi,...,pm and the corresponding stabilizer groups are py,,...,u,,, . Fix a stacky point
p; € X. The residue gerbe of p; is a closed immersion ¢; : Bu,, — X. Let (£, Ox (1)) be a polarization on X
and let F be a locally free sheaf on X'. The decompositions of ¢{ F and ¢;€ in the representation ring Ry,
are

[LIE] = Z?_:Ol m; o and  [11€] = 7,;1';01 ni gk

where x; represents the representation corresponding to the natural inclusion p,, < C*. By orbifold-

parabolic correspondence, E corresponds to m.(E) with quasi-parabolic structure defined by the stacky

structure of E at marked points pi,...,pm. The multiplicities of the quasi-parabolic structure at p; is
(mi,05 ..., Mir;—1) for every 1 < i < m. The aforementioned quasi-parabolic structure with the parabolic
weights:

a;0:=0 and ai-::M when1<j<r, —1 (94)
’ 7 k(&) -7

for each 1 < i < m is a parabolic structure on 7, (E). At this time, 7, (F) is called a parabolic bundle. The

parabolic degree is
m r;—1

par-deg(m. E) := deg(m.E) + ZZawmm. (95)

i=1 j=1

Its parabolic slope is

par-deg(m, F)
(T, B) = = )
par-(m, E) K(r. )

With the parabolic slope, we can introduce the stability condition for parabolic bundle 7, (F). By some

(96)

elementary computations, we have the following proposition.
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Proposition A.1. The modified slope pe(E) is equivalent to the parabolic slope of par-u(m. E) with weights
{a ;}. Furthermore, the modified slope pe and the parabolic slope par-p define the same stability condition
on E and m.(E), respectively. O

Remark A.2. For abundant stability conditions, we can directly use rational parabolic weights to define
the stability condition of Higgs bundles on stacky curve X. And also, for any rational parabolic weight, all
the results in Section [3[ about moduli stacks (spaces) of Higgs bundles on hyperbolic stacky curve hold, by

orbifold-parabolic correspondence.

Definition A.3. A rational parabolic weight is said to be generic if the induced stability condition on the
moduli stack Mpg1¢(GL,) of Higgs bundles with K-class £ has no strictly semistable objects.

Recall Proposition 3.2 in [BY99].

Proposition A.4 ([BY99]). For a K-class £ € Ko(X), there is a generic rational parabolic weight if and
only if d and the set of multiplicities {m; ;|1 <i <m, 0<j <r;—1} have greatest common divisor equal

to one, where d is the degree of the K-theoretical pushforward of & under the morphism . O

B Proof of the properness of the Hitchin morphism

Let X be a smooth irreducible stacky curve. For a DVR R over C with maximal ideal m = (7) and residue

field k = C C R, there is a cartesian diagram

i

g C Xg >Xy

S

Spec(K )~ Spec(R) <—Spec(k)

where Xr = X x Spec(R); Xk = X x Spec(K); X = X x Spec(k); i : Xk — Xg is the open immersion;
j : X — Xg is the closed immersion.

Theorem B.1. Suppose (Ex, dx) is a semistable Higgs bundle on Xk with characteristic polynomial fx €
@;_ H(Xk, KY%,.). If fx is the restriction of some fr € @;_H(Xr, K4,) to Xi, then there exists a
family (Er,¢r) of Higgs bundles parametrized by Spec(R) such that

o (Fx, oK) is the restriction of (Egr, ¢r) to Xk ;
e The characteristic polynomial of (ERr,¢r) is fr;
o The restriction of (Egr, dr) to Xy is a semistable Higgs bundle.
O

If Theorem is true, then the proof of [Nit91, Theorem 6.1] also works in our case, which shows that
Theorem is true. The rest of this section is devoted to proving Theorem X has an open substack
X? such that it is a smooth irreducible curve over k. For convenience, we introduce the following notations:
X% = X° x Spec(K) and XY = X° x Spec(k); B2 : E — X is the generic point of X7 and § is the generic
point of XY; Ok is the stalk of Oxg at § and (1 : Spec(O¢) — AR, is the natural morphism; a : = — Spec(O)
is the open immersion and v : X° < X is the open immersion. Then, there is a cartesian diagram:

Spec(Ox¢) B L GLLE L

J B2 J\C’YK Aj;(

Xk

[1]
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Lemma B.2. Let (Ex,¢x) be a Higgs bundle of rank r on Xk . Suppose M is a (¢ )=-invariant free rank
r Og¢-submodule of (Vi Erx)z with M®o,O= = (Vi Ex)=. Then there exists a unique family (Er,¢r) of
Higgs bundles parametrized by Spec(R) such that Egr C i.Ex and ¢ is the restriction to Eg of i.¢k.

Proof. Using the Lemma 3.3 in [Hua22], this lemma can be proved following the same steps as in the proof
of [Nit91l Propostion 6.5]. O

Fixing a semistable Higgs bundle (Ek, ¢x) of rank r on Xk, we can introduce the so called Bruhat-Tits
complex for it. Let 9T be the set of all rank n free (¢x)-invariant Og-submodules of (Ek)=z. 2 is not
empty (see [Nit91l Lemma 6.6]). An equivalence relation ~ on 9 is given by: for M € M, M ~ 7aPM
for p € Z. By Lemma equivalent modules in T induce isomorphic extensions of (Ex, ¢x) to Xr. Let
£ be the quotient set M/ ~. We can define a structure of an r-dimensional simplicial complex on 9.
9 with the simplicial complex structure is called the Bruhat-Tits complex. Two equivalent classes [M]
and [M'] are said to be adjacent if M has a direct decomposition M = N @ P such that M’ = N + =M.
In other words, [M] and [M’] are adjacent if and only if M has a basis {eq,ez,...,e,} over O¢ such that
{e1,...,e5,mesq1,...,me,} is a basis of M" over Og. If 0 C Ny C Ny C --- C Ny C M is a sequence of
submodules of M such that each N; is a direct factor of M and M; = N; + M is (¢x )z-invariant, then the
t + 1 mutually adjacent vertices [M], [Mi],. .., [M:] form a t-simplex in Q. To prove Theorem we only
need to find a vertex [E¢| of £ such that the reduction (Ej, ¢x) of the corresponding extension (Eg, ¢r) is
semistable.

Proposition B.3. Suppose that [E¢| is a vertex in Q and (Ej, ¢r) is the restriction of the corresponding
extension (Er, ¢r) to Xj. Then there is a one-to-one correspondence between edges in Q at [E¢] and proper
o -tnvariant subbundles of Ey. Furthermore, if F C Ey is a ¢g-invariant subbundle corresponds to the edge
[Ee] — [E¢] at [E¢] and Q' C Ey is the ¢j~invariant subbundle corresponds to the edge [E¢| — [E¢] at [E¢],
then there is a homomorphism (Ey, o) — (E}, ¢}) of Higgs bundles with kernel F' and image Q', and a
homomorphism (E', ¢}.) = (Ek, ¢1) of Higgs bundles with kernel Q' and image F.

Proof. Part 1. Suppose that E¢ = (e1, ..., e, ) represents the vertex [E¢] and Eé = (€1,.v, €5, MEs1,+--,TE)

represents an adjacent vertex. Since Eé C Eg, there is an injection of the corresponding extensions
(ER, ¢r)— (Er, ¢r) (97)
(see [Hua22| Lemma 3.3]). Consider the exact sequence of Higgs bundles
0 —— (BR, ¢p) — (Er, ¢r) — (Q, ¢),) —=0 (98)

where (Q, ¢;,) is a Higgs bundle on &} (see the proof of [Hua22 Proposition 3.6]). Restricting to X,
we get an exact sequence

0 —— (F, ¢|r) — (E, dx) — (Q, ¢,) —=0 (99)

where F is the image of the restriction of (97) to Xi. We therefore get a Higgs subbundle (F,¢y|r) of
(B, dr). Conversely, if F' is a ¢g-invariant subbundle of Fy and Q = Ei/F is a bundle on Xj. Then, we
have an exact sequence of Higgs bundles

0 —— (F, ¢|r) — (B, dx) — (Q, ¢) —= 0. (100)

Composing the restriction (Eg, ¢r) — (Ek, ¢r) with the surjective morphism (Ey, ¢) — (Q, ¢;,) in (100)),
we get a new surjective morphism (Eg, ¢r) — (Q, @), i.e. there is an exact sequence

00— (E}{a Qb;%) - (ER7 ¢R) - (Q7$k) —0 ) (101)
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where ¢/, is the restriction of ¢ to E%;. Consider the exact sequence of O¢g-modules

0 — (ER)¢ (ER)e Qe —0.

\(E )/

Suppose that (FEy)¢ is generated by {€1,...,€.} and {€1,...,&} is a basis of I over Oxo¢. Moreover,
{€1,...,e }liftsto abasis {e1, ..., e, } of (Er)e over O¢. Then, (E})¢ is generated by {e1, ..., €5, T€s41,...,mer}
and (E})¢ is ¢x-invariant. So, it represents a vertex [E¢] of Q adjacent to [Eg].

Part 2. Since 7E¢ C Eé, there is another injection (7Egr, ¢r|re,) — (Er, $r). Composing it with the
isomorphism (Eg, ¢r) — (TERr, ¢r|xEy), Wwe get the injection

(Er, 9r)— (B, dR)- (102)

By @ and , we have
(ER, $r)— (Er, ¢r)— (ER, ¢R) , (103)
(ERr, 9r)— (ER, ¢) — (ER, ¢r) - (104)

The restriction of to the special fiber A}, is
(B, ¢%) —— (B, ér) —— (B, 64,)- (105)
The composition of the two morphisms in is zero. In fact, the composition of
(Br)e — (Ek)e — (B} )e (106)

is zero and Ej, is torsion free. Obviously, the sequence (L06) is exact at the middle term. By [Hua22
Proposition 2.23], the sequence (105) is exact at the middle term. Similarly, restricting (104) to X}, we get

(Bx, o) — (B}, ¢)) — (B, ¢x)- (107)

We can also show that (107)) is exact at the middle term. Therefore, we have the following exact sequence

0— (Q,¢) — (E}, ¢},) — (F, ¢p|p) —0. (108)
O

Definition B.4. Let E be a locally free sheaf with modified Hilbert polynomial Pg(m) = a1 -m+ag on X.
For every locally free sheaf F; on X, we define the B-invariant 3(F;) of E; with respect to E as follows
B(E1) = a1 - ag(E1) — ap - a1(E1), where Pg, (m) = a1(E1) - m + ag(E1) is the modified Hilbert polynomial
of E1 .

Remark B.5. (E, ¢) is semistable if and only if 8(F') < 0 for all ¢-invariant subsheaf F' C E.
Recall some properties of S-invariants (see [Hua22 Proposition 2.27]).
Proposition B.6. (i) If E; and E5 are two ¢-invariant subsheaves of locally free sheaf E on X, then
B(EY) + B(E2) < B(EyV Ep) + B(EL N Ey),
with equality if and only if F1 V Ey = E1 + FEs.

(ii) If 0—F — G — K — 0 is an exact sequence of locally free sheaves on X, then B(F) + B(K) =
B(G).
[
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Proposition B.7. For a Higgs bundle (E, ¢) on X, there exists a unique ¢-invariant proper subsheaf B C E
such that

(i) for every ¢-invariant subsheaf G of B with rk(G) < rk(B), we have 5(G) < B(B);
(ii) for every ¢-invariant subsheaf H of E, we have 5(H) < 3(B).
Proof. The claim can be proved following the same steps as in the proof of Proposition 2.31 in [Hua22] O

If the Higgs bundle (E, ¢) is unstable, then the ¢-invariant subsheaf B in the above proposition, will
be called the B-subbundle of (E,¢). Now, assume that we are given a vertex [E¢] of Q such that the
corresponding Higgs bundle (Ej, ¢x) on X is unstable. Let B C Ej be the S-subbundle of (Ej, ¢x). Thus
B(B) > 0 (See Proposition [B.7). By Proposition [B.3] there is an edge in £ at [E¢] corresponding to B. Let
[Eg(l)] be the vertex in £ determined by the edge corresponding to B and let (E,gl), ,gl)) be the corresponding
Higgs bundle on &}. Let F; C E,gl) be the image of the canonical homomorphism E; — E,(Cl)(:the kernel
of the homomorphism El(cl) — Fy ).

Following similar steps as in the proof of [Lan75l Lemma 1], we can show the following lemma:

Lemma B.8. If G C E,(cl) s a gi),(cl)—invariant subbundle of E,(cl), then B(G) < B(B), with equality possible
only if G+ Fy, = EV. O

Now, we are going to define a path P in 9, starting with a vertex [E¢], whose corresponding Higgs
bundle (Fg, ¢r) is unstable. The succeeding vertex is the vertex determined by the edge corresponding
to the S-subbundle B of (Fg, ¢x). If P reaches a vertex [Eém)] such that the corresponding Higgs bundle
(E,gm)7 Ecm)) is semistable, then the process stops automatically and Theorem is proved. If the path P
never reaches a vertex corresponding to a semistable reduction, then the process continuous indefinitely. We

have to show that the second alternative is impossible.

Denote the B-subbundle of (E\™,¢™) by B(™ and let 8,, = S(B(™). By Lemma Bmit < Bm
and we must have 3,,, > 0 unless E,gm) is semistable. Thus, if the path P is continuous indefinitely, we have
Bm = Bm+1 = - -, for sufficiently large m. Also, by Lemma for sufficiently large m, B(™) +F(m) = E,(Cm),
where F(™) = Im(E,im_l) — E,(Cm)) (Ker(E,(cm) — E,im_l))). So, rank(B(™)) +rank(F(™) > r. On the other
hand, rank(B(™~1) + rank(F(™) = r. Therefore, rank(B(™) > rank(B(™~Y), for sufficiently large m.
Since rank(B(™)) < r, we must have rank(B(™)) = rank(B(™*+Y) = ...  for sufficiently large m. Thus,
rank(B(™)) + rank(F(™) = r. So, B N F(™) =0 and B™) @ F(™) = E,gm). Consequently, the canonical
homomorphism E,(cm) — E,(fm_l) induces isomorphism B("™) — B(m=1)  Also, the canonical homomorphism
E,(Cm_l) — E,(Cm) induces isomorphism F(™~1 — F(™) If R is a complete discrete valuation ring, the

following lemma leads us to a contradiction.

Lemma B.9. Assume that the discrete valuation ring R is complete and P is an infinite path in Q with
vertices [E¢], [Eél)], [EEQ)}, oo, Let F(M) = Im(E,(CmH) — E,gm)). If the canonical homomorphism E(m+1) —
E™) induces isomorphism F+1) — F) for every m, then B(F) < 0.

Proof. The lemma can be checked step by step as Lemma 6.11 in Nitsure [Nit91]. O

Hence, Theorem [BI]is proved under the assumption that R is complete. The general case can be proved
as [Nit91].
C Spectral Construction

In this subsection, we recall the spectral construction. Suppose that X is a hyperbolic Deligne-Mumford
curve and ¢ : Tot(Ky) — X is the natural projection. For a Higgs bundle (E,¢) on X, the Higgs field
¢ defines a morphism of Oy-algebras Sym®(KY.) — Endp, (E). Then, E is endowed with an Sym®(KY.)-
module structure. It defines a compactly supported Oy, )-module Ey over Tot(Kx). Moreover, Ey is a
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pure sheaf of dimension one (see Proposition [C.1]). Conversely, if F is a compactly supported pure sheaf of
dimension one on Tot(Ky), then there is a Higgs bundle (E, ¢) on X such that E, = F, where E = 9, (F')

and ¢ is defined by the tautological section of ¥* K y. There is an equivalence of two categories
Higgs(X') ~ Coh.(Tot(Kx)), (109)

where Higgs(X) is the category of Higgs sheaves on X and Coh.(Tot(Kx)) is the category of compactly
supported coherent sheaves on Tot(Ky) (see [JK21l, Proposition 2.18]).

Proposition C.1. The equivalence (109) gives a one to one correspondence between Higgs bundles on X
and compactly supported pure sheaves of dimension one on Tot(Ky).

Proof. The conclusion of this proposition can be proved locally in étale topology as Proposition 2.18 in
[JK21]. O

As Remark 3.7 in [BNR89|, we have the following proposition.

Proposition C.2. Suppose that f : X, — X is an integral spectral curve and (E,$) is a rank v Higgs
bundle on X with spectral curve Xq. Then, the rank one torsion free sheaf Egy on Xq corresponding to (E, ¢)

satisfies

*

0%E¢®f*K}_T%f*ELf*(E®Kx)%E¢®f*KX%0, (110)
where T is the restriction of the tautological section of V*Kx to Xg.

Proof. Consider the total space of the canonical line bundle ¢ : Tot(Kx) — X. Similar to [TT20), Proposition

2.11], it is easy to show that there is an exact sequence

0> E Yy E@ Ky) — > By @ 9" Kx —> 0 (111)
on Tot(K ), where 7 is the tautological section of ¥* Kx. On the other hand, there is an exact sequence
0—= " K3" —= Orot(kr) — Ox, —0. (112)
Then, we have the commutative diagram

0 0

! |

0=V (ERKy)—=¢"(E®@Ky ") —=E,@¢* Ky " —=0
! | 0}

0 V*E V' (E®@ Ky) —— Ey @¢*Ky —>0

i ’ =

V*Elx, ——= V" (E® Kx)|x, — Ey @ V" Kx|x, —0

} J |

0 0 0.

By diagram chasing, we have the exact sequence

*

0—>Ey@ f*Ky = EL Y ((E@Ky)—>Ey® [*Kx —0.
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