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CONVERGENCE OF A QUADRATURE FORMULA FOR
VARIABLE-SIGNED WEIGHT FUNCTIONS

H.S. JunGg anD K.H. KwoN

A quadrature formula for a variable-signed weight function w(z) is constructed using
Hermite interpolating polynomials. We show its mean and quadratic mean conver-
gence. We also discuss the rate of convergence in terms of the modulus of continuity
for higher order derivatives with respect to the sup norm.

1. INTRODUCTION

We consider a weight function w(z) which is defined on a bounded interval [a, b] such
that all moments

b
(1.1) / rw(z)dzr, i=0,1,...

are finite and supp(w) has a positive measure.

When w(z) > 0 on [a,b], the theory of the Gauss - Christoffel quadrature formula
is well developed (see [4] for an excellent survey on the subject), using Lagrange in-
terpolation polynomials. In particular, the convergence of the corresponding Lagrange
interpolation polynomials has been studied by many authors [1, 3, 6, 7] in various L*-
spaces.

In this work, we shall consider a variable-signed weight function w(z). That is, we
allow w(z) to change its sign finitely many times in (a,b). There are also many works
on quadrature formulas for variable-signed weight functions (see (8] and [4, Chapter 3)).

We introduce a quadrature formula for variable signed weights, using Hermite inter-
polation polynomials.

For this quadrature formula, we shall prove mean and quadratic mean convergence
of the corresponding Hermite interpolation polynomials in Section 3 and give a speed of
rate of convergence for derivatives with respect to the sup norm in Section 4. Finally, we
give some numerical examples in Section 5.

We refer to [9] and the references therein for weighted LP- convergence of Hermite
interpolation polynomials based on the zeros of Jacobi polynomials.
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2. QUADRATURE FORMULA

For any given m (m > 1) distinct points —c0 < a < §; < & < - <€ < b < 00
and any m nonnegative integers {v;}2,, we let

= H(:z; — &)t and vi=max{y | 1< i< m}.
i=1

For any f € C¥[a,b], we let H(¢; f;z) be the Hermite interpolation polynomial of f
relative to ¢. That is, H(¢; f;z) is the unique polynomial of degree < deg(¢) — 1
satisfying

HD(¢; fr2:) = fO(z:), 1<i<mand 0<Jj < .

In fact, it is easy to see that

(2.1) @i fia) =Y [Z (29 e - o)

i=1

where
gi(z) = d(z)(z - &)™ 1<i<m.

From now on, we assume that w(z) is a weight function as in Section 1 for which we
further assume that w(z) changes its sign at m distint points {£}7, in (a,b).
We let

= H(x — &) and w*(z) := w(z)s(z).

Then, we may assume that w*(z) > 0 on [a,b] and there is a unique monic orthogo-
nal polynomial system {P,(w*;z)}._ = {Pa(z)}., relative to the positive measure
w*(z)dz on [a,b](see [3]):

b
/ Po(z)P,(z)w* (z)dr = Kpbmn, mandn 2 0

where K,, > 0. Moreover, P,(z), n > 1, has n real and simple zeros in (a, b).
For any function f(z) € C'|a, b] and any integer n > 1, we let

(2.2) Hn(sz) = H(Pn‘g;f;z)

be the Hermite interpolation polynomial of f relative to P,s. Then, H,(f;z) is a poly-
nomial of degree < n+m — 1 and

HY(f;0) = f9)(a)
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for any zero a of P,(z)s(z), where j = 0 if a is a simple zero of P,(z)s(z) and j =0, 1 if
a is a double zero of P,(z)s(x). Moreover,

H,(r;z) = n(z)

for any polynomial 7(z) of degree < n+m — 1.
For any fixed integer n > 1, we decompose P,(z)s(z) into

{ m—1 n—-l
Py(z)s(z) = [[(z - ) [[= - s [](= = m),

where {c¢;}\_, are common zeros of P,(z) and s(x) and {s;}™' and {n;}?=} are zeros of
only s(z) and P,(z) respectively. Note that ! may depend on n. Then, we have from
(2.1)
f(e) f(z) ] ¢
. Hn . - t ':
(2.3) ; [P’(q)s’(q) (¢c( )) (ci)(z — )| ¢i(z)
m—! n~{
f(m)
+ZP(5, ZP, sy @)
where
¢ Pa(z)s(z) :
1() (:z—c,-)2’1sz l,
#4(z) = Pn(w)S(Z)’ l<i<m—L,
T — 5
@7 (z) P,,(x)s(x)’ 1€ign~1
T ="

In particular, if f(¢;) = f'(¢) =0, 1 <i<land f(s;)) =0, 1 <i:<m—1 then

Pu(z)s(x)

(24) Ha(f;2) = Z P’ () (z - m)
We now let

b
25 Qulw; f) = / Ha(f; 2)w(z)dz

for any f(z) € C'[a,b] and any integer n > 1.
Since we have for any polynomial 7 (z)

71'(:):) - Hn(ﬂ';z) = P,,(.’L’)S(I)Q(-’E),
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where deg(Q) < deg(m) —n —m,

b b
(2.6) / 7(z)w(z)dr — Qplw; ) =/ P, (2)Q(z)w*(z)dx.

Since the right hand side of (2.6) vanishes when deg(Q) < n,

/ r(2)u(z)dz = Q(w; )

for any polynomial 7(z) of degree < 2n+ m — 1. That is, the quadrature formula (2.5)
has degree of exactness 2n + m — 1 and

/b m(z)w(z)dz = nll)ngo Qn(w;w)

for any polynomial 7(x).

In the following sections, we discuss convergence of the quadrature formula (2.5) for
arbitrary differentiable functions. The quadrature formula Q,(w; f) in (2.5) is essentially
the same as the one in Struble [8], which he expressed it by using the partial fraction
decomposition of

1 ® Pu(2)s(z) — Pu(x)s(z)
Po(2)s(2) / Py w(z)dz

(see Theorem 1 and Theorem 3 in part II, [8]).
For later use, we let

la(w*; ¢52) == —,—P'ﬂ——, 1ig!
(2.7) P"(c}g(x - c‘l)
Lo (w*; 145 ) :———"(ﬁ)——— 1<ig<n—-1

- Pim)(z - m)’
be the fundamental Lagrange polynomials at the nodes {c;}\_, and {m;}?=}, which are
zeros of the orthogonal polynomials P,(z). We also let

N

b
An(w*; ) :=/ L(w'e; 2w (z)dr, 1<i<],
a

(2.8) b
An(wts 1) = / (W' 2w (2)dz, 1<i<n—1

be the corresponding Christoffel numbers. Then (see [3])
An(w®;6) >0, 1 <i<land Ap{w™;m) >0, 1<i<n—1!

and
i n—{

b
(2.9) Z An(w*; ) + Z/\,.(w‘; ) = / w*(z)dz.

i=1
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3. CONVERGENCE IN MEAN

We now discuss mean and quadratic mean convergence of the quadrature formula
(2.5). We shall use the following, which generalises the well known Bernstein theorem
(see [2]): For any integer k > 0 and any function f € C¥[0, 1], the Bernstein polynomials

Zf( )() (1-2)"7, n>1

satisfy
lim ||BY(f;2) - fO()|| =0, 0<j<k,
n—o0

where ||-|| denotes the sup norm on [0, 1].

PROPOSITION 3.1. Let s(z) be as in Section 1 and let a =0, b =1. Then for
any f € C¥[0,1] (k > 0 an integer) and any € > 0, there is a polynomial 7(z) such that

(3.1) 7r(')(§,-) = f(’)(f.-), 1<i<mand0<<r<k
and
(3.2) |7 (z) = f)(z)| < [s(z)]* e, 0K r < kand 0 < z < L.

In particular, f7(z), 0 < r < k, can be uniformly approximated on [0,1] by polynomials
satisfying (3.1).

ProOF: For any integer n 2> 1, we let
Vo (f;z) := Bu(f;2) + H(s*'; f — Bu(f;2);3).
Then, deg ¥,,(f;z) < max(n, (k + 1)m — 1) and
V9(f,6) = fO&), 1Si<mand0<j <k

That is, ¥,(f;z) satisfies condition (3.1) for any n > 1. We now show that ¥, (f;z)
satisfies condition (3.2) for large enough n.
We may express the Hermite interpolating polynomial H(s**!; f;z) as

k m
(33) H(Y fi2) =) ) f9(E)hi(z)
j=0 i=1
where h;;(z) is the unique polynomial of degree < (k + 1)m — 1 satisfying

h(q)(Ep) = 6ip‘51q, < P < m and 0< _] g < k.
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Then for any r with 0 < r < &

k m

,H(’)(s"“;f T glzl:lf(n(&)l Ih(r) l C’oré‘féc ”f(j)”,
where C, : Z ZHh(;)” Hence,

j=0 i=1

|fO (@) - ¥0(f32)| < |fO@) - BO(fi2)] + [HO (s, f =~ Ba(f;2); )|
< (+C)max |I£9 - BA(fia)]|, 0< <1
so that
) g f. =

(3.4) Tim [|77 —w(f;z)|| =0, 0<r <k,
by Bernstein’s theorem. We now consider the inequality (3.2) for n(z) = ¥,(f; ) with
large n.

Ifz =&, 1 <7< m,then the left hand sxde of inequality (3.2) is equal to 0. Choose
§ > 0 such that 0 < 5 < min{(&§41 — &)/2| 0 < i < m}, where § =0 and &4, = 1. Let

Ai=[6-66+0),1<i<m, A= UA,., and B = [0,1] \ Int (4) (Int (A) denotes the

interior of A4 ). Then A; N {§}7L, = {f,} 1<i<m,and BN{§}E, = 0.
If z € A;\ {&} for some 1 =1,2,--- ,m, then we have, by using (3.1) and repeated
applications of the mean value theorem,

(3.5) () = ¥D(f;2)| = |fPE) - V(D) |z - si |k
< M| f® - ¥B(f;2)|| |s(z

where Z is some point in 4; and M, := max max{|(z — {,)/(s(z))l _T}.

1<i<m z€A;
If z € B, then
(3.6) |f7(z) — T (f;2)| < M| fO = €O (f;2)|| ()"

where Mp := max{|s(z)|"™* | z € B}.

Therefore, we have the inequality (3.2) for n(z) = ¥,(f;z) if n is large enough by
(3.4), (3.5), and (3.6). 0

Note that while Bernstein polynomials B,(f; ) approximate f(z) uniformly on (0, 1]
with £(0) and f(1) fixed, polynomials ¥,.(f; z) approximate f(z) uniformly on [0, 1] with
fO9&), 1 <i<mand 0 < j <k, fixed When m = 0, Proposition 3.1 becomes
Bernstein’s theorem by taking s(z) =1

We are now ready to prove mean and quadratic mean convergence of the quadrature
formula (2.5).
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THEOREM 3.2. (Mean convergence) For any f € C![a,b],

b
lim Qu(w; f) = / f(@)w(z)dz

PrOOF: We may assume that ¢ = 0 and & = 1. Then for any polynomial #(z)
satisfying (3.1) with k = 1, we have by (2.4) and (2.7)

n—l n—1
Hy(m — f;z) =z Gl )(m{(m P,]()nﬁ);_n’ ZW 77: - ( Mo (w*; 755 )
so that (see (2.8))
67 Quwir-n= [ -1 z)w(z)dz—z“—(ﬂ‘—l@%(’")mw;m).

i=1

Hence
/ f(@)w(@)ds - Qu(w; f) = / [/(2) - 7(2)] w(z)dz + Qulw; 7 — )

provided that deg(w) < n+m — 1 and so (see 3.7)

[ st - uwi )| < /1|f(z)—7r(z)llw(w)|dx
+Z\ 77: = f(m)

For any € > 0, we may take by Proposition 3.1
m(z) = Uy (f; 2) = Bp(f;2) + H(s? f — By(f;2); 7)
where p is so large that

|FO(z) — 7(z)| < |s(z)|'"e, r=0,1and 0 < 2 < 1.

An(w"; 7).

Then
|| f@u@ds-@uwn| < [ @) - @) do

+Z| 77, f(n.

/ *(z) dm+52/\ w*; ;)
1
< 26/ w*(z) dz
0

(see (2.9)) if n is so large that deg(n) = deg(¥,(f;z)) < n+m —1. Sincee > 0is
arbitrary, the conclusion of the theorem follows. 0

An(w*; m)
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THEOREM 3.3. (Quadratic mean convergence) For any f € C[a,b)

b
im [ [f(z) - Ha(f;2)]” lw(z)| dz = 0.

n—oco

PROOF: We may assume that a = 0 and b = 1. Then for any polynomial 7(z) of
degree < n+m — 1, we have

1

[ 1@ - Bl o s = [ [10) - w00 fwlo)) e
+ /0 H2(r ~ f;) [w(z)| dz + 2 /0 [/(z) - n(@)] Halr — f:3) jw(z)| da
so that
[ @) = it (o) do
<o [ 1@ - @ @) do+ [ Hin— fim)w(o)l az)
Now, for any ¢ > 0, choose 7(z) as |
(z) = Up(f;7) = By(f;2) + H(s%; f — By(f;7); 7)
so that (3.1) and (3.2) hold with k = 1. Then
[ U@ - @) @) o< & [ b @) do < sl [ v (o)

(here ||s|l = Orgfgcl |s(z)|) and

1 1 yn~l N . 2
/0 Hi(r — f;z) lw(z)| dz = /(; (;%{@l"(w‘;m;x)) s3(z) |w(z)| dz

[Isfl /“l (:lz; i17"2%(—774)1,,(10‘; ; x)) 2w"(:):) dz

1
since / Lo (w*;mi; )l (W my; T)w (2)dz = Ap(w*; 7;)045 (see [3]). Hence
0

[ - o w@lds < @l T rmwing

< sl / w(z) dz
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(see (2.9)) if n is so large that deg(n) = deg(¥,(f;z)) < n+ m — 1. Therefore, we have

/0 [£(2) ~ Ha(f; 2)) lwl@)] dz < 4% || / w*(z) dz.

Since € > 0 is arbitrary, the conclusion of the theorem follows. 0

4. CONVERGENCE IN SUP NORM

Now, we investigate the convergence speed of derivatives of the Hermite interpolation
polynomials H,(f;z) with respect to the sup norm. For the sake of convenience, we
assume ¢ = —1 and b =1 and use

If1l := sup |f(z)|.
[‘lvll

We need the following two facts.

LEMMA 4.1. (Markov’s inequality) For any polynomial w,(z) of degree < n
and any integerr 2 0

(4.1) |70 @)]| = O™ fima|l -

LEMMA 4.2. (Gopengauz’s theorem [5]) Let f € C¥[~1,1], k > 0 an integer.
Then for any integer n > 4k + 5, there is a polynomial G,(z) of degree < n such that

(4.2)
If(r)(x) - GS:)(ZL‘)l =0)n"*(1 - xz)(k_')/zw(f("); ;11-), 0<rgkand ~1gz<],
where w(g; k) := sup |g(z) — ¢g(y)| is the modulus of continuity for g.
[z—yl<h
The following theorem is motivated by results of Balazs and Kilgore [1].

THEOREM 4.3. Let f € C¥[-1,1], k > O an integer. Then for any integer
n > max{4k + 5,2m — 1},

|HO(59) ~ 1O@)] = 01 Hu( 79 1)L,

where L, = .lzum(w iei; )| + le’" wn T |.| is the Lebesgue constant for the

positive weight fuuct:on w*(x).

PROOF: Assume n > max{4k + 5,2m — 1} and let

Ra(z) = Gn(2) + H(s% f — Gn; 2),
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where G,(z) is a polynomial as in Gopengauz’s theorem. Then deg(R,) < n so that
Hn(Rn;z) = Ra(z) and RY(&) = f9(&), 1<i<m and j=0,1
and
43)  |HD(f;2) = fO@) < |HO(S = Basn)]| + |BY - 1O o<r <k
y (3.3) and (4.2), we have
R = 10| < |60~ 1200 + 55 - i)

(4.4) <O (£, =) + 0 (£ 1) + 0tk (195 1)
O(l)n"kw(f(");—) if 7=0
o()n"*w (f(k); E) if 1<r<k.

On the other hand, since RY(&) = fOE&), 1<i<mand j=0,1, we have (see (2.4))

n—{
Ho(f = Roi) = 3 L2 (i 2)5(0)
i=1 t

We can easily see that

1(2) = Ra(a)] = 00! (7®; 2) ls(a)], ~1<z<1

(the proof is the same as the one for Proposition 3.1: replace ¥,(f;z) by R.(z) and set
r =0, k=0in (3.5) and (3.6) and then apply (4.4)), so that

f(’h‘) — Rn(ns)
s(:)

Therefore, by Markov’s inequality and (4.4), we have

Zf B2 1 s )o@

1
1-k .1 < _
O(1)n w(f ’n)’ 1<ig<n—-1L

(45) |

|HO(f = Rus7)| =

(46) = O(W)(n+m -1 Z 1) = 20, ;i )sta)

r, 1— . 1
o) |Isll (n +m — 1)*n1~*y (f("), E)

n-l
[n(w™; ;)|
i=1

O(l)nz"“_kw (f(k); %) L,

Now, the conclusion follows from (4.3), (4.4), and (4.6) since L, > 1. 0
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5. NUMERICAL EXAMPLE

In this section, we illustrate our quadrature formula (2.5) by estimating

(5.1) /-11 f(z)tan1.5z dz

in two different ways. First, we view the integral (5.1) as an integral of f(z) with respect
to the sign changing weight function tan 1.52 and approximate it by using the quadrature
formula (2.5). Secondly, we view the integral (5.1) as an integral of f(z)tan 1.5z with
respect to the Legendre weight 1 on [~1,1] and approximate it by the classical Gauss-
Legendre quadrature formula (see [3]).

In the following, we let

w(z) = tanl.bz, w*(z):=ztanl.5z,
L.(z) := n— th Legendre polynomial,
P,(z) := n — th orthogonal polynomial relative to w*(z) on [-1,1],
{znk}rey = zeros of Lp(z) forn > 1.

It is well known that Legendre polynomials {L,,(a:)}:;O and {Pn(:z:)}:c’:o satisfy the three
term recurrence relations:

(5.2) (n+1)Lnyi(z) = (2n+1DzL, (z)—nLn 1(z), n20, (L1 =0, Lo(z) =1),
(5.3) Pit1(z) = zPu(z) — CoPai(z), n 20, (Po1 =0, Py(z) = 1),
where

_LieP (:c)P- @uw@)ds [, P(@)w(z)ds
" f _1(z)w*(z)dz f P2 (x)w‘(z)dz’

We note that P,(z) is even or odd if n is even or odd respectively since w*(z) is even.
The Gauss-Legendre quadrature formula is given by

QL = Qn+l(1;f'w)

n+1

Y Brnsief Garie)w(zasne),

k=1

where p 41, are Christoffel numbers with respect to the Legendre weight 1, that is,

BLa+1,k = / 1 Ln+1(z) dr
n+lk — .
i alz- zﬂ+1.k)L:1+l(zn+l,k)

On the other hand, the quadrature formula with respect to w(z) is given by

QS = Qu(w; f) = / H(fiz)u(e)ds
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If n is even, then P,(z) iseven and [ =0, m =1, s, =0, and {n;}, are zeros of P,(z).
Then we have from (2.3)

Holfi0) = L Pulo) + S B S P

so that

antwif) = 10 [ R z)dx+z Ly

“ /\n » 'l
= 3 =, =Zus,n,.-f(m)
1 i=1

=1
where Hsni = )\n(w*;ni)/'niy 1= 1a21 T
If n is odd, then P,(z) is odd so that P,(0) =0and l=m =1, ¢, =0, and {n;}] are
non-zero zeros of P,(z). Then we have from (2.3)

_ 1o 20 5o S~ fm) .
Hy(f;7) = P+ gy PO+ L o p e = @

=P;(0) P,0)
so that
win) = L [ pepEis+ ; 2l

= Zus,n,.f ) + ponnf' (0)
where -

Bsni = /\—n(wn‘—’n'), 1=1,2,---,n—1,
and t

/_ 11 Pa(z)w(z)ds
Fomn T TTR0)

We used Maple V Release 4 for the numeric computations below. In Table I, #;,
Zns1,k and fg ok, BLn+1k are given for n = 9. Zeros 7, and zp41x for Po(z) and Lny(z)
are computed using the three term recurrence relations (5.2) and (5.3). For comparison,
we set

= |/_11 f(@)w(z)dz — QS'; EL:= l/_ll f(@)w(z)dz — QL |.

Table II gives numerical results of the comparison between QS and @L for several choices
of function f(z). Here, I is rounded off in the true value of f_ll f(z)tan1.5zdz.
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Convergence of a quadrature formula

Legendre weight

w(z) := tan(1.5z)

k 210,k BL10 Mk 15,9,k
1 .97390653 .06667135 | .98101119  .51196269
2 86506337 .14945134 | .88715108  .56855905
3 .67940957 .21908636 | .70328452  .39919132
4 .43339539 .26926672 | .43963347  .23197168
5 .14887434 .29552422 | —.43963347 —.23197168
6 —.14887434 .29552422 | —.70328452 —.39919132
7 —.43339539 .26926672 | —.88715108 —.56855905
8 —.67940957 .21908636 | —.98101119 —.51196269
9 —.86506337 .14945134 | .00000000  .01474570
10 —.97390653 .06667135
TABLE I (n=9)
f(z) I Qs QL ES EL
z  2.7934786 2.7934787  2.7804519 .0000000  .0130268
z° 1.7001891 1.7001891 1.6845234 .0000000  .0156657
z! 1.1505534 1.1505534 1.1298938 .0000000  .0206596
z15 .9607962 .9607962 .9359513 .0000000  .0248448
z2 7771238 7770607 .7443576 .0000631  .0327662
sin(z) 2.4610620 2.4610621 2.4502890 .0000001  .0107730
tan(z) 3.8356255 3.8356257  3.8140796 .0000002  .0215459
sin(5z) —1.9418394 —1.9418395 —1.9310664 .0000001  .0107730
sinh(5z) 132.6488405 132.6488421 131.4800797 .0000016 1.1687608
&= 3.1542388 3.1542388  3.1386971 .0000000 .0155417
—4.4159041 —4.4158277 —4.3780213 .0000763  .0378828
124+

(1)

TABLE II (n=9)
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